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Abstract: In the residual electron density map of a fully refined X-ray protein model, there should
be no peaks arising from modeling errors or missing atoms. Any residual peaks that do occur

should be contributed by random residual intensity differences between the model and the data. If
the model is incomplete (i.e., some atoms are missing), there will be more positive peaks than neg-
ative ones. On the other hand, if the model includes inappropriately located atoms, there will be an
excess of negative peaks. In this study, random residual peaks are quantified using the probability
density function P(x), which is defined as the probability for a peak having peak height between x
and x + dx. It is found that P(x) is single-exponential and symmetric for both positive and negative
peaks. Thus, P(x) can be used to discriminate residual peaks contributed by random noise in com-
plete models from residual peaks being attributable to modeling errors in incomplete models. For
a number of representative structures in the PDB it is found that P(x) has far more large (greater
than 5 sigma) positive peaks than large negative peaks. This excess of large positive peaks sug-
gests that the main defect in these refined structures is the omission of ordered water molecules.

Keywords: distribution function; probability density function; cumulative probability function; expo-

nential function; completeness of large models; protein crystallography

Introduction

Upon completion of model refinement in X-ray crys-
tallography, (i) R-factor gap between model R-factor
and data quality R-factor should vanish, (ii) residual
amplitude differences between the observed F,s and
calculated amplitudes F .. should approach random
noise in the diffraction data, and (iii) residual elec-
tron density (ED) map should be featureless over
the entire unit cell. For any small-molecule crystal
model, all these goals must be met before such mod-
el becomes acceptable. However, these goals are very
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difficult to achieve for protein crystallography
according to recent analysis of the protein models
deposited in the PDB."? Two likely reasons for why
it is so are: (i) models being reported are highly
incomplete, which is the subject of this study, and
(i1) the actual quality of diffraction data is severely
overestimated.

For small-molecule crystal models at Angstrom
or sub-Angstrom resolution at the completion of
model refinement when there is no R-factor gap left,
fractal dimension has been proposed to quantify the
featurelessness of residual ED maps in addition to
other quantities such as the range of residual elec-
trons, the absolute number of total residual elec-
trons, and so on.® These criteria are seldom used in
protein crystallography when R-factor gap remains
very large for whatever reasons.® Thus, it is
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Table I. R-Factor Ratios of Selective Protein Entries from the PDB*

PDB accession Description Resolution (A) Riatio  Rwork (%)  Rpree (%)  H50: residue ratio®
5BV2 E. coil C2 catalase 1.53 1.22 8.2 13.2 1.48
5BV2/dry E. coil C2 catalase 1.53 3.46 18.8 22.9 0.00
3P9Q E. coli P2, catalase 1.48 2.11 14.3 17.8 1.20
4BFL E. coli P2, catalase 1.64 3.04 174 20.2 0.66
4XOF Human ubiquitin 1.15 2.69 13.7 17.1 1.45
4PIH Human ubiquitin 1.50 2.95 16.5 19.0 0.91
4PIJ Human ubiquitin 1.50 5.36 17.6 19.8 0.53
4WES Nitrogenase 1.08 1.67 11.0 13.3 1.25
2VB1 Triclinic lysozyme 0.65 3.89 8.5 9.5 1.04
304P Diisopropyl fluorophosphatase 0.85 1.58 10.3 12.1 1.58
4AYP 1,2-a-Mannosidase 0.85 2.32 9.6 10.6 1.78
4GHO Ribonuclease 1.10 2.20 9.8 11.7 1.78
4MJ9 Ru-10bp-DNA duplex 0.97 2.96 8.6 9.6 11.6
4F19 Phosphate-binding protein 0.95 2.41 9.6 11.1 2.17
4F1U Phosphate-binding protein 0.98 3.41 8.8 9.6 2.55

2 References for these entries are: 5BV2 (1), 3P9Q (°), 4BFL (%), 4XOF ("), 4PIH (®), 4P1J (%), 4WES (), 2VB1 (19), 304P ('},
4AYP (12), 4GHO (*3), 4MJ9 (1), 4F19 (*®), and 4F1U (*%). 5BV2/dry is the 5BV2 model after deleting all 4669 ordered
water molecules. Either underestimation of experimental errors or the existence of modeling errors can lead to large Rgatio

values.

® Multiple conformers of ordered water molecules and protein residues are counted independently. Note that 4MJ9 is a
nucleic acid model, which has many more ordered water molecules per residue.

important to develop some other simple quantifica-
tion on featurelessness that is independent of R-
factor gap and before R-factor gap vanishes. Other-
wise, featurelessness opens for different interpreta-
tions by investigators. In this study, the probability
density function of residual peaks as a function of
peak height is explored as a quantity for measuring
the featurelessness of residual ED map.

Results

Analysis of residual peak distribution for E. coli
catalase model reported for 5BV2

E. coli catalase model reported* for 5BV2 contains
~30,000 non-hydrogen atoms determined at 1.53-A
resolution with model R-factor of 8.2% and free R-
factor of 13.2% from my laboratory (Table I). Data in
the highest resolution shells collected at corners of
square detector are incomplete. The total reflection
in the data set is equivalent to the corresponding
complete data set at 1.70-A resolution, which is
about the midpoint between the corners and edges
of the detector. This model is one of the most com-
plete protein models in the PDB examined so far
(Table I), and has the smallest R-factor gap with
RRatio 0f 1.22 (see Methods).*'® Evidence will be
provided below that its corresponding residual ED
map is the closest to true featurelessness with all
the residual peaks contributed mainly by random
noise present in the intensity data.

Residual F,p—F.q. ED map for 5BV2 model*
was normalized in the unit of the standard deviation
for individual grid points in the entire unit cell.
When residual peaks are searched in the map, the
relative heights of peaks (x) are sorted in the
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descending order for the positive peaks, and the
ascending order for the negative peaks. The peak
ordinary number is proportional to peak density but
with a varying window in which the size of window
decrease as descending the absolute value of peak
height.

The plot of peak number (or density) and its log-
arithm as a function of peak height shows that the
curve for positive peaks and the curve for negative
peaks are symmetric, and that the two curves have
similar peak numbers at any given contour levels
with the exception of above 4.5¢ where there are
only a few peaks [Fig. 1(A,B)].* When the two curves
are assembled into single curve, it has a large gap
in the midpoint where the number of peaks has the
highest probability density [Fig. 1(C)]. In the loga-
rithm plot against peak height [Fig. 1(E)], deviations
of large peaks are approximately distributed evenly
at both sides of a straight line extrapolated from
small peaks. In the logarithm plot against peak
height squares [Fig. 1(F)], deviations are not evenly
distributed on two sides of the line, for example,
they are mainly on the up-right side. This observa-
tion suggests that the probability density of peaks
appears to follow a single-exponential, symmetric
curve instead of Gaussian function, which would be
traditionally expected.

Instead of varying sizes of windows, a common
histogram analysis uses a fixed size of peak-height
window of for example Ax=0.25 is to count the
number peaks in each window between x = —5.00
and x+Ax = —4.75, between x=—-4.75 and x+Ax
=—4.50, between x = —4.50 and x+Ax = —4.25, and
so on. When Ax — 0 as dx, the number of peaks
becomes the true probability density function P(x)
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Figure 1. Analysis of residual peaks from 5BV2 model.* (a) Conventional peak number as a function of peak height x with sep-
arate positive and negative peaks. Complete 5BV2 model is shown in dotted lines, and incomplete 5BV2/dry model is in solid
line. (b) Natural logarithm of peak number as a function of x. (c) Conventional peak number but with missing mid-section. (d)
The first derivative of ®(x) in (c) using overlapping windows, for example, P(x), the probability distribution function. (e) log[P(x)]
versus x. (f) log[P(x)] versus x2. In (a, b, e, f), positive peaks are in green or black and negative peaks in red or magenta. In (d)
peaks for the complete 5BV2 model are in black and those for the incomplete 5BV2/dry model are in red.

between x and x +dx (after proper normalization
when possible). Integration of P(x) results in cumu-
lative probability density ®(x), for example, after
adding all the number in each window to a fixed x
value, starting from x = —oco (see Eq. (2) in Meth-
ods). The analysis of this kind for any quantity x
can be carried out using either non-overlapping or
overlapping window. For example, x can stand for
amplitude or intensity differences.'®

When log[®(x)] and log[P(x)] are plotted against
x for segregated positive and negative peaks, or com-
bined unsigned peaks (Fig. 2), they exhibit a
straight line [Fig. 2(A,B)], again suggesting a single
exponential distribution function for both ®(x) and
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P(x). Of course, only single-exponential function has
exactly the same slope in logarithm plot as the first
derivative of another single-exponential function
[Fig. 2(D)]. The physical basis for residual peaks
observed here is attributed to random residual
intensity differences (see below). However, the math-
ematical basis behind P(x) observed here remains
unknown.

A systematic analysis of about 300 high-
resolution high-quality large protein structures
retrieved from the PDB using a variety of criteria in
the past 5 years shows that most protein models are
incomplete, and many of them were described else-
where.!” A few are selected here for this analysis

Residual Peak Distribution
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Figure 2. Slopes in ®(x) and P(x) for 5BV2 model.* (a,b) 5BV2 model for both positive (+) and negative (—) peak height x. (c,d)
5BV2/dry model. (e,f) 5BV2 model but using non-overlapping window functions for calculation of P(x). Positive peaks are in

green and negative peaks in red.

(Table 1) It is shown that the 5BV2 model*
appears to be the only one whose intensity differ-
ences between the model and data are truly limited
by random noise present in the diffraction data (see
below).

Analysis of residual peaks in an incomplete
catalase model

When all 4669 ordered water molecules present in
5BV2 were removed (abbreviated as 5BV2/dry mod-
el),* residual ED map was recalculated for analysis.
It is clearly that peak distribution is no longer sym-
metric: there are ~3000 more positive peaks than
negative peaks at ~3.5¢0 contour level (Fig. 1). After
this removal, the standard deviation of the residual
substantially, and thus the

map increases

Wang

distribution has been rescaled when relative peak
heights in unit of the standard deviation are shrunk
(Fig. 1). This rescaling slightly increases the slope of
log[®@(x <0)] and log[P(x <0)] for negative peaks
[Fig. 2(E)]l. However, corresponding curves for posi-
tive peaks are no longer a straight line with signifi-
cantly altered shapes of both log[®(x>0)] and
log[P(x > 0)] functions [Fig. 2(F)].

Using conventional methods for calculation of
residual ED map, the scaling factor 2 that makes
<RkFops>/<Feqe>=1 and or <kFgpgFea.>=0 is
inadequate when a large fraction of solvent atoms is
missing in an incomplete model. In fact, <kF
F..i.> should be greater than 0, a feature that has
not been included in the current calculation. This
affects the kF,5(000)-F.,.(000) term, and the mean
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Figure 3. Application of statistical analysis to ubiquitin models.”® (a,b) 4XOF. (c,d) 4PlJ. (e,f) 4PIH. Left side, ®(x). Right side,

logarithms of ®(x) and P(x).

<Ap> density value over the entire unit cell, as well
as the heights of all residual peaks. Thus, residual
peaks are systematically underestimated: heights for
positive peaks should be higher than they are, and
heights for negative peaks should be lower than they
are. This is why an incomplete model after deleting
4669 water molecules does not result in exactly extra
4669 positive peaks relative to negative peaks in the
residual ED map whereas deleting 200 most ordered
water molecules in the model has resulted in exactly
extra 200 positive peaks. This is also why model
refinement is always an iterative process.

Analysis of residual peaks in other protein
models

Above analysis was done with a large protein model
in which a large number of residual peaks make the
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analysis robust. When the same analysis is done for
small proteins such as ubiquitin, nitrogenase, or
lysozyme, it is found that they all have an asymmet-
ric distribution of residual peaks with many more
positive peaks than negative peaks (Figs. 3 and
4)."1° By this criterion, all of these models should
be considered to be incomplete.

Three highest-resolution models for human
ubiquitin models in the PDB are 4XOF at 1.15 A,
and 4PIJ and 4PIH both at 1.50 A (Table I).”® Ubig-
uitin is a small protein of 76-amino acid residues. In
residual ED maps of the three models, there are 30—
70 more and larger positive peaks than correspond-
ing negative peaks at 2.5¢ cut-off (Fig. 3), many of
which clearly corresponded to missing ordered water
molecules. In addition, many other modeling errors
also exist, including radiation-induced structural

Residual Peak Distribution
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modifications.'® In each model, the plot of log[P(x > 0)]
and log[®(x > 0)] for positive peaks differs from the
plot of log[P(x <0)] and log[®(x <0)] for negative
peaks. Yet, each of log[P(x>0)], log[P(x<0)],
log[@(x > 0)], and log[®(x < 0)] bears a striking simi-
larity across all the three models (Fig. 3), even though
they were obtained independently in different space
groups.”® This similarity suggests that a common
physical basis may exist for why they are incomplete.
Nitrogenase model® reported for 4WES is at
1.08-A resolution and has free R-factor of 13.3%
(Table I), which is within the top 5% percentile of
the smallest working R-factor/free R-factor value for
all the protein models deposited in the PDB (Fig. 4).
Its R-factor ratio is 1.67 (Table I). However, when
residual ED map is calculated, it is found that the
highest positive residual ED peak is 31.30, there are
610 more non-random positive peaks than negative
peaks with peak height of above 50, there are 1327
more non-random positive peaks of above 40, and so
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on [Fig. 4(C)]. This model clearly has lots of room
for further improvement.

Triclinic lysozyme model'® reported for 2VB1
model is at 0.65-A resolution and has free R-factor of
9.8%. However, the shape of ®(x > 0) function for posi-
tive peaks significantly differs from the shape of
®(x < 0) function for negative peaks. There are 200
more positive peaks than negative peaks using 2.5¢
cut-off, many of which are very large positive peaks
with the highest peak of +14¢ [Fig. 4(D) and Fig. S1].

Peak heights for missing H atoms versus
non-random residual peaks

The model of diisopropyl fluorophosphatase!!
reported for 304P at 0.85-A resolution with free R-
factor of 12.1% has been used to demonstrate that
sub-Angstrom resolution was needed for visualiza-
tion of H atoms (Table I). When a residual ED map
is calculated wusing the published model that
includes H atoms, the highest non-random positive

PROTEIN SCIENCE ‘ VOL 26:1012-1023 1017
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peak is 23.60, and there are 243 more non-random
positive peaks at the contour level of 4.20¢ than neg-
ative (282 versus 38) (Fig. 5). In H atom-deleted
models, the highest positive residual peak!! for
deleted H atoms was reported to be only at 4.200,
which ranks at the 283-th of all the positive peaks
in the residual ED map calculated here. After care-
ful model re-refinement for 304P that has already
included H atoms, large extra peaks were observed
in the residual ED map outside of the CB-H groups
of K210 and E104 and outside of the Cy-H group of
K210 [Fig. 5(C,D)]. These residual peaks clearly cor-
respond to partially added O atoms during data col-
lection.'® Thus, without analysis of this kind, such
large positive residual peaks near expected H atoms
in H-deleted models could easily be misinterpreted
for the missing H atoms.

An estimated contribution of H atoms to the
amplitudes of a hypothetic protein model is as fol-
lows (see Methods): 17% at zero-scattering angle, 5%
at 1.84-A resolution, and to only 0.8% at 1.0-A reso-
lution, decreasing rapidly with increasing resolution
[Fig. 5(B)]. Missing ordered water molecules, which
often have relatively large B-factors, contribute
more to diffraction data at low resolution than at
high resolution. Thus, there is no doubt that missing
ordered water molecules appears a major obstacle to
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the completeness of model. This is likely to be the
main reason why protein crystallographers have a
difficult time to see H atoms in ED maps.!' Recent
interpretations of cryo-electron microscopy image
reconstruction suggest that ionization states affect
both X-ray and electron structure factors.'®2° Errors
in approximation of neutral X-ray atomic scattering
for ionized atoms can be significant since these
errors could not be removed by using either occu-
pancy or B-factor refinement.

Analysis of residual intensity differences

of E. coli catalase models

The observed and calculated amplitudes for the com-
plete and incomplete 5BV2 catalase models? were
scaled for residual analysis under the assumption of
<kF ps>/<Foa.>=1 with bulk solvent correction
applied to the calculated amplitudes. The intensity
normalization factors were calculated in 100 resolu-
tion shells for 305,824 reflections, and then linearly
extrapolated into a specific resolution value for any
given Bragg reflection using Wilson plot (see
Methods).%!

When the normalized intensity differences, zg,
of all Bragg reflections are sorted in the ascending
order,?? the ordinary number divided by the total
number of reflections in histogram analysis results

Residual Peak Distribution
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in the normalized ®(z;) function [Fig. 6(A)].2® For
the complete 5BV2 model,* 98% of all the reflections
have lz41 <0.5. However, for the incomplete 5BV2/
dry model, only 78% of all the reflections have
lz4l <0.5, implying that the ®(z;) plot is much
more sensitive in revealing errors present in both
model and data than conventional R-factors would.
This is because the plot treats each reflection the
same weight after intensity normalization, which it
is equivalent to fractional R-factors.2*=2% In contrast,
conventional R-factors are heavily weighted on large
intensity reflections.

In the log[P(z;)] plot,2"?® the slope corresponds
to —1/op, in which og measures the total combined
error of modeling errors, incompleteness, and ran-
dom measurement errors [Fig. 6(B).2®> For the
incomplete 5BV2/dry model, modeling errors and the
incompleteness are far greater than random mea-
surement errors, the slopes of both log[P(z;<0)] and
log[P(z4>0)] are almost identical in absolute value.
Thus, the o values are independent on z; and its
sign. For the complete 5BV2 model,* modeling errors
and incompleteness are negligible, or much smaller
than those in the incomplete 5BV2/dry model so
that random measurement errors dominate og. As a
consequence, the slope for small z,; reflections is
much steeper than large z, reflections, and more so
in the negative side. This suggests that the
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magnitude of random measurement errors in the
data appears correlated strongly with that of inten-
sity differences between the model and data.

If 1z41 is indeed limited by random measure-
ment errors in data, the expected slope in the o7 ver-
sus zy4 plot is 2.0, or it is 1/2 in the z; against o7 plot
(see Methods). When measurement errors of R(sig-
ma) or fractional measurement errors ¢, = <g1>/<I>
are plotted as a function of z;, the magnitude of
signed z, value for the complete 5BV2 model? is pro-
portional to the measurement errors for 98% of all
the Bragg reflections that are within lz41 < 0.5, and
the slope of this plot is indeed 1/2 [Fig. 6(C)]. In
fact, this feature extends to all the Bragg reflections
within |z41 < 1.5, where fluctuations increase with
increasing lzy| values due to reducing number of
reflections in these regions. The same features in
slope are also observed in the y; (normalized ampli-
tude differences, see Methods) versus op (standard
derivation of amplitudes) plot [Fig. 6(D)].

When the same analysis is done for the incom-
plete 5BV2/dry model,* the slope of the oy versus z,
plot is infinite on the z;>0 side, which suggests
that the terms I,s-I.ac represent mainly missing
ordered water molecules, but not by random mea-
surement noise present in the data. On the z;<0
side of the plot, random measurement noise in some
of small-intensity Bragg reflections appears to
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contribute part of intensity differences between the
model and data [Fig. 6(C,D)].

Discussion

Since its introduction,?® free R-factor has been use-
ful to prevent over-fitting during model refinement
at medium and low resolution: addition of ordered
water molecules to an incomplete atomic model
according to positive peaks in residual ED map
(aggressive positive residual peak-filling procedure)
should not continue when free R-factor no longer
decreases. However, the applicability of this statistic
should be re-examined in model refinement at Ang-
strom and sub-Angstrom resolution, such as the tri-
clinic lysozyme model reported for 2VB1 model'® at
0.65-A resolution for which over-fitting should not
be an issue.

An analysis of residual ED map for 2VB1 mod-
el'® reveals many missing ordered water molecules
on the surface of the protein. These water molecules
typically have much large B-factors than protein
atoms, which often make no contribution to Bragg
reflections at the resolution >1.0 A. Some of these
water molecules make no contribution to Bragg
reflections even >2.0 A. Placement of these water
molecules into the model does not affect the overall
model free R-factor as much (which is already quite
small, 9.8%) because (i) they would minimally modi-
fy the amplitudes of only one-fourth Bragg reflec-
tions <1.0-A resolution or modestly modify the
amplitudes of mainly 3% Bragg reflection <2.0-A
resolution in the 2VB1 data set at 0.65-A resolution
[Fig. 4I)1,'° and (ii) they would affect scaling factor
associated with bulk solvent model. In fact, an appli-
cation of bulk solvent correction may have trapped
an atomic model in a local minimum. Replacement
of any number of individually ordered water mole-
cules in such atomic model requires readjustments
of parameters for bulk solvent model, which may
increase free R-factor transiently before converging
to a new minimum.

Concluding Remarks

Evidence is provided that the cumulative probability
distribution ®(x) and the probability density distri-
bution P(x) of residual peaks as a function of peak
height x in the residual ED map of any complete
model follows a single exponential symmetric func-
tion. This results from the fact that the amplitude
differences for calculation of residual ED map are
largely due to random measurement errors present
in intensity data. This analysis as well as the distri-
bution of normalized intensity differences appears
much more sensitive to missing scattering atoms
such as ordered water molecules than conventional
model R-factors. They can be used in assistance in
refinement of protein models.
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Methods

R-factor gap and R-factor ratio

R-factor gap? between model R-factor and data R-
factor can be quantified by their ratio (Rgrat,) on
either intensity (I) or amplitude (¥) for which the
asymptotic value is unity where there is no R-factor
gap. The large the gap, the large the Rga0, and the
fractional R-factor gap is Rratio—1.

RRatio = [RI.Model]/[RI,Data]
:{Z‘Iobs_IcalcVZ‘Iobs‘}/{ZGI/ZUObsl} 1
= Z |Iobs _Icalc|/ Z g =~ Z |Fobs_Fcalc|/ Z OF

= [RF,Model} / [RF,Data} )

where Rjnodel is model intensity R-factor between
the model and data, Rjpat, is data intensity R-factor
within the given data set, also known as R(sigma)
value, ¢ denotes standard deviation for observed
data, the observed data are indicated with subscript
“obs,” and calculated values from models are indicat-
ed with the subscript “calc,” the following approxi-
mations are made: o; ~ 2Fap, and I = F2, RrModer 1S
model amplitude R-factor, and Rgpata is data ampli-
tude R-factor.

Statistical analysis of residual peaks
Diffraction data and protein models were retrieved
from the PDB. When F,,. was not available in the
retrieved data, they were calculated using Refmach
by setting refinement cycle of zero using neutral
atomic scattering factors.>® With both available Fy,
and F.,., coefficients were generated using oa-
weighting function for the calculation of residual
maps,>! and peaks were searched and sorted in the
descending order of peak amplitudes using the pro-
gram suite CCP4.52

For negative peaks, the plot of peak number
versus the ascending order peak height represents
the plot of the cumulative probability density of a
modified form as a function of peak height, x, prior
to normalization. In this modification, the window-
width variable Ax is not fixed. It can be very large
with large x, and becomes smaller with smaller x
from infinite to the eventual zero. The histogram
distribution with a fixed window-width dx is the
true cumulative probability density, ®(x). The fixed
window-width dx can be achieved using both non-
overlapping and overlapping of x values. With over-
lapping, the number of peaks is counted between x-
dx/2 and x + dx/2 for every peak with the amplitude
x. With non-overlapping, the number of peaks is
counted between x and x + dx with the pre-set inde-
pendent variable x. The first derivative of the
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cumulative probability density results in the under-
lying probability density, P(x).

P(x)=dd(x)/dx; D(x)= J P(t)dt. )

For positive peaks, the cumulative probability densi-
ty is reversed with the descending order peak ampli-
tude. Whereas large peaks >3.50 can be individually
defined precisely, small peaks <2.5¢ may not. For
example, in a flat region of residual electron density
map with the value ~1.0g, it is nearly impossible to
define how many peaks are there and where peaks
are located. Thus, the total number of peaks in any
residual ED map cannot easily be defined, making
normalization very difficult.

The root-mean-square deviation (RMSD) of resid-
ual ED map o,, is calculated from individual voxels of
the unit cell, which is not the same as RMSD of peak
heights o,. The relationship between o, and a,,
remains unknown. Without normalization to define
the actual normalized probability density P(x = 10) for
example, it is difficult to assess whether a 100 peak in
the residual ED map is statistically significant.

Analysis of intensities and intensity differences
When intensity I of each Bragg reflection is treated
as independent variable x and sorted in the ascend-
ing order, the plot of ordinary number as a function
of intensity is the cumulative intensity density of a
modified version. Like in analysis of peaks, a proper
histogram analysis with a fixed window results in
the true cumulative probability function ®(x). The
first derivative of this density results in the proba-
bility density P(x) (Eq. (2)). When intensity is
rescaled to make o¢,=1 in individual resolution
shells or in the entire data set, P(x) =e ™, which is
known as Wilson intensity distribution for non-
centrosymmetric structures of proteins.21

Intensity I of Bragg reflections can be normalized
as z variable as follows.?2 They are sorted in the
ascending order of resolution and grouped in about
100 resolution shells with an approximately same
number per shell. For the catalase data set reported
for 5BV2, there are a total of 305,824 so that each res-
olution shell has ~3058 reflections. With such a large
number, analysis is robust. The mean intensity and
mean reciprocal resolution squares <s>> are calculat-
ed for each resolution shell, and log[<I>] is plotted
against <s>> (i.e., Wilson plot?!). For any given Bragg
reflection, its expectation is linearly extrapolated
from log[<I>] using the two closest points in the
reciprocal resolution squares s> in the Wilson plot,
and intensity can be normalized z = I/ <I>.%?

Intensity differences can also be normalized in
the same way,?” zq = (Iyps-Leale)/<Iops>, which repre-
sent signed individual components of normalized
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intensity R-factor or fractional intensity R-factor.
Summation of their absolute values is normalized
intensity R-factors: > [z41= > [[Lops —Leate|/ Lobs)]- If I3
and I, represent two intensity measurements with
the same measurement errors for a given Bragg
reflection, its mean value is I=(I;+15)/2. Unsigned
fractional error of each measurement to its mean
intensity is: |I;-I1/I= |Io-I1/I=[11;-I31/2)/1. Thus,
if unsigned fraction error represents oy, it is half of
the difference between the two measurements. Simi-
larly, amplitude differences can also be normalized,?’
Va = (Fops—Fac/<Iops>V2. It has the same property as
the normalized intensity differences.

Whereas errors of multiple measurements for giv-
en Bragg reflection in a data set indeed follow Gauss-
strictly speaking,
errors of the entire data set do not always follow

ian distribution, measurement
another Gaussian distribution even though it is often
so assumed.?® Measurement errors of an entire data
34-36 the first one, inde-
pendent of intensity of individual Bragg reflections
(random errors, indeed Gaussian distribution), the
second, proportional to the intensity (X-ray photon
exchanges with crystals), the third, proportional to
the square root of the intensity (Poisson-counting lim-
it). To mathematically derive the probability density
function of residual peak distribution from measure-
ment errors, one must first define the probability
function for measurement errors. Measurement
errors currently reported for all the diffraction data
do not include X-ray radiation-induced intensity mod-
ifications due to time-dependent structural changes,'®
which can be very large and is beyond the scope of
this study. The magnitudes of these errors are so large
that they have often fooled automated space group

set have three components,

determination procedure to downshift symmetry.*”

Estimation of amplitude contribution of
hydrogen atoms in protein models

Because half of protein atoms are hydrogen, it is
assumed here in a hypothetical protein model that
(i) it consists of the same numbers of H atoms and C
atoms in one-to-one ratio, (ii) these atoms are ran-
domly distributed in the unit cell, and (iii) they have
the same B-factor. The contribution of H atoms is
proportional to H atomic scattering factor (fy) rela-
tive to the total scattering factor (fry.1), which is
summed in intensity from both C scattering factor
(fo) and H scattering factor components:>!

fa/froa=fa/\/f¢+3 ~ fulfc . 3

A Summary of Symbols and Abbreviations
P(x) Probability distribution function
for generic variable x.
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D(x

2, 2d

Y, Ya

Fobs: Iobs,

Fcalc: Icalc
R1Model, R1pata
RF,Model, RF,Data
g, Oy, 01, OF

OA,

R Ratio
<flx)>
<L ops>

1, fo, frotal

RMSD

) Cumulative probability distribu-
tion for generic variable x.
Normalized intensities and nor-
malized intensity differences.
Normalized amplitudes and nor-
malized amplitude differences
derived from normalized
intensities.

Observed or calculated ampli-
tudes or intensities.

Intensity or amplitude R-factors
for model and for data.

Standard deviation for generic
function, for variable x, observed
intensity, and amplitude.

They represent the known and
unknown components of struc-
ture, respectively, in an error-free
system with [ox]%+[og]*>=1.
R-factor ratio between model and
data.

Expectation of generic function f
with random variable x.

Locally average intensity within
ultra thin resolution shells.
Atomic scattering factor for H, C,
and all atoms.

Root-mean-square deviation.

0B

Conflict of Interest Statement
The author declares no conflict of interest in pub-
lishing results of this study.

References

1.

1022

Lattman EE (1996) Why are protein crystallographic
R-values so high? Proteins 25:i—ii.

. Vitkup D, Ringe D, Karplus M, Petsko GA (2002) Why

protein R-factors are so large: a self-consistent analy-
sis. Proteins 46:345-354.

. Meindl K, Henn J (2008) Foundations of residual-

density analysis. Acta Cryst A 64:404-418.

. Wang J, Lomkalin IV (2015) Crystal structure of E. coli

HPII catalase variant. PDB Entry Released.

. Jha V, Louis S, Chelikani P, Carpena X, Donald LdJ,

Fita I, Loewen PC (2011) Modulation of heme orienta-
tion and binding by a single residue in catalase HPII of
Escherichia coli. Biochemistry 50:2101-2110.

. Gabrielsen M, Schuttelkopf AW (2013) Structure of

natively expressed catalase HPII. PDB Entry Released.

. Ma P, Xue Y, Coquelle N, Haller JD, Yuwen T, Ayala I,

Mikhailovskii O, Willbold D, Colletier JP, Skrynnikov
NR, Schanda P (2015) Observing the overall rocking
motion of a protein in a crystal. Nat Commun 6:
8361(1-10).

. Loll PJ, Xu P, Schmidt JT, Melideo SL (2014) Enhanc-

ing ubiquitin crystallization through surface-entropy
reduction. Acta Cryst F70:1434-1442.

. Zhang LM, Morrison CN, Kaiser JT, Rees DC (2015)

Nitrogenase MoFe protein from Clostridium pasteuria-
num at 1.08 A resolution: comparison with the Azotobac-
ter vinelandii MoFe protein. Acta Cryst D71:274-282.

PROTEINSCIENCE.ORG

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Wang J, Dauter M, Alkire R, Joachimiak A, Dauter Z
(2007) Triclinic lysozyme at 0.65 A resolution. Acta
Cryst D63:1254-1268.

Elias M, Liebschner D, Koepke J, Lecomte C, Guillot
B, Jelsch C, Chabriere E (2013) Hydrogen atoms in
protein structures: high-resolution X-ray diffraction
structure of the DFPase. BMC Res Notes 6:308(1-7).
Thompson AJ, Dabin J, Iglesias-Fernandez J, Ardevol
A, Dinev Z, Williams SJ, Bande O, Siriwardena A,
Moreland C, Hu TC, Smith DK, Gilbert HJ, Rovira C,
Davies GdJ (2012) The reaction coordinate of a bacterial
GH47 alpha-mannosidase: a combined quantum
mechanical and structural approach. Angew Chem Int
Ed Engl 51:10997-11001.

Pace CN, Fu H, Lee Fryar K, Landua J, Trevino SR,
Schell D, Thurlkill RL, Imura S, Scholtz JM, Gajiwala
K, Sevcik J, Urbanikova L, Myers JK, Takano K,
Hebert EdJ, Shirley BA, Grimsley GR (2014) Contribu-
tion of hydrogen bonds to protein stability. Protein Sci
23:652-661.

Hall JP, Beer H, Buchner K, Cardin DJ, Cardin CJ
(2013) Preferred orientation in an angled intercalation
site of a chloro-substituted Lambda-[Ru(TAP)2(dppz)]2+
complex bound to d(TCGGCGCCGA)2. Philos Trans A
Math Phys Eng Sci A371:20120525(1-8).

Elias M, Wellner A, Goldin-Azulay K, Chabriere E,
Vorholt JA, Erb TJ, Tawfik DS (2012) The molecular
basis of phosphate discrimination in arsenate-rich envi-
ronments. Nature 491:134-137.

Howell PL, Smith GD (1992) Identification of heavy-
atom derivatives by normal probability methods.
J Appl Cryst 25:81-86.

Wang J (2015) On the validation of crystallographic
symmetry and the quality of structures. Protein Sci 24:
621-632.

Wang J (2016) X-ray radiation-induced addition of oxy-
gen atoms to protein residues. Protein Sci 25:1407-
1419.

Wang J, Moore PB (2017) On the interpretation of elec-
tron microscopic maps of biological macromolecules.
Protein Sci 26:122-129.

Wang J (2017) On the appearance of carboxylates in
electrostatic potential maps. Protein Sci 26:396-402.
Wilson AJC (1949) The probability distribution of X-
ray intensities. Acta Cryst 2:318-321.

Howells ER, Phillips DC, Rogers D (1950) The proba-
bility distribution of X-ray intensities. 2. Experimental
investigation and the X-ray detection of centres of sym-
metry. Acta Cryst 3:210-214.

Srinivasan R, Parthasarathy S. 1976. Some statistical
applications in X-ray crystallography, Oxford; New
York: Pergamon Press.

Srinivasan R, Ramachandran GN (1965) Probability
distribution connected with structure amplitudes of 2
related crystals. 5. Effect of errors in atomic coordi-
nates on distribution of observed and calculated struc-
ture factors. Acta Cryst 19:1008-1014.

Parthasarathy S, Parthasarathi V (1975) Discrepancy
indexes for use in crystal-structure analysis. 3. Theo-
retical comparison of normalized indexes. Acta Cryst A
31:178-185.

Parthasarathi V, Parthasarathy S (1975) Discrepancy
indexes for use in crystal-structure analysis. 5. Com-
parative study of normalized and un-normalized booth-
type indexes in structure completion stage. Acta Cryst
A31:529-535.

Srinivasan R, Ramachandran GN (1965) Probability
distribution connected with structure amplitudes of 2

Residual Peak Distribution



28.

29.

30.

31.

32.

related crystals. 4. Distribution of normalized differ-
ence. Acta Cryst 19:1003-1007.

Srinivasan R, Ramachandran GN (1966) Probability
distribution connected with structure amplitudes of 2
related crystals. 6. On significance of parameter Sig-
maA. Acta Cryst 20:570-571.

Brunger AT (1992) Free R value: a novel statistical
quantity for assessing the accuracy of crystal struc-
tures. Nature 355:472—475.

Murshudov GN, Skubak P, Lebedev AA, Pannu NS,
Steiner RA, Nicholls RA, Winn MD, Long F, Vagin AA
(2011) REFMACS for the refinement of macromolecular
crystal structures. Acta Cryst D67:355-367.

Read RJ (1986) Improved Fourier coefficients for maps
using phases from partial structures with errors. Acta
Cryst A42:140-149.

Winn MD, Ballard CC, Cowtan KD, Dodson EJ,
Emsley P, Evans PR, Keegan RM, Krissinel EB, Leslie

Wang

33.

34.

35.

36.

AG, McCoy A, McNicholas SJ, Murshudov GN, Pannu
NS, Potterton EA, Powell HR, Read RdJ, Vagin A,
Wilson KS (2011) Overview of the CCP4 suite and cur-
rent developments. Acta Cryst D67:235-242.

Read RJ, McCoy AJ (2016) A log-likelihood-gain inten-
sity target for crystallographic phasing that accounts
for experimental error. Acta Cryst D72:375-387.

Evans PR, Murshudov GN (2013) How good are my
data and what is the resolution? Acta Cryst D69:1204—
1214.

Rogers D, Stanley E, Wilson AJC (1955) The probabili-
ty distribution of intensities. 6. The influence of inten-
sity errors on the statistical tests. Acta Cryst 8:383—
393.

Henn J, Meindl K (2010) Is there a fundamental upper
limit for the significance I/Sigma(I) of observations
from X-ray and neutron diffraction experiments? Acta
Cryst A66:676-684.

PROTEIN SCIENCE ‘ VOL 26:1012-1028 1023



	l
	l

