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Abstract

Comparisons of diagnostic tests on test accuracy alone can be inconclusive. For example, a test
may have better sensitivity than another test yet worse specificity. Benefit-risk comparisons of
tests may be more conclusive because they also consider clinical consequences of diagnostic error.
For benefit-risk evaluation, we propose diagnostic yield, the expected distribution of subjects with
true positive, false positive, true negative and false negative test results in a hypothetical
population. We construct a table of diagnostic yield that includes the number of false positive
subjects experiencing adverse consequences from unnecessary work-up. We then develop a
decision theory for evaluating tests. The theory provides additional interpretation to quantities in
the diagnostic yield table. It also indicates that the expected utility of a test relative to a perfect test
is an average of sensitivity and specificity accuracies weighted for prevalence and relative
importance of false positive and false negative testing errors, also interpretable as the cost-benefit
ratio of treating non-diseased and diseased subjects. We propose plots of diagnostic yield,
weighted accuracy, and relative net benefit of tests as functions of prevalence or cost-benefit ratio.
Concepts are illustrated with hypothetical screening tests for colorectal cancer with test positive
subjects being referred to colonoscopy.

Keywords

diagnostic yield; weighted accuracy; relative net benefit; clinical utility; decision theory; cost/
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1. Introduction

Benefit-risk evaluation of a diagnostic test involves not just the accuracy of the test but the
clinical consequences of diagnostic error. Evaluations of the clinical consequences of false
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positive and false negative test errors depend on the clinical setting, the intended use of the
test, and the population on whom it will be used. Sometimes, the test itself has clinical
consequences, for example, if it involves an invasive procedure (e.g., biopsy) or introduces
energy into the body such as radiation (e.g., X-ray computed tomography (CT) scan). A
health economics analysis may also consider the cost of testing and downstream costs of
working up test positive subjects (Tsalik et al 2016).

For diagnostic tests that classify subjects as either positive or negative for a clinical
condition (e.g., disease absence or presence) or predict a future binary state (e.g.,
susceptibility or resistance of a microbe to an antimicrobial drug), diagnostic accuracy is
commonly evaluated in a clinical performance study for its classification accuracy (e.g.,
specificity, sensitivity, negative and positive likelihood ratio) or its predictive accuracy (e.g.,
negative and positive predictive value — NPV, PPV). However, these evaluations can
sometimes be insufficient for examining the clinical consequences of the test relative to
other tests. For example, a test may have better sensitivity than another test yet worse
specificity, or better NPV yet worse PPV. Thus based on such accuracy measures alone, a
determination of whether a test has better, worse or about the same clinically utility as
another test can be equivocal.

The receiver operating characteristic (ROC) plot plays a fundamental role in the evaluation
of the overall intrinsic ability of a quantitative measurement or continuous score to
discriminate a binary clinical state. For an excellent and influential overview, see Zweig and
Campbell (1983). Yet in an evaluation of the clinical consequences of a test providing a
continuous result, overall intrinsic discrimination as measured by the area under the ROC
plot (AUC) can be insufficient for evaluating how the test will be used in medical decision
making. Sometimes a difference in AUC between tests is small, yet at a commonly used
operating point (a cut-off in the continuous test result to define subjects at test positive or
negative), differences in NPV and PPV are actually large and clinically significant (Pepe
2004; Cook 2007). Because AUC weights equally a test’s performance at all operating
points, it includes some operating points that are irrelevant to decision making in the clinical
context in which the test will be used. Comparing tests on the ROC plot itself is more
informative than just considering its AUC, yet small deviations in the plot between the tests
at particular operating points and crossing of the plots in multiple places can still be difficult
to interpret clinically.

To evaluate the clinical consequences of the test, a clinical utility study could be conducted
to evaluate if clinical outcomes can be improved when the test is used to influence subject
management. However, clinical utility studies could be expensive to conduct, require lengthy
follow-up on subjects, and be difficult to design. In fact, a poorly designed clinical utility
study can be inefficient and may not even permit an evaluation of a test’s effect on clinical
outcome (Bossuyt, Lijmer, and Mol 2000; Simon 2010; Hoering, Leblanc, and Crowley
2008). Moreover, such clinical utility data are usually not available to a regulatory agency
when it is deciding whether or not to grant approval of a test for market.

In this paper, we describe methods for evaluating the benefit-risk of a binary diagnostic test
based on its diagnostic accuracy from a clinical performance study together with external
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information on clinical consequences. We describe a simple table in which two tests are
compared on their diagnostic yield, i.e., the joint distribution of the test result and disease
state, in a hypothetical population of subjects undergoing testing. This joint distribution of
true and false positive results and true and false negative results and selected summary
quantities can reveal insights into the clinical consequences of the two tests. In the table,
clinical consequences are explored assuming a subject testing positive would be referred to
an additional procedure that puts them at risk for adverse events. Specifically, we consider
two hypothetical screening tests for colorectal cancer with test positive subjects referred to
colonoscopy.

We also compare tests on benefit-risk in a decision-theoretic framework, assigning losses to
test misclassifications (false positive and false negative), or equivalently, utilities to correct
classifications (true positive and true negative). The theory provides additional
interpretations to quantities in the diagnostic yield table. The theory also indicates that a
weighted accuracy measure proposed previously (Evans, 2016) can be interpreted as a
relative utility measure, the expected utility of the test relative to that for a perfect test
(sensitivity = specificity = 1). We also describe the concepts of expected benefit from testing
and net benefit relative to a perfect test, which are similar to expected benefit measures
proposed for risk prediction models (Gail and Pfeiffer 2005; Vickers and Elkin 2006; Baker
et al 2009a, 2009b, 2012a, 2012b) and binary diagnostic tests (Pepe et al 2016). For all of
these evaluations, we construct plots to compare the benefit-risk of two or more tests over a
range in the false positive to false negative relative loss ratio or the prevalence of the clinical
condition. To illustrate, we use throughout the example of two hypothetical colon screening
tests.

2. Test Accuracy

Consider a new diagnostic test that indicates subjects as test negative or positive for a
clinical condition, e.g., disease. The test is evaluated for its diagnostic accuracy by
comparing test negative and positive results (7= 0,1) for agreement with absence and
presence of the clinical condition (D= 0,1), as determined by a clinical reference standard or
best available method. Consider comparing the new test with a standard test for indicating
subjects as test negative or positive (S=0,1).

For concreteness, suppose the new test is used to screen for colorectal cancer (CRC). Test
positive subjects are referred to colonoscopy for final diagnosis of CRC (and to remove any
pre-cancerous advanced adenomas that are found). In the screening population, assume CRC
prevalence is rr; = 0.007. Suppose the new test has false and true positive fractions 7y = 0.15
and 3 = 0.90. i.e., specificity Sp=0.85 and sensitivity Se=0.90. Consider comparing the
new test with a standard fecal immunochemical test (FIT) having false and true positive
fractions & =0.05and &, =0.75, i.e, Sp=0.95 and Sp=0.75.

The new test has better sensitivity (0.90 vs. 0.75), but worse specificity (0.85 vs. 0.95).
However, one of the tests could still be declared better than the other if its negative and
positive predictive values (MPV/PPV) are both better. PPV is monotone increasing in the
positive diagnostic likelihood ratio PLR = Sel(1-Sp) = 1/ 7y (in the notation of the new
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test). AMPVis monotone decreasing in the negative diagnostic likelihood ratio NLR= (1 -
Se)/Sp=(1- /(1 - 1p). Thus for the same prevalence the new test would have better NPV
and PPVthan the standard test if its VLR were smaller and its LR were larger. In this case,
the new test has smaller VLR (0.1176 < 0.2632), but also smaller PLR (6 < 15), indicating
that it has better APV but worse PPV'than the standard test.

We illustrate these results with the likelihood ratio graph (Figure 1), a useful display
proposed by Biggerstaff (2000). The graph has the same axes as the ROC plot. In the graph,
the coordinate of the true and false positive fractions of the standard test is plotted, with two
lines drawn through it to the points (0,0) and (1, 1). The slope of the lines through (0,0) and
(1,1) are PLR and NLR, respectively. The two lines define four regions in which the
coordinate of the new test could lie. In this case, the new test falls in region A, indicating
that it is better at detecting absence of CRC than the standard test but worse at detecting its
presence because, respectively, its PLR is worse (smaller) but its NLR is better (smaller). In
sum, the evaluation as to which test is better based on test accuracy alone is equivocal.

3. Diagnostic Yield

The diagnostic accuracy measures just described are all based conditional probabilities.
Measures of classification accuracy (Se, Sp,NLR,PLR) are based on probabilities of test
result conditional on disease status, while measures of predictive accuracy (MPV,PPV) are
based on probabilities of disease status conditional on test result.

Alternatively, in a comparison of the two tests on benefit-risk, we consider their diagnostic
yield, the distribution of false negative (FN), true positive (TP), true negative (TN), and false
positive (FP) results in the screening population. This distribution is given not by conditional
probabilities but by joint probabilities of disease status and test result.

Comparing the diagnostic yield of the two tests reveals several insights (Table 1). Consider
the left part of the table of test positive counts by disease status. In a population of 100,000
subjects, the new test is expected to detect 105 more subjects with CRC than the standard
test (105 more TP test results), but at the expense of falsely detecting 9930 non-CRC
subjects as having CRC (9930 more FP test results). The (fractional) number of FP test
results for CRC for every TP detection is 23.6 for the new test compared with just 9.5 for the
standard test, a 2.5-fold increase. For every extra CRC the new test detects that the standard
test does not, an additional 94.6 non-CRC subjects are expected to be falsely detected has
having CRC.

Because test positive subjects are referred to colonoscopy, assume that the risk of an adverse
event (e.g., bleeding or perforation of the colon) during that procedure is a = 0.0068 (Rutter
et al, 2012). Among FP subjects, the (fractional) number who suffer an adverse event during
colonoscopy is expected to be 101.3 for the new test and 33.8 for the standard test, a
difference of 67.5 subjects (assuming all FP subjects on either test actually undergo the
procedure). Thus for every extra true CRC detected by the new test, a fractional 0.64 (=
67.7/105) of FP subjects are expected to suffer an adverse event during an unnecessary
colonoscopy.
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By comparison, consider the diagnostic yield of a trivial test A that is always positive (Table
2). The (fractional) number of false positive test results for CRC for every true positive
detection is 141.9, compared with 23.6 and 9.5 for the new and standard tests (Table 1). For
every extra CRC the trivial test detects that the standard test does not, an additional 539.1
non-CRC subjects will be falsely detected as positive for CRC compared with 94.6 for the
new test. For every extra true CRC detected by the trivial test that is not detected by the
standard test, 3.67 (641.5/175) FP subjects are expected to suffer an adverse event during an
unnecessary colonoscopy, a trade-off that is by all accounts unacceptable. By comparison,
the figure is 0.64 for the new test, which could be considered a plausible trade-off to some
clinicians.

In addition to the number of FP subjects harmed from unnecessary additional work-up
involving an invasive procedure (e.g., colonoscopy), the number of FN subjects harmed by
lack of additional work-up can be quantified. The right-hand part of Tables 1-2 lists the
expected number of true and false negative subjects of the two tests. The FN and TN counts
are actually determined by the FP and TP counts in the left part of the table and the number
of diseased subjects and thus provide some redundant information. The standard test is
expected to correctly rule out CRC in 9930 more non-CRC subjects than the new test (9930
more TN results), but falsely rule out CRC in 105 more CRC subjects (105 more FN
results). The (fractional) number of TN subjects per FN subject is 539.1 for the standard test
and 1205.8 for the new test. For every extra CRC falsely ruled out by the standard test but
detected by the new test, CRC will be correctly ruled out in an additional 94.6 non-CRC
subjects by the standard test.

The harms associated with a FN result include not receiving necessary treatment for a
disease that may progress unattended. In some settings, disease is typically aggressive and
all FN subjects are harmed by lack of detection. In other settings, disease is typically slowly
progressing and harm from delay in detection may be weighed against competing risks (e.g.,
early stage prostate cancer in older age men who may die of other causes).

The diagnostic yield table depends on the disease prevalence assumed. In lieu of assuming a
single prevalence value, the expected diagnostic yield may be displayed as a function of
prevalence (Figures 2-3). These diagnostic yield plots can be useful to inspect, as prevalence
can vary temporally, geographically, by population, and by clinical setting,

In sum, the new CRC screening test is certainly better than the trivial always-positive test,
which in particular leads to too many adverse events from unnecessary colonoscopy
procedures per extra CRC it would detect. Based on test accuracy alone, the new test can
appear attractive relative to the standard test because of its superior sensitivity to detect CRC
(0.90 vs. 0.75). Yet its inferior specificity (0.85 vs. 0.95) has clinical consequences to many
subjects in the intended use population who will falsely test positive. The diagnostic yield
table facilitates a quantitative discussion of these consequences.
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4. Decision Theoretic Evaluation

The diagnostic yield table and plots (Table 1) can inform on the clinical significance of test
results. Yet they also directly relate to formal decision-theoretic evaluations of benefit-risk.

4.1 Expected Loss

For the new test, a count in the diagnostic yield table is just product of disease probability p,
= AD = a), test positive classification probability z,= A 7= 1|D= d), and population size N/
(= 100,000), where disease status &= 0 or 1 (Table 3). Likewise, for the standard test, the
counts involve TP and FP classification probabilities £;,= AS=1|D = d).

In a decision-theoretic evaluation, consider ascribing a loss 4510 the binary test result 7= ¢
on a subject with disease state D = dfor values of ,d= 0.1 (Table 4, left-hand table). This
loss function for binary test classifications of disease states is fully general, provided that
testing itself causes no harm to a subject (i.e., loss ascribed to testing is 0). Without loss of
generality (Appendix 1), an equivalent loss function (Table 4, middle table) depends only on
B= 1y — npand C= ryy — ryg. Yet another equivalent loss function (Table 4, right-hand
table) depends only on the ratio r= C/ B, which can be regarded as the relative importance
(or loss ratio) of test result FP to test result FN modulo the losses for test results TN and TP,
which are set to 0 in that table. Under this decision-theoretic framework, tests may be
compared on expected loss.

4.2 Expected Utility

In decision theory, the problem of evaluating expected loss can be equivalently defined as a
problem of evaluating expected utility (Appendix 1). Most simply, utilities are set to the
negatives of the losses to define utility functions corresponding to the three equivalent loss
functions (Table 4). Upon examination of the utility and loss tables, respectively, Band C
have been interpreted as the overall net benefitand net cost of treating test positive subjects
with and without disease, respectively (Pauker and Kassirer, 1975; Vickers and Elkin 2006,
Baker 2012a, Pepe et al 2016). Upon examination of the utility tables, rmay be interpreted
as the TN: TP utility ratio as well as the FP:FN loss ratio.

Under the utility function, the expected utility for the new test is

E=po(1—70)r+p171,

a weighted sum of specificity 1 — g and sensitivity z; (Appendix 1).

If the test were perfect (zp = 0, 71 = 1), the expected utility would be

EpeerPUT‘Hh

A weighted accuracy measure (Evans et al., 2016) is the ratio of expected utility to perfect
utility
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E :po(l—To)T—l—pﬂl
Eperf por+p1

which averages specificity 1 — zp and sensitivity z; according to weights gprand py. For an
overall assessment, weighted accuracy is plotted as a function of rfor the new and standard
tests as well as the trivial test g = 7y = 0 that always provides a positive test result (and
therefore always recommends treatment) and the trivial test 7o = 7; = 0 that always provides
a test negative result (always recommends no treatment) (Figure 4). The difference in
weighted accuracy from the standard test is also plotted for the new and trivial tests as a
function of r(Figure 5).

From Table 1, among the valid choices of r€ (0.007,0.0423) for the new test (see next
section), for lower limit 7= 0.007 weighted accuracy is greater for the new test (0.875) than
the standard test (0.850), but for upper limit r=0.0423 weighted accuracy is smaller for the
new test (0.857) than for the standard test (0.921).

4.3Valid Choices forr

At a minimum, the expected utility of the new test should be greater than the expected utility
of any non-informative test that renders a test positive result at random with probability z (0
< < 1). The difference in expected utility of a test compared with a random test is called
net benefit The test has positive net benefit compared with any random test if the FP:FN
relative importance ratio

where Pr= AD=1|T= ) is the predictive value of test result 7= #for disease (Appendix 1).
In other words, the test is valid (better than any random test) only for choices of r< 6;.

Note 6, = pyti/( ppTo), the reciprocal of the FP to TP ratio given in third row of the
diagnostic yield parameter Table 3. Thus the table gives information on choices of rthat are
acceptable for the test. Equivalently,

T1/T0>7/0,

where 6= p/py is the pre-test odds of disease. Noting that a test is informative only if the
ratio of its true to false positive fraction z;/zp < 1, we find that r> @is an additional
constraint on valid choices of 7. Thus in terms of reducing expected loss relative to the trivial
test, the new test is valid only for FP:FN loss ratios

re (9,91)
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Note 6, = p1 i/ (p 7p) is the reciprocal of the FP to TP ratio given in the diagnostic yield
table (Table 1). Also @is the reciprocal of the FP to TP ratio for a trivial test that classifies
everyone as test positive, which is gleaned from diagnostic yield table for the always
positive test (Table 2).

To illustrate, from Table 1 the range of acceptable choices for ris (1/141.9, 1/23.6) = (0.007,
0.0423 for the new test for CRC and (1/141.9,1/9.5) = 0.007,0.1057 for the standard FIT
test. Equivalently, the acceptable range for the ratio of the benefit Bto cost C of treating test
positive subjects with and without disease is (6y, 6) = (23.6,141.9) for the new test and
(9.5,141.9) for the standard test. The larger range for the standard test suggests that it is
applicable to a wider variety of settings over which the relative loss rmay vary (e.g., rmay
be selected higher for a low risk population than a high risk population).

To interpret, the new test has no benefit if the benefit to cost B:Cratio is 23.6 or lower, that
is, 23.6 FP or fewer subjects can be traded for 1 TP subject. Another interpretation is that for
the new test to beneficial, the risk threshold at which one is indifferent to undergoing
colonoscopy should be less than its positive predictive value 7, = (1 + 1/6;)™1 = (1 + 23.6)71
0.0406 (Pauker and Kassirer, 1975; Vickers and Elkin 2006, Baker 2012a). In contrast, for
the standard test to be beneficial, the risk threshold for undergoing colonoscopy should be

less than its positive predictive value P;'=0.0956.

From the expression of {above, the value for rat which the two tests have the same
expected utility is

p1(r1—¢&1)

=~

po(t0—E&0)’

the reciprocal of the ratio of the extra false positives per extra true positive given in the third
row and third column diagnostic yield Tables 1-3. From Table 1, r, = 1/94.6 = 0.0106, at
which the new and standard tests have the same weighted accuracy value 0.870. That is, the
two tests have equivalent utility if 94.6 FP subjects can be traded for 1 TP subject, or the risk
threshold at which one expresses indifference to undergoing colonoscopy is (1 + 94.6)71 =
0.0105.

4.4 Net Benefit

The net benefit of a test compared with a random test with test positive probability zis
defined as

NB,=E-E,

the difference in expected utility between the test (£) and the random test (£,). The net
benefit from never treating a subject is defined as N/B,, the difference in expected utility
from the always negative test. The net benefit from always treating a subject is defined as
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NBy, the difference in expected utility from the always positive test. Relative net benefit of a
test is defined as

RNBT:(E_ET)/(Eperf_Er)

which scales its net benefit to have a maximum of 1 relative to the net benefit of a perfect
test.

Relative net benefit from never treat and always treat policies can be plotted as a function of
relative importance ratio rto provide an overall comparison of the new and standard tests
(Figures 6-7). These plots indicate that relative net benefit over the never treat policy is
noticeably worse for the new test than the standard over a large range of rvalues. In contrast,
the relative net benefit over the always treat policy is only slightly worse than the standard
test over a large range of rvalues and thus the two tests can be considered comparable in
settings where prophylactic treatment is practiced in lieu of testing.

4.5 Choosingr

Decision-theoretic benefit-risk comparisons of a new test with a standard test need not be an
exercise in sensitivity analysis to the choice of FP: FN ratio . Suppose the binary value of
the new test is £= ¢(x) = /(x> ¢) = 1 or 0 according to whether or not an underlying
continuous measurement x exceeds threshold ¢. Then, threshold ¢implies loss ratio r=r, at
which cis the optimal operating point in the sense of minimizing expected loss (Appendix
2).

Because 1y is the FP: FN loss ratio implied by the new test, the new and standard tests are
best compared on expected utility at loss ratio 7. If the binary value of the standard test is
also based on thresholding an underlying continuous value, then its threshold should be
moved such that expected loss is minimized with respect to ry before it is compared with the
new test. Otherwise, the two tests are operating at points that attribute a different trade-off
between FP and FN errors.

5. Summary

The benefit-risk of a new test is best evaluated in comparison with another test having the
same intended use. We have proposed a descriptive diagnostic yield table to compare a new
test with a standard test used in practice. A diagnostic yield plot displays the diagnostic yield
of a test over a range of disease prevalence.

Quantities of interest displayed in the diagnostic yield table such as the number of false
positive subjects per true positive subject have been used before to compare tests informally.
As we have shown, such quantities relate directly to formal decision-theoretic measures of
expected utility, or equivalently, expected loss under a loss function defined by an assumed
false positive to false negative (FP:FN) relative importance or loss ratio 7. Values of rthat are
permissable for the tests are those at which the test has positive net benefit (greater expected
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utility) compared with a random test. Overall comparisons of the utility of tests can be made
by plotting the measures of weighted accuracy and relative net benefit as functions of r.

Our comparisons of binary valued tests on benefit-risk are similar to recent work in the
evaluation of new markers for risk prediction (Gail and Pfeiffer 2005; Vickers and Elkin
2006; Baker et al 2009a, 2009b, 2012a, 2012b) and diagnosis (Pepe et al 2016). For example
the relative utility curve (Baker 2009a) is the fraction of the expected net benefit of perfect
prediction that is achieved by a risk prediction model. Likewise, weighted accuracy is the
fraction of the expected utility of a perfect diagnostic test that is achieved by an
investigational diagnostic test.

The plots of weighted accuracy and relative net benefit presented can appear to provide a lot
of information. However, they are generated solely from binary test accuracy, disease
prevalence, and varying 7. More information is available if the binary value of the new test
(test negative or positive) is based on thresholding an underlying continuous measurement or
score. The value of rat which the threshold for the new test minimizes expected loss
(maximizes expected utility) can be used to compare the two tests. In this approach, the
threshold for the standard test is moved such that expected loss is minimized for the same r
value at which the new test expected loss is minimized. Then, binary performance of the
new test is compared with the standard test at its modified threshold value. This new
approach can be a subject of future research. A brief discussion on determining the optimal
threshold from ROC sample data is provided in Appendix 2.

For many tests, the possible test result may be not only negative or positive but also
equivocal, defined as a hon-missing, non-erroneous result that is neither positive nor
negative (ElI Mubarek et al, 2016). For some tests, equivocal zones are defined by two
thresholds in an underlying continuous value. To make decision theoretic comparisons of
tests with equivocal results, the three-decision problem can be described by two separate
component problems, the problem of deciding between calling a subject a test positive or
not, and the problem of deciding between calling a subject test negative or not. If the subject
is called neither test positive or test negative, then by definition the test result is equivocal.
These two problems may be considered separately. For the test positive problem, the loss of
a false positive relative to not calling a true positive (FP:~TP) is considered. Likewise, for
the test negative problem, the loss of a false negative relative to not calling a true negative
(FN:~TN) is considered. The two thresholds at which the new test operates defines these two
loss ratios. The thresholds for the standard test are moved such that it is optimal under these
thresholds. The two tests are then compared on expected utility. Additional research is
needed to develop this idea from a general outline to specific benefit-risk comparisons of
tests permitting equivocal test results.
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Appendix 1
1.1. Loss

Let &= 0,1 indicate disease absence, presence, and ¢= 0,1 indicate the binary test results
(negative, positive). The “loss” of a test can be expressed as

L(t,d)=(1—t)Lo(d)+tLy(d)
=Lo(d)+t(L1(d)—Lo(d)) (1)

where Lg(d) and L1(d) are the losses ascribed to negative and positive test results,
respectively.

1.2. Equivalent Re-Expressions of Loss

For the general loss function (Table 4, left-hand table),

Lo(d)=(1=d)roo+dro1,
Ll(d):(l—d)rl(ﬁ—drn .

Thus from (1)

L(t, d):Lo(d)+t[ (17d) (Tlofroo)*d(ru 7?"01)]
=Lo(d)+t[(1—d)C'—dB] )

=B{Lo(d)/B+t[(1-d)r=d]} (3)

In expression (2) the loss depends on test result zonly through Cand B. One can argue that
comparative evaluations of tests on expected loss should be invariant to constant terms in the
loss function, i.e., those terms independent of test result. In expression (3), the loss function
is proportional to one which depends on test result £only through . One can argue that
comparative evaluations of tests on expected loss should be invariant to the scale of the loss
function. Taken together, (2) and (3) imply that the left-hand, middle, and right-hand loss
functions given in Table 4 are all equivalent for any comparisons of tests that are invariant to
the location and scale of the loss function.
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1.3. Utility

In lieu of defining losses Lg(a) and L1(d) due to incorrect binary test classifications (false
negative, false positive), consider utilities Up(d) and Uy (d) credited to correct test
classifications (true negative, true positive). The “utility” of the test can be expressed as

U(t, d)=(1—t)Up(d)+tU4 (d)
=Uo(d)+t(U1(d)—Uo(d))  (4)

Because tonly appears in the right-hand terms of (1) and (4), then modulo a constant
expected loss is the negative expected utility iff

U1(d)=Uo(d)=Lo(d)—L1(d)

This equality occurs if for instance Uy(a) = Lo(d) = dand Up(d) = L1(a) = (1 - d)r(using
right-hand loss function of Table 4). Thus, ris interpretable not only as the relative loss ratio
of false positive to false negative tests results, but also as the relative utility ratio of true
negative to true positive test results.

Under these utility functions,
U(t,d)=(1—t)(1—d)r+td,
which has expectation

E = E[U(t,d)]=(1-T0)por+Tip1  (5)

1.4. Valid Choices for r

From (5), for a random test with probability of testing positive g = 71 = z, expected utility is
ET:(l_T)p0r+Tp1
Relative to this random test, the test has positive net benefit if

0<NB; = E—E;=—(ro=7)por+(n—T)p1
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(ro—T)por<(m1—7)p1

This inequality imposes a constraint on rthat depends on the ordering of z,zp and z;:

’I“<(T()—T)_1 (11 —T)po_lpl, ifr<rmo<m (6)

7‘>(7'77'0)71 (Tfrl)poflpl, ifro<m<t )

r>(7—7'0)_1(7'1—7)p071p1, ifro<r<m1 (8)
The upper bound constraint imposed on rby (6) is smallest when zis chosen to minimize

(7077')_1(7'1 —7)
=14 (m0—7) " (r1—70)

which is minimized at == 0, always negative (“never treat”) random test. Thus one need
only consider this trivial test to determine valid choices of 7 for which the test has positive
net benefit relative to all random tests. For z = 0, the constraint is

T P
r<p1 1_ 1

poTo  1-P1

591

The lower bound constraint imposed on rby (6) is largest when z is chosen to maximize

(7’—7’0)_1(7—7'1)
:17(7770)_1 (r11—70)

which is maximized at == 1, the always positive (“always treat”) test. For z=1, the
constraint is

1— 1-F,
T>p71( Tl): 0 =6
po(l-m0) P

This poses no additional constraint for informative tests z; > 7, because then &y < p1/p. We
already require r> p/pg = the pre-test odds of disease to eliminate random tests from
consideration.
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The inequality in (8) is not a constraint on rbecause the right-hand side is negative.

Appendix 2

Considering the ROC plot of (7g(¢), 1(0) = (s, ROC(s)) for every cut-off cin x, expected
loss may be re-expressed as

E[L(s,d)]=spor+(1—ROC(s))p1,

Zweig and Campbell (1993) convey a well-known result about the operating point on the
plot at which expected loss is minimized. Setting to zero the derivative of expected loss with
respect to false positive fraction s, we find it is minimized when

OROC(s) r

Os 0

That is, expected loss is minimized at the operating point son the ROC plot at which the
derivative (slope of tangent line) is 7/6. Reversing this process, the loss ratio rat which the
operating point sis optimal (minimizes expected l0ss) is

OROC(s)

—f
! 0s

For sample data, Zweig and Campbell note that “the nonparametric ROC plot for continuous
data with no ties is a “staircase” of line segments having alternating slopes of zero and
infinity. The operating point can be determined by the point where a line (with the above
calculated slope), moving down from above and to the left, intersects the ROC plot”. An
algorithm for determining the optimal operating point in ROC sample data is given in Baker
and Kramer (2012, Appendix A). Deneef and Kent (1993) consider such thresholding with
application to testing for streptococcal pharyngitis.
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Figure 1.

Likelihood Ratio Graph: Regions of Comparison
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Figure 2.
Diagnostic Yield Plot for Standard Test S, N = 100,000 Subjects.
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Figure 3.
Diagnostic Yield Plot for New Test T, N = 100,000 Subjects.
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Relative Net Benefit over Never Treat by Cost/Benefit Ratio r
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Table 1
Diagnostic Yield of New Screening Test 7 Compared with Standard Test S for Colorectal Cancer (CRC),
100,000 Subjects.
Disease Test Positives Test Negatives
Status S+ T+ A+ S- T- A-
Absent 4965 14895 9930 94335 84405 —9930
Presentd 525 630 105 175 70 -105
Ratio 95 236 946 5391 12058  94.6
FpAEsD? 338 1013 675
AFP AES/ATP 0.64

aPrevaIence of disease (CRC) is assumed to be 0.7%, or 700 per 100,000 subjects.

bRisk of an adverse event during colonoscopy is assumed to be 0.68% (Rutter et al, 2012, Table 2). All subjects falsely testing positive are assumed

to be referred to colonoscopy and undergo the procedure.
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Diagnostic Yield of “Always Positive” Test® A Compared with Standard Test S for Colorectal Cancer (CRC),

Table 2

100,000 Subjects.
Disease Test Positives Test Negatives

Status S+ A+ A+ S- A- A-
Absent 4965 99300 94335 94335 0 -94335
Presentd 525 700 175 175 0 -175
Ratio 95 1419 539.1 539.1 NaN 539.1

FPAEsY 338 6752 6415

AFP AEs/ATP 3.67

aPrevaIence of disease (CRC) is assumed to be 0.7%, or 700 per 100,000 subjects.

bRisk of an adverse event during colonoscopy is assumed to be 0.68% (Rutter et al, 2012, Table 2). All subjects falsely testing positive are assumed

to be referred to colonoscopy and undergo the procedure.

[ . .
A trivial test that classifies everyone as test positive for CRC.
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Table 3

Parameters of the Diagnostic Yield Table.

Disease Status + + A+ - - A—

Absent | mé | Mo | Pol(zo= &) | Al =80) | Al = %) | om0 = &o)

Present | o1 | pim | A(m = &) | ;L= &) | ;- ) | —pu(m = &)

i -1 —1
Ratio 0 _1 o, _1 0 1 % 1
1 Te 1 Te

Adverse events among subjects falsely testing positivef:

FP AEs | améo apyT apo(zo = &)

AFP AES/ATP 1

ar,

pd=PAD= a)

tg=Pr(T=1D=a)

€0=Pr(S=1D=a)

PI=Pr(D=1|S=s);0:=P} /(1— P} )=odds of disease given S=s, s=0,1

Pt=Pr(D=1|T=; 6r=P4(1 - Py = odds of disease given 7= ¢ t=0,1

re= p1(z1 — €1)/po(=0 — £0) = ratio of relative importance FP:FN or cost benefit C:B at which tests Sand 7 have the same expected utility.

fa = Pr(AE| Treal) = risk of adverse event during subsequent management of a test positive subject.
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Equivalent Loss and Utility Functions (Loss due to the act of testing is assumed to be 0).

Table 4

Loss Functions

Test | D=0 | D=1 Test | D=0 | D=1 Test | D=0 | D=1
T=0| ro I | T=0] o0 B |T=0| o 1
T=1 o ny T=1 C 0 T=1 r 0
Utility Functions

Test | D=0 | D=1 Test | D=0 | D=1 Test | D=0 | D=1
T=0 —oo —In T=0 C 0 T=0 r 0
T=1| -no | -m [ T=2| o0 B [T=1] o 1

C=r10 - mo = net cost (harm) of treating subject without disease

B=m1 - r11 = net benefit of treating subject with disease

r= CB= FP.FNloss ratio = TN TP utility ratio
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