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Estimating intrinsic and extrinsic noise from single-cell gene
expression measurements

Audrey Qiuyan Fu?" and Lior Pachter”

Abstract

Gene expression is stochastic and displays variation (“noise™) both within and between cells.
Intracellular (intrinsic) variance can be distinguished from extracellular (extrinsic) variance by
applying the law of total variance to data from two-reporter assays that probe expression of
identically regulated gene pairs in single cells. We examine established formulas [Elowitz, M. B.,
A. J. Levine, E. D. Siggia and P. S. Swain (2002): “Stochastic gene expression in a single cell,”
Science, 297, 1183-1186.] for the estimation of intrinsic and extrinsic noise and provide
interpretations of them in terms of a hierarchical model. This allows us to derive alternative
estimators that minimize bias or mean squared error. We provide a geometric interpretation of
these results that clarifies the interpretation in [Elowitz, M. B., A. J. Levine, E. D. Siggia and P. S.
Swain (2002): “Stochastic gene expression in a single cell,” Science, 297, 1183-1186.]. We also
demonstrate through simulation and re-analysis of published data that the distribution assumptions
underlying the hierarchical model have to be satisfied for the estimators to produce sensible
results, which highlights the importance of normalization.
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1 Introduction

A gene can have different expression levels in living cells that have the same genetic
material and are subject to the same environment (Stegle et al., 2015). During early
development of an organism, distinct expression profiles eventually lead to formation of
different tissues. Moreover, complex tissues such as brain have many different subtypes of
cells with different gene expression profiles. However, variation in expression between cells
is reflective not only of distinct biological state, but also of stochasticity underlying many of
the processes fundamental to the molecular biology of cell.

In a classic paper on the stochasticity of gene expression in single cells, Elowitz et al. (2002)
introduced a clever two-reporter expression assay designed to tease apart “intrinsic” and
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“extrinsic” variation (also called “noise”) from the overall variability in gene expression: the
intrinsic noise is the variation in the expression of the same gene in identical environment,
whereas the extrinsic noise is the variation in gene expression due to cellular environment
that impacts all the genes at once. The idea is as follows: two identically regulated reporter
genes (cyan fluorescent protein and yellow fluorescent protein) are inserted into individual
E. coli. cells, allowing for comparable expression measurements within and between cells. If
ncells are assayed, this leads to expression measurements ¢y, ... ¢;and y, ... ¥, where the
pair (¢;, y)) represent the expression measurements for the cyan and yellow reporters in the
#h cell. The goal of the experiment is to measure the variance in gene expression from the

pairs (c; y) (denoted by 5?2 ) and to ascribe it to two different sources: first, variability due
to the different states of cells (“extrinsic noise,” denoted by 2 ,), and second, inherent

variability that exists even when the state of cells is fixed (“intrinsic noise,” denoted by 7?2 ).
In Elowitz et al. (2002), these noise terms are defined as squared coefficients of variation

and specific formulas are provided for estimating »2 , 2, and »Z , (hereafter referred to as
the ELSS estimates):
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Hilfinger and Paulsson (2011) later interpreted these estimates in terms of the “law of total
variance” (explained in the next section), which sheds light on the statistical basis of the
ELSS estimators but does not address questions about their statistical properties. In this
paper, we derive the bias and mean squared error of the ELSS estimators and examine their
optimality. We also examine the geometric and biological interpretation of the estimators.

The processes that lead to the expression of the reporters (or genes in general) are much
more complex than described here, e.g. the models described in the paper ignore the effects
of translation. Many studies (e.g. Rausenberger and Kollmann 2008 and Komorowski et al.
2013) have developed detailed mathematical models for these processes. While some of our
results may generalize and be relevant in more general settings, we restrict our analysis to
the intrinsic and extrinsic noise as examined by Elowitz et al. (2002) and accessible via
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static reporter expression experiments. Analyses are implemented in the R package noise
available on CRAN.

2 A hierarchical model

We begin by introducing a hierarchical model that provides a formal model for the
experiments of Elowitz et al. (2002) and that provides insight into the numerators of (1,2,3).
They are the key components of the Elowitz et al. (2002) formulas and can be viewed as
estimators of true variances. We note that lower case letters such as ¢;and y;denote
observations not only in the ELSS formulas but throughout our paper; we reserve uppercase
letters for random variables.

A hierarchical model for expression of the two reporters in a cell emerges naturally from the
assumption that reporter expression, conditioned on the same cellular environment, is
represented by independent and identically distributed random variables. To allow each cell
to be different from the others, we introduce independent identically distributed random
variables Z;, for /=1, ..., nthat represent the environments of cells [as in Hilfinger and
Paulsson (2011)]. Consistent with Elowitz et al. (2002), we posit that the cellular conditional
random variables associated to the two reporters have the same distribution ~with mean M,

2
and variance Zl both parameters being unique to the 7th cell:

CIZNFOML YY)

and

VIZeF (MY ()

Thinking of a two reporter experiment as “random,” in the sense that the states of cells 23,
... Zpare random, across cells we have

M;~G(u, OZ)

and

waH(aQ, e),

where G is the distribution of all the M, with mean p and variance aﬁ, and H'that of all the
2
Zi s, with mean o and variance e. In other words, both the mean and variance of reporter

2
expression level is cell specific and the random variable ZZ and its mean o represent the
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“within-cell" variation as distinguished from the parameter oﬁ which represents the
“between-cell" variability in the ANOVA setting.

For any /, the mean of C;or Yjis J, according to the following calculation:

E[Ci]=E,, | B[Ci|Z]|=E[Mil=p. ()

The total variance in Cj(or Y;) can be calculated using the “law of total variance”:

Var| Gi|=E, [Var| C;|Z;]]+Var, [ E[ C;| Z;]]. )

Using the notation of the hierarchical model described above, and dropping the subscripts
for expectation because they are clear by context, we have, for any 4,

E[Var[CﬂZi]]:a'g (within—cell variability;intrinsic noise), (8)

Var[E[C’i|ZZ-]]:05 (between—cell variability;extrinsic noise). 9)

With this notation equation (7) becomes

Var| Cj|=E[Var| Ci| Zi]|+Var E[ C;| Zi||=0"+0,  (total noise). (10)

This means that the marginal (unconditional) distributions of C;and Yjare identical:

CinF'(p, 0% +07);

Y—Z'NF/(,UH 02+UZ)7
where the marginal distribution /' may or may not be the same as the conditional

distribution £.

In the next sections, we will derive the estimators for extrinsic and intrinsic noise, and
examine the bias and MSE of each estimator. Specifically, for any estimator S, the MSE of S
with respect to the true parameter < is calculated as follows:
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E[(S —7)%|=E|[S — E[S]+E[S] — 7*

=F [(s — B[S])*+(E[S] — 7)%4+2(S — E[S])(E[S] — T)]
—=E[S — E[S]|]*+E|E[S] — 7)*

=Var[S]+(E[S] — )%,

where E£[S] - T is the bias of S.

3 Extrinsic noise

To examine estimators for extrinsic noise, we start with the law of total variance, noting that

the within-cell variability Van £ CJZ]] can be written as:

Var[ B[ C;| Zi]|=E| E| Ci| Z:)*] — (E|E[ C;]Z])*
E|E[Ci|Z)|E|Y;|Z]] — (E[E[Ci)Z,))*
E[E[CY;|Z;]] — E[E[Ci|Z;|E[ E]Y:| Zi]]

=E[C}Y)] — E[C]E[Y]]

=Cov|[ Cy, Yi]. (11)

This connection between the extrinsic noise, the law of total variance and the covariance of

Cjand Y;was noted in Hilfinger and Paulsson (2011).

Formula (11) leads to the following unbiased estimator for the extrinsic noise, as it is an
unbiased estimator estimator for the covariance:

* 1 - V2,
Sext—nj (;CZY; - nCY) .

We note that the ELSS estimator (2) uses the scalar 1/, which unlike the case of the
intrinsic noise estimator (1) leads to a biased estimator in this case.

In order to find the estimator that minimizes the MSE, we consider the following general
estimator:

1 (& -
Sext=— (Zcm — ncY> .

i=1

We assume that A;is normal and that u = 0 and e = 0. The MSE of S, is
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1 ol
—= r , or equivalently
a

(03+0%)"+(n — 1) (147 ) ok

a=n—1) (1+7) +<U2;%Ui)2:(” () (12

The last step in (12) is due to Equations (9), (10) and (11):

O'Z 7COV[CZ', Yl]i COV[CZ', YJ .
o’+o2  Var[C]  \/Var[C}] /Var[ Y]] - (13)

1
It is interesting to note that (12) comprises two parts: the first, (7 — 1)(1+5) converges to 7
02—1—02 2 1
-1 as n— oo, while the second, ( o2 ) is equal to 02 where p is the correlation
between the two reporter expression vectors C and Y. See Appendices A and B for more

details.

4 Intrinsic noise
Also starting with the law of total variance, the within-cell variability £ Var CjZ]] for cell /
can be written as:
E[Var[ C;|Z;]]=Var[ C;] — Var[ E[ Ci| Z;]]
:%[Var[ Ci]+Var[ Y]] — Cov|[ C;, V3]
:%[Var[ Ci] — 2Cov[ G, Yij+Var| Yi]]
zéVar[ C; — Y
1

=5 (BIC: i — (E[C: - Y))?) .

2 (14)
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This leads to the following unbiased estimator for the intrinsic noise:

Si*ntz(Tll)Zn: {(Ci -Y) - (U - Y)]Z

=1

1 " n — =2
“2(n— 1);(@ —Y)’ - 2(n—1) ©-Y)-

To find the estimator that minimizes the MSE, we consider estimators of the following
general form

1

Sint:% (zn:(cz — Y’Z)Q _ n(a - }7)2> ' )

Assuming normality of the distribution G (i.e. cell-specific means M, follow a normal
distribution), as well as 1 = 0 and e = 0, the MSE is given by

E[Sint - 0—2}2:V8‘r[sint]+(E[Sint] - 02)2
_ L (2n?+ 0

2 1 1
57 — 7)U4+2(Z - 1)0202+—0ﬁ —2(n— 1)04E+04.

S|

The value of athat minimizes this expression is
3 4 2 2 4
o (2n? = Tn+6)0"+2(2 — n)o o, +0),

2(n?2 —n)o*

7271/3—7n+6 2—n UZ 1 <ai>2

~ 2(n%2—n) n2—n0_2+2('n,2—n) o?
2 —Tnt6 2-n  p 1 ( p )2
5)

22 —-n) n2-nl-p 2(n2—n)\1—

See Appendices A and C for the complete derivation.

The analysis above can be simplified with an additional assumption, namely that C= Y. In
some experiments this may be a natural assumption to make, whereas in others the condition
is likely to be violated; we comment on this in more detail in the discussion. Here we
proceed to note that assuming that C= 7, the estimator (15) simplifies to

gint:iZ(Ci - Y;)%

20—

The unbiased estimator with this form is easily derived by observing that
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Sint]= ZE Ci-Yi) Z\/ar Ci— Y]]

— 2\ 2
—%(20' +2Gu 720#)750 .

Thus, in order for Sj,;to be unbiased the parameter a must be equal to /2. The resulting
formula is the ELSS formula in (1). This makes clear that the assumption C= Y underlies
the derivation of the ELSS intrinsic noise estimator.

In order to study the mean squared error and derive an estimator that minimizes it, we again
assume normality of G. The MSE of S;is then given by

E[ S — 02 =Var[ Sing ]+ (E[ Sint] — 02)°
n N 2,2
—5(35+20 )+(EO' —0%) .

Assuming again that 4 = 0 and e = 0, the MSE simplifies to

~ 2 2n n\2 2n
b5t (2) - 20
a a a

4 4
no n—|—2 2no
( - ) 47

a a

which is minimized when a= n+ 2 (see Appendices A and D for the complete derivation).

5 Geometric interpretation

Figure 3A of Elowitz et al. (2002) shows a scatterplot of data (¢;, ;) for an experiment and
suggests thinking of intrinsic and extrinsic noise geometrically in terms of projection of the
points onto a pair of orthogonal lines. While this geometric interpretation of noise agrees
exactly with the ELSS intrinsic noise formula, the interpretation of extrinsic noise is more
subtle. Here we complete the picture.

To understand the intuition behind Figure 3A in Elowitz et al. (2002), we have redrawn it in
a format that highlights the math (Figure 1). The projection of a point (c;, y;) onto the line y

= cis the point ((y,+¢;)/ v/2, (y; — ¢;)/ V/2), shown as the red point in Figure 1. Assuming
equal means (¢ = y), the intrinsic noise, as estimated by the unbiased estimator (1), is then
the mean squared distance of the points from the line y= ¢

The ELSS estimate for the extrinsic noise is the sample covariance. Intuitively, it indicates
how the measurements of one reporter track that of the other across cells. The geometric
meaning of the sample covariance in Figure 1 is based on an alternative formulation of
sample covariance (Hayes, 2011):
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n—1n

Cov(c,y)= ZZ (ci = ¢j)(yi — yj)-
i= 1]>z (16)

This formulation of the sample covariance has the interpretation of being an average of the
signed area of triangles associated to pairs of points. Figure 1 illustrates these signed
triangles using a randomly selected point (the blue point). This formulation is very different
from what might be considered at first glance an appropriate analogy to intrinsic noise,
namely the sample variance along the line y=c

An alternative estimate for the extrinsic noise based on the sample variance of the projected
points along the line y= ¢ (using the projected centroid as the mean, which is shown as the
green point in Figure 1) turns out to be biased by an amount equal to the total noise. This
sample variance averages the squared distances of the data points from the centroid (green
point) after projection onto the line y'= ¢; see the distance between the red and green points
in Figure 1. Since

s 1 /1 _ —\?
Sext:n IR 12(%(}/7, - Y‘i’cl — C>>

i=1

:ﬁz ((CH-Yz‘)Q - (5+57)2)

i=1

the bias is

E[ oxr] o, :—Vdr[C'JrY]

=—(Var[ C;]+Var[ V;]+2Cov[C;, V;]) — 0

w|>—w|»~

(2(02—%02)—%202) — 052024-0'5

which is the true total noise.

The above calculation also shows that if the intrinsic and extrinsic noise are both estimated
as variances along the projections to the lines y=—cand y = crespectively, then the total
noise will be overestimated by a factor of two.

In summary, the caption to Figure 3A in Elowitz et al. (2002) is completely accurate in
stating that “Spread of points perpendicular to the diagonal line on which CFP and YFP
intensities are equal corresponds to intrinsic noise, whereas spread parallel to this line is
increased by extrinsic noise.” However the geometric interpretation of covariance makes it
precise Aowan increase in extrinsic noise relates to the spread of points in the direction of
the line y=c
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6 Practical considerations

6.1 Optimal estimators for intrinsic and extrinsic noise

We have derived the estimators that are optimal for minimizing bias or the MSE
(summarized in Table 1). The ELSS estimator in (1) is in fact a special case of the general
estimator under the assumption that C= ¥, and is appropriate for data that are normalized to
have the same sample mean (i.e. ¢= y). In Elowitz et al. (2002), the intensities of the two
reporters were normalized to have mean 1. In the case where the assumption of equal
reporter means does not hold, the general estimator is more suitable.

Similar to the estimators for the intrinsic noise, we derived two estimators for extrinsic
noise, optimized for bias and for MSE respectively (Table 1).

The sample size nis the leading term in the denominator of all the optimal (in either the bias
or MSE sense) intrinsic and extrinsic noise estimators. As a result, the unbiased estimator
has the same form as the min-MSE estimator for large n (Table 1). For extrinsic noise, the
general estimators converge to the ELSS estimate (Table 1). The mean and variance of the
estimators are summarized in Table 6 in Appendix E. For intrinsic noise, assuming ¢ = y,
the ELSS estimator is optimal for bias and MSE at large 7 and optimal for bias at small ».
Indeed, in Elowitz et al. (2002), typical values for nare greater than 100, making the ELSS
formulas suitable for the analyses performed (with the assumption of equal mean satisfied).
However, our derivations indicate that the two types of noise can be estimated using fewer
cells.

As a general rule we recommend computing the inverse squared correlation between the ¢;
and yjvalues and applying the min-MSE estimators when the sample size is small (e.g.
much less than 50).

It is worth pointing out that the correction factor 1/a in the min-MSE estimators tends to be
smaller than that in the unbiased estimators (1/(r7— 1)) and the asymptotic estimators (1/7,
Table 1). This smaller correction 1/a makes the min-MSE estimators “shrinkage” estimators,
such that they achieve better MSE despite being biased, just like the Jame-Stein estimator
(James and Stein, 1961). Our simulation results confirm this point (Table 2). However, using
the sample correlation, instead of the true one, in our min-MSE estimators leads to increased
MSE, although the estimates with the sample correlation do not differ much on average from
that with the true correlation.

6.2 Data normalization

Our hierarchical model, as well as the ANOVA interpretation, is consistent with the model in
Elowitz et al. (2002); both models assume that within each cell there are two distributions
for the expression of the two reporter genes and that they have the same true mean and true
variance. With the normality assumption, this means that the two reporters have identical
distributions. Elowitz et al. measured the single-color distributions of strains that contained
lac-repressible promoter pairs, which verified that this was a reasonable assumption in the
case of cyan fluorescent protein (CFP) and yellow fluorescent protein (YFP) in their
experiment. We also performed simulations under the hierarchical model, with and without
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identical distribution for the two reporters, and summarized the results in Table 3. Estimates
of intrinsic and extrinsic noise are the same as the truth when the identical distribution
assumption applies. When this assumption is not satisfied, the theory breaks down and it is
unclear what the estimates mean.

Other studies have adapted this system and used other reporter combinations that may have
markedly different distributions. For example, Yang et al. (2014) used CFP and mCherry
with vastly different ranges of intensity values: whereas CFP varied from 0 to 6000
(arbitrary units; i.e. a.u.), mCherry could vary from 0 to 9000 (a.u.); see Figure 3A from
their paper. In contrast, Schmiedel et al. (2015) normalized the two reporters used in their
experiment (ZsGreen and mCherry) to have the same mean. However, the variances, or more
generally, the two distributions, also need to be the same. Since the decomposition of the
total noise depends on the assumption that both reporters in the same cellular environment
have similar variance (see equations 4 and 5), we recommend that in general a quantile
normalization which normalizes the reporter measurements to identical distributions be
performed before the calculations of noise components. Such a normalization procedure is
standard in many settings requiring similar assumptions.

6.3 Assessing the ratio of extrinsic to intrinsic noise from sample correlation

We have seen from (13) that the proportion of the between-cell variability to total variability
is the correlation p(C, Y). This leads to a simple approach for estimating the relative
magnitude of the two types of noise: one can compute the sample correlation of the
expression of the two reporters, p(c,y), and the ratio of extrinsic to intrinsic noise is then

estimated by p(c, y)/[1 - p(cy)].

7 Re-analysis of published two-reporter experiment data

Michael Elowitz and Peter Swain have kindly shared with us their data published in Elowitz
et al. (2002). Here we focus on the data in Figure 3A of their paper, which contain the
unnormalized fluorescence intensities of CFP and YFP in the £. coli. strain D22 and in
strain M22. We normalized the data as follows such that the resulting scatterplots are close
to Figure 3A:

D22: ci=(cj — ¢*)/(8sc)+Liyi=(yi —y*)/(8sy)+1;

M22: c;=(c] —c*)/(12s2)+1;y;=(y; —y_*)/(1282;)+1,

where ¢ and ;" are the unnormalized intensity of the CFP and YFP, respectively, in the th

cell, = the sample mean, and s,, the sample standard deviation. The normalized intensities
are close to normal distributions, and all four distributions have mean 1. At a sample size of
over 200, the different estimators in Table 4 give essentially the same result. Additionally,
the ratio of the estimated extrinsic and total noise is close to the sample correlation,

verifying our theoretical result.
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Nam Ki Lee and Sora Yang have also kindly shared with us their data published in Yang et
al. (2014). Here we analyze the data in Figure 3A of their paper, which are the expression
levels (intensities) of two reporters, CFP and mCherry (also see Sec. 6.2). The shared,
unnormalized intensities have very different sample means (Table 4). Application of the
estimators in Table 1 to these data gives two different estimates of the intrinsic noise, with
the ELSS estimate being nearly three times the estimates under the equal mean assumption.
To normalize the data, we removed the few negative values, log, transformed the data, and
quantile normalized between the two reporters (see summary statistics in Table 4). Applying
our estimators to the normalized data, all estimates are consistent with one another. This
analysis illustrates the importance of the equal mean assumption: when this assumption is
not satisfied, the ELSS estimator leads to overestimation of the intrinsic noise.

Additionally, we subsampled from these data sets and assessed the performance of the
estimators as the sample size decreased. At each sample size, we repeated the subsampling
1000 times and computed the mean and standard deviation of the noise estimates (Table 5).
Whereas the means of the estimates do not differ from those obtained using the entire data
sets, the variation (measured by the standard deviation) increases quickly with decreasing
sample sizes. For the Elowitz et al. data, the standard deviation in the estimates roughly
doubles for both types of noise as the sample size halves. Comparing the standard deviation
to the mean suggests that 200 is indeed a reasonable sample size for estimates with small
variation (compare with their actual sample sizes of 284 and 250 for the two strains). For the
Yang et al. data, the increase in the standard deviation is much less drastic, and 200 also
appears a decent sample size for reasonably small variation in the estimates.

8 Conclusions and discussion

Our hierarchical model for Elowitz et al. (2002) provides statistically interpretable
parameters representing intrinsic and extrinsic noise, and allows for the derivation of
estimators with optimality guarantees. Furthermore, the model highlights experimental
assumptions that need to be satisfied for the estimators to be valid, specifically that the two
reporters need to have the same distribution (within a cell) and hence normalization may be
necessary. Whereas similar hierarchical models have been proposed before to study
heterogeneity among single cells (see, e.g. Finkenstédt et al., 2013, and Koeppl et al., 2012),
our hierarchical model explicitly parameterize the two types of noise, and reveals their
equivalence to other quantities, as indicated by (11) and (14), which enable derivation of
closed-form estimators of these parameters (summarized in Table 1). We use bias and MSE
to explicitly evaluate the performance of different estimators, and recognize the asymptotic
equivalence of multiple estimators.

Other experiments have been set up to explore and assess intrinsic and extrinsic noise, and
some of our results may be useful in those settings. For example, Volfson et al. (2006) used a
single reporter but two Saccharomyces cerevisiae strains, with one strain containing only
one copy of the reporter, and the other strain two copies. Assuming no strain effect, which
may be thought of as batch effect, the authors applied the following estimators for (unscaled)
intrinsic and extrinsic noise (consistent with their notation, and without the denominator of
CYas used in the ELSS estimators in Table 1):
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Vi=2Vi = Va/2;  (17)

Ve=V2/2=V1, (18)

where V4 and V5 are the variance in the 1-copy and 2-copy strains, respectively, and V;and
V, are intrinsic and extrinsic noise, respectively. These estimators are in fact consistent with
(11) and (14) under our hierarchical model:

Vi=Var[ C;]=Vi+Ve=Var[ Cs]; (19)

Vo=Var[ C1+4 Cy]=Var[ C;]4+Var| Cs]+2Cov|[ Cy, Co]|=2(V;+ V.)+2V.. (20)

Together, (19) and (20) give rise to (17) and (18). Note that (19) and (20) imply that the
extrinsic noise is also the covariance here, except that the covariance is between the 1-copy
and 2-copy strains with the same reporter; this is also pointed out by Sherman et al. (2015).
Additionally, the total (marginal) noise of the reporter is the sum of intrinsic and extrinsic
noise (19). However, consistent with our analysis of the assumptions of the hierarchical
model, these estimators hold only when the variance for each single copy in the 2-copy
strain is identical to that in the 1-copy strain. This is equivalent to assuming no strain (batch)
effect, which can be a rather strong assumption.

We note that during the preparation of this manuscript, Erik van Nimwegen independently
examined the Elowitz et al. (2002) paper form a Bayesian point of view (van Nimwegen,
2016).
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A Moments of M; and C; under normality

Assuming that M;~N (., o), we have

Stat Appl Genet Mol Biol. Author manuscript; available in PMC 2017 July 20.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuely Joyiny

Fu and Pachter

E[M; — p)*=0;

E[M; — [1,]4:303.

We can compute the third and fourth moments of M;as follows:

El

M; — pP=E[ M} 4p* — 2M;p) (M; — 1]
[M3 — QM2+ Mip® — M2 — p +2M 2]

=E[M}? — 3M?u+3M;u® — p ]
:E[M“] — 3u(on+p”)+3u° —
=E[M}] - 3o, — 1i°,

E[M}|=3po%+p°.

2
B[M; - pl'=E[M? — 2Mp+ 2%

which gives
=E]
=E|
=E|

which gives

M pAAME 2 2M2 p? — AMP o — AM; 1P
Mp*+6 M2 % — AMP 3 — 4M; %)

M} +pt 460 (0 +1%) — 4pBuop+p*) — 4p
M4]+u4+6u202+6u4 — 12,u202 —dpt —apt
M} —6por, —

4

E[M})=30y+6p 0 +p".

2
For the random variable C;, since Zi ~H(o® ), such that

we have
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E[C{]=E[E[C}|Z)]]

_ 4 a2, 4

=E[3)  +6M?Y  +M;]
=3(c+0)+6(0+1?)o’+30,+6 %0+t
=3e+30"+60507+61 0% +307,+6 170+ 1.

Further assuming that i = 0, i.e. the means are all 0, and that e = 0, which means that the

variability is the same across cells, we have

and

B Calculating Var[Sey]

Var[ Sext|=Var

i=1

——Var [ZC’Y nCY
=1

<Var [2”: } +Var[nCY] — 2Cov {i C; Yi,nﬁi’]) .

i=1
B.1 Calculating Var [Z;L:I C; Y]
{ZCZ } ZVar [C; Y]

i=1 i=1
n

—Z( E[CIY?] - (E[CiYi))’)
where
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E[CY*=E [B[C}Y?| 2]
=B |E[C}|1Z) B(Y?| Zi]
B[ M

=E[Y M2y M)

Var[ ST (BIY) + B 142803 ) B M)
=e+o+E[ M]+20? (ai—l—/ﬂ);

and

E[C;Y}]=Cov| C;, Y+ B[ Ci| B[ Y]

=02+u2.

Therefore,

n

Var |: CZ Y7:| =
i=1

n
o, & P P 5. 2
(g+a4 +EM! +20% (02 +42) — (02 +17) ) .

i=1

B.2 Calculating Var[n C 7]

Var[nC'Y]=n” Var {CIJFHNFC” . YIJF'“JFY"}

n n

2
:%Var zkjck Vit > C:Y;

i#]

+2Cov [y CiYi, > CiYj.
k

i#] i#]

—_

:% (Var [Z Ck Yk} +Var {Z GiYj
ke

Assuming normality on M;and assuming that 4 = 0 and e = 0 (constant variance across
cells), we have

Var {ch Yk} :n(a4+30ﬁ+20205 - aﬁ)
k

2
:n(02+03) —waj.
Also,

Var

> CiY;

i#]

=Y Var[C;Yj[+2 > Cov[CiY;, CpYi]+2 Y. Cov[C;Y, Cr Y.

i%j i=k or j=l i#k and j#l
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Page 17

Under the assumptions made above, we have

Var| C; Yj|=E[ C? Y] — (E[G; Yj)*
=E[CHE[Y}] - (E[C)E]Y;))”

K3
(2, 232
_(U +Uu

If 7=k

Cov[ C;Y;, Cp YI|=E[ C;Y; Gy Y] — E[C; Y E[ G Y]
=E[C7IE[Y;)E[Y]] — (E[Ci])*E[Y;]E[Y]
=0.

Similarly, we can derive that the covariance is 0 for other cases where j= /or where /% k
and j# /. Hence,

Var {ZCI Yj} =n(n — 1)(02—1—05)2.

Additionally, under the normality assumption and with p=0and e =0,

Cov =0.

> G Y Y CiY;
%

i#]

Therefore,

— 1 P g
Var[nCY]:n—2 (n(02+05)2+n0ﬁ+n(n - 1)(02+05)2>
1 2
== (n2(02+oi) —I—noﬁ)
4
o
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B.3 Calculating Cov [ZLI C;Y;,nCY]

" | 1
Cov {Z C;Y;,nCY | ==Cov
i=1 n

n
ZQ‘ Y, ZCk YH—Z@ Y;
i—1 %

i#]

+Cov

n
> _CiYy, Y CiY;

i=1 i#j

1 n
== (Cov [Z C; Y, ch Yy

i=1 k
1 n

=— |V C;Y;

:(024—03)2—1—0;4,

i=1

Putting the terms above together, we have

1 52 Of
Var[Sext]:a—g <n(02+0i)2+naﬁ+(02+oj)2+7" — 2(02+05)2 — QUﬁ>

n—=1 45 902 (n—l)Q 4
i (o +Uu)+ — oy

C MSE of the general intrinsic noise estimator
The general form of the estimator for intrinsic noise is

n

s—L (Z(ci ~Y;)? = n(C - y)2> .

2a1

C.1 Calculating Var[S]
Thus

_ 1 ) 12 2 = 02 ' N2 A 2
Var[S}=— (Var [32(Ci— Y3)*] 402 Var [(C = V)| = 2nCov [ (Ci - v9)7,(C - V)7]).
Below we will assume normality, as well as 1 =0 and e = 0, to facilitate the derivation. Note
that Var [Z(C;— Y})?] is derived in Appendix D.
C.1.1 Calculating Var[(C - ¥)2]—First, we note that

Var[(C — V)*|=Var[C® — 2CY+Y”]
=Var[C” 14 Var[ CY ]+ Var[ Y|4 Cov[ T, CY]—4 Cov V¥, TV ]+2Cov[ T7, V7).
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Va0 [CE G Ca 4G

n n

S CP4Y Cic

i
1 2
=1 Var Z C} +Var

1 2 2
:H(Qn(a%—ai) +n(n — 1)(024—02) +0)

ntl o o2
:F(U +0H) .

1
——V
n4 ar

+2Cov

> GG

i#j

This is because

Var ZCiCj :ZVar[CZ-Cj]
i#j i#j
=) (ECIC] — (ECiC;)*)
i#j
:Z((02+03)2 —0)
i#j

=n(n — 1)(a2+ai)2.

Additionally, from Appendix B, we have

o 1
Cov[C*, T V]=—Cov
n

i#]

:% <C°V [>_ G\ > Civif+Cov [Z Ces D Oy

m#r

+Cov +Cov

32663 Gy,

i#]
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Cov [Y CE.>-GYi|=Cov [3 G2, Y v

=Y (B[C}Vi] — B[CYE[CYy))
= Z [30202+303 — (02+Ui)ai]

:2n03 (0'24-03).

For Cov [Z Ckg, Zm#r Cm CT], since

Cov[ G, CiYj|=E[ C] Yj] - E[C|E[ C; Yj)=0

and

Cov[C7, C;Yi]=E[C7 C;Yy] — E[CF|E[ C;Yi]=0,

we have

Cov [Z i, > Cn Cr} =0.

Mm#T

For Cov[Z i CiCj ZCyY]), since

COV[ CZ'C]', CZ YZ]IE[C? Y,C]] — E[ CZCJ]E[ Cz YZ-]:()

and
Cov[ C.Cy, C;Yi]=E[ C,C,C; Y] — E[ CrC)E[ C; Yi]=0,
we have
Cov [ZCZC], Z Y| =0.
ez
Additionally,
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Cov ZCZ-Cj, ZCmC’r = Z Cov[CiC’j7 Cin Cy]
i#] mET 7,5, m,r
=Y Cov[C;Cj, C;C}]
i#]
=ZVar[ C; Gy
i#]

=n(n —1)(0>+02)".

Therefore,

rab? 2 9, 0, o, =1, 5 52
,CY]ZFU,J(O' +U#)+7(O‘ +O’,_L) .

Furthermore,

Cov[ T, Y’Q]:%cov [Z CE+> CiCi, Y YP+Y Y YT}

i#] Mm#T

:% <Cov [Z ey yﬁ] +Cov [Z CEY VY

m#£T
ZY[Q,ZCZC} Zczqyzymy'f'
i+

%] m#ET

+Cov +Cov

In the expression above,

Cov [3° G2 v =2nof;

Cov [Z Ckg, Z Yo Yr} =Cov

m#T

Z YIQ,ZCZ'C{| :0;

i#]

Cov [ CiC;, > YnY,| => Cov[C;Cj, Y;Yj]
i#j mET i#£]
=Y (B[CiCY3Y;] — B[ CiCj]E[YiYj))
i£]
=Y (E[C;Y}]E[C;Y;] - 0)
i#j
=n(n — l)aﬁ.
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Then we have

COV[02 Yg]— ! (Qna +n(n — 1)0 )

_n+l1 o

nd T

Putting the terms together, we have

Var[C — Y]°=Var[C°]+4 Var[ C Y]+ Var[ Y |- 4 Cov[C°, CY]—4Cov| Y*, T Y]+2Cov[T°, Y7

~2(n+1 4 408 16

(n )( +o ) E(UQ-FO"Z) +n—3“ - ﬁaﬁ(UQ—l—ai)

8(n—1 2 2(n+1
— (ng )(02+03)+ (n5 )o,z
_2 ((6 - n)(02+02)2 — 802(02+02)+(n+3)04)

n3 n I p 7
:33 ((6 —n)ot4(4 — Qn)azai—f—oi) .

C.1.2 Calculating Cov [Z(C; - Y;)2, (C - Y)2]—Next, we note that

Cov [3(Ci=Y9)*,(C= V)" =3 Cov [(Ci = Y)*,(C- Y)’]
= (BI(C? - 20Y;4YR)(C* - 20V +7V7)]
— B[(C} = 20Y,4Y2)E[(C* - 207 +Y7))),

where

E[(C2 = 2C,Y+YA)(CT” — 20V +Y7)]
=B [CFC" — 20Y,C*+YC" = 2070V +4CY;CY — 2V 7OV +C3Y* - 20,V *+Y2Y 7]

and

B[C} = 20+ Y )=2(0?+02) — 202 =207,

E[C° - 2CYV +Y )= ( *+o2) - 222
n
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2742 1

c? (Z c,§+ZCiCj)

]

- (E[c;*HZE[cE]E[OzHZE[c;ic,-cj])

ki i#j
1 2 2
== [3(0—2+a§) +(n —1)(02+02) +0]

n+2, 5 52
=7 (o +Uu) .

roi C? Cy.C,
E[CiYZ-CZ]:E |:Cin'Z J+z:2k¢l k 1]
n

1 . ;
Zﬁ(E[Cz‘K'Cf]‘f'ZE[CiECfHZE[Cz'Yz"CkCl]
J#i k#l
1
— (3(0202+0ﬁ)+(n - 1)(U2JZ+U;‘;)+O)

n2
n+2 o, 9 o
=7 o, (0" +ay,).

Y22 C34311CkC

E[Y?C*)=E { = 1

1

=— | E[Y2CH+D>_E[Y7C31+) _E[YCiCl]
" j#i k#l
1 2 2

== ((02—1—02) 208+ (n — 1)(02+02) +O)

= % (n(02—|—02)2+20ﬁ) .

B[OFOV)=, (E[CECMHZE[C?CijHZE[CECkYz]

J#i k#l
1
== (3(0202+aﬁ)+(n - 1)(0202+U;‘;)+0)

I
n+2 5 5 o
—?UH(O' +0,,)-
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Page 24

3
n i Kl

E[Cz'Yz'UY]:i (E[CEY?HZE[CiYiCjY}HZE[Cz'YiCkYi])

1 2
== ((024—03) —|—2Uﬁ—|—(n - 1)0ﬁ+0)

:% ((0*+02) +(n+1)0t) .

Additionally,
275 2= N2 o 9 oy
E {Y7 CY|=E [CZ- CY]:?O’M(O’ +0,);
—2 -2, 1 2
BC}Y =BT |=— (n(o+02)*+204) ;
=2 —=2 n+2 2, 92 24,
E[ClY;Y ]:E[CZ}/ZC ]:?o’p(a +Uu)7
— — 2
E[Y;QYQ]zE[Cfcﬁz%(a2+aﬁ)2.
n
Therefore,

E[(C2 = 2C,Y+YA)(C® — 20V +Y7)]
=E [CFC" - 20,Y,C*+Y2T" — 2070V +4CY;CY — 2¥7CY +CHY* — 20,V *+Y Y]

2(n+2) 2 4(n+2) 2 2
" (024—03) R 02(02+02)+ﬁ (n(a2+ai) +20ﬁ)
4(n+2) 4 2

- 02(02—1-03)4-? ((az—i-ai) +(n+1)oﬁ)

4(n+2)0
—_—

n

So we have
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Cov [3(Ci=Y9)*,(C= V)" =3 Cov [(Ci = Y)*,(C~ Y)’]
= (B(C} - 20¥i4+Y?)(C* - 20V +77)

— B(C? =204V E(C” - 2CY+Y7))
—n <74(”::22)04 - 202¥>

8ot

o n
The variance of the estimator is then

Varl S=— <Var (> (Ci = ¥)*J+n?Var[C — ¥]° — 2nCov [3°(Ci - ¥9)*,(C - ¥)7])

_ 1 1, 2 4

=12 <8na +E <(6fn)0 +(4 — 2n)o? o, 210 )7160 )
1 L1

=502 <4na +E <(6 n)ot+(4 — 2n)o? o, 2 1o ) )

C.2 Calculating E[S]

The expectation of the estimator is

B(8=5- (Y B0~ v ~nE[T - 1T°),

where

E[(C; — Y;)*]=Var[ C; — V7]
=Var[ C;]+Var[ Y;] — 2Cov| C;, Y]
:2(0’2+UZ) - 205:202,

and

E[(C - Y)’|=Var[C - V]

=Var[ C]+Var[ Y] — 2Cov[C, Y]
2 2 202

= (o) Lo

Hence,
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C.3 Calculating the MSE
The MSE of the estimator is then

g

E[(S — 0%)*|=Var[ S]+(E[S] — ¢?)*

1
=552 <4na +-— ((6 —n)ot4-(4 — 2n)0203+0§) - 8a4>

-1 2
—l—(n —1) ot
a

1 1
=2a2 (4na +-— ((6 —n)ot4+(4 — 217/)0203+0§) —80142(n — 1)204)

—2(n— 1)04——|—04

6 2 1 1
2 5.2 ((QTL +— 7)0’4+2( 1)0.20.2+ o > o 2(71 o 1)0,4_+0,4'
a

The value of athat minimizes this MSE is
(2n® — Tn+6)o*+2(2 — n)o?os+o,,
2(n?2 —n)o*

23 —Tn+6 2—n UZ+ 1 o ’
~2(n?2—-n) n?2-no? 2(n?-n) '

0—2
D Calculating Var[Sin]

Var[S’mt]Z#Var |:Z(CZ - Yz)g}

i=1

= Var {i (c24v7 - 20, Y)]

i=1

r |:Z Cig—i—z Yi2 — QZCZ‘, Yi:|

461L (Var {ZCQ +Var {Zyg +4 Var [ZCY +2Cov [Z ,Zyg]
=1 =1 =1 =1 =1

— 4Cov {ZO ZC Y} — 4Cov {Z Zcm]).
i=1 =1 =1

The individual terms can be computed as follows:
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=nEC] — n(02+02+u2)2.

Assuming normality, we have

n
Var {Z C?

i=1
_ 4,0 4,42 2 402 2 4 2 2
=n(3e+20"+20, +4o 0, +4p o +4pco,,).

Assuming additionally that p = 0 and e = 0, we have

n
Var {Z C’f} :Qn(02+aﬁ)z.
i=1
Since C;and Yjare symmetrically defined, we have

i=1

Var [é Yf} =Var {zn: Of} .

Next, from Appendix B,

n n

Var [ Ci Yl} =" (st +EMS 1202 (02 +4%) - (o2 +17)°) .
=1 )

i=1

Assuming normality, we have

E[C;Y}] 2=E+a4+3aﬁ+6uzai+u4+20202+202u2;

E[CiYi]=0p+p%;
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n
Var {E C; YZ} =n(eto? —1—20,/: +20205+2u202+4 ugaf).
i=1

Assuming additionally that p = 0 and e = 0, we have

E[C¢Y¢]2:(02+UZ)2+20;1L;

E[C;Y]=02;

22

The covariance terms are computed as follows:

Cov [zn: c?, znj Yf] :icov[ C?, Yf]:znj(E[ C?Y?]|— E[C?IE[YY)).

i=1 i=1 i=1
Assuming normality, we have

Cov

n n
M CEY Yig] =n (5+04+30ﬁ+6,u205+,u4+2020§+202,u2 — (02+05+M'Q)2)
=1 i=1

:n(5+20ﬁ+4u203).

Assuming additionally that p = 0 and e = 0, we have

n n

Cov [Z c?, Z Yf] :2naﬁ.

i=1 i=1

Finally, since C;and Y;are symmetrically defined, we have

Cov {Z CrY G YZ} =Cov [Z Y7, Z C; Yl}
i=1 i=1 i=1 i=1
:ZCOV[ Cig, Cz Yz]
=1
=>_ (BlC}Yi) - EICAE[CY])

=1

where
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E[C}Y]=E [B[C}Yi|2)| =B [E[C}|2))E[Yi|Z)]]

Assuming normality, we have
B[C3Y)=E [3M;Y +M?)M;]
=E[3MZY" 4+ M}
=3E[MZE[Y 1+ E[M{]

:3(05 +u?)o? +3aﬁ+6,u203+u4

=u4 +30ﬁ+30203 +3u20 6202,

w
E[C|=0*+o,+u*;

E[CiYi]:aZ+uQ;

and therefore,

=n (/,L‘{‘+3aﬁ+30205+3u202+6’u205 - (02+05+u2)(05+u2))

n n
Cov {z 2.3 G,
i=1 i=1
=n <u4+3oﬁ+30203+3u202+6u203
- (u4+aﬁ+0202+u202+2u202))

:2n(aﬁ+0202+u202+2ﬂ203).

Assuming additionally that 4 = 0 and e = 0, we have

E[Cf’Y}]z?ﬂQOz-l-Baﬁ;
E[C|=0*+oy;
E[CY;)=07;

Cov [Z G2y G Y,] =2no,, (0°+07).
i=1 i=1
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Putting the terms together, we derive the variance as follows, assuming that A7, follows a
normal distribution,

Var| Sin] 2n(3€+204+202+40205+4u202+4u205)

1
S—_—
4,0 4,6 22 652 2 4 2 2 444,22
+4n(e+o"+20,+20%0,+2p 0" +4p 0, )+2n(e+20,+4p"0,)

4,22, .2 2 52 2
—16n(o,+o o, +pu 0 +2u O'H)}

n
:a—2(35+2a4).

Assuming additionally that 4 = 0 and e = 0, we have

~ 2
Var[Sint}:a—Zﬂ.

E Summary of mean and variance of the estimators

We summarize the mean and variance of the estimators in Table 6.
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Figure 1.
Geometric interpretation of intrinsic and extrinsic noise. The intrinsic noise, or the within-

cell variability, is the variance of the points projected to the line y= —¢, which is

1 .
perpendicular to )= ¢. In other words, it is the average of the squared lengths 5(y7: - )
The red point is the projection of point (¢;, ;) onto the line yy= ¢. The green point is the

centroid (¢, ) (or ((z+y)/ v/2, 0) after projection) under the assumption that the two means
are equal. See the main text for detail. The extrinsic noise, or the between-cell variability, is
the sample covariance between c;and y;. The colored triangles around the blue point (a
randomly selected data point) illustrate the geometric interpretation of the sample
covariance: it is the average (signed) area of triangles formed by pairs of data points: green
triangles in Q1 and Q3 (some not shown) represent a positive contribution to the covariance,
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whereas the magenta triangles in Q2 and Q4 a negative contribution. Since most data points
lie in the 1st (Q1) and 3rd (Q3) quadrants relative to the blue point, most of the contribution
involving the blue point is positive. Similarly, since most pairs of data points can be
connected by a positively signed line, their positive contribution will result in a positive
covariance. In Elowitz et al. (2002) the direction along the line y= cis labeled extrinsic,
which makes sense in terms of the intuition for positive sample covariance. However we
have placed that label “extrinsic” in quotes because the extrinsic noise estimator
corresponding directly to the sample variance for points projected onto the line y= c(in
analogy with intrinsic noise) is heavily biased and not usable in practice.
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Table 2

Estimates of extrinsic noise in simulated data. Data were simulated under the hierarchical model, where the
conditional distributions of the two reporters are identical. Two min-MSE estimators are applied, one using the
true correlation, and the other the sample correlation. Mean estimates (standard deviation in parentheses) of
intrinsic and extrinsic noise are summarized. Note that in order to compare the estimates with the true
parameters, the estimates are unscaled (i.e. not divided by c¢y).

Simulation parameters

Sample size (n) 50
Intrinsic noise (a?) 0.7
0.8

2
Extrinsic noise (0#)
Distribution of means (G) M1, 0.8)

Distribution of vars (H) 9
=0.7
Constant: Zz

Distribution of C)Z; MM, 0.7)
Distribution of Y}|Z; MM,; 0.7)
No. of data sets 500

Extrinsic noise estimate

Unbiased 0.80 (0.25; 0.0604)
minMSE (true corr) 0.73 (0.23; 0.0552)
minMSE (sample corr) 0.73 (0.24; 0.0634)
Asymptotic/ELSS 0.78 (0.06; 0.0582)
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Table 3

Estimates of intrinsic and extrinsic noise in simulated data. Data were simulated under two schemes. The first
scheme is consistent with the hierarchical model, where the conditional distributions of the two reporters are
identical. Under the second scheme, the conditional distributions are different. Intrinsic and extrinsic noise are
in fact not defined under the second scheme. Mean estimates (standard deviation in parentheses) of intrinsic
and extrinsic noise are summarized. Note that in order to compare the estimates with the true parameters, the
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estimates are unscaled (i.e. not divided by cy).

Identical distribution

Different distributions

Simulation parameters

Sample size (1) 1000 1000
Intrinsic noise (o) 0.7 0.7
0.8 0.8
Extrinsic noise (Ui)
Distribution of means (G) M1, 0.8) M1, 0.8)
Distribution of vars (H) 9 9
Constant: Zi =07 Constant: Zi =07
Distribution of C}Z; MM, 0.7) MM, 0.7)
Distribution of Y}|Z; MM; 0.7) M2M; 1.5 % 0.7)
No. of data sets 500 500
Sample correlation 0.53(0.02) 0.60 (0.02)
Intrinsic noise (0°%)
General
Unbiased 0.70 (0.03) 1.54 (0.07)
minMSE 0.70 (0.03) 1.54 (0.07)
Asymptotic 0.70 (0.03) 1.54 (0.07)
Equal mean
Unbiased/ELSS 0.70 (0.03) 2.04 (0.08)
minMSE 0.70 (0.03) 2.04 (0.08)
Asymptotic/ELSS 0.70 (0.03) 2.04 (0.08)
Extrinsic noise (UI%)
Unbiased 0.80 (0.06) 1.60 (0.10)
minMSE 0.80 (0.06) 1.59 (0.10)
Asymptotic/ELSS 0.80 (0.06) 1.60 (0.10)
ok (0% +0%)
General 0.53 0.51
Equal mean 0.53 0.44
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Re-analysis of published two-reporter experiment data. Summary statistics and estimates (x1072) of intrinsic
and extrinsic noise are listed, using the estimators from Table 1.

Elowitz et al. data Yang et al. data

D22 M22 Figure3A Normalized on log,
Sample means CFP:1  CFP:1  CFP: 2660 CFP: 11
YFP:1  YFP:1  mCherry: 3986 mCherry: 11
Sample correlation  0.50 0.49 0.86 0.86
Intrinsic noise
General
Unbiased 0.79 0.36 5.44 0.11
minMSE 0.78 0.35 5.44 0.11
Asymptotic 0.78 0.35 5.44 0.11
Equal mean
Unbiased/ELSS 0.78 0.35 13.72 0.11
minMSE 0.78 0.35 13.72 0.11
Asymptotic/ELSS  0.78 0.35 13.72 0.11
Extrinsic noise
Unbiased 0.78 0.34 30.29 0.68
minMSE 0.76 0.33 30.29 0.68
Asymptotic/ELSS  0.77 0.34 30.29 0.68
o2/ (2+)
General 0.50 0.49 0.85 0.86
Equal mean 0.50 0.49 0.69 0.86
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Noise estimates (x1072) based on subsets of published data. Similar to Table 4, we used the estimators from

Table 5

Table 1.
Elowitz et al. data Yang et al. data
D22 M22 Normalized on log,
Original sample size 284 250 40658
n =200
Intrinsic noise
General Unbiased 0.79 (0.06) 0.36 (0.02) 0.11 (0.02)
minMSE 0.78 (0.06)  0.35(0.02) 0.11 (0.02)
Asymptotic 0.78 (0.06) 0.35(0.02) 0.11 (0.02)
Equal mean Unbiased/ELSS 0.78 (0.06)  0.35(0.02) 0.11 (0.02)
minMSE 0.78 (0.06)  0.35(0.02) 0.11 (0.02)
Asymptotic/ELSS 0.78 (0.06) 0.35(0.02) 0.11 (0.02)
Extrinsic noise  Unbiased 0.78 (0.07) 0.34(0.02) 0.68 (0.09)
minMSE 0.76 (0.07)  0.33(0.02) 0.67 (0.08)
Asymptotic/ELSS 0.78 (0.07) 0.34(0.02) 0.68 (0.08)
n =100
Intrinsic noise
General Unbiased 0.79 (0.13) 0.36 (0.04) 0.11 (0.03)
minMSE 0.77 (0.12)  0.35(0.04) 0.11 (0.03)
Asymptotic 0.78 (0.12)  0.35(0.04) 0.11 (0.03)
Equal mean Unbiased/ELSS 0.78 (0.12)  0.35(0.04) 0.11 (0.03)
minMSE 0.77 (0.12)  0.35(0.04) 0.11 (0.03)
Asymptotic/ELSS 0.78 (0.12)  0.35(0.04) 0.11 (0.03)
Extrinsic noise  Unbiased 0.77 (0.14)  0.34(0.05) 0.69 (0.12)
minMSE 0.73(0.14) 0.32(0.05) 0.67 (0.12)
Asymptotic/ELSS 0.76 (0.14)  0.34 (0.05) 0.68 (0.12)
n=50
Intrinsic noise
General Unbiased 0.78 (0.21) 0.36 (0.07) 0.11 (0.04)
minMSE 0.75(0.20)  0.35(0.07) 0.11 (0.04)
Asymptotic 0.77 (0.20)  0.35(0.07) 0.11 (0.04)
Equal mean Unbiased/ELSS 0.78 (0.21) 0.36 (0.07) 0.11 (0.04)
minMSE 0.75(0.20)  0.34 (0.07) 0.11 (0.04)
Asymptotic/ELSS 0.78 (0.21) 0.36 (0.07) 0.11 (0.04)
Extrinsic noise  Unbiased 0.78 (0.24)  0.34 (0.09) 0.68 (0.16)
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Elowitz et al. data Yang et al. data
D22 M22  Normalized on log,
minMSE 0.70 (0.24)  0.30(0.09) 0.65 (0.15)
Asymptotic/ELSS 0.76 (0.23)  0.33(0.09) 0.66 (0.16)
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Table 6

Mean and variance of the estimators in Table 1. Note that only the numerators of the estimators in the general
forms are considered here; that is, scalar a can take different values depending on which specific estimator is
of interest. Values of a can be found in Table 1. As in the main text, we assume normality of all distributions,
and that 4 = 0 and e = 0, when deriving the mean and variance.

Estimator Mean Variance

Intrinsic noise

General

i(Zn(C —Y;)? —n(C — }7)2) EUZ 1 <4no4+l ((6 —n)ot+(4— 2n)0202+04> — 804>
2a I ! a 2a? n BITR

Equal mean

1 «n 9 n 2 2n 4

2 i (Ci = Y5 a’ 2?

Extrinsic noise

n—1, n-1 2 (n—1)2
2, 2 1
a Ok ) (0°+03,) +7‘7u

1 —
—(3_,_,GYi = nCY)
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