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Kinetic and structural studies of wild-type proteins such as prions and
amyloidogenic proteins provide suggestive evidence that proteins
may adopt multiple long-lived states in addition to the native state.
All of these states differ structurally because they lie far apart in
configuration space, but their stability is not necessarily caused by
cooperative (nucleation) effects. In this study, a minimalist model
protein is designed to exhibit multiple long-lived states to explore the
dynamics of the corresponding wild-type proteins. The minimalist
protein is modeled as a 27-monomer sequence confined to a cubic
lattice with three different monomer types. An order parameter—the
winding index—is introduced to characterize the extent of folding.
The winding index has several advantages over other commonly used
order parameters like the number of native contacts. It can distinguish
between enantiomers, its calculation requires less computational
time than the number of native contacts, and reduced-dimensional
landscapes can be developed when the native state structure is not
known a priori. The results for the designed model protein prove by
existence that the rugged energy landscape picture of protein folding
can be generalized to include protein “misfolding” into long-lived
states.

D o proteins assume long-lived states that are not near the native
state in configuration space? Kinetic and structural studies of
some wild-type proteins provide evidence that proteins can adopt
multiple long-lived conformations in addition to the native state
conformation (1-3). Prion proteins exhibit two long-lived states—a
native (cellular) form and a nonnative scrapie form (1). Because the
secondary structures of these two prion forms differ, these forms
may arise from different “molten globules.” Similar two-state
behavior has been observed in bacterial luciferase (2) and amyloi-
dogenic proteins (3). These proteins assume long-lived states that
are not near the native state in configuration space, and our
understanding of the protein folding landscape must be extended to
include them.

Perhaps these nonnative long-lived states are only formed
through an aggregative mechanism. In a templating aggregation,
the nonnative states are formed in the presence of other misfolded
nonnative states as seen in those prions and amyloidogenic proteins,
which form aggregates or plaques that stabilize the nonnative
long-lived folded state (1). In a nucleating aggregation, multiple
proteins fold in tandem as seen in bacterial luciferase, which has
been isolated in its monomeric form as well as in its structurally
different dimer (2). Recent theoretical work has discussed (4) and
studied (5) the specific case in which the nonnative long-lived folded
state is stabilized in the presence of another model protein.
Although the interactions between the individual proteins in these
aggregates play a role in stabilizing the nonnative long-lived folded
state in vivo, Jackson et al. (6) recently have shown that human prion
protein can convert between its native and fibrilogenic conforma-
tions in monomeric form by altering the solvent pH in vitro. Thus,
the generic behavior of a system with multiple long-lived states can
be seen by the direct study of single (model) proteins without
suffering the slow time scales of templated or nucleating systems.

Much of the current theoretical understanding of protein folding
dynamics has arisen from the analytical studies and simulations of
minimalist models (7, 8). In those proteins that fold, the rugged
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energy landscape has the primary structure of a funnel (9, 10). The
protein is driven to lower free energy conformations by increasing
its hydrophobic contacts (11, 12) while minimizing frustration (9).
Nonnative, quasi-stable structures that give rise to the ruggedness
are long-lived when they are kinetically trapped by high-energy
barriers (10). However, fast-folding proteins necessarily have few
kinetic traps along the folding funnel. This condition is satisfied if
there are few to no interactions, leading to lower energies in
directions opposite to folding, and is tantamount to imposing the
minimal frustration principle (9). Thus, for fast-folding proteins to
assume a long-lived, nonnative folded structure, the misfolded
structure must not lie on the native folding funnel. This finding
suggests that there may exist alternate folding funnels leading to
nonnative folded structures that are somehow inaccessible under
typical folding conditions.

Monte Carlo dynamics simulations of minimal protein models
reveal the possibility that proteins may become trapped in long-
lived states that are not the global energy minimum of the protein
(13, 14). Some minimalist proteins exhibiting this behavior are
classified as slow folders, although it is still an open question
whether they correspond to naturally occurring proteins. The
metastability hypothesis further postulates that globular proteins
are found in nature in one of many possible metastable states with
differing energies, but similar structural characteristics (7, 10, 15).
Because the metastable states typically considered in the kinetic
partitioning scheme reside on the same overall folding funnel, they
are necessarily conformationally similar (in the sense of the dis-
connectivity graph to be discussed below). Thus when a protein
gives rise to multiple long-lived states, each with differing functions
and structural characteristics, it is no longer in the regime described
by the metastability hypothesis. However, these could be compat-
ible with the rugged energy landscape perspective for protein
folding (10) if only the energy landscape is extended to include
multiple folding funnels. For example, the two long-lives states in
prions correspond to conformations that are far from each other in
configuration space (due to their dramatically different secondary
structures). Within the proposed generalization of the protein
folding landscape, these long-lived “folded” states would arise from
separate folding funnels.

This question can be recast within the language of disconnectivity
graphs (16-18). In such graphs or trees, local and global minima are
separated (disconnected) according to the energy at which they are
no longer accessible to each other on the energy landscape. In the
single-funnel picture, all of the disconnected subtrees are essentially
small and thus it is easy for the protein to quickly bypass off-route
basins on the way to folding. Although usually not discussed, it has
been recognized that the minimalist protein models always admit a
degenerate native structure (19). In most of the sequences observed
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Fig. 1. The folded enantiomeric target structures for DS1, with the left helix
(Left) and the right helix (Right). (The winding index, w, for the left and right
helixare —11and + 11, respectively.) The three monomer types are distinguished
by red (H), blue (P), and fuchsia-green (N) spheres.

to date, these native enantiomeric states are separated by low
energetic barriers, and hence lie on the same final branches of the
disconnectivity graph. In the present work, we construct a mini-
malist model sequence in which the energetic barrier is high, and
hence the disconnectivity occurs early along the route to folding.
It further affords us the possibility of studying the trapping
dynamics or lack thereof that may be a consequence of the early
disconnectivity.

The minimalist model and its design are reviewed in the next
section. The long-lived structures chosen for the minimalist protein
(illustrated in Fig. 1) are notable because of their high degree of
winding about a central axis. The winding index introduced in this
article is capable of distinguishing between the two long-lived
enantiomers, whereas the number of native contacts is not. Equi-
librium properties, such as the potentials of mean force (PMFs)
with respect to various order parameters and the phase diagram,
have been obtained. The energy landscape for the designed mini-
malist model sequence clearly contains multiple folding funnels as
seen in the projected PMFs. This designed minimalist model,
therefore, provides an explicit example of a (minimalist) protein
with multiple long-lived states in a nonaggregating environment.
The characteristic rates for various parts of the folding process also
have been calculated directly from Monte Carlo simulations using
the mean first-passage time (MFPT) approach. Thus, this study
generalizes the rugged energy landscape perspective to allow for the
possibility that even fast-folding proteins may accommodate mul-
tiple long-lived folded structures beyond the native state that are
inaccessible under typical folding conditions.

A Minimalist Model

Protein Model. The minimalist protein model is defined in this work
as a discrete heteropolymer—i.e., all monomers (effective amino
acid residues) are restricted to a three-dimensional rectilinear
lattice—with a sequence consisting of 27 monomers. This model
obeys a “law of corresponding states” between the space of all
possible 27-mer configurations and that of a helical protein with a
60-aa residue sequence (10). The energy for a given conformation
of the minimalist protein is

H({o, 7)) =12 X E o> 1]

J

where {q;} is the ordered sequence of monomer types, E,g is the
contact energy between the a-type monomer and 3-type monomer,
{Z;} is a sequence of the positions Z; of the monomers in a given
structure, and the prime on the second sum restricts j to only those
values that correspond to nonbonded (nearest neighbor) sites
adjacent to z;. For simplicity, the monomer types « are restricted to
aset of three values, H, P, and N, corresponding to the hydrophobic,
polar, and neutral regions of the protein, respectively. All of the
contact energies are favorable, i.e., lower in energy than contact to
the uniform solvent. The native state is necessarily maximally
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compact; the native 27-mer fills a cube (13, 20). The numerical
values for the contact energies are chosen so that an increase in the
number of hydrophobic contacts is the dominant driving force for
folding. Specifically, these energies are Eyyy = —4, Egp = —1,Epn
=Epn = —2,and Epp = Exn = —3. (Note that all energies and
inverse temperatures reported throughout this article are reported
in dimensionless units relative to a standard temperature 7j).

Protein Structure and Design. In an attempt to construct sequences
that give rise to multiple nontrivial funnels, one can imagine a native
structure with a mirror symmetry or chirality where the landscape
is symmetric with respect to the corresponding enantiomeric folded
states. Target structures with this symmetry are presented in Fig. 1.
Because both states contain the same contacts (because the struc-
tures are mirror images), a designed sequence (DS) will fold to one
or the other. In most studies to date these structures have been
treated as the same, and the order parameter characterizing the
number of native contacts does not distinguish between them. The
target structures in Fig. 1 are chosen because they are strongly
separated in configuration space. Hence, the two states are sepa-
rated by a large enthalpic barrier, ensuring that the target structures
will correspond to distinct folding funnels.

Several algorithms exist for the design of sequences that are fast
folders within a single funnel (13, 21-26). In particular, the energy
landscape perspective suggests that if a sequence gives rise to a
fast-folding protein, then the energy for the corresponding native
structure will be a minimum (8). Given a compact target structure
and sequence composition, a DS (that folds to the target structure)
is obtained by minimizing the energy (as a function of the sequence
identity) (13, 21). In this work, the energy is minimized by using the
Metropolis Monte Carlo method with simulated annealing varying
the sequence for a fixed structure. The primary sequence (DS1) in
Fig. 1 is designed for a 27-monomer sequence with equal concen-
trations of H-, P-, and N-type monomers. The optimization yields
three distinct, but similar, sequences (DS1, DS2, and DS3) that fold
to the target structures with the same minimum energy, Ens = —89.
The DS1 sequence,

PHPNPNNNHPHPH
PNNNHPHPHPNHHN, [2]

is used in all of the reported simulations of this work and was chosen
arbitrarily. If the DS resulted in an energy minimum with optimal
contacts (no unlike or unfavorable monomer contacts), then the
sequence would necessarily contain the target structure as an
energy minimum, although it could be kinetically inaccessible.
However, DS1 gives a target structure with some energetic frus-
tration. Simulated annealing within a Metropolis Monte Carlo
chain dynamics algorithm (provided below) nonetheless confirms
that the energy minimum of DS1 is the target structure. Exhaustive
enumeration of all maximally compact structures further confirms
that the target structures of Fig. 1 are the lowest-energy maximally
compact configurations for DS1.

The Winding Index. The analysis of the folding dynamics is greatly
simplified if there exists a one-dimensional order parameter—
namely, a projection of the configuration space—that can uniquely
and uniformly distinguish between different stages along the fold-
ing process. For this criterion to be satisfied, the inverse images of
the order parameter must be uniformly characteristic of the extent
of folding. Each such inverse image is consequently likely to be a
connected space that contains configurations with similar free
energies. The subsequent results suggest that the winding index is
a suitable order parameter for the folding of DS1. Because the
winding index differentiates between the left-handed and righ-
handed minimum-energy enantiomers of DS1, whereas the number
of native contacts (and related indices) does not, the winding index
is used as an order parameter to analyze both the thermodynamics
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and kinetics of the folding process for DS1 with multiple nontrivial
funnels.

On a lattice, there exist three canonical (rectilinear) axes about
which the winding index may be defined. For a given axis, ¢ €
{xy.z}, the winding index (in units such that an increase of wq by one
corresponds to a {1/2}} turn) is herein defined as

wy= 2 [(PPAZ, ) X (PDAZ, )], 3]

where AZ; = (Zi+1 — Zi), PO projects onto the plane orthogonal to
the g-axis, {s,({)} is an ordered sequence of the indices for which
P(‘I)AZYII(, is nonzero, the g-subscript in the bracketed summand
denotes the g-component of the cross product, and i runs across the
members of the {s,(i)} sequence. In a straight chain configuration,
for example, the set {s,(i)} is the null set, and the winding indices,
W, are zero.

The construction of the winding index in Eq. 3, readily general-
izes to arbitrary axes through the use of arccosines. However, the
canonical (rectilinear) axes are used exclusively throughout this
work because of the computational ease in calculating Eq. 3, and
because the winding indices are maximal on these axes as a
consequence of the lattice geometry of the minimalist model. There
is a fair amount of indeterminacy in the definition of the winding
index given by Eq. 3. The indeterminacy arising from the use of each
end as the initial monomer leads to opposite signs in the winding
indices. This is eliminated by calculating w starting from a specified
end that is uniquely identifiable through its sequence. The remain-
ing indeterminacy caused by the rotational symmetry may be
eliminated by choosing w; as the one with the largest, in magnitude,
component of W, and w, as the second largest, in magnitude,
component of w. In those cases where there is a degeneracy in the
magnitude but not the sign of several components of w, the
positively signed component is arbitrarily designated as “larger.” In
what follows, these additional constraints will be implicitly included
in the definition of the winding index in Eq. 3.

Although the winding index may be used as the primary order
parameter only when the long-lived structures have a large degree
of winding, the choice of w;, as the order parameter for folding has
some advantages when compared with the number of native
contacts Q or related indices: (i) the native structure is not needed
to calculate w,, which is of particular advantage in large proteins
where the native state structure is not known a priori; (i) w; is
calculated from mostly local geometric properties and is thus
significantly faster to compute than Q; and (iii) w. can distinguish
between structures that differ by an inversion symmetry operation.

Equilibrium and Dynamics

Phase Transitions. The DS1 protein exhibits both a folding and glass
transition that are sufficiently separated so as to admit a nontrivial
folding regime. A Metropolis Monte Carlo dynamics algorithm (see
below) is used to collect the equilibrium statistics necessary to
obtain this transition temperatures for the DS1 protein. The
probability that DS1 is in one of the two minimum-energy struc-
tures—namely, the long-lived states—for a series of inverse tem-
peratures, B = 1/kgT, is shown in Fig. 2. The folding transition
temperature is defined as in ref. 13 to be the temperature at which
half of the population is in either minimum-energy configuration.
According to Fig. 2, this criterion is met by DS1 at a B¢ approxi-
mately equal to 0.86. The glass transition temperature is estimated
to be the temperature at which the dynamics of the system are slow
enough that a significant portion of the ensemble will not fold to the
native state in the simulation time. For DS1, this occurs at 3, near
0.95. Thus the inverse temperature region, By < B < B, for DS1 is
broad enough so that the sequence will fold to a long-lived
structure. (Note that the emphasis here is on the long-lived struc-
tures and not on the native state. Because DS1 gives rise to two
equally stable long-lived structures, it is not clear which is the
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Fig. 2. The probability of DS1 being in the native state for a Monte Carlo
dynamics simulation is displayed at various inverse temperatures, 8. The sigmoi-
dal curve is drawn to guide the eye. The folding temperature is estimated as the
temperature when half of the population is in the native state.

unique native state. Nonetheless, as shown here, dynamic and
thermodynamic processes may still be well-defined with respect to
the degenerate long-lived structures. The term “native structure” is
used to describe both enantiomers in this work to better conform
with the usual language.)

The Role of Winding Index in the Folding Path. To visualize the
many-dimensional energy landscape, reduced dimensional coordi-
nates—either order parameters or folding-path coordinates—have
been used to characterize folding on projected spaces (16, 17). The
use of an order parameter is a weaker requirement for this
characterization because it need only distinguish between the
important separable (and identifiable) regions or phases of the
folding protein such as the denatured and native structures. The
number of native contacts Q has routinely been used as an order
parameter because it generally satisfies this requirement, but in the
case of the DS1 protein, it fails to distinguish between the struc-
turally different enantiomers. The stronger requirement of a fold-
ing-path coordinate is that it be both an order parameter and that
it be characteristic of the actual folding paths of the protein. If such
a folding-path coordinate exists, then the projection of the energy
landscape onto a PMF with respect to this coordinate will minimize
its coupling to the projected modes (27, 28). As the determination
of this coupling is nontrivial, in what follows, we use heuristic
arguments to discuss the role of w, as a possible folding-path
coordinate in contrast to Q.

The thermal average of a good order parameter for folding
should exhibit a change from the expectation value for an unfolded
state to the expectation value of the long-lived states. In particular,
as described in the previous section, an increasing percentage of the
protein population corresponds to the long-lived states with in-
creasing B. In DSI1, the symmetry-broken long-lived structure thus
determines the expectation values at high B whereas denatured
states determine them at low . Coordinates that measure struc-
tural features characteristic of the native structure should conse-
quently average to different expectation values as function of
temperature. This is indeed seen for the thermal average of a
conventional order parameter (Q) as shown in Fig. 3 for the DS1
protein as a function of effective inverse temperature, as long as the
symmetry of the enantiomers is ignored. This is compared with the
behavior of the thermal average of the maximal winding index {|w.|)
for the DSI protein over the same temperature range. Both
coordinates seem to characterize the extent of folding in the same
way as shown by a similar sigmoidal temperature dependence. As
B—0, (Q), and {w,|)—0 and as B—, (Q)—28 (the maximum
possible number of native contacts) and (jw,[)>—11 (the magni-
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Fig. 3. The ensemble-averaged number of native contacts Q (black) and the
ensemble-averaged winding index w;, (red)—defined in Eq. 3—of DS1 is shown
as a function of inverse temperature, g = (1/kgT), in arbitrary units.

tude of the winding index of the native state structures). Thus, in
this averaged sense, w, is as good an order parameter as Q and it
offers additional information because it can distinguish between the
distinct long-lived enantiomers of DSI.

Having established that w, is a useful order parameter for the
folding dynamics, it remains to be shown that it is also a reasonable
folding-path coordinate in the sense of a reaction path. In principle,
this question should be addressed by optimizing the rate along all
possible paths on the full-dimensional energy landscape (29, 30),
and it is doubtful that w, would emerge as the optimum path.
However, for it to be a reasonable path on the full-dimensional
energy landscape, it need only give rise to a partitioning of the
full-dimensional space into the correct “reactant” and “product”
regions necessary for transition-state theory estimates of the rate to
be accurate. Unfortunately, this softer criteria is difficult to deter-
mine for a given order parameter as it requires a full-dimensional
analysis. Instead, we soften the requirement for order parameters
to be a reasonable folding coordinate further by requiring that it
need only give rise to a smooth partitioning of a reduced dimen-
sional space into reactant and product regions.

The projection of the folding funnel of the right helix in Fig. 1
onto the reduced two-dimensional space of Q and w, at the inverse
temperature B = 0.875 is the PMF shown in Fig. 4. All PMFs in this
work have been obtained by the use of umbrella sampling combined
with the weighted histogram analysis method (31). Although not
obvious from the two-dimensional PMF, the surface is smooth
along w; for fixed values of Q whereas the surface is rough and
singular along Q for fixed values of w,. The latter failing in QO has
its origin in the geometry of the lattice model. For example, there
is a singularity at Q = 27 because there are no configurations with
this value, although it lies on the downward path to the native
structure at Q = 28. Some of the roughness visible on the PMF
along O exhibits an alternating pattern that also may be a conse-
quence of the geometric constraints. Interestingly, w, seemingly
exhibits no manifestations of the geometric constraints. The reac-
tant and product regions are clearly visible on the PMF. Further-
more, there is a clear intermediate formed at w, = 5,6 and Q = 14.
This is partially obstructed by a spike on the PMF at w, = 11 and
O = 14 in Fig. 4, but the intermediate is clear in one-dimensional
PMEF plots as a function of both order parameters. (The PMF as a
function of w; is shown in Fig. 5.) Thus both Q and w, parametrize
the important dynamic subspaces of the full-dimensional lattice
space, but w; is a better choice as the reaction-path coordinate for
the particular case of DS1 because it smoothes out artifacts caused
by the lattice geometry and differentiates between the long-lived
structures.
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Fig.4. The two-dimensional PMF U(Q,w;,) obtained at 8 = 0.875 is displayed as
a surface plot over the number of contacts Q and the maximal winding index w.
For the domain as defined in the figure, the denatured states are found toward
the rear of the surface at low Q and w;, values and the native state is located at
the minimum toward the front of the surface. To enhance the view of the native
state, the values of w;, greater than 11, and all U(Q,w,) points that were not
explored because of the constraints imposed by the lattice are not shown.

The PMF as a function of the winding index w, of DSI1 is
displayed in Fig. 5 for several effective inverse temperatures. The
PMFs display behavior that is consistent with the various thermo-
dynamic regimes of proteins, from denatured through folding to
glass dynamics. At low B(=<0.8), the PMF has a minimum at a low
value of the winding index and remains faraway from the native
structure. At B~ B¢ (=0.86), the PMF has minima at the value of the
winding index of the native structures, with no other false minima
trapping the protein. At higher values of B(=0.875), a second
minimum at a much lower value of the winding index develops. This
minimum can trap the protein in a nonnative state for long times
that are comparable to the inverse of the rate caused by the barrier.
Thus the PMF with respect to the w, order parameter exhibits the
features that would be expected from a useful order parameter
characterizing the folding process.

Folding Dynamics with Multiple Deep Minima. A Metropolis Monte
Carlo algorithm is used to study the folding dynamics of the
optimized heteropolymer, DS1 (13, 21). Moves along the lattice are
chosen from a set of three possible types—a one-monomer corner
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Fig.5. The PMF with respect to the winding index, w;, of the minimalist protein
DS1 is shown at four different inverse temperatures, B = (1/kgT), in arbitrary
units. Note that the inverse folding temperature, By, is about 0.86, whereas the
inverse glass transition temperature, Sy, is above 0.9.
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Fig. 6. Two different (stochastic) folding trajectories for a minimalist protein

with the sequence of Fig. 1, with a straight chain conformation as the initial
configuration, and propagated at an inverse temperature of 0.95 (between B¢
and B,) are shown as a function of the Monte Carlo move number. In both panels,
the black curve is the energy of the minimalist protein as a function of move
number and corresponds to the energy axis on the left. The red curve is the
winding index w; of the minimalist protein as a function of move number and
corresponds to the winding index axis on the left. The dot-dashed lines help to
guide the eye to the expected positive or negative values of the winding index for
the right or left helical long-lived structures, respectively.

flip, a one-monomer end pivot, and a two-monomer crankshaft
move (13). This is not a true dynamics algorithm, and some caution
need be applied in interpreting the time scale of these “dynamics.”
However, in cases with fast folding, the dynamics are directed
primarily by free energy differences driving the system toward lower
and lower energy states. This is precisely the driving force in the
Monte Carlo algorithm, and as such it does provide a reasonable
approximation to the relative folding times of the minimalist
models.

The Monte Carlo dynamics of DS is displayed in Fig. 6 for two
representative trajectories. Both of these trajectories fold quickly to
either the right or left helix as can be seen by how quickly they each
achieve the energy minimum and the winding index w, of the target
structure. These two trajectories suggest that DS1 is a relatively fast
folder, and the folding rates calculated in the subsequent section
from an ensemble of unfolded proteins confirm that DS1 is a fast
folder. The trajectories are displayed for a long time beyond the first
folding event to make it clear that once the protein has folded to the
structure of a given winding index, it “locks” into that structure with
respect to the winding index. This provides corroborative evidence
that the DS1 does in fact have two long-lived states. That is, the left
and right helical (long-lived) states are separated strongly in space
by an enthalpic barrier as illustrated in Fig. 5, and they are separated
strongly in time (dynamically) as suggested by Fig. 6.

Transition Rates. Several methods exist for calculating reaction rates
in canonical systems (32-49). Among these, the MFPT approach
has the advantage that it does not require a knowledge of velocities.
As such, it is amenable to the calculation of rates for the pseudody-
namics of a Monte Carlo simulation. The MFPT approach is
reviewed in ref. 49, and several important references may be found
therein. An illustrative case in which this procedure provides exact
rates is the exponential decay of reactants from the region () to a
product region (}'—where ) N Q' = J. The normalized proba-
bility distribution of the reactants is given by
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Fig. 7. The logarithm of the folding rates for a Monte Carlo dynamics simula-
tion of DS1 are displayed at various inverse temperatures, 8. These are calculated
as the inverse of the MFPT from 100 initial unfolded configurations u to the
folded protein f. Throughout this temperature regime, the equilibration time
within either the reactant or product basins is faster than the reported MFPTs, and
consequently this choice of initial and final product state does not adversely
affect the results. Although the error bars are about 10% of the actual rate, the
error in the logarithm is significantly smaller, and hence 100 trajectories are
sufficient to provide accurate results at the resolution of the figure.

P(t) = ke ™. [4]

The rate for this process is k as calculated from the expression, k =
—{d/dt}InP(t), for any t. The same rate is obtained by calculating the
mean survival time,

Ts :f dr tP(1), [5]

0

which turns out to be k. The MFPT may be defined as in ref.
49 as

tn(X)Ef dtf dy Po(y, t), [6]
Q

0

where Po(y,tfx) is the conditional probability of finding the trajec-
tory at y at time ¢ given that it was at x at time 0, and x € Q). For
activated processes, there usually exists a subset (* C () for which
to(x) is invariant tox € * because the relaxation time in 0* is much
faster than the reaction time. Thus 7 is the MFPT for an implicit
Q*. The inner integral in Eq. 6 is precisely equal to ¢P(f), and hence
for the exponential case, one finds that the rate is given in terms of
the MFTP as

K = tQil. [7]

This rate expression is accurate for general canonical processes and
is easy to calculate directly from an ensemble of Monte Carlo
simulations.

To calculate MFPTs for the DS1 Monte Carlo dynamics, one
must first define the regions () for which the rates are to be
measured. According to Fig. 5, roughly three regions of interest
exist. These are associated with the completely unfolded state (u),
the intermediate (molten globular) state (i), and the folded (native
or long-lived) state (f). Any pairing of these regions will give rise
to a rate process, such as the folding rate ks, or the isomerization
rate kps between the two long-lived states of DSI.

The MFPT folding rates for DS1, k¢, are shown in Fig. 7. There
is a turnover in the rates from low to high 3, which can be easily
understood through the use of the PMFs of Fig. 5. At low B(=0.5),
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the PMF has a broad minimum faraway from the native structure
and hence the protein finds the native structure slowly, and when
it does, it is not trapped. In this regime, the increase in B leads to
further broadening of this minimum, and hence faster rates. At
larger B, stable intermediates are formed that slow down the folding
rate, but once a folded structure is reached it is stable for long times.
The temperature dependence on the rate is thus consistent with the
analysis of the PMFs in section and the present physical under-
standing of protein dynamics when the possibility of multiple
long-lived states is included.

The peak in the folding rates for DS1 occurs near 8 ~0.6, which
is somewhat lower than the observed inverse folding temperature.
This finding suggests that the ground-state stabilization of the
long-lived structure is more important than the folding rate in
determining the folding temperature. Although the minimalist
model does not include effects from solvent stabilization vis-a-vis
fluctuations beyond their mean-field effects, it does include in-
tramolecular effects and these are the likely source for the noted
disparity between the folding temperature and the temperature for
a maximum in the folding rate. This point should be explored in
future work using stochastic models with respect to the winding
index as the chosen variable, and the remaining (projected) modes
leading to a dissipative environment (35, 46, 48-59). Such an
approach should lead to comparisons between the MFPT rates for
the Monte Carlo dynamics and various rate expressions for the
corresponding real-time stochastic representation.

Concluding Remarks

The statistical mechanics of minimalist lattice models of protein
folding have led to a qualitative understanding of protein folding for
small, fast-folding proteins that is consistent with the bulk of
experiments on protein dynamics. However, there is additional
experimental evidence that some proteins adopt conformations
that are long-lived, but that are not structurally similar to the native
conformation. This implies that proteins can adopt conformations
that are not represented within a single native folding funnel. The
extension of the energy landscapes to include multiple deep funnels
thus seems to be a natural development in the theory.

In this article, a specific minimalist model protein, DS1, has been
constructed that provides an existence proof for such a generali-
zation, at least to the extent that the specific behavior of such
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models may be isomorphic to proteins in the physical world. The
thermodynamics of this model protein has been studied with the use
of the winding index, a one-dimensional order parameter intro-
duced in this work. The winding index is an ideal order parameter
for the study of DS1. Because of the large degree of “winding” in
the DS1 long-lived structures, the winding index distinguishes
between them as well as the intermediates along the “folding
reaction” path. A unique feature of this work is that the PMFs at
various temperatures were obtained explicitly with respect to the
winding index w;, thereby providing a foundation for a detailed
analysis of the thermodynamic and kinetic behavior. In particular,
it is useful in visualizing the multiple deep funnels of DS1 albeit
through the projected space of w.. It is also argued that this order
parameter may, in fact, be a useful folding-path coordinate for
certain minimalist proteins such as that of this model study.
Although the PMFs with respect to w, have been obtained, they do
not lead directly to rates. The temperature-dependent folding rates
obtained by calculating the MFPTs for the full dynamics exhibit a
turnover behavior. This confirms that the dynamics on the pro-
jected space must contain a dissipative term and stochastic forces
to account for the environment consisting of other protein modes.
What exactly this friction should be is presently an open question,
but the existence of detailed PMFs as well as the full-dimensional
folding rates provides a starting point for addressing it.

Although the DS1 protein is equivalent to a small peptide, the
dynamics that it has displayed indicate that it does lock inside a
given funnel before it folds to the corresponding native structure.
Such behavior suggests that the initial structure found in the
denatured protein, either by happenstance or through its synthesis,
may affect the folding times and the final structure it gives rise to.

In summary, this article provides suggestive evidence that the
experimentally observed two-state behavior of some proteins may
be observed through the universality class of a minimalist model
that gives rise to multiple long-lived states on separate folding
funnels.
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