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Abstract

The Carr—Purcell-Meiboom-Gill (CPMG) experiment is one of the most classical and well-known
relaxation dispersion experiments in NMR spectroscopy, and it has been successfully applied to
characterize biologically relevant conformational dynamics in many cases. Although the data
analysis of the CPMG experiment for the 2-site exchange model can be facilitated by analytical
solutions, the data analysis in a more complex exchange model generally requires
computationally-intensive numerical analysis. Recently, a powerful computational strategy,
geometric approximation, has been proposed to provide approximate numerical solutions for the
adiabatic relaxation dispersion experiments where analytical solutions are neither available nor
feasible. Here, we demonstrate the general potential of geometric approximation by providing a
data analysis solution of the CPMG experiment for both the traditional 2-site model and a linear 3-
site exchange model. The approximate numerical solution deviates less than 0.5% from the
numerical solution on average, and the new approach is computationally 60,000-fold more
efficient than the numerical approach. Moreover, we find that accurate dynamic parameters can be
determined in most cases, and, for a range of experimental conditions, the relaxation can be
assumed to follow mono-exponential decay. The method is general and applicable to any CPMG
RD experiment (e.g. N, C’, C*, H%, etc.) The approach forms a foundation of building solution
surfaces to analyze the CPMG experiment for different models of 3-site exchange. Thus, the
geometric approximation is a general strategy to analyze relaxation dispersion data in any system
(biological or chemical) if the appropriate library can be built in a physically meaningful domain.
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1. Introduction

The CPMG experiment has been proven a very powerful tool in NMR spectroscopy to
quantitatively characterize the (microsecond to millisecond) conformational dynamics in
biological macromolecules=>. The experiment has been used to understand interconversion
rates of functional states in enzymes!-34 and to reveal structural information of the low-
populated “invisible” conformations of macromolecules?. However, many of the successful
cases have been limited to the simple 2-site exchange model. As the biological systems
studied become more complex, it is reasonable to assume that more sophisticated exchange
models will be required-6-9; however, presently, it is cumbersome to accurately analyze the
data of the CPMG experiment in a more complex exchange model.

The mathematical analysis for the analytic solutions of the CPMG experiment under
different assumptions and different exchange models has been presented and discussed in
the literature over the past half-century®7.19-16, The important ground work was first
established by Allerhand et a/19-12, who showed that mono-exponential decay dominates
the CPMG experiment for most cases in the 2-site exchange model, as well as for all fast-
exchange cases. Later, the most general analytic solution of the CPMG experiment was
derived for the 2-site exchange model by Carver and Richards'6, which has been further
improved recently!3. Moreover, the approximate analytic solution for the N-site model was
proposed in the fast exchange regimel2, which has been applied to analyze experimental
data’. In spite of lengthy efforts from many spin physicists6.7:12.14 the general analytic
solution for a more complex model (i.e. a linear 3-site exchange) has not yet been
characterized, and it was even shown that a simple algebraic expression is not possible for a
multi-site exchange model (n>2)14,

Recently, a new computational strategy, geometric approximation!’, was developed to
analyze the sophisticated data from adiabatic relaxation dispersion experiments!8. The
strategy is composed of several steps (Fig. 1): 1) to formulate a computable mathematical
problem based on a well-established physical theory, 2) to analyze the geometric features of
the solution surface, under the assumption of continuity, using a high-performance
computing system, and to save the geometric features in a library, and 3) to approximate the
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solution surface, based on the library, during data analysis in personal computers. This new
strategy allows accurate data analysis in any system, within a given domain, with minimal
computational powerl’. The generality of the new computational approach implies the
potential broader application of this technique to other problems in data analysis. For the
case at hand, analysis of data for the CPMG experiment in a multi-site exchange by
geometric approximation, two main hurdles need to be resolved; (1) to build an appropriate
library for the high dimensional solution surface, which could potentially become very large
for a complex exchange model, and (2) to consider the potential multi-exponential decay of
the experiment.

The concepts of the geometric approximation methodology have been proposed and
validated previously for the analysis of adiabatic relaxation dispersion experiments 7.
Herein, we explore the geometric features of the solution surfaces for the CPMG experiment
acting on both the simple 2-site exchange model and a linear 3-site exchange model. It is
essential to build an algorithm to match experimental data onto the solution surfaces using
geometric approximation, which is shown to have equal or better accuracy than the well-
known analytic solutions for 2-site exchange. It became readily clear that initial attempts to
extend the approach of building libraries from 2-site exchange to a given linear 3-site
exchange model could not be utilized. This approach will result in computing a prohibitively
large library. Hence, a new strategy for building a high dimensional solution surface is
developed to significantly reduce the size of the library for 3-site exchange. The resulting,
effective library is three orders of magnitude smaller than what would be produced by the
approach of directly computing the uniform grid on all independent variables. Finally,
extensive numerical analysis, of relaxation in the CPMG experiment for the linear 3-site
exchange model, reveals that relaxation is dominated by mono-exponential decay in most
cases when there exists a dominant state (p>80%). Accurate dynamic parameters can be
extracted from the simulated data for the common experimental conditions using geometric
approximation. The new approach of building the library can be used to provide a solution
not only for the linear 3-site model but also for other 3-site exchange models. The above
examples demonstrate the generality and the potential of geometric approximation in
accelerating accurate data analysis in general.

2. Methods (geometric approximation)

Any solution surface in Euclidean space can be arbitrarily approximated by a finite number
of polynomial functions under the assumptions of continuity and compactness. Here, this
principle is applied to the CPMG experiment, where we first consider the case of the 2-site
exchange model. For simplicity, we assume that the contribution of the different intrinsic Ry
rates of two different states in the relaxation dispersion can be neglected, and the experiment
is dominated by mono-exponential decay (which has been proven to be true in most
cases1011), Then, the effective R, rate observed in the CPMG-RD experiment can be
expressed by the following expressions:

Ade o
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RQ,eﬁ:RQ,int+g<Awa kexsPa, VCPMG) [2]

In Eq [2], R2efris the effective Ry rate, Ry iy is the intrinsic Ry rate in the absence of
exchange, and g(...) is the Rey rate, where Aw is the chemical shift difference between the
two states, Key is the chemical exchange rate, p, is the population of state A, and vCPMG is
the frequency of the w pulses (1/2t¢p, where t¢p = 2 times the interval between two
pulses). After analyzing simulated relaxation dispersion profiles with respect to different
parameters as described beforel’, it becomes clear that the four-dimensional surfaces can be
interpreted using geometric approximation based on the libraries generated by directly
computing over a uniform grid. A multidimensional solution library was computed as
follows (ks~1 = 103 s71): the grid spacing in the Aw dimension was chosen as 0.1 ks™2, the
grid spacing in the key dimension (on the logarithmic scale) was chosen as x109-9°, the grid
spacing in the p, dimension was chosen as 4%, and the grid spacing in the vCPMG
dimension (on the logarithmic scale) was chosen as x10%-95, The solution libraries consist of
80 points in the Aw dimension (spanning the domain of 0 to 8 ks™1), 61 points in the key
dimension (spanning the domain of 0.1 to 100 ks™1), 12 points in the p, dimension (spanning
the domain of 50 to 100%), and 43 points in the vCPMG dimension (spanning the domain
of 20 to 2500Hz). Two libraries (the decay of A and the decay of A+B) were computed
based on the above grid spacing, each of which took approximately 1 day using a 128-core
Linux cluster computer system. Each library consists of approximately 2.5 million points
and is approximately 61 MB in size. Use of these libraries to analyze CPMG data will be
presented below.

Next, we consider the case of CPMG in the presence of a linear 3-site exchange model, Eq
[3]. The complexity of the problem for multisite (=3) exchange requires some general
assumptions in order to simplify the problem. Here, we assume that only the decay of the
state A is measured, the state A is the dominant spectral feature (>80%), and the
contribution of the different intrinsic R, rates for different states in the relaxation dispersion
can be neglected. Again, the experiment is assumed to be dominated by mono-exponential
decay (vide infrd). The direct extension approach of building libraries for this model is
daunting at first glance, wherein extension of the fine grid spacing used to build the solution
surface for the 2-site exchange model would expand the library for the total R, rate to a 7-
dimensional library (Eq [4]) containing 29 billion points and take about 18 thousand days to
compute using a 128-core Linux cluster computer system. The expected library would be
approximately 710 GB in size, and it could not be efficiently utilized to map for
experimental solutions in a personal computer. Furthermore, since all of the dynamic
parameters are correlated with each other in contributing to the relaxation dispersion, there is
no direct way to linearly decompose the high dimensional Rey surface (Eq [4]) into several
smaller dimensional ones. However, to address this problem, the total Rey rate can be
decomposed into several components (Eq [5]), where the high-dimensional component is
treated with a relaxed grid spacing while retaining enough accuracy for data analysis.
Application of this strategy reduces both the computational time and the size of the total
library by thousands-fold compared to the simple extension of the direct approach. This new
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approach can be taken to build the solution surface and search algorithm for the three-site
exchange model in general.

For the case of a linear 3-site exchange model (Eq [3]), the effective R rate can be
expressed and decomposed into the following equations (Eqs [4], [5]):

kea:,ab

C Lezaey 4 B [3]

RZ,eﬁ:Rth‘f’f(Awaba Awge, kez,abs Kexacs Pos Pes vCPMG) [4]

f(AWaln Awge, kex,aba ker,ac: PbsPes VCPMG) :g(Awabv ker,abapa/(pa +Pb), v OPMG)+
Q(Awaca ker,acapa/(pa+pc)a v CPMG)+T(Awab7 Awgc, kew,ab«, kez,acv P, Pe, VCPMG) [5]

In Eq [4], Rz efris the effective R rate of the state A, R ¢ is the intrinsic R rate of the
state A, and 7{... ) is the total Rey rate. In Eq [5], g(...) is the Ry rate for the 2-site exchange,
(... ) is the residue function, the difference between the total Rey rate and the sum of the two
Rex rates for two 2-site exchange events, Awjj is the chemical shift difference, key is the
chemical exchange rate, py is the population of the state x, and vCPMG is the frequency of
the 7t pulses. Since the solution surface g(...) is already determined for the two-site case
(vide supra), only the residue function r{...) needs to be determined using a separate
application of geometric approximation. Because the two functions represented by g(...) are
the major contributions in the total Ry rate 7(...), the grid spacing for the residue function
r(...) can be significantly relaxed (Fig. 2).

After analyzing the residue function r(...) with respect to different parameters, the grid
spacing can be relaxed while retaining enough accuracy for data analysis. The solution
library was computed using the grid spacing in the A dimension of 0.5 ks™1, the grid
spacing in the ke, dimension (on the logarithmic scale) of x100-3, the grid spacing in the py
dimension of 4%, and the grid spacing in the vCPMG dimension (on the logarithmic scale)
of x10%-1, The solution libraries consist of 16 points in the Aw,y, dimension (spanning the
domain of 0 to 7.5 ks™1), 31 points in the Aw, dimension (spanning the domain of -7.5 to
7.5 ks™1), 8 points for each of Kex ab @nd Key ¢ dimensions (spanning the domain of 0.1 to 10
ks™1), 6 points for each of p, and p, dimensions (assuming p, > 80%), and 22 points in the
vCPMG dimension (spanning the domain of 20 to 2500Hz). Computation of the library took
16 days using a 128-core Linux cluster computer system and consists of approximately 25
million points (approximately 400 MB in size).

All the numerical simulations were performed with modified Bloch-McConnell equation
(6X6 for the 2-site exchange and 9X9 for the 3-site exchange) using Euler’s method
including the second order correction term. Starting from the initial population, the operators
in the transverse plane experience chemical shift evolution, chemical exchange, and intrinsic
relaxation following the formulation of Bloch-McConnell equation. The ideal = pulses are
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applied to invert the signs of the operators at the time according to the vCPMG frequency.
The effective relaxation rate for state A (or for state A and state B) is determined at the end
of the relaxation period. The Rey rate will be calculated as the difference between the
effective relaxation rate and the intrinsic relaxation rate. No errors were introduced for the
following data analysis.

All of the following data analyses employed the statistical Monte Carlo sampling method
described previouslyl’ and adapted to the 2-site and 3-site exchange models for the CPMG
experiment. Input CPMG RD data were simulated using the appropriate Bloch McConnell
equations, separately for 2-site and 3-site exchange, and analyses are performed using the
combination of geometric approximation and Monte Carlo sampling. The algorithm aims to
minimize the distance function between the observed (simulated) relaxation rates and values
calculated as geometric approximations from the nearest grid points in the surface library by
varying the dynamic parameters. Once the minimum is reached, a set of the dynamic
parameters giving relaxation rates closest to the observed ones will be reported. In order to
achieve the global minimum, 100 different runs of Monte Carlo sampling from randomized
initial dynamic parameters are performed for a given input data set. Each run is composed of
10,000 steps of the random grid search and then 5,000 steps of random-walk during
simulated annealing. Among 100 results from 100 different runs of Monte Carlo sampling,
the 10 results with the best scores are used for statistical analysis.

3. Results

The application of geometric approximation to the CPMG experiment (geoCPMG) in the 2-
site exchange model is straightforward and successful, due to the lower dimensionality of
the solution surface and the fine grid spacing. We evaluated the accuracy of the geoCPMG
approach by examining the deviation between the direct numerical solution for R; ¢, based
on input parameters, and the approximate solution derived either from the standard analytic
solution using the Carver-Richards equation’3 or the geoCPMG approach. Table 1 illustrates
that the geoCPMG approach provides more accurate solutions.

The extraction of dynamic parameters from CPMG RD data was tested using 300 separate
data sets simulated for different CPMG frequencies (vCPMG = 25, 50, 100, 125, 250, 500,
1000 Hz). Simulations were performed using either two or three magnetic field strengths.
The extracted values of ke, are compared to the input values in Fig. 3 and Supp. Fig. 1.
Moreover, in terms of the extraction of dynamic parameters from the simulated data,
geoCPMG can significantly improve the accuracy in the moderately slow exchange regime
(< 300 s71) (Fig. 3). Overall, the geoCPMG approach provides a very efficient analysis of
CPMG RD data and provides slightly better accuracy.

Next, we consider the 3-site exchange model presented above, and first investigate the
accuracy of the approximate solution surface. The solution surface for the CPMG
experiment in the linear 3-site exchange model has an average deviation less than 0.5% from
the numerical solution (Tab. 1), but it is 60,000-fold more efficient than that of the numerical
one in terms of computation. We found that its accuracy is still better than the conventional
analytic solution for the simple 2-site exchange model (Tab. 1) even when the size of the
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library is significantly reduced. Moreover, in the comparison of the approximate solution
and the numerical solution, the constant time period during the numerical simulation is a
floating parameter. Therefore, the small average deviation and the small standard deviation
imply that (i) the total Ry value is insensitive to the various constant time periods (ranging
from 30 ms to 50 ms), and (ii) Rey can be approximated by our solution surface. Statistically,
the CPMG experiment in the linear 3-site exchange is dominated by mono-exponential
decay in most cases when there exists a dominant state (>80%).

Finally, validation is required to insure that the approximate solution surface can be used to
extract accurate dynamic parameters under various experimental conditions. We randomly
simulated 300 data sets of the CPMG experiments for each constant time period, and each
data set represented two different fields (14.1 T, and 18.8 T) and three different temperatures
(280 K, 290 K, and 300 K), where it was assumed that the reaction rates and temperatures
follow the Arrhenius equation. Our single solution surface for the linear 3-site exchange
model was used to analyze those different data sets. Consistently, we found that our solution
surface can generally provide accurate dynamics parameters in the various experimental
conditions with only a few outliers (Fig. 4). Interestingly, when the same 300 data sets were
analyzed using the solution surface for the simple 2-site exchange model, we found that the
average fitting error is below 3% of the simulated values (Supp. Fig. 2), which implies that
the relaxation dispersion data generally contain insufficient information to specify an
exchange model under common experimental conditions.

4. Discussion

Originally, the geometric approximation methodology was designed to efficiently provide
accurate solutions for the adiabatic relaxation dispersion experiments?’. It implied that the
approach is very general, and here we have proven that the method also works in a different
experimental setting. The generality of this methodology is due to two main factors: (i) the
mathematical theorem is aimed at any continuous real function with a compact domain in
Euclidean space, and (ii) many sophisticated mathematical problems can be decomposed
into a series of simple computable operations. Taking advantage of computational clusters
and supercomputing systems, the geometric features of a solution surface can be
characterized and saved in a library for future data analysis using standard desktop
computers. However, because only limited information can be computed and saved in a file,
it is very critical to build a library for the high dimensional solution surface in an efficient
way. In the previous study, we accomplished this efficiency by reducing the dimensionality
of the solution surfaces. Here, we decomposed the solution surface into the low-dimensional
one with more geometric features and the high-dimensional one with less geometric
features, which enabled relaxing the grid spacing of the libraries. In a given area, the higher
order polynomial functions can approximate more complex geometric features, which
allows the approximation of more drastic changes in the curvature of the surface. However,
the absolute values and the total fluctuations of the surface are not generally considered as
limiting factors in building a high-dimensional surface. Therefore, it is possible to relax the
grid spacing by increasing the maximal order of polynomial approximation, but the
acceleration in computation will be significantly reduced due to the fact that the number of
coefficients to be calculated will grow exponentially. Therefore, in order to successfully
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apply this new methodology to a problem, it is critical both to compress the size of the
library and to efficiently extract the information from the library.

In tests of these new solutions for the CPMG experiment for 2-site and 3-site exchange
models, two important facts were found. First, the accuracy of the fit ke and the fit Aw is
better than that of the fit population, which may be due to using only one population in our
simulated conditions. Second, the CPMG data sets simulated by a linear 3-site exchange
model can still be fit well by the solution for the 2-site exchange model in many cases. Even
with 6 data sets from multiple temperatures (280 K, 290 K, and 300 K) and magnetic fields
(14.1 T, and 18.8 T), the average fitting error is below 3% of the simulated values. Our
finding implied that, statistically, it is experimentally difficult to distinguish the 3-site
exchange from the 2-site exchange by fitting the data without prior knowledge, such as
known chemical shift differences, population differences in the 2-site exchange, or known
additional states from crystal structures. On the other hand, even if a given data set can be fit
well by the 2-site exchange model, no guarantee can be given for the correctness of the
answer without any independent information on the exchange model. Moreover, due to
many possible exchange geometries and higher dimensional solution surfaces, our results
imply that it is increasingly difficult to clearly identify a specific exchange model in the
multi-site exchange case (n>2) using only the relaxation dispersion data. It is worth
mentioning that several successful cases have shown it is possible to differentiate multi-site
exchange models from the 2-site exchange model through global analysis of multiple
nucleil8-9. This approach assumes that the relaxation dispersion of multiple nuclei come
from the same type of motions, which may not always be the case. The experimental errors
may not be completely random and, often, the number of replicate experimental datasets is
generally small; hence, it is possible to over-interpret the data based on XZ values (The true
experimental errors may be larger than the measurement errors, and the true experimental
values may not be equal to the means of measurement values). Further work is required to
determine how to consider global analyses to improve the geometric approximation
approach and the possible discrimination between exchange models.

Here, we successfully applied this computational technique to provide the first general
solution for the CPMG experiment in a given linear 3-site exchange model. We also show
that the CPMG experiment for the linear 3-site exchange model (with a dominant state
>80%) is dominated by mono-exponential decay, within the defined domain of our solution
surface. The algorithm can provide accurate dynamic parameters for the common
experimental conditions with few outliers. In fact, the solution surface can reveal dynamic
parameters with the vCPMG frequencies (20~2500 Hz) and constant time periods (30~60
ms) commonly used in the experimental setting. It is also worth noting that, based on our
extensive simulations and that of others'9, the CPMG experiment will be extremely
insensitive for a very long constant time and the data analysis will be complicated and
exhibit a greater error for a very short constant time. Finally, this approach serves as an
example for building solution surfaces for other models of 3-site exchange, such as a circular
3-site exchange model or a linear 3-site exchange model with the dominant state A at one
end.
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5. Conclusion

Geometric approximation is a general strategy to provide fast and accurate solutions for data
analysis. The solution for the CPMG experiment under either a 2-site or a given linear 3-site
exchange model is provided, and the search algorithm based on the solution can determine
accurate dynamic parameters in most cases. The analysis method can be applied to any
CPMG RD experiment (N, C’, C, and H%), thus providing a general approach for accurate
analyses. These results further support the generality of analyzing complex physical
processes Vvia the geometric approximation methods. Further work is required to explore the
impact of experimental noise and the potential benefits of global and/or multi-nuclei data
fitting to provide more robust analyses of 3-site exchange models.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Highlights
. New strategy significantly reduces computational time and size of the solution
library.
. geoCPMG applicable to all relaxation dispersion experiments, e.g. N, C”, C2,
and H*
. Linear 3-site exchange model with a dominant state (>80%) characterized by

. General solution for a linear 3-site exchange model can determine accurate

mono-exponential decay under CPMG.

dynamic parameters.
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Figure 1.
The general strategy of geometric approximation in accelerating data analysis. 1) To

formulate a computable mathematical problem based on a well-established physical theory.
2) To analyze the geometric features of the solution surface by a supercomputing system
under the assumption of continuity and to save the geometric features in the library. 3) To
approximate the solution surface based on the library during data analysis in personal
computers.
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Figure 2.
The difference between the total Rey rates for a linear 3-site exchange model and the

summation of two Rgy rates for the 2-site exchange model. Chemical shifts are 0.1 kHz for
state A, 0.3 kHz for state B, and 0.2 kHz for state C with respect to the = pulses. The
chemical exchange rate between state A and state C is fixed at 5 kHz. The state A is 85%,
and the state B is 10%. The longitudinal relaxation is 1 s~1 and the transverse relaxation is
20 s71. The constant time period is set as 40 ms. In the left panel, the chemical exchange rate
between state A and state B is fixed at 0.1 kHz while varying the vCPMG frequency
(vCPMG = 25, 50, 100, 125, 250, 500, 1000 Hz). In the right panel, the vCPMG frequency
is fixed at 25 Hz while varying the chemical exchange rate. The total R rates for a linear 3-
site exchange model were simulated, and the Rgy rates for the two 2-site exchange events in
a linear 3-site exchange model were approximated by the Carver-Richards equation.
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Figure 3.

input values (k s1)

Fitting the simulated relaxation data of constant-time CPMG experiments (40 ms) in the 2-
site exchange model at two (14.1T, and 18.8T) or three (14.1T, 16.5T, and 18.8T) magnetic
fields using approximate analytic solutions®16 or geoCPMG. The 300 data sets of different
CPMG frequencies (vVCPMG = 25, 50, 100, 125, 250, 500, 1000 Hz) were simulated. The fit
results are plotted against the input values, and those with large standard deviations (S.D. of
Key > 10°-2) during Monte Carlo sampling are not shown. The coefficient of determination
(R?) is calculated for each case. The numbers in the parentheses are the percentages of the
data remained after filtering out the results with large standard deviations.
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Figure 4.

Fitting the simulated relaxation data of constant-time CPMG experiments in a linear 3-site
exchange model at different constant time periods for three temperatures (280 K, 290 K, and
300 K) and two magnetic fields (14.1 T, and 18.8 T) using geometric approximation. The
vCPMG frequencies for each constant time (C.T.) were given between 25 and 1000 Hz, and
the 300 data sets were simulated with random dynamic parameters. The fit results are plotted
against the input values, and those with large standard deviations (SD of ke > 1001, SD of
Aw >0.5 ppm, SD of py > 1%) during Monte Carlo sampling are not shown. The kg values
include key ap and Kex a¢ at three different temperatures. The Aw values include Acwy, and
Awgye. The py values include p,, pp, and pe. The percentage of the outliers (outside of the
input values by two SD) is calculated for each case. The numbers in the parentheses are the
percentages of the data remained after filtering out the results with large standard deviations.
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Deviation of the approximate solution surfaces and the approximate analytic solution from the numerical
solutions. To compare the approximate solutions with the numerical ones, 10000 random points were chosen.
The simulated experimental conditions were also randomly chosen within the vCPMG range of 20~2500 Hz
and the constant time range of 30~50 ms. Errors are expressed as percentages of the deviations from the

numerical solutions.

Table 1

Carver-Richards equation

Geometric approximation

2-site exchange

Linear 3-site exchange

A A+B A
Average deviation 2.1% 0.25% | 0.075% 0.34%
Standard deviation 2.71% 0.39% | 0.12% 1%
Largest deviation 31% 9.2% 1.9% 24%
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