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Abstract

We introduce a general framework for estimation of inverse covariance, or precision, matrices
from heterogeneous populations. The proposed framework uses a Laplacian shrinkage penalty to
encourage similarity among estimates from disparate, but related, subpopulations, while allowing
for differences among matrices. We propose an efficient alternating direction method of
multipliers (ADMM) algorithm for parameter estimation, as well as its extension for faster
computation in high dimensions by thresholding the empirical covariance matrix to identify the
joint block diagonal structure in the estimated precision matrices. We establish both variable
selection and norm consistency of the proposed estimator for distributions with exponential or
polynomial tails. Further, to extend the applicability of the method to the settings with unknown
populations structure, we propose a Laplacian penalty based on hierarchical clustering, and
discuss conditions under which this data-driven choice results in consistent estimation of precision
matrices in heterogenous populations. Extensive numerical studies and applications to gene
expression data from subtypes of cancer with distinct clinical outcomes indicate the potential
advantages of the proposed method over existing approaches.
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1. Introduction

Estimation of large inverse covariance, or precision, matrices has received considerable
attention in recent years. This interest is in part driven by the advent of high-dimensional
data in many scientific areas, including high throughput omics measurements, functional
magnetic resonance images (fMRI), and applications in finance and industry. Applications
of various statistical methods in such settings require an estimate of the (inverse) covariance
matrix. Examples include dimension reduction using principal component analysis (PCA),
classification using linear or quadratic discriminant analysis (LDA/QDA), and discovering
conditional independence relations in Gaussian graphical models (GGM).

In high-dimensional settings, where the data dimension pis often comparable or larger than
the sample size 7, regularized estimation procedures often result in more reliable estimates.
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Of particular interest is the use of sparsity inducing penalties, specifically the & or lasso
penalty [30], which encourages sparsity in off-diagonal elements of the precision matrix [7,
8, 33, 34]. Theoretical properties of §-penalized precision matrix estimation have been
studied under both multivariate normality, as well as some relaxations of this assumption [4,
19, 25, 26].

Sparse estimation is particularly relevant in the setting of GGMs, where conditional
independencies among variables correspond to zero off-diagonal elements of the precision
matrix [14]. The majority of existing approaches for estimation of high-dimensional
precision matrices, including those cited in the previous paragraph, assume that the
observations are identically distributed, and correspond to a single population. However,
data sets in many application areas include observations from several distinct
subpopulations. For instance, gene expression measurements are often collected for both
healthy subjects, as well as patients diagnosed with different subtypes of cancer. Despite
increasing evidence for differences among genetic networks of cancer and healthy subjects
[11, 27], the networks are also expected to share many common edges. Separate estimation
of graphical models for each of the subpopulations would ignore the common structure of
the precision matrices, and may thus be inefficient; this inefficiency can be particularly
significant in high-dimensional low sample settings, where p>> n.

To address the need for estimation of graphical models in related subpopulations, few
methods have been recently proposed for joint estimation of K precision matrices

. P
Q(k):(wif))i,jzl ERPP k=1, ..., K[6,9]. These methods extend the penalized maximum
likelihood approach by combining the Gaussian likelihoods for the K subpopulations

K
En(Q)=%an (log det (Q®)) — tr (2&)(2(“)) . 0
k=1

Here, nyand i(k) are the number of observations and the sample covariance matrix for the

n

K
kth subpopulation, respectively, HIZkzlnk is the total sample size and tr(-) and det(:)
denote matrix trace and determinant.

To encourage similarity among estimated precision matrices, Guo et al. [9] modeled the (/,

J)-element of QA as product of a common factor 6,;and group-specific parameters vfjk) i.e.
gf):éiﬂg). Identifiability of the estimates is ensured by assuming &> 0. A zero common

factor & 7= 0 induces sparsity across all subpopulations, whereas %?J’?):o results in condition-

specific sparsity for wfjk ) This reparametrization results in a non-convex optimization

w

. . . Ko k)
problem based on the Gaussian likelihood with &-penalties Y i 8jand Z#jzkzl i .
Danaher et al. [6] proposed two alternative estimators by adding an additional convex
penalty to the graphical lasso objective function: either a fused lasso penalty
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k ./ K k)2
Z#jzk.;&k/k“z(j) - Wf} | (FGL), or a group lasso penalty Z#j \ Zkzl(“’gj )) (GGL). The

fused lasso penalty has also been used by Kolar et al. [13], for joint estimation of multiple
graphical models in multiple time points. The fused lasso penalty strongly encourages the

values of w§f> to be similar across all subpopulations, both in values as well as sparsity
patterns. On the other hand, the group lasso penalty results in similar estimates by shrinking
(k)

. L NCE o (R)42
all w;;~ across subpopulations to zero |fzk:1(wij ) is small.

Despite their differences, methods of Guo et al. [9] and Danaher et al. [6] inherently assume
that precision matrices in K subpopulations are equally similar to each other, in that they

encourage wg»C) and wff/) and w,(? and wg»“”) to be equally similar. However, when K> 2,
some subpopulations are expected to be more similar to each other than others. For instance,
it is expected that genetic networks of two subtypes of cancer be more similar to each other
than to the network of normal cells. Similarly, differences among genetic networks of
various strains of a virus or bacterium are expected to correspond to the evolutionary
lineages of their phylogenetic trees. Unfortunately, existing methods for joint estimation of
multiple graphical models ignore this heterogeneity in multiple subpopulations.
Furthermore, existing methods assume subpopulation memberships are known, which limits
their applicability in settings with complex but unknown population structures; an important

example is estimation of genetic networks of cancer cells with unknown subtypes.

In this paper, we propose a general framework for joint estimation of multiple precision
matrices by capturing the heterogeneity among subpopulations. In this framework,
similarities among disparate subpopulations are presented using a subpopulation
networkG(V, E, W), a weighted graph whose node set Vis the set of subpopulations. The
edges in £and the weights W, for (k, k') € Erepresent the degree of similarity between
any two subpopulations &, &”. In the special case where Wy = 1 for all &, £, the
subpopulation similarities are only captured by the structure of the graph G. An example of
such a subpopulation network is the line graph corresponding to observations over multiple
time points, which is used in estimation of time-varying graphical models [13]. As we will
show in Section 2.3, other existing methods for joint estimation of multiple graphical
models, e.g. proposals of Danaher et al. [6], can also be seen as special cases of this general
framework.

Our proposed estimator is the solution to a convex optimization problem based on the
Gaussian likelihood with both § and graph Laplacian [15] penalties. The graph Laplacian
has been used in other applications for incorporating a priori knowledge in classification
[24], for principal component analysis on network data [28], and for penalized linear
regression with correlated covariates [10, 15, 17, 18, 32, 37]. The Laplacian penalty
encourages similarity among estimated precision matrices according to the subpopulation
network G. The £-penalty, on the other hand, encourages sparsity in the estimated precision
matrices. Together, these two penalties capture both unique patterns specific to each
subpopulation, as well as common patterns shared among different subpopulations.
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We first discuss the setting where G(V; £, W) is known from external information, e.g.
known phylogenetic trees (Section 2), and later discuss the estimation of the subpopulation
memberships and similarities using hierarchical clustering (Section 4). We propose an
alternating methods of multipliers (ADMM) algorithm [3] for parameter estimation, as well
as its extension for efficient computation in high dimensions by decomposing the problem
into block-diagonal matrices. Although we use the Gaussian likelihood, our theoretical
results also hold for non-Gaussian distributions. We establish model selection and norm
consistency of the proposed estimator under different model assumptions (Section 3), with
improved rates of convergence over existing methods based on penalized likelihood. We also
establish the consistency of the proposed algorithm for the estimation of multiple precision
matrices, in settings where the subpopulation network G or subpopulation memberships are
unknown. To achieve this, we establish the consistency of hierarchical clustering in high
dimensions, by generalizing recent results of Borysov et al. [1] to the setting of arbitrary
covariance matrices, which is of independent interest.

The rest of the paper is organized as follows. In Section 2 we describe the formal setup of
the problem and present our estimator. Theoretical properties of the proposed estimator are
studied in Section 3, and Section 4 discusses the extension of the method to the setting
where the subpopulation network is unknown. The ADMM algorithm for parameter
estimation and its extension for efficient computation in high dimensions are presented in
Section 5. Results of the numerical studies, using both simulated and real data examples, are
presented in Section 6. Section 7 concludes the paper with a discussion. Technical proofs are
collected in the Appendix.

2. Model and Estimator

2.1. Problem Setup

Consider K subpopulations with distributions ®®, k=1, ..., K. Let X0 = (X(Q.1
X9.2T € RP be a random vector from the Ath subpopulation with mean pand the

. k) (k)P .
covariance matrix 2o =(0y; )m-:l. Suppose that an observation comes from the Ath
subpopulation with probability rt4> 0.

k k k)\P
Our goal is to estimate the precision matrices o = (=) = (Wz(j))iJ:l, k=1, ..., K

To this end, we use the Gaussian log-likelihood based on the correlation matrix (see

Rothman et al. [26]) as a working model for estimation of true Qf)’“), k=1, ..., K Let X}k), ]
=1, ..., Mg, be independent and identically distributed (i.i.d.) copies from @®), k=1, ..., K.

k:):( (k)\P

We denote the correlation matrices and their inverse by o 0y )i,j:h and

A )\ P
‘I’(”:(%(,j))i’j:l, k=1, ..., K, respectively. The Gaussian log-likelihood based on the

correlation matrix can then be written as
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N

o an (1og det (OM) — tr (\1/5{“)(—)(’“))),
"= (2

where \I/ ), k=1, ..., Kis the sample correlation matrix for subpopulation k.

Examining the derivative of (2), which consists of w{®) — w(), k=1, ..., K; justifies its use
as a working model for non-Gaussian data: the stationary points of (2) is \I;Ef) which gives a

consistent estimate of \I/(()’“). Thus we do not, in general, need to assume multivariate
normality. However, in certain applications, for instance LDA/QDA and GGM, the resulting
estimate is useful only if the data follows a multivariate normal distribution.

2.2. The Laplacian Shrinkage Estimator

Let® = (@W, ..., ®K)) and write ©;;= (92(]), .. ,Qg{))T eRX jj=1, ..., pforavector of
(4 j)-elements across subpopulations. Our proposed estimator, Laplacian Shrinkage for
Inverse Covariance matrices from Heterogeneous populations (LASICH), first estimates the
inverse of the correlation matrices for each of the K subpopulations, and then transforms
them into the estimator of inverse covariance matrices, as in Rothman et al. [26]. In
particular, we first obtain the estimate © of the true inverse correlation matrix by solving the

following optimization problem

O, = axg min ~1(©)+pu O] +pupa |0, = arg min L @)1, 33 [0 !+pnp22||om|| ,
0=07,0:-0 0=07T O k—1i%)
)

where ® = ©7 enforces the symmetry of individual inverse correlation matrices, i.e. @4 =
(O 7 and ® > 0 requires that ®(4 is positive definite for k=1, ..., K. The f-penalty

||9||1:Z HO |l1in (3) encourages sparsity in estimated inverse correlation matrices.
The graph LapIaC|an penalty, on the other hand, exploits the information in the

subpopulation network G to encourage similarity among values of Hgf) and afj‘)

parameters p, and pp» control the size of each penalty term.

. The tuning

Figure 1 illustrates the motivation for the graph Laplacian penalty 1@, in (3). The gray-
scale images in the figure show the hypothetical sparsity patterns of precision matrices ®(%),
0@, ®O) for three related subpopulations. Here, ®@) consists of two blocks with one “hub”
node in each block; in ©@ and ®®) one of the blocks is changed into a “banded” structure.
It can be seen that one of the two blocks in both 8@ and ©®) have a similar sparsity pattern
as ©). However, @ and ®®) are not similar. The subpopulation network G in this figure
captures the relationship among precision matrices of the three subpopulations. Such
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complex relationships cannot be captured using the existing approaches, e.g. Danaher et al.
[6], Guo et al. [9], which encourage all precision matrices to be equally similar to each other.
More generally, G can be a weighted graph, G(V, £, W), whose nodes represent the
subpopulations 1, ..., K. The edge weights W: £— R, represent the similarity among
pairs of subpopulations, with larger values of Wy, = W (k, k') > 0 corresponding to more
similarity between precision matrices of subpopulations A and k.

In this section, we assume that the weighted graph G is externally available, and defer the
discussion of data-driven choices of G, based on hierarchical clustering, to Section 4. Given
G, the (unnormalized) graph Laplacian penalty 1@, is defined as

K 1/2
NN 2
||@ij||L={ > Wi (65 —91(?)) }
)

kk'=1

where Wy, =0 if kand k" are not connected. The Laplacian shrinkage penalty can be

alternatively written as [|©; | Lz@ijeij, where L:(lkk,)ﬁk,zl € REXK

matrix [5] of the subpopulation network G defined as

is the Laplacian

diy — Wik, k=k',dj, #0,
b= Wi, k#k,
0, otherwise,

where d =3 ¥ 2kWikis the degree of node kin Gwith Wy, =0 if kand " are not
connected. The Laplacian shrinkage penalty can also be defined in terms of the normalized
graph Laplacian, /- O°Y2W 0Y2 where D= diag(d, ..., dx) is the diagonal degree
matrix. The normalized Laplacian penalty,

1/2

ij ij

dr

)

K gk )\ 2
103, =¢ D Wan

ko k=1

which we also denote as 11© i, imposes smaller shrinkage on coefficients associated with
highly connected subpopulations. We henceforth primarily focus on the normalized penalty.

Given estimates of the inverse correlation matrices @), ..., ®(X) from (3), we obtain
estimates of precision matrices Q¥ by noting that Q¥ = 2(W@X=(X) where (X is the
diagonal matrix of reciprocals of the standard deviations

. —1/2 — A A N
E(k):diag({(,g’;)} /’__.’{gl(j;)} 1/2), Our estimatoern:(Qi)7...,Qf,f))ofprecision

matrices Q is thus defined as
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1/2
} / e 1/{6;’;)}1/2) with sample variance &) for the ith

i

where 2% =diag(1/{s ")
element in the Ath subpopulation.

A number of alternative strategies can be used instead of the graph Laplacian penalty in (3).
First, similarity among coefficients of precision matrices can also be imposed using a ridge-

type penalty, H@ij”i. The main difference is that our penalty 1@ i, discourages the inclusion
of edges QS), ce Hff) if they are very different across the K subpopulations. Another option
is to use the graph trend filtering [31], which impose a fused lasso penalty over the
subpopulation graph G. Finally, ignoring the weights W in (4), the Laplacian shrinkage
penalty resembles the Markov random field (MRF) prior used in Bayesian variable selection
with structured covariates [16]. While our paper was under review, we became aware of the
recent work by Peterson et al. [23], who utilize an MRF prior to develop a Bayesian
framework for estimation of multiple Gaussian graphical models. This method assumes that
edges between pairs of random variable are formed independently, and is hence more suited
for Erdés-Rényi networks. Our penalized estimation framework can be seen as an alternative
to using an MRF prior to estimate the precision matrices in a mixture of Gaussian
distributions.

2.3. Connections to Other Estimators

To connect our proposed estimator to existing methods for joint estimation of multiple
graphical models, we first give an alternative interpretation of the graph Laplacian penalty

H@i]’”L:(egLG)j,j)l/Q as a norm for a transformed version of egf)s. More specifically,
consider the mapping gs: RX— RX defined based on the Laplacian matrix for graph G

0, k=K,
95(0i5)= o [ 0 o) /
G Wk’k/ j\/TLk — ﬁ 5 k? ¢ kj 5

if Ghas at least one edge. For a graph with no edges, define g5(®) = /k®© ;= diag(®,),
where /xis the K-identity matrix, and ® denotes the Kronecker product. It can then be seen
that the graph Laplacian penalty can be rewritten as

193511, =ll96 (@)l .-

where Il gis the Frobenius norm.

Using the above interpretation, other methods for joint estimation of multiple graphical
models can be seen as penalties on transformations g5(® ) corresponding to different graphs
G. We illustrate this connection using the hypothetical subpopulation network shown in
Figure 2a.

Consider first the FGL penalty of Danaher et al. [6], applied to elements of the inverse

correlation matrix |9§jk) - 98»“/) | Let G¢be a complete unweighted graph (W =1 Vk# k'),

Electron J Stat. Author manuscript; available in PMC 2017 May 02.
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K

2

in which all ( > node-pairs are connected to each other (Figure 2b). It is then easy to see

that

S10% — 00 1= /205 — Dllg, @)1,

k#l

where the factor of V 2(K - 1) can be absorbed into the tuning parameter for the FGL
penalty. A similar argument can also be applied to the GGL penalty of Danaher et al. [6],
1® 4, by considering instead an empty graph G, with no edges between nodes (Figure 2c). In

this case, the mapping gs would give a diagonal matrix with elements GEJ") and hence 11©
=lgc @)l

Unlike proposals of Danaher et al. [6], the estimator of Guo et al. [9] is based on a non-
convex penalty, and does not naturally fit into the above framework. However, Lemma 2 in
Guo et al. [9] establishes a connection between the optimal solutions of the original
optimization problem, with those obtained by considering a single penalty of the form

(5 090 = el i onwi

k=117 w2, Similar to GGL, the connection with the method of Guo et al.
[9] can be build based on the above alternative formulation, by considering again the empty
graph G, (Figure 2c), but instead the Il-ll; » penalty, which is a member of the CAP family of
penalties [36]. More specifically,

1/2

. (k)
{le@- I} =l9c. (@)l »-
k=1

Using the above framework, it is also easy to see the connection between our proposed
estimator and the proposal of Kolar et al. [13]: the total variation penalty in Kolar et al. [13]
is closely related to FGL, with summation over differences in consecutive time points. It is
therefore clear that the penalty of Kolar et al. [13] (up to constant multipliers) can be
obtained by applying the graph Laplacian penalty defined for a line graph connecting the
time points (Figure 2d).

The above discussion highlights the generality of the proposed estimator, and its connection
to existing methods. In particular, while FGL and GGL/Guo et al. [9] consider extreme cases
with isolated, or fully connected nodes, one can obtain more flexibility in estimation of
multiple precision matrices by defining the penalty based on the known subpopulation
network, e.g. based on phylogenetic trees or spatio-temporal similarities between fMRI
samples. The clustering-based approach of Section 4 further extends the applicability of the
proposed estimator to the settings where the subpopulation network in not known a priori.
The simulation results in Section 6 show that the additional flexibility of the proposed
estimator can result in significant improvements in estimation of multiple precision matrices,

Electron J Stat. Author manuscript; available in PMC 2017 May 02.
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when K> 2. The above discussion also suggests that other variants of the proposed estimator
can be defined, by considering other norms. We leave such extensions to future work.

3. Theoretical Properties

In this section, we establish norm and model selection consistency of the LASICH estimator.
We consider a high-dimensional setting p > ng, k=1, ..., K, where both nand pgo to
infinity. As mentioned in the Introduction, the normality assumption is not required for
establishing these results. We instead require conditions on tails of random vectors X(% for
each k=1, ..., K We consider two cases, exponential tails and polynomial tails, which both
allow for distributions other than multivariate normal.

Condition 1 (Exponential Tails)

There exists a constant ¢; € (0, o) such that

L . 1/2
E {eXp {t(X]U‘) —uﬁk))/(aﬁ»?)) / H < 42 vt e R k=1,...,K,j=1,...,p.

Condition 2 (Polynomial Tails)

There exist constants ¢,, ¢3 > 0 and cysuch that

i <ecyg,k=1,..., K, j=1,...,p.

(1) (0 /2 T
EHXJ— /(e®) }

Since we adopt the correlation-based Gaussian log-likelihood, we require the boundedness
of the true variances to control the error between true and sample correlation matrices.

Condition 3 (Bounded variance)

(k ) < gy

- andmaxy, ;o

There exist constants cs > 0 andcg < © such that cs < ming, ;o

Condition 4 (Sample size)

Lét o = max;|0|,. Let

_ -5 E -1
Ci = {2652+C5+66 3/2+205 °/206+(cg4+2cg°cﬁ)1/2} .

i (Exponential tails). It holds that

. 2
n > max { ,21833012(14-46%)262)\4@ <1+HL||;/2> s} log p,

mingm

andlog p/n— 0.
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(Polynomial tails). Let Co=sup,{p, \/n/log p}=0(1)where pis given in
Lemma 1 in theAppendixand ¢; > 0 be some constant. It holds that

1/ca
n > max {p

702212 . 4 1/2)2
C;/@ ,213°CTC5 K min TEAG (1—|—HL||2 ) s log p}.

Condition 4 determines the sufficient sample size 7= Z4 for consistent estimation of
precision matrices ®@), ..., ©(K) in relation to, among other quantities, the number of
variables p, the sparsity pattern sand the spectral norm of the Laplacian matrix IILll, of the
subpopulation network G. While a general characterization of IILIl, is difficult, investigating
its value in special cases provides insight into the effect of the underlying population
structure on the required sample size. Consider, for instance, two extreme cases: for a fully
connected graph G associated with K'subpopulations, IILll; = 1/(K - 1); for a minimally
connected “line” graph, corresponding to e.g. multiple time points, IILIl, = 2: with K= 5,
30% more samples are needed for the line graph, compared to a fully connected network.
The above calculations match our intuition that fewer samples are needed to consistently
estimate precision matrices of K 'subpopulations that share greater similarities. This, of
course, makes sense, as information can be better shared when estimating parameters of
similar subpopulations. Note that, here L represents the Laplacian matrix of the frue
subpopulation network capturing the underlying population structure. The above conditions
thus do not provide any insight into the effect of misspecifying the relationship between
subpopulations, i.e., when an incorrect L is used. This is indeed an important issue that
garners additional investigation; see Zhao and Shojaie [37] for some insight in the context of
inference for high dimensional regression. In Section 4, we will discuss a data-driven choice
of L that results in consistent estimation of precision matrices.

Before presenting the asymptotic results, we introduce some additional notations. For a

matrix A=(a;;)} ;_; € R"””, we denote the spectral norm lAll, = max,ecgre,x=11AX, and
the element-wise fo-norm Il Alleo = max; ;|a; { where llxil is the Euclidean norm for a vector
X. We also write the induced &o-norm Il Allcojeo = SUP| xieo=1l AXllco Where lIXloo = max | xj for
X=(x, ..., Xp). For the ease of presentation, the results in this section are presented in
asymptotic form; non-asymptotic results and proofs are deferred to the Appendix.

3.1. Consistency in Spectral Norm

Lets = #{(i,j)wys; # 0,4, j=1,...,p,i # j,k=1,..., K}, and

d:maxk,i#{(z’,j):wé’?j #0,j=1,...,p,i # 7} The following theorem establishes the rate
of convergence of the LASICH estimator, in spectral norm, under either exponential or
polynomial tail conditions (Condition 1 or 2). Convergence rates for LASICH in &o-and

Frobenius norm are discussed in Section 3.3.

Theorem 1—Suppose Conditions 3 and 4 hold. Under Condition 1 or 2,

Electron J Stat. Author manuscript; available in PMC 2017 May 02.
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n

K 4

A (k) k Ag(s+1) log p
E:QP,I,—QM:OP( Ao(stl) log p )
k=1

asn, p— oo wherep,fs given in Lemma 1 in theAppendixwith -y = ming /2.

Theorem 1 is proved in the Appendix. The proof builds on tools from Negahban et al. [20].
However, our estimation procedure does not match their general framework: First, we do not
penalize the diagonal elements of the inverse correlation matrices; our penalty is thus not a
norm. Second, the Laplacian matrix is nonpositive definite. Thus, the Laplacian shrinkage
penalty is not strictly convex. The results from Negahban et al. [20] are thus not directly
applicable to our problem. To establish the estimation consistency, we first show, in Lemma
3, that the function r(-) = ll-l; + poll-ll; is a seminorm, and is, moreover, convex and
decomposable. We also characterize the subdifferential of this seminorm in Lemma 6, based
on the spectral decomposition of the graph Laplacian L. The rest of the proof uses tools from
Negahban et al. [20], Rothman et al. [26] and Ravikumar et al. [25], as well as new
inequalities and concentration bounds. In particular, in Lemma 4 we establish a new &
bound for the empirical covariance matrix for random variables with polynomial tails, which
is used to established the consistency in the spectral norm under Condition 2.

The convergence rate in Theorem 1 compares favorably to several other methods based on
penalized likelihood. Few results are currently available for estimation of multiple precision
matrices. An exception is Guo et al. [9], who obtained a slower rate of convergence O,({(s +
p) log p/2) under the normality assumption and based on a bound on the Frobenius norm.
Our rates of convergence are comparable to the results of Rothman et al. [26] for spectral
norm convergence of a single precision matrix, obtained under the normality assumption.
Ravikumar et al. [25], on the other hand, assumed the irrepresentability condition to obtain
the rate O ({min{s+ p, #} log p/m}1/2) and O ({min{s+ p, P}p*(@2**V}12), under
exponential and polynomial tail conditions, respectively, where t > 2 is some scalar. The rate
in Theorem 1 is obtained without assuming the irrepresentability condition. In fact, our rates
of convergence are faster than those of Ravikumar et al. [25] given the irrepresentability
condition 5 (see Corollary 1). Cai et al. [4] obtained improved rates of convergence under
both tail conditions for an estimator that is not found by minimizing the penalized likelihood
objective function, and may be nonpositive definite. Finally, note that the results in [4, 25,
26] are for separate estimation of precision matrices and hold for the minimum sample size
across subpopulations, min 1, whereas our results hold for the total samples size X 4/

3.2. Model Selection Consistency

Let S("’):{(z’,j):w% #0,4,j=1,...,p} be the support of ng), and denote by d'the

maximum number of nonzero elements in any rows of Q((]k), k=1, ..., K. Define the event

A PN . Ky .
A (Qp,, Q) = {s1gn(w£)n),ij):s1gn(w(()72j), ,7=1,...,p, k=1,... ,K} ,

(®)
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where sign(a) is1if 4> 0, 0if 4=0and -1 if 4< 0. We say that an estimator f)pn of Qg is

model-selection consistent if {/// (ﬁpro)} -1,

We begin by discussing an irrepresentability condition for estimation of multiple graphical
models. This restrictive condition is commonly assumed to establish model selection
consistency of lasso-type estimators, and is known to be almost necessary [19, 35]. For the
graphical lasso, Ravikumar et al. [25] showed that the irrepresentability condition amounts
to a constraint on the correlation between entries of the Hessian matrix ' = Q™1 ® Q71 in the
set Scorresponding to nonzero elements of Q, and those outside this set. Our
irrepresentability condition is motivated by that in Ravikumar et al. [25], however, we adjust
the index set Sto also account for covariances of “non-edge variables” that are correlated
with each other. More specifically, the description of irrepresentability condition in
Ravikumar et al. [25] involves I ss consisting only of elements o jo 4 with (/ /) € Sand (k; /)
€ S. However, o;# 0 for (/, j) € Sis not taken into account by this definition. We thus adjust
the index set S'so that ' ssalso includes elements oo if (4, K) € Sand (, ) € S. This
definition is based on the crucial observations that I' =~ ® X involves the covariance matrix
2 instead of the precision matrix Q, and that some variables are correlated (i.e., o;# 0) even
though they may be conditionally independent (i.e., w7 = 0). Defining SHfork=1,.., K
as above, we assume the following condition.

Condition 5 (Irrepresentability condition)— 7#e inverse @((]’%f the correlation matrix
1\ E,"”)satisﬁes the irrepresentability condition for S® with parameter .. (a)

k k k k
(0§ ® ef ))S(k,>s(k>ana’(‘1’(() )& v ))S(kmmare invertible, and (b) there exists somea € (0,
1] such that

(k) (k) g
(m),r?gg)((k))cHF{(zﬁ,j)}xs(’ﬂ) {Fs(k)s(k)} ”1 =1 @

(6)

fork=1, ..., K whereT® = ¢ & ¢ (¥,

In addition to the irrepresentability condition, we require bounds on the magnitude of

o®

i; # 0and their normalized difference.

Condition 6 (Lower bounds for the inverse correlation matrices)— There exists a
constant cg € R such that

. k)
O min = min (7’(-- > cg>0.
min k:l,...,K,i¢j| 0451 = 8

Moreover, for Qg ji# 0, LQq jj# 0 and there exists a constant ¢y > 0 such that
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k k'
0y oY)
min St > Cg.
L0 L0 Ve Vdw
Upgor #0,—=L — —=L 20
\/dk \/dk’

The first lower bound in Condition 6 is the usual “min-beta” condition for model selection
consistency of lasso-type estimators. The second lower bound, which is represented here for
the normalized Laplacian penalty, is a mild condition which ensures estimates based on
inverse correlation matrices can be mapped to precision matrices. For any pair of
subpopulations kand &* connected in G it requires that if the difference in (normalized)
entries of the entires of the precision matrices are nonzero, the difference in (normalized)
entries of inverse correlation matrices are bounded away from zero. In other words, the
bound guarantees that @ ;;is not in the null space of L, whenever Qq j;is outside of the null
space. This bound can be relaxed if we use a positive definite matrix L, = L + e/fore >0
small.

Our last condition for establishing the model selection consistency concerns the minimum
sample size and the tuning parameter for the graph Laplacian penalty. This condition is
necessary to control the &o-bound of the error ép »~ ©o, as in Ravikumar et al. [25]. Our
minimum sample size requirement is related to the irrepresentability condition. Let x be the
maximum of the absolute column sums of the matrices {(T¥) "1} kW 4K, k=1, ..., K, and

xy be the maximum of the absolute column sums of the matrices \Ilé’“), k=1,..., K The
minimum sample size in Ravikumar et al. [25] is also a function of the irrepresentability

constant, in particular, their xr involves {(T%) )} ' There i, therefore, a subtle
difference between our definition and theirs: in our definition, the matrix is first inverted and
then partitioned, while in Ravikumar et al. [25], the matrix is first partitioned and then
inverted. Corollary 2 establishes the model selection consistency under a weaker sample size
requirement, by exploiting instead the control of the spectral norm in Theorem 1.

Condition 7 (Sample size and regularization parameters)—Let

c {2634,{3;&% {1 267%@,{%} 36 2132 }
3=max { ————5-max -5,

miny 7y "o ming? [ 7 ¢’ ¢ mingdy,

i (Exponential tails). It holds

12 log p 6922 22 2~ 2
>——-m 1,2°3“Cy(1+ Csd
" mingmg ax{ 1( Cl) 63 }

W Polynomial tails). It holds n>max {p"/** -/ C2C2Csd? log p}.
" Itholds that py < o2 /{4]|L]1* (2 ~ @)}

With these condition, we obtain
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Theorem 2—Suppose that Conditions 3, 5, 6 and 7 hold. Under Condition 1 or 2, P(m(f)
Qo)) — L asn, p— oo wherep,is given in Lemma 1 in theAppendixwith-y = ming /2.

P

3.3. Additional Results

In this section, we establish norm and variable selection consistency of LASICH under
alternative assumptions. Our first result gives better rates of convergence for consistency in
the fo-, spectral and Frobenius norms, under the condition for model selection consistency.
Our rates in Corollary 1 improve the previous results by Ravikumar et al. [25], and are
comparable to that of Cai et al. [4] in the &o- and spectral norms under both tail conditions.

Corollary 1—Suppose the conditions in Theorem 2 hold. Then, under Condition 1 or 2,

n

K || A (k) Q(()k) || 10 (\/mlll{)\@p(5+l)a nr(s+p)} 1()g p)
Z Pn P ,
k=1

n

K . 4 2 12

A (k) k min{Ag(s+1),k%d?} log p
S0l — ol —o, w Qo(s L), mpd’} ,
k=1

K 2

A (k) k ki log p
Yl -t =0, | =
k=1 n

Our next result in Corollary 2 establishes the model selection consistency under a weaker
version of the irrepresentability condition (Condition 6). Aside from the difference in the
index sets S(4), the form of the Condition 6 and the assumption of invertibility of

(\Il(k) ® (k)> - . .
0 0 /) s are similar to those in Ravikumar et al. [25]. On the other hand,

. o - 9k & o) .
Ravikumar et al. [25] do not require invertibility of (S0~ © O )S(k)s(k>. However, their

proof is based on an application of Brouwer’s fixed point theorem, which does not hold for
the corresponding function (Eq. (70) in page 973) since it involves a matrix inverse, and is
hence not continuous on its range. The additional inevitability assumption in Condition 6 is
used to address this issue in Lemma 11. The condition can be relaxed if we assume an
alternative scaling of the sample size stated in Condition 8 below instead of Condition 7.

Condition 8—Let \g=max||U"|| Suppose p, < o2/{4||L||}/*2 — a)}and

i (Exponential tails)

, , 2
n>21933’{m]i€n ﬂk}f‘gClQ(l—l—@%)Qc%Xé(l—l—pg\|L||é/2) s log p max{\y,4 g1},

or
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ii. (Polynomial tails)

. ‘ 2
n>21233{m}i€n 71';(”.}72K2C'126'22)\%(1+/)2||L||§/2) s log p max{\y, 4 a1}

Corollary 2—Suppose that Conditions 3, 6 and 8 hold. Suppose also that Condition 5 hold's

. .. . I ((_)(k‘) ®(_)(k‘)) .
without requiring the invertibility of\*>o 0 ) g Then, under Condition 1 or 2,

P(m(f)p » Qo)) — Lasn, p— oo whereppls given in Lemma 1 in theAppendix with y =
ming 1td2.

4. Laplacian Shrinkage based on Hierarchical Clustering

Our proposed LASICH approach utilizes the information in the subpopulation network G. In
practice, however, similarity between subpopulations may be difficult to ascertain or
quantify. In this section, we present a modified LASICH framework, called HC-LASICH,
which utilizes hierarchical clustering to learn the relationships among subpopulations. The
information from hierarchical clustering is then used to define the weighted subpopulation
network. Importantly, HC-LASICH can even be used in settings where the subpopulation
membership is unavailable, for instance, to learn the genetic network of cancer patients,
where cancer subtypes may be unknown.

We use hierarchical clustering with a complete, single or average linkage to estimate both
the subpopulation memberships and the weighted subpopulation network G. Specifically, the
length of a path between two subpopulations in the dendrogram is used as a measure of
dissimilarity between two subpopulations; the weights for the subpopulation networks are
simply defined by taking the inverse of these lengths. Throughout this section, we assume
that the number of subpopulations K'is known. While a number of methods have been
proposed for estimating the number of subpopulations in hierarchical clustering (see e.g.
Borysov et al. [1] and the references therein), the problem is beyond the scope of this paper.

Let /= (AD, ..., £K)) be the subpopulation membership indicator such that /follows the
multinomial distribution Mult« (1, (14, ..., Ttk)) with parameter 1 and subpopulation
membership probabilities (rq, ..., Ttg) € (0, 1)X. Note that /is missing and is to be

estimated. Let /, /=1, ..., nbe i.i.d. copies of /and [,=(I} ..., ff() be an estimated

subpopulation indicator for the th observation via hierarchical clustering. Based on the
estimated subpopulation membership and subpopulation network G, we apply our method to

~ ~ (1 A (K
obtain the estimator, HC-LASICH, QHC‘M:(QL;W e Qic?prl ). Interestingly, HC-

LASICH enjoys the same theoretical properties as LASICH, under the normality
assumption. To show this, we first establish the consistency of hierarchical clustering in high
dimensions, which is of independent interest. Our result is motivated by the recent work of
[1], who study the consistency of hierarchical clustering for independent normal variables
XA ~ MpA, (R p); we establish similar results for multivariate normal distributions with
arbitrary covariance structures. We make the following assumption.

Electron J Stat. Author manuscript; available in PMC 2017 May 02.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Saegusa and Shojaie

Condition 9

Theorem 3

Page 16

Fork K =1,..., K let

p
X(k):p—lz/\(k),j7
j=1

2

k) —p=1

9

Azlc,/;f/Qf,k/ [E(k>+2<k’>] 12 [Muc) _ u(’”]

where N(RJjs the eigenvalues of XPwith AW < A (W2 < <A (RP and the spectral
decomposition of £ + $K) js 2 ") 1 5= 1 Ay QT 1. 1t holds that

p®k) 59 min {X(’“),X“”")} AP NP o kK =1, K,

0<cip < MK < c11<00, ||,U(k)|| <ci,k=1,...,K,j=1,...,p.

for constants m and M.

Under the normality assumption, the following results shows that the probability of
successful clustering converges to 1, as p, n— ©o.

Suppose that that XX, k=1, ..., K, is normally distributed. Under Condition 9,

P(fi:IZ-,z':l,...,n) =1, (7

asn, p— oo,

To proof of Theorem 3 generalizes recent results of Borysov et al. [1] to the case of arbitrary
covariance structures. A key component of the proof is a new bound on the & norm of a
multivariate normal random variable with arbitrary mean and covariance matrix established
in Lemma 14. The proof of the lemma uses new concentration inequalities for high-
dimensional problems in [2], and may be of independent interest.

Note that the consistent estimation of subpopulation memberships (7) implies that the
estimated hierarchy among clusters also matches the true hierarchy. Thus, with successful
clustering established in Theorem 3, theoretical properties of QHQ o, Naturally follow.
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Theorem 4
Suppose that XB, k=1, ..., K, is normally distributed and that Condition 9 holds. (i) Under
the conditions of Theorem 1,
—io® k) A& (s+1) log p
>l —2671,=0, - :
k=1
Suppose, moreover, that the conditions of Theorem 2 holds. Then
®)) — min{Agp(s+1), k¢ (s+p)} log p
Z”QHC/) - Q0 HF_OP (\/ n )
k) _ min{A§(s+1), kgd?} log p
ZIIQHcp - 1,=0, w - ,
2
k ki log p
ZHQHW - of||_=0, (\/FT) :
(7i) Under the conditions of Theorem 2,
P(/Z(QHC o $20)) = 1, asn,p— oo.
5. Algorithms

We develop an alternating directions method of multipliers (ADMM) to efficiently solve the
convex optimization problem (3).

Ak — (a<k)) e RPP, Bk — (b ))p e RPP, 0k = (c ))p e RPP, p()— (d(k))
ij /=1 ij g = Cij )i j=
k=1, ... K Define A= (A9, ..., A<’<>), B=BY, ..., BK), c= (c(1>, .., Ry D=

(0D, ..., 0K), and

1 K)\T 1 T
cijz(cgj)7...7c£j)) GRK,dU—E(dEj)7..., i ) eRX e € E(egzj,...,eg;])) e RE
(k )7( (k) )p

Cig /i, j=1

1,j=1

where £¢.

To facilitate the computation, we consider instead a perturbed graph Laplacian L, = L + e/,
where /is the identity matrix and e > 0 is a small perturbation. The difference between
solutions to the original and modified optimization problem is largely negligible for small e
however, the positive definiteness of L, results in more efficient computation. A similar idea
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was used in Guo et al. [9] and Rothman et al. [26] to avoid dividision by zero. The
optimization problem (3) with L replaced by L, can then be written as

K
mmlmlzeZ £t (W A®) ~tog det(A®)) 40,3 BOly +puped (Lo
k=1 i#j

®)

st.AO=p® BW_pD® | co.=L.dijk=1,...,K,i,j=1,...,p

Using Lagrange multipliers £= (Ea, £g, EQ)7, with E,=(EV, ..., E))with
EW err? k=1, .., K E,=EV,...,BW)with B*) ¢ RPP, k=1, ..., K and

E,=EDY,... ,EéK ywith ) € RPP, k=1, ..., K; the augmented Lagrangian in scaled

form is given by

L,(A,B,C,D,E)

Enilink (tr (\115{“) U) log det(A )+PnZ”B [
k=1

2

F

K
e S0 - b
k=1

i#]

K
+§];H3<k) _ D(k)+E;k)E+§%:‘L;/2% _Ldye,, i

Here p > 0 is a regularization parameter and Lg/2 is the square root of L, with
Le=(LL/?) LY
The proposed ADMM algorithm is as follows.
. Step 0. Initialize AR = ARO 5K = 5RO, c(h) = RO ik = RO,
EW=p®0 p®=p®.0 pk—p®.0and choose g > 0. Select a scalar g > 0.
. Step m. Given the (m - 1)th estimates,
- (Update A Find A minimizing
K c) M — m—
—ln(A) — (@/Q)ZkzlllA(k) — "=t — R (s pages 46—
47 of Boyd et al. [3] for details).

(Update B¥)) Compute Bff) '=5,,/0(Dj; W)=t _ pEm=1) \yhere

B,ij

SN is x=yif x>y is 0if | < y,and is x + yif x<-y.
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- (Update ) For (x), = max{x, 0}, compute

Pn P2 m—1 “1/2 m-1
m_|1 1 — . . |
k ( QHL;/ZCZT-’?’71 — 67”1”) e Coy )
)

)
C,ij +

- (Update DY) Compute

Temfl
C,ij

=21+ Le) " af}+e7 b+l T+ L +(LY?)

k)yym__ r(k k),m k),m
(Update £4) Compute E*)m=pk) 4 g®)m _ pk)m,
k)yym__ 1(k k),m k),m
(Update £g) Compute E)m=p®*) 1 pt).m _ pH.m,

(Update £ Compute eﬁffj’.m=€({f) +LY? (cEf)’m —dm™,

C.ij i
. Repeat the iteration until the maximum of the errors
PBIZA0) D) BLm_pm _ p®m 0m_cm e (om=
o(OXR:m — pXA).m-1y in the Frobenius norm is less than a specified tolerance

level.

The proposed ADMM algorithm facilitates the estimation of parameters of moderately large
problems. However, parameter estimation in high dimensions can be computationally
challenging. We next present a result that determines whether the solution to the
optimization problem (3), for given values of tuning parameters p,, po, is block diagonal.
(Note that this result is an exact statement about the so/utionto (3), and does not assume
block sparsity of the true precision matrices; see Theorems 1 and 2 of Danaher et al. [6] for
similar results.) More specifically, the condition in Proposition 1 provides a very fast check,

based on the entries of the empirical correlation matrices \pgl’ﬁ k=1, ..., K to identify the

(k), k=1, ..., Kafter some permutation of the features.

block sparsity pattern in €2,

Let U = [t ... ux] € R®*Kwhere w, ..., ug’s are eigenvectors of L corresponding to 0,

AL2, oo Ay ke Define A;l/z as the diagonal matrix with diagonal elements 0,

A2 AL/2
L2 """V LK ot
Proposition 1
The solution Qgi), k=1, ..., Kto the gptimization problem(3) consists of the block diagonal

matrices with the same block structure diag(Qy, ..., Qg) among all groups if and only if for
K T
U i= (40 U005

min
ve[—-1,1

_ ng
AL 1/2UL (qun’m — an>

‘ < pnp2,

]I{

©)
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and for all i, J such that the (i, j) element is outside the blocks.

The proof of the Proposition is similar to Theorems 1 of Danaher et al. [6] and is hence
omitted. Condition 9 can be easily verified by applying quadratic programming to the left
hand side of the inequality. The solution to (3) can then be equivalently found by solving the
optimization problem separately for each of the blocks; this can result in significant
computational advantages for moderate to large values of pp,.

6. Numerical Results

6.1. Simulation Experiments

We compare our method with four existing methods, graphical lasso, the method of Guo et
al. [9], FGL and GGL of Danaher et al. [6]. For graphical lasso, estimation was carried out
separately for each group with the same regularization parameter.

Our simulation setting is motivated by estimation of gene networks for healthy subjects and
patients with two similar diseases caused by inactivation of certain biological pathways. We
consider K= 3 groups with sample sizes n= (50, 100, 50) and dimension p = 100. Data are

generated from multivariate normal distributions (%), (Qé’“))_l), k=1, 2, 3; all precision

matrices Qék) are block diagonal with 4 blocks of equal size.

To create the precision matrices, we first generated a graph with 4 components of equal size,
each as either an Erdés-Reényi or scale free graphs with 95 total edges. We randomly
assigned Unif((=7, =5) U (.5, .7)) values to nonzero entries of the corresponding adjacency
matrix A and obtained a matrix A. We then added 0.1 to the diagonal of A to obtain a

positive definite matrix le). For each of subpopulations 2 and 3, we removed one of the
components of the graph by setting the off diagonal entries of A to zero, and added a

perturbation from Unif(-2, .2) to nonzero entries in A. Positive definite matrices Q((f) and

Qg” were obtained by adding 0.1 to the diagonal elements. All partial correlations ranges
from .28 to .54 in the absolute values. A similar setting was considered in in Danaher et al.
[6], where the graph included more components, but no perturbation was added. We
consider two simulation settings, with krnowrn and unknown subpopulation network G.

6.1.1. Known subpopulation network G—In this case, we set p® = 0, k=1, 2, 3 and
use the graph in Figure 1 as the subpopulation network.

Figures 3a,c show the average number of true positive edges versus the average number of
detected edges over 50 simulated data sets. Results for multiple choices of the second tuning
parameter are presented for FGL, GGL and LASICH. It can be seen that in both cases,
LASICH outperforms other methods, when using relatively large values of p,. Smaller
values of p», on the other hand, give similar results as other methods of joint estimation of
multiple graphical models. These results indicate that, when the available subpopulation
network is informative, the Laplacian shrinkage constraint can result in significant
improvement in estimation of the underlying network.
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Figures 3b,d show the estimation error, in Frobenius norm, versus the number of detected
edges. LASICH has larger errors when the estimated graphs have very few edges, but, its
error decreases as the number of detected edges increase, eventually yielding smaller errors
than other methods. The non-convex penalty of Guo et al. [9] performs well in terms of
estimation error, although determining the appropriate range of tuning parameter for this
method may be difficult.

6.1.2. Unknown subpopulation network G—In this case, the subpopulation
memberships and the subpopulation network G are estimated based on hierarchical
clustering. We randomly generated pY) from a multivariate normal distribution with a
covariance matrix o2/, For subpopulations 2 and 3, the elements of p(2) corresponding to the
empty components of the graph were set to zero to obtain p(® and u®). Hierarchical
clustering with complete linkage was applied to data to obtain the dendrogram; we took
inverse of distances in the dendrogram to obtain similarity weights used in the graph
Laplacian.

Figures 4 compares the performance of HC-LASICH, in terms of support recovery, to
competing methods, in the setting where the subpopulation memberships and network are
estimated from data (Section 4). Here the differences in subpopulation means p<X) are set
up to evaluate the effect of clustering accuracy. The four settings considered correspond to
average Rand indices of .6 .7, .8 and .9 across 50 data sets, respectively. Here the second
tuning parameter for HC-LASICH, GGL and FGL is chosen according to the best
performing model in Figure 3. As expected, changing the mean structure, and
correspondingly the Rand index, does not affect the performance of other methods. The
results indicate that, as long as features can be clustered in a meaningful way, HC-LASICH
can result in improved support recovery. Data-adaptive choices of the tuning parameter
corresponding to the Laplacian shrinkage penalty may result in further improvements in the
performance of the HC-LASICH. However, we do not pursue such choices here.

Networks of Cancer Subtypes

Breast cancer is heterogenous with multiple clinically verified subtypes [22]. Jonsson et al.
[12] used copy number variation and gene expression measurements to identify new
subtypes of breast cancer and showed that the identified subtypes have distinct clinical
outcomes. The genetic networks of these different subtypes are expected to share
similarities, but to also have unique features. Moreover, the similarities among the networks
are expected to corroborate with the clustering of the subtypes based on their molecular
profiles. We applied network estimation methods of Section 6.1 to a subset of the microarray
gene expression data from Jonsson et al. [12], containing data for 218 patients classified into
three previously known subtypes of breast cancer: 46 Luminal-simple, 105 Luminal-
complex and 67 Basal-complex samples. For ease of presentation, we focused on 50 genes
with largest variances. The hierarchical clustering results of Jonsson et al. [12], reproduced
in Figure 5 for the above three subtypes, were used to identify the subpopulation
membership; reciprocals of distances in the dendrogram were used to define similarities
among subtypes used in the graph Laplacian penalty.
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To facilitate the comparison, tuning parameters were selected such that the estimated
networks of the three subtypes using each method contained a total of 150 edges. For
methods with two tuning parameters, pairs of tuning parameters were determined using the
Bayesian information criterion (BIC), as described in Guo et al. [9]. Estimated genetic
networks of the three cancer subtypes are shown in Figure 5. For each method, edges
common in all three subtypes, those common in Luminal subtypes and subtype specific
edges are distinguished.

In this example, separate graphical lasso estimates and FGL/GGL estimates are two
extremes. Estimated network topologies from graphical lasso vary from subtype to subtype,
and common structures are obscured; this variability may be because similarities among
subtypes are not incorporated in the estimation. In contrast, FGL and GGL give identical
networks for all subtypes, perhaps because both methods encourage the estimated networks
of all subtypes to be equally similar. Intermediate results are obtained using LASICH and
the method of Guo et al. [9]. The main difference between these two methods is that Guo et
al. [9] finds more edges common to all three subtypes, whereas LASICH finds more edges
common to the Luminal subtypes. This difference is likely because LASICH prioritizes the
similarity between the Luminal subtypes via graph Laplacian while the method of Guo et al.
[9] does not distinguish between the three subtypes. The above example highlights the
potential advantages of LASICH in providing network estimates that better corroborate with
the known hierarchy of subpopulations.

7. Discussion

We introduced a flexible method for joint estimation of multiple precision matrices, called
LASICH, which is particularly suited for settings where observations belong to three or
more subpopulations. In the proposed method, the relationships among heterogenous
subpopulations is captured by a weighted network, whose nodes correspond to
subpopulations, and whose edges capture their similarities. As a result, LASICH can model
complex relationships among subpopulations, defined, for example, based on hierarchical
clustering of samples.

We established asymptotic properties of the proposed estimator in the setting where the
relationship among subpopulations is externally defined. We also extended the method to the
setting of unknown relationships among subpopulations, by showing that clusters estimated
from the data can accurately capture the true relationships. The proposed method generalizes
existing convex penalties for joint estimation of graphical models, and can be particularly
advantageous in settings with multiple subpopulations.

A particularly appealing feature of the proposed extension of LASICH is that it can also be
applied in settings where the subpopulation memberships are unknown. The latter setting is
closely related to estimation of precision matrices for mixture of Gaussian distributions.
Both approaches have limitations and drawbacks: on the one hand, the extension of LASICH
to unknown subpopulation memberships requires certain assumptions on differences of
population means (Section 4). On the other hand, estimation of precision matrices for
mixture of Gaussians is computationally challenging, and known rates of convergence of
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parameter estimation in mixture distributions (e.g. in Stadler et al. [29]) are considerably
slower.

Throughout this paper we assumed that the number of subpopulations is known. Extensions
of this method to estimation of graphical models in populations with an unknown number of
subpopulations would be particularly interesting for analysis of genetic networks associated
with heterogeneity in cancer samples, and are left for future research.
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Appendix
8. Appendix: Proofs and Technical Detials

We denote true inverse correlation matrices as @0:(86”, e @f)K)) and true correlation

—1 _ (Q(k) P

k k
matrices as U o=(w " ... w{)), where oy = (v 0,i); j—1, and

(k) (., (k) \P . .
0 —(%,iy)i,j:l. The estimates of the population parameters are dented as

A (k) . alk)  Ak) P
E,(m ):(Uij)f,j:p \Ifﬁf):(wn,i]‘)ﬁj:b and ©,, =(0,,.i;); ;_,. For avector x= (xy, ..., x,) " and

JCAL, ..., p}, we denote x;= (x; J€ J)7. For a matrix A, A,(A) is the Ath smallest ~
eigenvalue and A is the vectorization of A. For JC{(/, ) : 7 j=1, ..., py and AE RP*P, A;
is a vector in RM obtained by removing elements corresponding to (i j)  Jfrom A. A zero-
filled matrix A;€ R”*Pis obtained from A by replacing a;;by 0 for (7, j) & J.

8.1. Consistency in Matrix Norms

Theorem 1 is a direct consequence of the following result.

Lemma 1

i Suppose that Condition 1 holds. Lety € (0, mingmy) be arbitrary. For

6 21533CF : 2 2
n > max {—1og P 5+ (1+4)” max{o P} NS (14l LIly*) s log p
Y Y 050

and pp=23 V6C, (1+4c3 )y =1/ maxk,iai(f) \/log p/n, we have with probability
(1 - 2KIp)(1 - 2K exp(-2mming - )?)) that

K 15/293/2 . ;
A (k) k 2707320 k 1/2 s log p
2165, — 607l < —— g (el max G (Leeal LI SR

N

ii. Suppose that Condition 2 holds with p< ¢c;n2, ¢, ¢3, ¢; > 0. Forp,=
C1 K& psatistying
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2
213201 p2y 2s(L+p2 [ LIY?) MG < 1/4

. 2 .2
andT>(2"+2° \/1+243264 maxy, {0} )/ (9es maxy {0} we have with
probability (1 - 2K exp(=2mming .= y)2))v pthat

K

A k) k .
1165, = 07l < 2320 2K (Lpal L3 ) Xos'/26,
k=1

where

k)~ 2 _1lo
5. = oY ea ()1 B

. 2
+(14+2 max |u®) \/H;ax{a§f)} ca(dr)y1 B D
N 5,0 n

+2 max E| X ®)7 x®)J | 1 <|X(k):7?X(k),j| > ﬂ)
ki, ~ Vlogp

+4{maxE|X(k)’Z|I (|X(’W| > )}
ki log p

+2(142 max]|®+|) max E|X ®)|1 <|X<k)’i| > [ )
i ki log p

:O( logp)7
n

and

2
3crey maxk’i{ai(f)} (log p)c2+c3+1 +C7C4 maxk,iagc) (log p)2

n/(is nes n(:2+(:3+1

maxk’iogf)a;(él—l—’y) log p )
2
2 maxk’iogf) cat \/maxk’i{ogp} c4(644167)/3

(e2+e3+1)

Un

+8p? exp (

=o(1).

Our proofs adopt several tools from Negahban et al. [20]. Note however that our penalty
does not penalize the diagonal elements, and is hence a seminorm; thus, their results do not
apply to our case. We first introduce several notations. To treat multiple precision matrices in
a unified way, our parameter space is defined to be the set R@K)*(PK) of (pK) x (pK)
symmetric block diagonal matrices, where the Ath diagonal block is a p x p matrix
corresponding to the precision matrix of subpopulation & We write A € RWK*(K) for a K-

tuple (A®)),"__ of diagonal blocks A € RP*P. Note that for A, B € R(PKX(PK),
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K k k
<AvB>pK—Zk:1<A( ). B )>p where (., ), is the trace inner product on R7*/. In this
parameter space, we evaluate the following map from R(K*(K) to R given by

F(A)= = 1n(00+A)+1n(00)+pn{r(©o+A) — r(60)},

where r: R0KX(PK) - R is given by /@) = I8Ily+ p,li©ll,. This map provides information
on the behavior of our criterion function in the neighborhood of ®,. A similar map with a
different penalty was studied in Rothman et al. [26]. A key observation is that £0) = 0 and
I(A,,) < 0 where A,,: ép” - Bq.

The following lemma provides a non-asymptotic bound on the Frobenius norm of A (see
Lemma 4 in Negahban et al. [21] for a similar lemma in a different context). Let

S:ules(’“) be the union of the supports of Qg"). Define a model subspace
M={Q € R(”K)X(pm:w,fj’“):o, (4,7) ¢ S, k=1,..., K} and its orthocomplement

ME={Q e R(pK)X(pK):wgf):O’ (i,7) € S,k=1,... K} under the trace inner product in

RWKX(PK)_ For A:<aij)£§-(:1 e RPPXPR) e write A= A + AL where A and AgL
are the projection of Ainto # and L, in the Frobenius norm, respectively. In other words,
the (7, j)-element of Ag is aj;if (4 /) € Sand zero otherwise, and the (/ j)-element of AL is
ajjif (i, j) & Sand zero otherwise. Note that @y € M. Define the set # = {A € RWK*(WK) ;

AmL) < 3r(Am)}-

for all elements A € % N {A € RWKXWK) - ||l 2= e} then A< e.

Lemma 2—Lete >0 be arbitrary. Suppose p, > 2 max, ., ||¢/,Ef) — \pg’“)nm. Iff(p) >0

Proof: We first show that A,, € %. We have by the convexity of —(®) that
—0n(O0+An) 41, (00) > —|(=V (), Ay)|.

It follows from Lemma 3(iv) with our choice p,, that the right hand side of the inequality is
further bounded below by 271 p,, (/(An,m) + /(An,mJ.)). Applying Lemma 3(iii), we obtain

. _ A . S 300 <
0> F(An) =L (00+An)+0n(O0)+7(Qo+An)—r(Qg) > %T(Am/ﬂ)—%r(anm,

or (A, mL) < 31D ). This verifies A, € %. Note that £ as a function of A is sum of two
convex functions £,and 7, and is hence convex. Thus, the rest of the proof follows exactly as
Lemma 4 in Negahban et al. [21].

Lemma 3—LetA € RPR*(PK),

i The gradient of b(®y) is a block diagonal matrix given by
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Vin(©0)=n"" diag{n1(¥§" — ¥,),....n, (L — 8, )} (10)

ii. Let c> 0 be a constant. For\Alg< cand ndn=-y >0 forall k and n,

2
[

~ln(©0+A)+0n(00)+(Vn(00), A) >

AHi = Ky, ellA

_r I
2{\e+c}’ (11)

iii. The map r is a seminorm, convex, and decomposable with respect to (W, ML) in
the sense that (©1 + ©,) = (©1) + N(®,) for every®, € M and ©, € ML
Moreover,

r(©0+A) = 7(80) = r(A 41) = (M),
iv.  ForA € RPK*(pK),

(V(©0), A)] < (A) max [FL — o

1<k<K o (12)

V. For® € RWK)*(wK),

r(0.4) < (s+1)? (14| LIY?) 10,41,

Proof

i The result follows by taking derivatives blockwise.

ii. Rothman et al. [26] (page 500-502) showed that
— Un(00+A)+0,(0g) — (=Vn(©0), A)
—an (—log det(©f"+AM)+og det(O)+(w(P, A®))

2
K Ja®)?

k=1 9 minogvg1{H@(()k)HQ‘FU”A(k)HQ}Q.

Since lAlly < LAl mdn= y and IAIl£< ¢, this is further bounded below by

K A®) |2
S = Al
=12 {108, +1a®], |
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Because the graph Laplacian L is a positive semidefinite matrix, the triangle
inequality /(@7 + ©,) < (©1) + 1(©,) holds. To see this let L = L7 be any
Cholesky decomposition of L. Then

1/2 |, =T =T = 1/2 1/2
{a+9) " La+y)} =12 @)l < 127 2]+ Ly ={2"La} P+ {y Iy} >,

Itis clear that (¢c®) = cn(®) for any constant ¢. Thus, given that rdoes not
penalize the diagonal elements, it is a seminorm. The decomposability follows
from the definition of 7. The convexity follows from the same argument for the
triangle inequality. Since @g + A = @g + Ay + Ay L, the triangle inequality and
the decomposability of ryield

r(©0+A) —7(00) 2 (O0+A 41) = 1(Ar) —7(O0)=r(A 41) = 7(A.r).

We show that, for A, B € RWK*(PK) with diag(B) = 0, (A, B) < {A)lIBlew. If A
is a diagonal matrix (or if A = 0), the inequality trivially holds since (A, B) = 0.
If not, {A) # 0 so that

(4,B) _ A8l

W@ <AL Pl

Since the diagonal elements of VZ{®y) are all zero, the result follows.

For s# 0, we have

T1.0.:
r©.4) _ sup K le®]), - P2 izj \/ 05 LOs
1041l ~ ec.|© — diag(®)] . oc.n el

Yiz L2 163511%

< 524 py sup
oc. 1ol

1/2
<52 (1+palL]1y?) -

J I J I
. . / 2 —1/2 / 2
In the last inequality we used that ijlzizl%‘ > ijl Zizlai‘i,

which follows by the concavity of the square root function. For s= 0, we trivially

have 0=r(0_,) < 51/2{1+p2||L||é/2}||@(///HF. Combining these two cases yields

the desired result.

Next, we obtain an upper bound for max,_, ||\ifff) - \I/f)k) || . which holds with high-
probability assuming the tail conditions of the random vectors.

Lemma 4—Suppose that nidn=-y >0 for all k and n.

Suppose that Condition 1 holds. Then for n= 6vy~1 log p we have
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Page 28

P (|2n -

Suppose that Condition 2 holds with ¢, c3 > 0 and p< c¢;n°2. Then we have for

23\/—(1+4C) /zmaxa() lgp><2K/
0 ki yn (13)

2 2
7>maxy (27423 \/1—|—243204 maxkﬁi{ai(f)} )/(9¢y maxk),-{al(f)} )

K
P <||in — ol > Zayf>> < Ku,
k=1

(14)
where
2
3 = (12 max [0 (200 +00D)+ 00+ (00D 26,
with
it = max BLX XX XD > 0y (10g ) 712),

®) 1/2
2 ={c H]lcaX{ } (447) log p/ni}

57(5% = max ]E|Xl(k)’i|l(|Xl(k)’i| > n,lg/g(log p)71/2).

Suppose that Condition 3 holds and that P(Il)f n— 2olleo = by) = A1) and b, = o(1)
asn— oo, Then AIY ;- Yolleo = C15,) = o(1).

This was proved by Ravikumar et al. [25].

Note that

-~ — ®2 _ T T
12<X BT XY — )T O EY = @) (T (a8’

_ n N ®2 ®2
We first evaluate the probability in (14) for 7, 121:1 (X)) —E(xX®)™ et

Y'l(k)-,ij = Xl( )5t Xl( ):J EX( k)]
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< ,/i> —ExM X (‘Xl(k)’in(k)’j | <
log p

g x®ix @ <' x B x ®)

f/l(k),ij — le(k),ij B Yl(k)’ij.

We have
Pk ey
P <ma_x ZYZ( 43 > 2nk6,(lk%>
Y= ’
< P max| S x®i x93 <’ x4 x09] > /_k) > ngo®)
%,J = ’ logp ’

.2
<P <n}ax(Xl(k)’l) > n,lf (log p)_l/z) (xy < max{xQ,yQ})
1

)

4(ca+es+1) cobes+l
EXo; (log p) . .
< png eateatl (Markov’s inequality)
k
(k) 2 co+c3+1
creqamaxy o) (lo
< e xp {0 3‘3 (log p) (0 < e
ny
N2
crea maxp{oit)} (log )ttt
~ ,-YC3nC3 = Un1, (15)

where the first inequality follows from the triangle inequality. Note that

B(709)? < g [x®ix®ap (|x®ix®a) <« [\ < g x®ix®i )
l l l l l IOg P l l

< 1 E(X) 42 (X)) < e max {0}

It follows from Bernstein’s inequality that

(k)2
‘ i\ 4 1
52) < 2p2 exp (_ C4 Maxy, {0-“ } ( +7_) og p

(16)

E 2 2
Now, for 7>(27+2° \/ 1424824 maxyi{oi) })/(9cs maxpi{ol)}), vyo — 0
as p— o0, Note that for this to hold it suffices to have
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(k)4 2
3ca maxy; {0y} (4471)

2 2
6cy maxkﬂ;{oi(f)} +8 \/C4 maxm{ai(ik)} (447)

>2,

so that the power in the exponent is negative. This inequality reduces to

(k)42 (k)42
3cq HllcaX{Uii }7>16 4/ ¢y H}Cax{aii b (4+7).

We can solve this by changing a quadratic equation for <, since t of our interest
is positive. Combining (15) and (16) yields

d

> zag%;+a;f;) < vt

ng
LS (x 07 _g(x®)?
Nk —1

o0

(17)

Let

Zl(k)!i = Xl(k)’i _ EXl(k)’i’

— (k)i k)i k)i _ k)i k), —
2" = X 10x) < w105 p) ) -BXIIXP < il (10g )72,
k)i

24 =i -7

Proceeding as for v;*”’s, we have

ng . (]C) 2 2(CQ+C3+1)
= (k)i (k) ) _ crca maxgi{o;;’} (log p) _
P <mzax ;Zl > 2n/€5n’3> < 762+CZ31+1nC2+C3+1 = vp3,
and
P <mlax ZZZ( )i > nkéff%) < Vp2.
k=1

Thus, we have
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. ®2 N 2 2
POIE™ = ™)) > (68 +268)))

—(B)4 , 2 2
<P (rn?de(k)’Z — u®] > (5753) +(51(12) )

n . ko i
<p (max Zil(k)’z > nkéﬁ%) +P <max ZZZ(’C% > 2nk6£f§
b= © o=t
S Vn,2+l/n,37 (18)

{—l—ér(lk%)) <P (m?x|7(k)"i - M(k)’i| > 2671]2—1—572) < Up1+vn2-

Combining (17)—(19) yields

~ (k i 2 2
P15 - £ 2 (42 mac® 25045904 GID +258D)) <3t tmavma=r,

Note that 67(11? 6,&'“%6% Vol Vn2 Va3 — 0as n, p— oo iflog p/n— 0. Note

2 O <\/lo n)
also that 62’2,6(@ and (652) are 57/

n)

on the set where ngdnzy.
For example, we have by Jensen’s inequality that
N k)2 [ (k)i (k)i 1/2 —1/2912
=,/— E|X H{|X > I
og 3 0nd) =1/ og s EIXOI{X W = i og p)7'/2}

n N (k),i)2 (k)i 1/2 -1/2
< E— X I{|X > 1
< miax e\ Tog p| I I{] | > ny (log p) }

<5 max E| X W’ 1{| X ®4] > nl2(10g p)~/2}

_ k)42
< cyy lmlax{ogi)} .

iii.
k k k
Given that [o ((”)Jl = \o ((),i)i" (ga)j’
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U(k)
|w(k) 0 ‘ n 77 0,ij ‘
™ ” (k) (k)
\/ n,it n]j \/UOiiUOjj
k) (k) /4 3 k) ~
‘ 0(() 1)7.0-((),])] n,i] 0(() z)] 0 ,17 ( \/UO MUO ]_] - 'EM)Z 273]> ‘
(k) ~(k (k
ngz n,;jao,i)z’ O,j)j
Utgk')'(’(gk')' (k) (k) (k) (k) (k) (k)
2117 0,77 A c N A
< ®) 0 (k) (k) {Un,z‘j ~ 90,ij +‘ 90,ii%0,55 — \/ 9n,di%njj|>
\/ n,ii n]JUOZZUO,jj
wherein
(k) A (k)
NONO I V90,45 (k_)__A(k')__)_F Tngii ( (k) _ A(k)
UO u 0]] nzzgn,jj (k) (k) UO,u Un,zz ) A(k) UO,jj Un,j]
% T\ Onii 90,45 VOn.jj
Since b, — 0, b, < /2 for nsufficiently large by Condition 3. On the event IIZ,,
- Yolleo < b, with nlarge,
0<cs/2 < og —e5/2 < 60 < ol tes/2 < cotes /2. Thus,
k) _(k
((),i)ia((),j)j - 2(e5+2c6)
(k) ~(k k) _(k) — 2
\/ C’?(z,z)'iav(z,;jatg,i)iaé,j)j %
k
%9 . %
k k) — 2./cs
U((J z)z+ gz l)'z' ©
A(k)'
\/ n,ii V C5+2C
(k) A(k 2
90,551V Onjj Ve
It follows that
|z/1n i wg?]| < {QCgQ+c5+cg3/2+26g5/2cG+(cg4+QCg5cﬁ } max |O’n maé’%.

Thus, we have
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P ([[ %0 — Wollc > Ciby)
< P (N = Wolloo = Cabus [0 = Zolloo<ba) +P (150 = Zollog = bn)
< 2P (|[S0 — Sollog > ba) = 0.

So far we have assumed 74/n= y in lemmas. We evaluate the probability of this event noting
that 77, ~ Binom(n, 1ty).

Lemma 5—Lete >0 such thaty = mingmy,—e >0. Then

P(minn n <minmw *6) < 2K ex —2ne?).
in 7/ \in 7y p( ) 20)

Proof: We have by Hoeffding’s inequality that

P (mkin ng/n < mkin T — g) <P (Hk,nk/n < mkin T — 5)

< P(3k,ni/n <7 —e) < P33k, |ng/n— 7| =€)
K

< ZP(|nk/n — 7| > €) < 2K exp(—2ne?).
k=1

Proof of Lemma 1: We apply Lemma 2 to obtain the non-asymptotic error bounds.

We first compute a lower bound for fA). Suppose e < c. For A € # N {A € RWK*WK) - ||All
= e}, we have by Lemma 3(ii) and (iii) that

F(B) = =(0a(©0), A)+re, | A7 AP {r (A 41) = (D).

The assumption on p,and Lemma 3(iii) and (iv) then yield

[(70(80), A)] < EHr(A)+r(A 42}

From this inequality and Lemma 3(v) we have

3pn 1/2
A2 =T+ Y2 (142 Ll ) 1A -

3pn

F(8) 2 ki A=A ) 2 e

Viewing the right hand side of the above inequality as a quadratic equation in lIAll 5 we have
i) >0 if
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3pn
1Al 2 = (s4+1)" (142 L] %) = ec>o0.

n,C

Thus, if we show that there exists a ¢ > 0 such that e 4y < ¢, Lemma 2 yields that Ilépn—
Bl < eq-

Consider the inequality (x + })222 < ywhere x, y, z= 0. This inequality holds for (x, y; 2)
such that x= yand xz/2 = 1/4. We apply the inequality above with x=Ag, y¥= ¢,

2 .
2=2%32p2~ 2 5(1+po||L||5/?)” and solve xz< 1/4 for 7. (i) For

pn=23 V60 (14+4c2)°y1/2 maxk,iag“) \1og p/n, xz< 1/4 yields

61 21533C2(1+44¢3) 2 2
n > max { %P 1(3+ & H}faX{ogf)} Aé(lJerHLH;/Q) slogp,
v v i

and (x+ y)*zbecomes

2 1593 2,2 (k)\2 1/2\2_ _3.,4 8 logp
Emaxe{lo® ) S 23 (1+c1) H}ff*ix(% ) <1+P2||LH2 ) YN

(ii) For p, = C1 Kb, there is no closed form solution for n. Note that §,— 0 if log f/n— 0
K
so that xz< 1/4 holds for nsufficiently large, given that Zk:ﬁff) < Ko,
Computing appropriate probabilities using Lemmas 4 and 5 completes the proof.
L A (k) @)
Proof of Theorem 1: The estimation error |2, " — QO||2 in the spectral norm can be

bounded and evaluated in the same way as in the proof of Theorem 2 of Rothman et al. [26]
together with Lemma 1.

8.2. Model Selection Consistency

Our proof is based on the primal-dual witness approach of Ravikumar et al. [25], with some
modifications to overcome a difficulty in their proof when applying the fixed point theorem

. . . . . . . X ~ (K
to a discontinuous function. First, we define the oracle estimator ©,,, :(@f,i), s (—)f}n )) by

K K
0,,= arg min n=ty ny (tr <‘P£Lk)@(k)) —log det(@(k))) —i—anH@(k)Hl—i—panZ\/@Z—TjL@)ij,
om>pem=@T eo® o k=1 k=1 i

(s(k))

(21)
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k (). - 3
where @Eszk>>c*0 indicates that 922)]-):0 for (i j) & SA.

Lemma 6
i Let A € RP*Ppe a positive semidefinite matrix with eigenvalues0 < Aq < Ay < -+
< Apand corresponding eigenvectors uj satisfying uj L uj, i# jandlujl = 1. The
subdifferential 0 v/ xT Az of f (x)= VT Az jg

, Az / VaT Ax Az #0
OVl Ax= ’ ’
{ {UA2y:|ly| < 1}, Az=0.

where U € RP*Phas u; as the ith columns and AY2 s the diagonal matrix with

A2 j=1, ..., p, as diagonal elements. Furthermore, the subgradients are

i

bounded above, i.e.

IVF (@)l < 1437, for all Vf(z) € 8VaT A

ii. Let A € RP*Pbe a positive semidefinite matrix and S={S3} C {1, ..., p}.
Suppose Ass has eigenvalues0 < Ay s< Ay s< -+ <\ g sand corresponding
eigenvectors u; s satisfying u;s L u;s, i# jandllu;gl = 1. Let gs: RS — RPpe
a map defined by g«(x) = y where y;= Xs; fori= Sjforand y;=0 for i & S. The

subdifferential h , ;(x)=1/g5 (z)" Ag, () equals to the subdifferential of
VT Aggzgiven by
P /a:TASSx: { Agga/\JaT Az, Agox # 0,

USA;/Q{y:HyH < 1}’ Assx:().

where Us € RIS has u; 5 as the ith columns and A/*is the diagonal matrix

1/2
i,8

relationship betweend \/xT Aoz and® \ YT Ay g y= 94X given by

withA,'s, i=1, ..., |9, as diagonal elements. For x with Assx # 0, there is a

{ Ay } Agem
T - )
VyTAy ) \/CL‘TASSZL‘

{ Ay }  Agm
— = :
v Ay ) JaT A

Subgradients are bounded above:
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1/2

1/2
Vs @)l < 1Ass 2 < A2 YV o (@) € 02T Agga.

For xwith Ax# 0, fx) is differentiable and the subgradient of fat xis simply the
matrix derivative. By definition, for xwith Ax =0, the subgradient v of fat x
satisfies the following inequality

ity = g —w,0), (9

for all y. Choosing y=2xand y=0yield 0> (x, v) and 0 = - {x, v), implying

(x, v) = 0. The inequality (22) reduces to V vt Ay = (y,0) for any y. If Ay=0, a
similar argument implies that (¥, v) = 0. Hence v L yfor every ywith Ay=0.

Let jo be the smallest index such that A j, > 0. Because v;’s form an orthonormal

p
basis, any arbitrary vector y can be written as yzzjzlﬁi“j. Moreover, the null
space of A is the span of ¢4, ..., Uj-1. Thus, the subgradient v can be written as

p
U:Zj:joajuj. Thus, using the spectral decomposition of A as

p P 1/2
A:Zj:jo /\J‘“J'UJT, we can write f(y):{Zj:jO AiB7} ", on the other hand,

P
(v, U>:Z @;Bj, Thus, the inequality (22) further reduces to

Jj=Jjo

p 1/2 p
{ZA]ﬁJZ} > Zajﬂj,VﬂjeR.

J=jo J=jo

It follows from the Cauchy-Schwartz inequality that the left hand side of the
inequality is bounded from above;

1/2 1/2
P LA P a2 P ,
doiBi=d_ SN B D NBie -

Jj=jo J=joN\j Jj=jo Jj=jo

Thus,

It is easy to see that this set is the image of the map UAY2 on the closed ball of
radius 1.
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Given that llxlleo < I, to establish the bound in the &o-norm, we compute the
bound in the Euclidean norm. We use the same notation as in (i). For xwith Ax#

Ol
H Ax 7||UA1/2A1/2UT33||<||UA1/2H
VeTAzll A2UTz| — g

1/2
Butl UAY2 y=supju i [UAY 2al|=sup__ [UAY2 (0 2) /U7 ]| =] Al15?,

oxc |

because I|U7 Al = IIXil. For xwith Ax=0, ||[AY2y/|jy||| < ||A||Y/* for every y.
Because of the form of the subdifferential and the fact that | xil = llxl, the result
follows.

ii. Let Bsbe a product of elementary matrices for row and column exchange such

that Bsgs(X) = (X, 0). Notice that B,=B_" and that B,=B_ since Bsonly
rearranges elements of vectors and exchanges rows by multiplication from the
left. Note also that I Bdly < I Bdloojeo = 1, since 1Ol < | Qleojoo for €= CT and
each row of Bghas only one element with value 1. Because

{h’A,S (x)}2:gs (x)TAgS (‘T):(Bsgs (I))T(BSABS)(BSQS (‘T)):ITASS‘T’

the subdifferential of /14 5(x) follows from (ii). For xwith Agsx# xand y =

95(X), Ay=B,AB,(2,0) =B (A .z, AT )" + 0 because of invertibility of
Bg. The relationship holds since

[ (Ay/ VyTAy), } 5 Ay 1 [ Az }

(Ay/ VyTAy) . | % yTAy \/g;TASSx

An lo-bound follows from (i) and the fact that | A ||, < ||B, 3] All,=]|All,.

Lemma 7—For sample correlation matrices \i:n:(\izfll) s \i;flK >)ana’ anypn>0, the

convex problem(3) has a unique solution® ,, = eV o) fff,,)

o0, with ©
characterized by

>0, k=1, ..., K

1 (k) A (k) 71 ~ (k) NONE
n ”k(T/Jn,z'j - H@pn } ]ij)+an1,z’j+pnp2U2,ij_O7 (23)

AT

T : oy
0,,,.iiLOp..ij for every i # jand k= 1,

P ~(k ~(1)
WIl‘/?Uil;)j € a|0£)7]?7ij|aﬂd(U2,ija . Ugj) €0
..., K. Moreover,
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-1 -t (k) ~ (k)
(1) nn HO } 1) HPnUn ij+pnp2Us 35=0, (24)

Withﬁii)jzﬁgyj:()forevery/: 1,...,p andk=1, ..., K.

Foreach (i, j) € S, letS; j:{kie)éki)j # 0}. The convex problem(21) has a unigue solution

épnz(é(l) ..,(:),(D ))Wll‘h@( )>Ocharacz‘er/zedby

Pn?

-1 - = (k) - (k)
n ”k’( MJ [{9 } ]ij)+an1,ij+pnp2U2,ij:07 (25)

with Ul ij € 8|9 k)m| and U2 ij € 9 \/{@pn z]} S iSij { pn ZJ} , forevery i# jand k=1,
., K. Moreover,

-1 -t 0! (k)
n nk( n, n - [{Opn } ]ii)+an1,ij+pnp2U2’ij:07 (26)
s (k) (k) . _
withU, ;;=Uq ;;=0forevery i=1, ..., p,and k=1, ..., K.

Proof: A proof for the uniqueness of the solution is similar to the proof of Lemma 3 of
Ravikumar et al. [25]. The rest is the KKT condition using Lemma 6.

We choose a pair U= (U, Us) of the subgradients of the first and second regularization
terms evaluated at ©,,,, For each (/; j) with Qg ;= 0 or with L8, ;= 0, set

Sk g (k
0" =prtn g~ +1(OF) ] D, U85=0.k=1,. .. K.
For (/, J) with w(()kz)J #0,forall k=1, ..., K; set

0=, USe=Uly k=1, K.

For (i, j) with L8, ;% 0, Qg ;% 0 but w';) =0 for some K, set

~(k k) lké .7
U(17)j—pn n- n ( 1/}7(177 [{Gpn} ]U)_pQﬁ,

Pnyt] pnij

and
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o0 16,
207 T
if wé@-:o, Otherwise, let
J k) p 7.
Ug’fi)j:Uglfi)j,U(k)~ kO pnsij

2=
VO,,.:iLOp, i

Here, /i is the Ath row of L.

The main idea of the proof is to show that (épn, D) satisfies the optimality conditions of the
original problem with probability tending to 1. In particular, we show the following
equation, which holds by construction of U; and Uy, is in fact the KKT condition of the
original problem (3):

_ - (k « (k) 1 ~(k ~(k
n 1”1«(\sz) - {95771)} )+ang )+Pnp2Ué ):0' 27)

To this end, we show that U; and U, are both subgradients of the original problem. We can
then conclude that the oracle estimator in the restricted problem (21) is the solution to the
original problem (3). Then it follows from the uniqueness of the solution that 8,,, = 8,

(k)

n

- oy,

N (. —1
Let=P=4" — w RM(A®)=(6"}  — o 1uPA® ¢ and

X (k) x (k)
A=0,
Lemma 8— Suppose that max{IZR e, ROAR)I0} < ap,/8, and

pa < o®/{4||L|13/*(2 — o) }. Suppose moreover thatL®,,, ;% 0 for (i, )) € S. Then|U\").|<1

for (i, j) € (S9)e.
Proof: We rewrite (27) to obtain

nk 5 (k)

g AW g0 4 e g®) _ Ik ) (A ®)
n n n

~ k ~
V+on 0+ pup2U S =0,

We further rewrite the above equation via vectorization;

, — (k) (k) (k) < (k —= (k) —= (k)
Bl o ufh A+ B2V R AY) 1,01 4Ty =0

We separate this equation into two equations depending on S4);
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— (k) (k (k — (k) — (k)
Tk (k) k2 k) neg®) K 0) _
n Fs(k)s(k) As(lc)Jr n sk n ﬁs(k) )+an17S(k) +p"p2U2,s<k> =0,
— (k) k . —= (k) — (k)
M (k) ne2®) g2k () _
n o (sk))Csk) s T n _s®)ye n ﬁ(swf A + o 1.(s<k>>c+p"p2Uus(’”)“_

(28)

= = AR k
where (U) ;= Uy s /=1, 2. Here we used A(S<k>>c—(). Since F(S(i)sw is invertible, we solve

the first equation to obtain

=) . ; k) —
PR k) 7 {”_? ”kﬁ(" Ay T el }
n

n stk 50k) 5(k) - s(k) s(k) 1,5(F) 2,5(k)

Substituting this expression into (28) yields

— (k) -1 (np=k) ng—= &) < (k)
_—1pn(k) (k) Dk _ Ik
0 g = T, o 7 (BB - 2R 3Y))
r® e g rw pw g”
+ (s(k)y© s(k)( (k)s(k)) 1,5 (k) +p2 (S(k))CS(k)( s(k)s(k)) 2,5(k)
S (mem®) k) (k) =®)
" (n Tt n ﬁ(s““))“ (A7) =r 2.(s))°

Taking the &o-norm yields

—= (k) 1 — (k) (k)
1 (k)
A T N B O (e IR RS TI
o0
) 1 — (k) — (k)
I, ) ”oo/oo(”Ul, Wl D)

=k (k) = (k)
+p 1(|| s Ml +||ﬁ( (1),¢ (A )H >+p2|| (s ||

(k) V(k‘)
(120, IR A1)
a2 - )l LY

(k) -1 <1_
Here we used that 1Al < I Aleosen < I ATs and e -0 Tathan) 11 o =17

and applied Lemma 6 to bound Uz (sK)dloo and I Uz (Rylleo DY || Z||3/% We also used
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—= (k) (k)
I ULS(;@ ”Oo:” U],Sm I =<1 by construction of U and the assumption that @ ¢ 0. It
follows by the assumption of the lemma that

2 2
~ (k) 2 — o app 1/2 a o o«
U < — +(1— 2— L <l-————+4+—<1.

Lemma 9 (Lemma 5 of Ravikumar et al. [25])—Suppose that 1Al < 1/(3xyd) with

(A(/f) =0.

(SRYU{(4,i)ri=1,...,p] )¢

oo k
Then 1HRloojeo < 312 where ™ = Zj:l(—l)J(‘I’( A®Y L k=1, ..., K, andrRR(R)
has representation R (A =1 A® wo A @ P with
IROA®)], < 3/2dAD| (ke)?

*) _
Lemma 10— Suppose||A|, < 1/(2 maxk”‘llék)||2)Wil‘/7A(s(k)u{(i,i)le]})c 0 Then
IHPNloogoo < 2 where H® =

representation R*) (AW)=w ) A® g A ) g Pwith | RO (AE))]| < 238 | AR5,

, t
(—1)‘(\116'”)&’“)) k=1, ..., K andRR QR pas

t=1

Proof: Note that the Neumann series for a matrix (/- A)~! converges if the operator norm
of Ais strictly less than 1, and that the &o-norm is bounded by the operator norm. A proof is
similar to that of Lemma 5 of Ravikumar et al. [25] with the induced infinity norm Il-lleo/co
replaced by the operator norm in appropriate inequalities.

The following lemma is similar to the statement of Lemma 6 of Ravikumar et al. [25].

Lemma 11—Suppose that

_ 1
= (e E®) | o +pntpnpal LIl )<

miny, 7 6d max {ky, Kykr}’

(@( ) & @( )) . .
fork=1, ..., K Suppose moreover that sk gw@re invertible fork=1, ..., K.
Then with probability1 — 2K exp(—n mingr}/2),

max |6, ~ 0f" |, < (3/2)r

Proof: We apply Shauder’s fixed point theorem on the event miny rt4/2 < 74/ n, which holds

with probability 1 — 2K exp(—n mingni/2) by Lemma 5 with e = min 1 4/2. We first
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define the function 7, and its domain Z to which the fixed point theorem applies. Let 54 =
SROU{(i i) : 1< i< p}, and define

k
T={A € sPP:2T(A+0)z > 0.V, € R”, ||A <Ay =0}

wl_<

where $7*P is the space of symmetric p x p matrices. Then % is a convex, compact subset of
the set of S72.

Let ﬁ]@ e RP*P, [=1, 2, be zero-filled matrices whose (/, j)-element is 01(2 in Lemma 7 if

(i, ) € S¥ and zero otherwise. Define the map gy on the set of invertible matrices in R”?
X 5 5 x (k) A

by gu(B)=(n/n)(B~ — 1) — o011 — o075 Note that 195(9n. )} =Vis the

KKT condition for the restricted problem (21). Let & > 0 be a constant such that 6 <

min{1/2, 1/{10(4dr+ 1)}}rand §+r < 1/{6d max{ry, x5 ~r}. Define a continuous

function 7y : 94— YDy as

Ay i=J,
(fr(A)y=4 {me(D)OF ge(A+OF+oney +A} | i# j.(ij) € S©
0, otherwise,

where

21 min{\;(A+0)), 2711421
max{[\ ({04 ge(A+O7+61)05"}  — D)l 1}

sl

hi(A) =

Let £, (A)=hi(A)0 g (A+0 +61)0 . Then fi(A) = (F(A)) sk + Afor AE I

We now verify the conditions of Shauder’s fixed point theorem below. Once these conditions
are established, the theorem yields that 7(A) = A. Since (f(A))§Kyc= Aforany A€ 9y
and /i A) > 0, the solution A to 7i(A) = Ais determined by

(k) (k (k .. . . .
(0 gr(A+0( ) +a1)0f ))S(k) =0, Veectorizing this equation to obtain

(k) (k) (k) . . I
(©07®O07) g 19k(AFOG7 A1)} =0 it follows from the invertibility of

(k) (k) (k) .
(©07®007) _ _ that 19x(A+Og7+31)} /=0 By the uniqueness of the KKT
condition, the solution is A:é;ﬁ) - @(()k) —01.Since A€ Yy, and 6 < 12, we conclude

k)

~ k
16,. — eIl < (3/2)r,

In the following, we write A= vec(A) for a matrix A for notational convenience. For JC {(,
Niihj=1, ..., p}, vec(A) should be understood as A
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The function 7 is continuous on % To see this, note first that A+@f)k)+5[ is positive
definite for every A € 9, so that the inversion is continuous. Note also that all elements in
the matrices involved with eigenvalues in /,(A) are uniformly bounded in 24, and hence the
eigenvalues are also uniformly bounded.

To show that 7i(A) € 9y, first we show that .fk(A)Jr@gk) is positive semidefinite. This
follows because for any x € R?

T (fr(A)+6)
=" {(fulA)
> hp(A)M ({0 gr(a+0 +sref

— Da+aT (A+G) );1:+ac x
= I)l|=||?

s(k)
+)\1(A+O )||ac|| Hle > 0.

k k k
To see this, note that if A+ = M1 ({0 g(A+6(7+01)6f )}S(k) — D) iis positive, then the
inequality easily follows. On the other hand, if A 4 < -1, we have

B (A [l2]* > =27 min{As (A+6§7), 27 He P =27 e * > —(M(A+057)/2+1/2) o>

Lastly, if -1 <A 4 <0, we have

(Al ® = =2 127" min{A (A+057), 27 3+ 1/2ljz] = — A, | (A+6§7)/2+1/2) 2.

Next, we show that Il f(A) FA)lleo < 1. Because diag(7(A)) = diag(A), it suffices to show
17 A) s(Rllco < 7. Since §+r < 1/{6d max{ry, Kykrh

1w (A48 o < Kwd||A+0I o < Kyd(r+0) < 1/3.

cofoco =

It then follows from Lemma 9 that

k)

R(A+sD)=(ator+of)) " —wlrulP(avonwl) (o) (Arsn) B w).

Thus, adding and subtracting \I/ ylelds

Fo(A)+ A=hi (A)0F (ng /) (8P (A+51)} HOWE — (e /m)2®) —p, 0

— pupUs YO (1 — (m/m)hi(A)) A — (nye/m)Shy (A)].

Vectorization and restriction on S gives
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[vec(fu(A)) | =lIvec(Fu(A)+4) Il

< (AT Ty vee((ul Ay HOBE) )

(1 = (i /m) e (A)) [vec(A) [l +(ni/n)o

+hi(A){TH)

=(k)
gty Lvec((ne/m)E)

(k)
tonprvec(U3) Yoo

s(k)

+pnvec((]'§k))

s(k)

(29)

k) 1 k k
where (C®) ) | =0W @O) | Here we used A(A) < (1/4 + 1/2)/1 = 3/4,

For the first term of the upper bound in (29), it follows by the inequality Il AXle <
Il Alloojooll Xl for A € RP*P and x € R, Lemma 9 and the choice of & satisfying

o+r < 1/{6d max{ry, xyrr} that

vee((U®) (A4sD)} HOB) |

s(k) oo

Ay —1

{@®)~3
< rr||R® (A+61)|| < mr;d||A+6I||iom:°’1, < mrgdHA—i—éIHOO(r—i—é)n%
< (r49)/4.

s(k) g(k)

For the second term, it follows by the assumption, the inequality that ILAXle < Il Allco/coll Xloo
for A€ R”Pand x € R”, and Lemma 6 that

{%VGC(E(IC)) +pnvec((]'§k))

s(k)g(k) = n, s(k)

-1 < (k)
1o ™ tomprvec(@y) b

< Rr(IE®+pntpapal| LIy ™)=(min m)r/4 < (ng/n)r/2

(k)

Thus, we can further bound livec((F(A) + A) s(A)lleo by

P g (A) O g 4y (1 - %mm) L N {1 _ e n(4) } 4 {1+hk(A) } 5.
n 4 n 2 n n n

(30)

Since

l©§” gr(A+6f)+onef?) <A ll_+168 ge(A+0(" +o10f)+4) |

s(k) ”oo s’

and 6 < /12, a similar reasoning shows that
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o
< L 4or 46 < 4r

Thus, the inequality | Bl < Il Bloojoo for B= B” implies that

Moy gnArey +one’y -
< ey g(Arel’+onef’y il +1
<Im{eg(a+ol’+inef’t I +1

5(k) " Voo /oo

< 4dr+1.

Hence A (A) = 1/(8ar+ 2) for every A € 9.

Now (30) is further bounded by r:

Sr{l_n_/chk(A) T 1+hk(A)}hk(A)7”
n 4 n 4 5
72
o mehe(A) —BRA)
n 20

Here we used the fact that § < 7{10(4adr+ 1)} and 1/(8ar+ 2) < hy(A) < 1. Thus, Il
(FA)) s(Alloo < 1.

Since (f(A))(s(k)¢ = 0 by definition, all the conditions for the fixed point theorem are
established. This completes the proof.

We are now ready to prove Theorem 2. Note that Condition 7 implies that

ming 7w . {1 1 ming g } cg Cg ming \/dk}
min Qp,— ———— .

n<mi :
Pt { T2drr 6 12

Ky I{:&,FLI‘ ’ 56&%5{*

Proof of Theorem 2: We prove that the oracle estimator épn satisfies (1) the model selection
consistency and (11) the KKT conditions of the original problem (3) with (8,,, Uy, U5). The
model selection consistency of ®, , = @, , then follows by the uniqueness of the solution to
the original problem. The following discussion is on the event that ming g2 < ngdn, k=1,
..., K, and max/IEZ®lls < a/8. Note that this event has probability approaching 1 by
Lemmas 4 and 5.

First we obtain an fo-bound of the error of the oracle estimator. Note that by Condition 7
and the fact that a € [0, 1)
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/2 « o?
Sl < S s <
Thus, it follows from Condition 7 that
e r (IE9 bt pupal LI ) < e S P {% K{ﬁp } = ST T

k k
Because (98 '® 95) ))s(k‘)s(k) is invertible by Condition 5, we can apply Lemma 11 to obtain

v (k . —(F R -
16 — 0| < (6/ming m)rr (IE®) | +pu+pupal LI1Y) with probability
approaching 1.

As a consequence of the &o-bound, épn,ij¢ 0 for (4, /) € S, because

16 — 0| < 3p, < cs/2<min,_, .., |6%) by Conditions 6 and 7. This establishes
the model selection consistency of the oracle estimator.

Next, we show that the Oracle estimator satisfies the KKT condition of the original problem

(k)

(3). As the first step, we prove U5’ Z)] € c’)@ ~for every /, j, kwith probablllty approaching 1.

Since @ Hij? 0for (4 /) € Swith probability approaching 1, U, Z)] U1 ifor(i )€ S py
construction. For (i, j) € (5¥)¢, we need to prove |UW|<1 for every /, J, k. To this end, it
suffices to verify thatIIR(’“)(éE)? — @ék))HOO < /8 and apply Lemma 8. Applying Lemma 9

- (k
with IIG;H) — @(()k) . < (6/ming m)nr(HE(k)||m+pn+pnp2HL||§/2) and Condition 7 gives

1duosnuepy Joyiny

1duosnue Joyiny

(k )

IR k)( 3 324k, 486dK3, K2 {mink T ming 7y } o

3 (k) k) 3
—0)| < Zakd |6 2 2 < < Za.
Mo < 2 KullOp, ” 2 \Pmink ﬂ%p” = ming 7} T2dkr 56/{;9’1,/@(} =54

Next, we prove that U ;; € 91/0,, i;LO,, i; for every (i, j). For (i, j) with wékL)J # 0 for all
k=1, ..., K Usij=U,, € 9/0,, L0, ij. For (i, j) with Qg ;= 0,

Us,ij=0 € 91/0,,i;LO,,, i; by Lemma 6. For (i, j) with Qg ;% 0 and wé’filj?:o for some &/,

U2.ii=LO,,ij/ \/ ©p,iiLOp,ij € D1/Op, :;LO,, i

if L8, ;% 0. To see LB, ;# 0 holds with probability approaching 1, let (k, ') € Swith &
# K suchthat )./ \/dj, — ©4;)/\/dy # 0. This pair (k k') exists by Condition 6 and the
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assumption L@ ;# 0. We assume without loss of generality 96’%/ Vi, — Hé’fg/ V>0,
(K X
Since ||@E)n) — @g‘) IIOc < 3p, < coming \/dy /12, it follows from Condition 7 that
é(k) é(k’/) g®) gk

puid Cpnii 5 Yoij  Poij g, (
n

Vi, Ay T V& Vo

1 1 1 1 1
——t—F——] =293 axX ——+———=| 2 Z09.
Vg \/dk/) = mobn (W%l_k/);o Vdg \/dk/> - 269

T

Hence, ©, ;;

LBy, ij = Wiwcs/4>00r L8, ;% 0.

Finally, we show that Equation (27) for the KKT condition holds. For the (/, j)-element of
the equation with Qg ;= 0, this equation hold by construction for every k=1, ..., K. For the

(4, p)-element with wékl)] # 0 forevery k=1, ..., K, the equation holds for every k=1, ..., K,
because it is the equation for the KKT condition of the corresponding element in a restricted

problem (21). For (4, j)-element with Qg ;;# 0 and wéﬁlj?:o for some &', note that épn‘,-ji 0

with probability approaching 1 and that the rearrangement in ® j;and corresponding
exchange of rows and columns of L for each /, jdoes not change the original and restricted
optimization problems (3) and (21). Thus, with the appropriate rearrangement of elements

and exchange of rows and columns, 7 g?J with wg’f;. # 0 s in fact U ékq)j Thus for such kthe

equation holds because of the corresponding KKT condition in the restricted problem (21).
For other 4, the equation holds by construction. We thus conclude the oracle estimator
satisfies the KKT condition of the original problem (3). This completes the proof.

Proof of Corollary 1: In the proof of Theorem 2, the &o-bound of the error yields

A (k) k
165, — 687 .=0, (krpn)-

Note that if one of two matrices A and B is diagonal, I ABllx < 1 Alleoll Bleo. Thus, we can
proceed in the same way as in the proof of Theorem 2 of Rothman et al. [26] to conclude
that

A (k) k
HQn - Q(() )”oo:OP (Kfpn)-

The result follows from a similar argument to the proof of Corollary 3 in Ravikumar et al.
[25].

Proof of Corollary 2: It follows from Condition 8 and Lemma 1 applied to épnthat

||(:)gi) - @6’“))\\2 <1/(2Xe). Then we can apply Lemma 10 instead of Lemma 9. The rest is
similar to the proof of Theorem 2.
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Hierarchical Clustering

For simplicity, we prove Theorem 3 for the case of K= 2; the proof can be easily
generalized to K> 2. Let Xand Y be the random variable from the first and subpopulation,
respectively. Suppose that X'= (X, ..., Xp)T~ Mix: Zx) with P = (Mg, x ---, Hp,x) and the

spectral decomposition £, =0, A Q§ of Zxwhere Ay x; ..., Ap xare the eigenvalues of X x
and that Y~ MpY; Zy) with gy = (g, s .-, Hp, ¥) and the spectral decomposition

Y,=Q, A, Q:YF of Zywhere Ay y; ..., A, yare the eigenvalues of T y. Define Z= (X - Y¥) =
(4, ... Zp)T~ Muz Z2) with uz= (41,7 ---, Kp 2 and the spectral decomposition

¥,=Q,A, Q§ of Z-where Ay 7 ..., Ap zare the eigenvalues of X . Let
X=(X1,..., %) =A2QTN 12X V=(Vy, .., V) =AY2QT 52y and
Z2=(Zy,..., 2) =N2QT ;"% Z. Then X~ Miix;s Ax), T~ Mily; Ay)and Z~ Miiz

A7), where
~ ~ ~ T -
/’LX:(ILLL}(7"'7/’LP’X) :A;/2Q£EX1/2:U’X7
~ ~ ~ T _ A1/2 3 Tx—1/2
Ny:(ﬂlijuaﬂpyy) = Ay/ QYEY / Py s
~ ~ N Ty —
fiy=fiy i, ) = AYPQIS P,

Let also

2 _j1~2 2 _1~2 2_)~2
w =N s s =l /oy 7 =N/

V4 p p
/\X:Z/\k,x /pa )‘Y:Z)‘ky /p: /\z:Z)‘kﬁz/p-
k=1 k=1 k=1

Lemma 12 (Lemma 1 of Borysov et al. [1])—Let WA, ..., W), be independent non-
p
negative random variables with finite second moments. Let" :Z =1 (Wi —EWj)ang
p
“:ijlEWJ'Q. Then for any t>0 A(S< -1 < exp(—£/(2v)).

The following lemma is an extension of Lemma 2 in Borysov et al. [1].

Lemma 13—Let0<a<u’ +\. Then
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2( 2,7 N2

pi+Ax —a)

P(||X|*<ap) < exp .
221 1(p]X+6,ukX)\]X+3/\iX)

Proof: Note that elements of Xare independent and that X;~ ML, x; A ). Thus, we have

52
EijuJQ_,X—l-)\jYX, Var(X )2()\2 +212 o),

5,X 75X

o4 _ -4 2
EX; =/ +6u A +3/\

X 79X

Applying Lemma 12 with 17,=X?, since P (IXI12 < gp) = P (I.XiI% < ap), we get

Ew 2
PP(n% +Ax —a)

P(|IX|*<ap)=P {i(ff?—ﬂix = Xx)< = PO Ay ‘“)} =P (‘2& N

j=1 5,X 75X

The following is an extension of Lemma 3 in Borysov et al. [1].

Lemma 14—Leta>X+u’. Then

P(||X||*>ap) < exp (— (p—i—z -> 1+2)\L>) .

j=1 JX j=1 7,X

Proof: By Markov’s inequality, for f>Z 17 x+ﬂ]2-,x, we get

p p
P (ZX]2 > t) —P (Z}?? > t)
j=1 j=1

P p
=P {exp (Z’YX? - 7)‘j,x - Vﬂjx) 2 exp <7t - VZ()\j’“‘+ﬂiX))}
=1

j=1

p p
- 2
< exp <—7 (t =D (@2 A« )) [1E exp((7X, )X/ Aj)
=1 j=1

P P 1
=exp (—’Y (t — Z“?x)) Hexp (—’y)\j,X ~3 log(1 — 2’7)\j,x)) X
j=1 j=1

. VI
X s ——— .
PAT=29
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Since for all v € (0, 1), —log(1 - 4) — u< PI{2(1 - 1)} (see page 28 of Boucheron et al. [2]),
the above display is bounded above by

> ’ A > < VI )
exp | =y t=> 2 exp | ——=—] exp | ——=—].
( < z:zl LX)) z:l—Il (1 - 27)\1.)( 1- 27)‘@){
Using the following result from Boucheron et al. [2]
f U’}/Q ; v (ct>
inf —————ty=— sh{—|.
ve(0,1/¢)2(1 — ¢) 7 c2 \wv
wherein h(u)=14u — V14+2u 4> 0, we further obtain the upper bound

<2
t 2t T

E || I _ 1 W .

o <PY M7x> op ( ( /\z‘,xp +/\z\xp>> o <1—27)‘i,X>

Taking y ¥ 0, the upper bound becomes

@ (30 Sas)

Choosing = ap, we have

p p

P (fof > ap) < exp <— <p+Z— -3 1+2—)>
i=1 i=1""4X i=1

Note that ¢) = (1 + 2)Y2 < ufor = 0 because 7 (0) = 1 and 7 is decreasing for &> 0.
52

Thus, £ (ZleXi > ap) —+0as p— oo,

Proof of Theorem 3: For simplicity, we present the proof for the case of K= 2; the proof

can be easily generalized to K> 2. Let /; and % be the sample sizes for the first and second
subpopulations, respectively. Define

Ey= {m.a,Xlle‘ — Xjll<min] Xy — YZH} , Bg= {m.a,Xlle‘ - XjH2<ap} 7
irj 1 i

Bo= {max||V; — Yyl <umipll X, — Yill} B {max¥i - v <ap |
.7 s ]
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P(ES) < Y P(|IX; — Y|P <ap) < ninoP(|| X1 — Y1||*<ap) < exp
1]

Page 51
Bs= {max] X, — Yi[*>ap |

for a fixed a > 0 satisfying the assumption. The intersection £; N £, is contained in the event
that the clustering performs in the way that two subpopulations are joined in the last step.
The intersection £3 N £4 N £5 is also contained in £1 N £y, or in other words,

P((E1 N Ey)°) < P(ES)+P(ES)+P(ES) Thus, it suffices to show that
P(ES)+P(ES)+P(ES) — 0as n, p—> 0o,

For £§ and £ we have by Lemma 14 that

nq (n1 —

1
U p(1x, - Xl >an)

n
P(E5) < Y _P(|1Xi = X;|*>ap)=
i,

ni(ny —1) 1 LA~ P a
<im0 - -3 1
=79 9 < 2 (p+Z2A 2 AW

=1“7LX =1

1
LA L a
<p+z — Z 1+ > +2 log nl)
=2 T Ax
B P H_12’): a 1zp: 1+ a 4 log n1
I "N, - ) D

and that

1 1Z 1
P(E}) < exp <§ <1+; 2)\@ — ]—jz 1+/\L+4 ngn2>> .
=1 =1

for asatisfying 2> 2 max{A x, A y}.

Note that log ni/p— 0, k=1, 2 as m, m, p— oo. Moreover * — v 1+2z > 0 for x> 0.
Thus, P(ES) — 0and P(ES) — 0as My, /b, p— 0. For E¢, we have by Lemma 13 that

~ 2
( pQ(NQZ+)‘Z —a)

— _ — +log ning
22?:1 (Niz +6Uzz >‘z,z +3>\I2,Z )

for a<u22 +,. Given the assumption ¢1g <A x < €13, G0 S Ay < 11, max{|w; o, [ A} <
€11,/=1,2,.... Thus, we get P(ES) — 0as m, /p, p— 1.

Since 2A x = Apx— Apy22hx— Az and 2h y = Ay x = Apy 2 2X y = A 7 the assumption

that 2 >2 min{X, X, } — A, — A, , implies that there exists asuch that a< 5+ X zand
a> 2 max{\ x, A y}. This completes the proof.
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Fig 1.

Illistration of similarities in the sparsity patterns of precision matrices Q) Q@ and Q.
Nonzero and zero off-diagonal entries are colored in black and white, respectively, while
diagonal entires are colored in gray. The associated subpopulation network G reflects the
similarities between precision matrices of subpopulations 1 and 2 and 1 and 3. The
simulation experiments in Section 6.1 use a similar subpopulation network in a high-
dimensional setting.
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b c d

@ ©)
OO O ©® ® OO
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Comparison of subpopulation networks used in the penalty for different methods for joint
estimation of multiple precision matrices: a) the true network, modeled by LASICH; b)
FGL; ¢) GGL & Guo et al; and d) estimation of time-varying networks (Kolar & Xing,
2009); see Section 2.3 for details.
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Fig 3.

Si?nulation results for joint estimation of multiple precision matrices with known
subpopulation memberships. Results show the average number of true positive edges (a & c)
and estimation error, in Frobenius norm (b & d) over 50 data sets with n = 200 multivariate
normal observations generated from a graphical model with p = 100 features; results in top
row (a & b) are for an Erd6s-Rényi graph and those in bottom row (¢ & d) are for a scale
free (power-law) graph.
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Simulation results for joint estimation of multiple precision matrices with unknown
subpopulation memberships. Results show the average number of true positive edges over 50
data sets with n = 200 multivariate normal observations generated from a graphical model
with over an Erdds-Rényi graph with p = 100 features. Results for HC-LASICH and
FGL/GGL correspond to the best choice of the second tuning parameter among those in
Figure 3a. The Rand indices for HC-LASICH are averages over 50 generated data sets.
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Luminal-Simple Luminal-Complex Basal-Complex Common
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VAN &) )

Fig 5.

Dgndrogram of hierarchical clustering of three subtypes of breast cancer from Jonsson et al.
(2010) along with estimated gene networks using graphical lasso (Glasso), method of Guo et
al., FGL and GGL of Daneher et al. (2014) and LASICH. Blue edges are common to
Luminal subtypes and black edges are shared by all three subtypes; condition specific edges
are drawn in gray.
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