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Abstract

In order to identify important variables that are involved in making optimal treatment decision, Lu,
Zhang and Zeng (2013) proposed a penalized least squared regression framework for a fixed
number of predictors, which is robust against the misspecification of the conditional mean model.
Two problems arise: (i) in a world of explosively big data, effective methods are needed to handle
ultra-high dimensional data set, for example, with the dimension of predictors is of the non-
polynomial (NP) order of the sample size; (ii) both the propensity score and conditional mean
models need to be estimated from data under NP dimensionality.

In this paper, we propose a robust procedure for estimating the optimal treatment regime under NP
dimensionality. In both steps, penalized regressions are employed with the non-concave penalty
function, where the conditional mean model of the response given predictors may be misspecified.
The asymptotic properties, such as weak oracle properties, selection consistency and oracle
distributions, of the proposed estimators are investigated. In addition, we study the limiting
distribution of the estimated value function for the obtained optimal treatment regime. The
empirical performance of the proposed estimation method is evaluated by simulations and an
application to a depression dataset from the STAR*D study.
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1. Introduction

Personalized medicine, which has gained much attentions over the past few years, is a
medical paradigm that emphasizes systematic use of individual patient information to
optimize that patient's health care. In this paradigm, the primary interest lies in identifying
the optimal treatment strategy that assigns the best treatment to a patient based on his/her
observed covariates. Formally speaking, a treatment regime is a function that maps the
sample space of patient's covariates to the treatments.
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There is a growing literature for estimating the optimal individualized treatment regimes.
Existing literature can be casted into as model based methods and direct search methods.
Popular model based methods include @-learning (Watkins and Dayan, 1992; Chakraborty,
Murphy and Strecher, 2010) and A-learning (Robins, Hernan and Brumback, 2000; Murphy,
2003), where @-learning models the conditional mean of the response given predictors and
treatment while A-learning models the interaction between treatment and predictors, better
known as the contrast function. The advantage of A-learning is robustness against the
misspecification of the baseline mean function, provided that the propensity score model is
correctly specified. Recently, Zhang et al. (2012) proposed inverse propensity score
weighted (IPSW) and augmented-1PSW estimators to directly maximize the mean potential
outcome under a given treatment regime, i.e. the value function. Moreover, Zhao et al.
(2012) recast the estimation of the value function from a classification perspective and use
machine learning tools, to directly search for the optimal treatment regimes.

The rapid advances and breakthrough in technology and communication systems make it
possible to gather an extraordinary large number of prognostic factors for each individual.
For example, in the Sequenced Treatment Alternative to Relieve Depression (STAR*D)
study, over 305 covariates are collected from each patient. With such data gathered at hand,
it is of significant importance to organize and integrate information that is relevant to make
optimal individualized treatment decisions, which makes variable selection as an emerging
need for implementing personalized medicine. There have been extensive developments of
variable selection methods for prediction, for example, LASSO (Tibshirani, 1996), SCAD
(Fan and Li, 2001), MCP (Zhang, 2010) and many others in the context of penalized
regression. Their associated inferential properties have been studied when the number of
predictors is fixed, diverging with the sample size and of the non-polynomial order of the
sample size.

In contrast to the large amount of work on developing variable selection methods for
prediction, the variable selection tools for deriving optimal individualized treatment regimes
have been less studied, especially when the number of predictors is much larger than the
sample size. Among those available, Gunter, Zhu and Murphy (2011) proposed variable
ranking methods for the marginal qualitative interaction of predictors with treatment. Fan,
Lu and Song (2015) developed a sequential advantage selection method that extends the
marginal ranking methods by selecting important variables with qualitative interaction in a
sequential fashion. However, no theoretical justifications are provided for these methods.
Qian and Murphy (2011) proposed to estimate the conditional mean response using a L1-
penalized regression and studied the error bound of the value function for the estimated
treatment regime. However, the associated variable selection properties, such as selection
consistency, convergence rate and oracle distribution, are not studied. Lu, Zhang and Zeng
(2013) introduced a new penalized least squared regression framework, which is robust
against the misspecification of the conditional mean function. However, they only studied
the case when the number of covariates is fixed and the propensity score model is known as
in randomized clinical trials. Song et al. (2015) proposed penalized outcome weighted
learning for the case with the fixed number of predictors.
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In this paper, we study the penalized least squared regression framework considered in Lu,
Zhang and Zeng (2013) when the number of predictors is of the non-polynomial (NP) order
of the sample size. In addition, we consider a more general situation where the propensity
score model may depend on predictors and needs to be estimated from data, as common in
observational studies. A two-step estimation procedure is developed. In the first step,
penalized regression models are fitted for the propensity score and the conditional mean of
the response given predictors. In the second step, the optimal treatment regime is estimated
using the penalized least squared regression with the estimated propensity score and
conditional mean models obtained in the first step. There are several challenges in both
numerical implementation and derivation of theoretical properties, such as weak oracle and
oracle properties, for the proposed estimation procedure. First, since the posited model for
the conditional mean of the response given predictors may be misspecified, the associated
estimation and variable selection properties under model misspecification with NP
dimensionality is not standard. Second, it is unknown how the asymptotic properties of the
estimators for the optimal treatment regime obtained in the second step will depend on the
estimated propensity score and conditional mean models obtained in the first step under NP
dimensionality. To our knowledge, these two challenges have never been studied in the
literature. Moreover, we estimate the value function of the estimated optimal regime and
study the estimator's theoretical properties.

The remainder of the paper is organized as follows. The proposed method for estimating the
optimal treatment regime is introduced in Section 2. Simulation results are presented in
Section 3. An application to a dataset from the STAR*D study is illustrated in Section 4.
Section 5 and 6 demonstrate the weak oracle and oracle properties of the resulting
estimators, respectively. The estimator for the value function of the estimated optimal
treatment regime is given in Section 7, followed by a Conclusion Section. All the technical
proofs are given in the Appendix.

Let Y'denote the response, A € .o/ denote the treatment received, where .« is the set of
available treatment options, and X denote the baseline covariates including constant one. For
demonstration purpose, we focus on a binary treatment regime, i.e., &/ = {0, 1}, with 0 for
the standard treatment and 1 for the new treatment. We consider the following
semiparametric model:

Y=ho(X)+A(B X)+e, (2.1)

where f(X) is the unspecified baseline function, & is the p-dimensional regression
coefficients and eis an independent error with mean 0 and variance 2. Under the
assumptions of stable unit treatment value (SUTVA) and no unmeasured confounders
(Rubin, 1974), it can be shown that the optimal treatment regime a°Pt(x) for patients with
baseline covariates X = x takes the form
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I(E(Y|X=z, A=1) — E(Y|X =z, A=0)>0)=I (8] 2>0),

where /() is the indicator function.

Our primary interest is in estimating the regression coefficients 5y defining the optimal
treatment regime. Let 7z(x) = AA = 1| X = X) be the propensity score. We assume a logistic
regression model for rz(x):

(2, ap)=exp(a’ ag)/[1+exp(z’ao)l, (2.2)

with p-dimensional parameter ag. Here, we allow the propensity score to depend on
covariates, which is common in observational studies and the parameters ag can be
estimated from the data. For randomized clinical trials, (X, ag) is a constant. We assume
the majority of elements in Sy and ag are zero and refer to the support supp(fp), supp(agp) as
the true underlying sparse model of the indices.

Consider a study with 72subjects. Assume X= (x, ..., X, " is deterministic. The observed
data consist of {( Y} A; x) : =1, -, ri}. Define ((X) = ho(x) + (X, ag)X’ o, the
conditional mean of the response given covariates X'= x. We propose the following two-step
estimation procedure to estimate the optimal treatment regime. In the first step, we posit a
model ®(x, 6) for the conditional mean function z(x), and consider the penalized estimation
for the propensity score and conditional mean models as follows.

Define

. 1 n P '
a=arg mo}nZZ[log{lJrcxp(x?a)} - AixiTa]qLZ)\lnplﬂoﬂ [, A\n),
Hi=1 j=1 (2.3)

and

. 1 9 .
O=arg mgn—Z{Yi — ®(xy, 9)}2+Z)\2n,02(|9‘]|a Aon ),
iz j=1 (2.4)

where o/ and & refer to the jth element in a and 6, gis the dimension of 6, and p; and p,
are folded concave penalty functions with the tuning parameters A1,and A, respectively.
We allow p, gto be of NP order of nand assume logp = O(/+7296) and logg = O(rt~296) for

1
some dgand dg € (0, 5), respectively. The posited model ®(x, 8) may be misspecified.
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Define @;= ®(x; 6) and ;= m(x; a). In the second step, we consider the following
penalized least square estimation:

~ o1 n A R 2 p .
p= argngn—Z{Yi — &y — (A = 7)B wi} +D_Aanps(187], Asn),
i3 j=1 (2.5)

where p3 is a folded-concave penalty function with the tuning parameter 13, Here the
folded-concave penalty functions p1, p» and ps are assumed to satisfy the following
condition:

Condition 2.1. p(# A) is increasing and concave in ¢ € [0, ©0), and has a continuous
derivative p’ (¢, A) with o"(0+, A) > 0. In addition, p’ (¢, A) is increasing in A € [0, o) and p
"(0+, A) is independent of A.

Popular penalties, such as LASSO, SCAD and MCP, satisfy Condition (2.1). In our
implementation, we use SCAD penalty. Here, we adopt a two-step estimation procedure due
to its computational simplicity. Alternatively, we can jointly estimate the parameters @in the
conditional mean model and g in the contrast function in a single penalized regression.
However, this joint approach will require more computational effort since the tuning
parameters for @and S need to be selected simultaneously. In contrast, our two-step method
only requires a single tuning parameter at each step and thus can be easily implemented by
existing softwares, for example, the R package ncvr eg.

3. Numerical studies

In this section, we evaluate the numerical performance of the proposed estimators in various
settings. We generated the propensity score from the logistic regression model (2.2), with
only one important covariate with the coefficient of 1.5. We chose three forms for the
baseline function fp(x), including a simple linear form, a quadratic form and a complex non-
linear form,

Model I: Y =146 X+ A(8{ X)+e

Model 11 Y:1+0.5(1+0§X)2+A(/30T)~()+5'

Model 111: Y =1+ 1.5sin(r0% X )+ X2+ A(BL X ) +e,

where Xis a p-dimensional vector of covariates and X'= (1, X7)7. We set p = 1000.
Covariates were generated independently from two distributions: standard normal or s
shifted exponential distribution with mean 0 and variance 1.

For each model, the first two covariates were chosen as important variables both in the
baseline mean function and the contrast function with 6y = (-2, -1, 0, ..., 0)"and 5 = (0,
-15,1.5,0, ..., 0)7. We considered two different sample sizes, 7= 300 and /7= 500. For
each scenario, we conducted 1000 replications. In our method, we fitted a linear model for
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®(X; 6) and used the SCAD penalty for variable selection. The tuning parameter was chosen
using 10-fold cross-validation.

To evaluate the performance of the proposed estimator, we also compared our method with
the penalized Q-learning using the SCAD penalty. Specifically, we fitted a linear model with
baseline covariate effects and treatment-covariates interaction. Note that it is correctly
specified under model | but misspecified under models 11 and I11.

Let Band 3 denote our estimator and the penalized Q-learning estimator, respectively. We
report the L, loss of ﬁand B, the number of missed important variables (denoted as FN), the
number of selected noisy variables (denoted as FP) and the average percentage of making

correct decisions (denoted as PCD), which is defined as 1 — ZZ;W(%) — I(Bg 2:>0)| /n
for treatment rules o(x) = (x”B> 0) and d(x) = A(x73 > 0). In addition, we estimated

=1 Y(é)}, E{Y*(d)} and E{ Y*(a®P)}, the value functions of the estimated optimal treatment
regimes by our method and the penalized Q-learning method, and of the true optimal regime,
respectively, using Monte Carlo simulations. For a given treatment rule a(x), we compute

E{ Y’ (a)} by averaging the responses for 20000 subjects generated from the true model with
A being determined by a(x). We report the averages of mean responses over 1000
replications as well as their standard deviations.

Table 1 summarizes the results. The penalized Q-learning method performs pretty well
under Model I where the fitted linear model is correctly specified and is more efficient than
the proposed method as expected. For example, when covariates are i.i.d normal and =
300, the PCD is around 99.3% and the estimated value function is very close to the true
optimal, £{ Y*(a°P)}. In contrast, under this setting, the PCD of our proposed method is
97.5%, and the estimated value function is slightly lower.

However, for Models Il and 111, the penalized Q-learning method could lead to substantial
bias and works much worse than the proposed method. Taking the second model as an
example, when covariates are normal and 7= 300, |5 - Sll, = 4.86, approximately third
times as large as II/§— Bollo. The PCD of the estimated treatment regime obtained by the
penalized Q-learning is 55.0%, only a little better than a random guess. In contrast, for this
scenario, the PCD of our proposed method is 73.4%. Moreover, when sample size increases,
the performance of the penalized Q-learning method is even worse. This is due to the
misspecification of the baseline mean function. For our method, there's a big increase in the
PCD as the sample size gets larger. The L, loss and average number of missed important
variables are also greatly reduced. This demonstrates the robustness of the proposed method
to the misspecification of the baseline mean function.

4. Real data example

We applied our method to the data set from the STAR*D study for 4041 patients with
nonpsychotic major depressive disorder (MDD). The aim of the study was to determine the
effectiveness of different treatments for those people who have not responded to initial
medication treatment. At Level 1, all patients received citalopram (CIT), an selective
serotonin reuptake inhibit (SSRI) medication. After 8-12 weeks, three more levels of
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treatments were offered to participants whose previous treatment didn't give an acceptable
response. Available treatments at Level 2 included sertraline (SER), venlafaxine (VEN),
bupropion (BUP) and cognitive therapy (CT) and augmenting CIT which combines CIT with
one more treatment. At Level 2A, switch options to VEN or BUP treatment were provided
for patients receiving CT but without sufficient improvement. Four treatments were available
at Level 3 for participants without anticipated response, including medication switch to
mirtazapine (MIRT), nortriptyline (NTP), and medication augmentation with either lithium
(Li) and thyroid hormone (THY). Finally, treatment with tranylcypromine (TCP) or a
combination of mirtazapine and venlafaxine (MIRT+VEN) were provided at Level 4 for
those without sufficient improvement at Level 3.

Here, we only focused on a subset of data for those patients receiving treatment BUP (coded
as 1) or SER (0) at Level 2. The outcome of interest was the 16-item Quick Inventory of
Depressive Symptomatology-Clinician-Ratings (QIDS-C16), which indicated the severity of
patient's depressive symptom. The maximum vale of QIDS-C16 was 24 and its distribution
was highly skewed. Hence, we considered the transformation Y;=log(25 — QIDS-C16) as
our response. Larger value of Y;indicates better response. All baseline variables at Level 1
and intermediate outcomes at Level 2 were included as covariates in our study, yielding 305
covariates in total for each patient. There are 383 patients receiving treatment BUP or SER
at Level 2, however, only 319 patients have complete records of all 305 covariates and the
response. Among them, 153 were treated with BUP and 166 with SER. Our proposed
method selected 14 variables that are important for treatment decision. We reestimate the
coefficients of these variable by solving A-learning estimating equations (Robins, 2004) and
obtained the resulting estimated optimal treatment regime.

To examine the performance of the estimated optimal treatment regime, we compared it with
the fixed treatment regimes by assigning all patients to either BUP or SER, in terms of the
estimated value functions obtained by the IPSW method (Zhang et al., 2012). The results for
the estimated value functions were given in Table 2. In addition, we reported the 95%
confidence intervals for the difference between the estimated values of the obtained optimal
regime and the fixed regime based on 500 bootstrap samples. Our estimated optimal
treatment regime gave larger estimated values than those of the fixed regimes, BUP and
SER. The difference is significant when comparing to the BUP treatment at 5% level, but is
less significant when comparing to the SER treatment. One reason is that our estimated
optimal regime assigns the majority of patients (about two-thirds) to the SER treatment.
Please refer to Table 3 for the numbers of patients receiving BUP or SER according to the
estimated optimal regime.

In addition, as suggested by a referee, we examined the effects of missing data. Specifically,
we deleted one patient whose response was missing, and imputed all the missing values in
covariates using the R package mi ssFor r est available in CRAN. This package uses a
random forest trained based on the observe entries in the design matrix to predict those
missing values. The optimal treatment regime obtained based on the imputed data was
similar to the one based on the complete-case analysis as shown above. It selected 14
variables among which 11 variables were also included in the estimated optimal treatment
regime without imputation. In addition, the bootstrap results suggested that the estimated
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value of the estimated optimal treatment regime is significantly larger than those of the fixed
treatment regimes, under 0.05 significance level. Since results are similar, we omitted them
here.

5. Non-asymptotic weak oracle properties

In this section we show that the proposed estimator enjoys the weak oracle property, that is,
a, Band Gdefined in (2.3)-(2.5) are sign consistent with probability tending to 1, and are
consistent with respect to the Lo, norm. Weak oracle properties of Oare established in the
sense that it converges to some least false parameter 8 when the main effect model is
misspecified.

Theorem 5.1 provides the main results. Some regularity conditions are discussed in
subsections 5.1 and 5.2. A major technical challenge in deriving weak oracle properties of ,é
is to analyze the deviation in (5.18), for which we develop a general empirical process result
in the supplementary article (Shi et al., 2016). This result is important in its own right and
can be used in analyzing many other high-dimensional semiparametric models where the
index parameter of an empirical process is a plug-in estimator. The following notation is
introduced to simplify our presentation.

Let 1 denote a vector of ones, E denote the identity matrix, O denote the zero matrix
consisting of all zeros. For any matrix ¥, let A'Y") denote the projection matrix

V(¥ 7))~ 1¥ 7 ¥, the submatrix of ¥ formed by columns in the subset M. For any vector
a, b, let “O” denote the Hadamard product: a0 b= (&4, ..., @) 7, |d = (&, ..., |&N 7,
diag(a) as the diagonal matrix with elements of vector aand ay, the subvector of a formed by
elements in M. The jth element in ais denoted as 2. Let Il - I, be the L, norm of vectors or
matrices. Let Il Y1l be the Orlicz norm of a random variable Y,

Y m
inf {U>OZEGXI) (u) < 2} ,
u u

forany m=1.
Let M, = supp(ag), Mg = supp(Bo), M+ = supp(€’), and Mg, M, Mg, be their
complements. Assume each ¥/, is standardized such that ll¥ll, = V. Let ®(6) = [®(x, ), ...,

®(x, 017, #6) = [#4(6), ..., $%(6)] denote its Jacobian matrix. The derivatives are taken
componentwise, i.e.,

¢l<9):(¢l(‘r179)7 L) d)l(xm 9))7

forall /=1, ..., g We denote ®(6") and ¢(&") as @ and ¢ when there's no confusion. We use
a short-hand @, ¢ for ®(6), 4H).
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5.1. The misspecified function

We first define the least false parameter under the misspecification due to the posited mean
function @(x, 6). For regression models with fixed number of predictors, the definition of
the least false parameter under model misspecification has been widely studied in the
literature (e.g, White, 1982; Li and Duan, 1989). However, for regression models with NP
dimensionality, its definition is more tricky. Here, we define our least false parameter as
follows.

For each 6 € RY, let dp= 1/2 minf|0] : & £ 0}, M be the support of 6, /= (1(x1), ..,
uxy)) " and

1p

HG:{(S (= d:(SMg:O’ H(;J\ — 6‘”9 ||OC S dn@}'

Consider the set

0= {9: sup [, (6) [E = P{,, (6)}{n - O} < Con'~% \/logn, | M| < 80} :

(s
0€Hy 0

for some constant G, and sy << 7. We assume the set ® to be nonempty and define the least
false parameter as

0= argmin sup [|{¢,,, ()" Ba, (0} 6%, @) {n - 2O .
6856H9 0 o0

In addition, we assume

-1

sup {4, (8)" dur,, (0} @y, ()(n = ®)||_=0(n""logn),

6€H(,v* (5.1)
for some 3 = 0. By its definition, & satisfies

sup [[¢,c ()T = P{o,,, (6)}(n— @) =0(n'~% /logn),

S€Hyx 0% o0 (5.2)

and |[Mg| < %.

Remark 5.1. Conditions (5.1) and (5.2) are key assumptions determining the degree of
model misspecification. Condition (5.1) requires that the posited working model @ can
provide a good approximation for 4 In that case, the residual x— @ will be orthogonal to the
jacobian matrix gy~ and the left-hand side of (5.1) will be small. In general, our
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assumptions are weaker than the weak sparsity assumption imposed for Lasso (Bunea,
Tsybakov and Wegkamp, 2007), which assumes the L, approximation error lly— @ll,
converges to O at some certain rate.

Condition 5.1. We assume the following conditions:

1 bg~
sup H{QSMH* (5)T¢Me* (5)} Hoo:O( .
(SGHH*

)
n’ (53)

p3(0+)

sup (|6, () by (0){04, (0) 0 . @} ' <min {C »0(”‘13)} ;
ScHys  o* o o 6 o0 p3(dna) (5.4)

maxllg’ o (LHXBoDll,=0(VR), g 5

96L(5 3+
whe 3 sup 1229 o (14 x30)) =0
=1 0, S€Ho 90 2
g*

Vrrogn (5.6)

00

o1 EHQ*(SQGHQ* =1 Mgx

a(16' (01)))" b, , (6
SUp  SUp MAXApax ( AGY TS 2)) =0(n),

(.7)

for some constants 0 < a3 < 1/2, 0 < yg* < yp, Sg* = |Mg|. If the response is unbounded, we
require

q 0
(16 oo)=o(n™/ Viogn). g g

and the right-hand side of (5.6) shall be modified to O(néwf»/ Vsolog?n)

Remark 5.2. Conditions (5.6) and (5.7) put constraints on the derivatives of ¢, requiring the
misspecified function to be smooth. The right-hand side order in (5.6) is not too restrictive
when 176" > sg+ logn.

Two common examples of the main-effect function @ are provided below to examine the
validity of Condition 5.1.
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Example 1. Set @ = 0. Then, no model is needed for ®. It is easy to check that Condition
5.1 is satisfied.

Example 2. When a linear model is specified, i.e., ®(x, &) = x”6, conditions (5.6) and (5.7)
are automatically satisfied since the second-order derivative of ® vanishes. In this example,
@ takes the form

(T 1y
( 1\[0* XI\/IG,() XI”O* lLl/’

6*

Mgx

L — L . .. .-
and QM(‘;* =0, Note that QMQ* is the regression coefficients between Xj,- and 4. Condition
(5.1) holds automatically since

_1 *
(XT XJ\;IQ*) X (M_Xe ):0>

Mgx Mgx

Condition (5.2) becomes

X3 {1~ P(XMQ*)}NIIOOZO(nl_dQ Vlogn).

M 0° «

(5.9)

Each element in the left-hand side vector in (5.9) can be viewed as the inner product of the

residuals obtained by fitting Xj,,- on each noise variable in XM;;* and those fitted by
regressing Xjyg- on 4. When p depends only on X, (5.9) holds for Gaussian linear
model.

5.2. The covariates

Condition 5.2. Assume that

o),

sup Bl X, W(OAX,, Bl =0(= (5.10)

noa
S€EHgx

A2npy(0
sup X7 WoW(5)X,,, Byl —min { (ﬂ) ,0<na2>} 7
SeHge  Mp ~ Anpy(dng) (5.11)

wax|W (67)2” [ ,=O(v/n), (5.12)
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» i . n1/2+7a
max Y 2" o a? o (Xfo)[,=0(———),
=1, logn (5 13
) 1/2+75
mhx 3 fla? o a¥[l,=0(——),
=l vent, osn (5.14)
1/2+gx
P i 1 n
max Y sup [a7 0 ¢'(6)]|,=0(———-),
1= &, 5€Hox Vsorlogn (5.15)
sup mAxAmax [ X2 diag(| W (8)27) X,, ]=0(n),
S€EHg J=1 « (516)
p . i
ij{Amax[Xgadlag\ﬂ o (XBO)\XMQ}:O(n), (5.17)
for some constants 0 < y,, ¥ a < 1/2, where
W (0)=diag[pu — ®(3)], Bpa=X1 AX,, Bn/g:XZ;ﬁ AXy, s

Wp=A — ATP(AZX,, JAZ, A=diag(n(z;),...,m(z,)).

The sequence b,z in (5.10) shall satisfy
bop=min {o(n%_w Viogn), o(n*7 "7 /salogn)} .

Remark 5.3. Conditions (5.10) and (5.11) control the impact of the deviation of the
estimated propensity score from its true value on ﬁ thus are not needed when the propensity
scores are known. By the definition of WA &), magnitudes of the left-hand side in these two
conditions depend on how accurate @ models /. The sequence b, in (5.10) can converge to
0 when XMﬁ and Xj,,, are weakly correlated. Each element in the left-hand side of (5.11) is

the multiple regression coefficient of the corresponding variable in XM; on W8) Xy, using

weighted least squares with weights = O (1 — ), after adjusted by XMﬁ” which characterize
their weak dependence given XMﬁ These two conditions are generally weaker than those
imposed by Fan and Lv (2011) (Condition 2), and are therefore more likely to hold.
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Remark 5.4. The right-hand side in (5.15) can be relaxed to O(/7/2* 76" /logr) when using
the linear model. The additional term /s, is due to the penalty on the complexity of the
main effect model. This condition typically controls the deviation

127{@ = ®(0)}|1=0p( Viogplogn),  (5.18)

where Z = diag(A-) X. A common approach to bound the deviation is to utilize the
classical Bernstein's inequality. However this approach does not work here, because the
indexing parameter in the process ®(:) in (5.18) is an estimator. To handle this challenge, we
bound the left-hand side in (5.18) by

sup (| Z7{®(61) — ®(02)} | o
51,526[‘19*

A general theory that covers the above result is provided in Proposition C.1 in the
supplementary article.

Remark 5.5. Conditions (5.16) and (5.17) aim to control the Lo, norm of the quadratic term
of the Taylor series as a function of a, expanded at ag. Similar to (5.10) and (5.11), the two
conditions are not needed when ag is known to us.

5.3. Weak oracle properties

Theorem 5.1 (Weak oracle property). Assume that conditions B.1 and B.3 in the
supplementary Appendix and conditions 5.1, 5.2 hold, and max; llefl 1 < ©0, where ¢;is the
residual for the ith patient in (2.1). Then there exist local minimizers a, 8and g of the loss
functions (2.3), (2.4), and (2.5) respectively, such that with probability at least 1 — d/(n+ p+
q):

a. A A
a,,.=0, BMf =00, =0

M§ B ’ Mg* '

b.  llap, - aom,ll = O(r7 ¥alogn), ||ﬁ‘Mﬁ— Pomgleo = O 7Alogr),
16,,, — 0% | =O(n""%*logn)

Mpx M«

for cis some positive constant.

Remark 5.6. In Theorem 5.1, part (a) corresponds to the sparse recovery while (b) gives the
estimators' convergence rates. Weak oracle property of a directly follows from Theorem 2 in
Fan and Lv (2011). However, to prove this property of ﬁrequires further efforts, to account
for the variability due to plugging in and a. Lo, convergence rate of ayy, as well as the
nonsparsity size s,, play an important role in determining how fast ﬂMﬁ converges.

Remark 5.7. The convergence rate of 6 will not affect that of ﬁ This is because we require
the posed propensity score model to be correct, the estimation of S is robust with respect to
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the model misspecification of the main effect parameters 6. Simulation results also validate
our theoretical findings.

6. Oracle properties

In this section we study the oracle property of the estimator /§ We assume that max(s,, Sp)
K nand n7®" > sgrlogn. The convergence rates of the estimators are established in Section
6.1 and their asymptotic distributions are provided in Section 6.2.

6.1. Rates of convergence
Condition 6.1. In addition to (5.16) and (5.17) in Condition 5.2, assume that the right-hand

side of (5.15) is strengthened to O(n%ﬂm/ \/ s¢+log®n ), and the following conditions hold,

sup || B, 2 X1 W()AX,, Bua?| =0(1),
SeHp« & (6.1)
sup ||XZ;( WBW@)XMU‘” =0(n),
SEHyx ] 2,00 (6_2)
» J o gkl —
I;gfclgel%\\m o z"[,=0(+/n), 63)
P J ok _
max max |7 o z o (X Bo)ll,=0(Vn), 6.4)
[ X W(E)AW(67)X,, ]=0(ssn). 65)

Remark 6.1. Similar to the interpretation of (5.10) and (5.11), (6.1) corresponds to a notion

of weak dependence between variables in Xj,, and XMﬁ while (6.2) require XM; and Xy,
are weakly correlated after adjusted by XMﬂ. Besides, it can be verified that (6.3)-(6.5) hold
with large probability when the baseline covariates possesses subgaussian tail.

Theorem 6.1. Assume that conditions 2.1, 5.1 and 6.1 and conditions B.2 and B.4 in the
supplementary Appendix hold, and max flejl 1 < co. Constraints on b+, dg, dpgand Agpare

. 1
same as in Theorem 5.1. Further assume max({1, 12)<§ with s, = O(71), sg= O(r2), and
nve" > sglogn. Then there exists a strict local minimizer ,[?of the loss function (2.5), a of
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(2.3), such that &, =0, ﬁMg =0 with probability tending to 1 as 7— ©o, and

O(/san2) 1By, = Bows, I, =0(/saFsgn™7%),

”O‘M,, - Xopr,, HQZ

Remark 6.2. We note that when establishing the oracle property of /§’ only the weak oracle
property of Ois required. This is due to the robustness of the A-learning methods and the
fact that the propensity score is correctly specified.

Remark 6.3. Precision of ,BM is affected by that of aMa, since IlﬁMlB ﬁOMﬁIIZ is at least the
same order of magnitude as IIaMa aom,ll2 When the propensity score is known,

convergence rate of ﬁMﬁ is improved to \/s3/n.
6.2. Asymptotic distributions

We define Z17 and Zo9 as

> =2BaX] AWK, B

—B, X WAV (E - P, )AVWX,, B
My

where Wis a shorthand for WA&").
To establish the weak convergence of the estimators, we introduce the following conditions.

Condition 6.2. Assume that

AP (dna)=0(sa *n712), Naupa(dug)=0(s; *n %), ()

n 3/2 3/2
Z;( Mg naxM,z) - 0’ Z((L’ nﬁxzuﬁz) - 0, (67)
- 3/2, i3
Z(xi;ﬁiB’;ﬂl:EAIﬁi) ' = @'" =0,
i=1 (6.8)

1/2 —-1/2
Amax (B / XT W2X,, B, / >_0(1), 69)
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—1/2 . -
sup HBnﬁ/ Xiﬁdl&g[@ - ®(9)]AX,, Bmf/g szo(l).

SEHys (6.10)

where x4, ;and XMﬁl-stand for the /th row of the matrix Xj,, and XM,B respectively.

Remark 6.4. Conditions (6.7) and (6.8) are the Lyapunov conditions which guarantee the
normality of cha and ,BMﬂ Condition (6.9) puts constraints on the maximum eigenvalue of

the variance-covariance matrix of XAT;H diag(A — m)(p®) by requiring it to be finite.
Condition (6.10) holds when ®(6) converges to ® uniformly in terms of Lo, norm with §in
the region Hg-. When llz — ®ll is bounded, (6.8) and (6.9) are simultaneously satisfied.

Theorem 6.2 (Oracle property). Under conditions in Theorem 6.1 and Condition 6.2,
assume max(s, g = o(/M3), the right-hand side of (5.15) is strengthened to
()(n%ﬂe*/ \/5350+log®n), @ n— ©o. Then with probability tending to 1, d:(dfm,dg)T,

A~ AT A7 T

F=(B,,,:P2) in Theorem 6.1 must satisfy
a.  ay=0,3=0,
b.

1/2, 5
— Qo ) AQan;/a (ﬁMﬂ - ﬁUJ\/[@ )lis asymptotically normally

distributed with mean 0, covariance matrix Q, which is the limit of

[Aln Brlz{f (dMQ

AlnA,{n Al’ﬂ 212‘4%;1
AZn ZQlA?n O—ZAQnAgn +A2n222 A%;L ’

where Aypisa gy x s, matrix and Az, is a g, x sgmatrix such that
/\max(AlnA’{n):O(]-)a ArrlaX(AQnAgn):O(l)'

We note that conditions on the smoothness of the misspecified function (5.15) is
strengthened. To better understand the above theorem, we provide the following two
corollaries. The first corollary gives the limiting distribution when we specify both the
propensity score and main-effect model while the second one corresponds to case when the
propensity score is known in advance.

Corollary 6.1. Under conditions of Theorem 6.2, when we correctly specify the main-effect

. /24 -
model, i.e., 4= ®, A1, BY2(a,, — a,,,.)and 42085 (B, = Bou, ) are jointly
asymptotically normally distributed, with the covariance matrix Q”, which is the limit of the
following matrix,
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AT Ay, 0
O o2AL Ay, |

Remark 6.5. Comparing the results in Corollary 6.1 and in Theorem 6.2, the term

AgnZQQAQn accounts for the partial specification of model (2.1). In the most extreme case
V\{here we correctly specify @, ﬁMﬁwill achieve its minimum variance and is independent of
ap,- In general, we can gain efficiency by posing a good working model for ®. Numerical
studies also suggest that a linear model such as ® = X@is preferred compared to the
constant model. This is in line to our theoretical justification since Wis a diagonal matrix
with the ith diagonal element 1/ - ®".

Corollary 6.2. When the propensity score is known, under conditions of Theorem 6.2 with

A 1 2 A
all a's replaced by ag, then with probability tending to 1 as 7— oo, A B); By = Poni,)

is asymptotically normally distributed with mean 0, co-variance matrix Q" which is the limit
of

/7
2 4T T
g Azn A27L+A2n222 Aap,

where

" —1)2 T —1/2
=B X} WAWX,, B,/

Remark 6.6. An interesting fact implied by Corollary 6.2 is that the asymptotic variance of
,éMﬂ will be smaller than that of the same estimator had we known the propensity score in
advance. A similar result is given in the asymptotic distribution of the mean response for the
value function in the next section. This is in line with the semiparametric theory in fixed p
case where the variance of augmented-IPWS estimator would be smaller when we estimate
the parameter in the coarsening probability model, even if we know what the true value is
(see Chapter 9 in Tsiatis, 2006). By doing so, we can actually borrow information from the
linear association between covariates in WXM,B and those in Xjy,,.

7. Evaluation of value function

In this section, we derive a non-parametric estimate for the mean response under the optimal
treatment regime. By (2.1), define our average population-level response under a specific
regime as

n n
1

Va(B)=—3 _E[Yi|Ai=I(x] 3>0), Xi:xi]zﬁzwo(xim? BoI(z] B>0)],
=1 =1
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where the treatment decision for the ih patient is given as (! 5>0). The mean response
under the true optimal regime is denoted as V() and it is easy to verify that 5 is the
maximizer of the function V/,

Similarly as in Murphy (2003), we propose to estimate V(%) using

Ve LS i BT B50) - A7),
Mis1 (7.1)

This estimator is not doubly robust but offers protection against misspecification of the
baseline function and improved efficiency It's not doubly robust because we require the
propensity score model to be correctly specified to ensure the oracle property of ,é A key
condition which guarantees asymptotic normality of (7.1) is given as follows.

Condition 7.1. Assume there exists some constant C’, such that for all &> 0,
1 T )
EZI(M,— Bol<e) < Ce.
1

Remark 7.1. The above condition has similar interpretation as Condition (3.3) in Qian and
Murphy (2011), where random design were utilized. Condition 7.1 requires that the absolute
value of the average contrast function can not be too small, which together with the
condition sg= o4 ensures the following stochastic approximation condition:

VYl BT 5>0) - 1T Bo>0)}=0,(1) -

Theorem 7.1. Assume that conditions in Theorem 6.2 hold. If Condition 7.1 holds and the
nonsparsity size sgsatisfies sg= o(#), then with probability going to 1, V/{ V,- ViBo)}
is asymptotically normally distributed with variance Vg, which is limit of

2 2Ty pelyT . Ty Rel/2S= m-1/24T
o +o U?LXJ\/IBBn[)’X]\’[ﬁUn+UnX‘MBBn’B ZQQBTL[?) XMﬁUn, (73)

where v, stands for the vector [ 1(z] 5y>0) — w(z1),..., I(z] Bo>0) — W(Q;,L)]T/ V/n,and
2 is defined in Theorem 6.2.

Remark 7.2. Note that we only need sg= o(mM2) to guarantee the weak oracle property of ,B
or O(\/s3/ /n) convergence rate of Il,éMﬁ— ﬁOMﬂllz. This condition is strengthened to sg =
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o(r3) to show the asymptotic normality of ,éMﬁ. Theorem 7.1 further requires sz = o(/74)
as to ensure the approximation condition (7.2).

Remark 7.3. When (7.2) is satisfied, the asymptotic normality of \7,7 follows immediately
from the oracle property of the estimator ﬁMﬂ The first term o2 in (7.3) is due to variation of
the error term ¢;while the last two terms correspond to the asymptotic variance of ﬁMﬁ

We provide a corollary here which corresponds to the case where the main-effect model is
correctly specified.

Corollary 7.1. In addition to the conditions in Theorem 7.1, if the main-effect model is

correct, vr{ \7,, - Vi{Bo)} is asymptotically normally distributed with variance /%, which is
defined as the limit of

o’to UTX B 1XT ,Uns

where v, is defined in Theorem 7.1.

Similar to the asymptotic distribution of ﬁMﬁ the following corollary suggests that the
proposed estimator is more efficient in the case when we estimate the propensity score by
fitting a penalized logistic regression.

Corollary 7.2. Assume the propensity score is known, and conditions in Theorem 7.1 hold
with all a's replaced by ag, then with probability going to 1, v/{ \7,, - Vi{Bo)}is
asymptotically normally distributed with variance .3, which is the limit of

~1/2

o’ o UTXM B, 1XT U+, X” B 1/2222 iy

with v, defined in Theorem 7.1, and ZQQ defined in Corollary 6.2.
By the definition of v,,and the condition that Amax (X, , X1, )=0(1), the asymptotic

variance will reach its minimum when 7 (21 5,>0) is close to the propensity score. We
characterize this result in the following Corollary.

Corollary 7.3. Under the conditions in Theorem 7.1, if we further assume that
1& T 2
=3 {I(X] Bo>0) = m(x:)} =o(1),
i=1

then with probability going to 1, v/{ V,,— Vi{o)} is asymptotically normally distributed
with the variance o2.
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Remark 7.4. Such a result is expected with the following intuition: in an observational
study, if the clinician or the decision maker has a high chance to assign the optimal treatment

to an individual patient, i.e., the propensity score is close to 7(x: 5,>0), the variation in
estimating the value function will be decreased. In other words, the more skillful the
clinician or the decision maker is, the closer the observed individual response Yjapproaches
the potential outcome under the optimal treatment regime.

8. Conclusion

In this article, we propose a two-step estimator for estimating the optimal treatment strategy
which selects variables and estimates parameters simultaneously in both propensity score
and outcome regression models using penalized regression. Our methodology can handle
data set whose dimensionality is allowed to grow exponentially fast compared to the sample
size. Oracle properties of the estimators are given. Variable selection is also involved in the
misspecified model and new mathematical techniques are developed to study the estimator's
properties in a general form of optimization. The estimator is shown to be more efficient
when the misspecified working model is “closer” to the conditional mean of the response,
although our approach does not require correct specification of the baseline function.
Numerical results demonstrate that the proposed estimator enjoys model selection
consistency and has overall satisfactory performance.

In the case when there are multiple local solutions of our objective functions (2.5), (2.3) or
(2.4), although our asymptotic theory only suggests the existence of a local minimum
possessing the oracle property, it is worth mentioning that we can actually identify the
desired oracle estimator using existing algorithms (see Fan, Xue and Zou, 2014; Wang, Kim
and Li, 2013). Theoretical properties can be established in a similar fashion.

The proposed method requires to specify the propensity score model correctly. In
randomized studies, the propensity score is known in advance and thus the assumption is
automatically satisfied. However, for observational studies, there's no guarantee. In practice,
some prior information on treatment decision mechanism used by physicians may be helpful
for building a reasonable propensity score. In addition, model diagnostic tests can be used to
check the goodness-of-fit of the posited propensity score model, such as a logistic regression
model. In general, this might be easier than checking the goodness-of-fit of the regression
model for the response. In addition, in our current work, we assume the design matrix Xto
be deterministic mainly for technical convenience. To the best of our knowledge, the
penalized regression with the folded-concave penalties has never been studied in random
design settings with NP dimensionality. To consider random design settings, we need to
impose some tail conditions on X; and the derivation of some technical results needs to be
modified. This is beyond the scope of our current paper and will be investigated elsewhere.

The current framework is focused on point treatment study. It will be interesting and
practically useful to extend our results to dynamic treatment regimes. Significant efforts are
needed to handle model misspecification in multiple stages. This is an interesting research
topic that needs further investigation.
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Supplementary Material

Appendix

Refer to Web version on PubMed Central for supplementary material.

Here, we only give the proof of Theorem 5.1. More technical conditions and proofs for
Theorems 6.1, 6.2 and 7.1 are given in the supplementary Appendix. To establish Theorem
5.1, we need the following lemmas. The proofs of these lemmas are also given in the
supplementary Appendix.

Lemma 1. Let z= (2, ..., Z" " be an ~dimensional independent random response vector
with mean 0 and a€ R”.

a. If 2, ..., 27 are bounded in [¢, d], then for any & € (0, o),

o2
Pr(ja”2|>¢) < 2exp <——> .
2] all3(d - ¢)®

b. If 2, ..., 27 satisfy max,-llz"lly,l < w, then for any e € (0, 00),

1 e?
Pr(laTz|>e < 2exp|—— - .
(o= ( 22a||§w3+||aII6W>

Lemma 2. Define e=U;9 | ¢, where e, is defined in Appendix G, under conditions in
Theorem 5.1, we have Pr(e) =21 — d(n+ p+ g) for some ¢> 0.

Notation. Let Z= diag(A - n)X, Z = diag({A - m)X, and

6=2"e, 6=2"(u — @), &=¢"(c — Z),
&4=2"diag(XB0)AX,,, , &=X"[diag{(A —7)o (A —m)} - AJX,, ,
£6(0)=2"T{® — ()}, &(0)={6(8) — ¢} " (e — Z o),

and 7 = (rz(xq), ..., (X;)). For a given matrix ¥, the superscript ¥/ is used to refer to the
vector which is the fh column of matrix ¥ while the subscript ¥ ;stands for the th row of

. . . 9:(9T OT)T .
V. We will write ®(6), ¢(6) with Mps® as ®(Opyg+), #(6p1,) for convenience.

Proof of Theorem 5.1

We break the proof into three steps. Based on Theorem 1 in Fan and Lv (2011), it suffices to
prove the existence of ,éMﬂ éMe* inside the hypercube
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T — — *
R={(85,07) 85 — Boss,|l_=n""logn, |8y — 0, || =Kn *logn}

Mg«

with K'a large constant, conditional on the event &, satisfying

ZAZ[B v — o) — ZAB}:TL)\QnﬁQ(BMﬁ)a (A1)

ngle* {Y - (I)(é)}:n)@nﬁS(él)v (A2)

~T A A A ’
75 Y —®0) = ZBY| <ndanpy(04),
| Mﬁ,{ (9) 5}\\00 2np2(0+) A3)
~T A ’
LY — (0 <n\ 04+),
g, 1Y = DU _<mhangis0) o
AT A ~
/\min(ZMﬁ ZMB )>n/\2n’€(l)2a ﬂMB )7 (A5)

AT A
)‘Hlin((pMO* ¢Me* )>n/\3nf€(l)3, 91\46* ) (A6)

Step 1. We first show the existence of a solution to equations (A.1) and (A.2) inside 8 for
sufficiently large 7. For any 6= (&L, ..., 8*%°) T € R, since dyg= 178 logn, dpe > 76"
logn, we have

58 - sor .
mi?|51| > min || — dypg=dng, mei%l|51+53| > min |6 | — dpg=dng
= =

and sgn(8p) = sgn(Bog), sgn(0p)=sgn(07, ). The monotonicity condition of ,)(¢), pi(t)
gives

InA2075(0) o < M A2002(dng),  [1nA3075(0) ]l < M AP3(dns). (A7)
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We write the left hand side of (A.1) as

AT
Alﬂ {Y

— ®(dy)
- ZM@ 65}
. T
:fmfﬁ +€2M@ +(ZM[, - ZM[,) {1 —2(d0)}

AT 4 T
+ZMEZ —5@)+Z (Z

Mg (BUJLIB Mg\ Mg

- Z

Mg )BOM/,

~ Z,, {®(%)

Mg
o). 21
+ I+ I3+14+15+1, (A.8)

on the set 3 U e5 U e13, we have
o 2l oo 3]l o=O( Vnlogn). (A .9)
Define
~ T ~ T, 5
m=(Z — Z) {u— ®(g)},m2=(Z — Z) (ZJ\/Ia - Zz\/13 )50Mﬁ'

Note that Mmmg= K in (A.8), which we represent here using a second order Taylor expansion
around agpy,,

. 1
I3:XZ;B W(50)AXMa (O‘()Ma - )+§T13 ) (AlO)

where 75, in (A.10) corresponds to second order remainder, whose jth component is given as

<d1\4a - a()k[a )TXZ;Q W((Sg) Z(d)diag(wj)XMa (dMa - O‘OM(, )v

where X(a) is a diagonal matrix with the ith diagonal element " (xT,,a)with a lying in the
line segment between oZMa and agyy,. Since 7" () is a bounded function, we can bound
I7lleo by
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T
Mg

z

AIB
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m]ax(ézMa — Qo )TXATIQ diag(lw(59)$j|)X1\m (@, = @orr)s (A.11)

whose order of magnitude is O(s,/727a log? n) by (5.16).

. T (% L
We decompose /4 in (A.8) as 772M,,+ZM,, (ZMﬂ - ZMﬂ )/30M,3. Using similar arguments, on the
set &g, it follows from (5.17) that

A~ T . 1 A
- ZAIB )BOAIB ”OO < m?X(aMa - a()Ma) X};a dlag(|$]°Xﬁo|)XMa (QJV[Q _QOAIQ)+||€4JVIB HOOZO( V/nlogn

+8an'"log?n).

(A.12)
Using Taylor expansion, it is immediate to see that

A T ~T . j A —294 2
”7721»1[3 HOO < m?X(aMa - a(JMa) quadlag(|I]OXﬁ0|)XMa (O‘Ma 70[01\4(1):0(80/”’1 Tlog™n),

(A.13)

by (5.17). Combining (A.12) and (A.13) gives

AT A _
HZAIﬁ (ZMﬁ - ZI\/[ﬁ )ﬁomﬂ HOO:O( V nlogn)JrO(sanl QA/QIOan)' (A.14)

So far, we have

|1+ T4 T3+Iy+I5+1g — X W (00)AX,, (g, —dy )l =0( V/nlogn)+0(san'"*log?n)+0(sgn' > log?n),
(e}

Afﬁ

(A.15)

by (A.9), (A.10), (A.11) and (A.14). Now we approximate /; by Xffﬁ AX, (08 = Bow,) and
bound the magnitude of error llopydles Where @ = (Z7Zp5~ X'AXn15)(85~ Powmg). We
present it as
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AT A
1\13:(21\]6 ZMﬁ

T
- X]uﬂ AX]LIﬂ )(55

w

AT A
- ﬂoMﬁ ):ZM (ZM/,

B
- ZMB)((Sﬁ
- 501\45 )+(ZMB - Z]\Jﬁ)
T
- ﬂo]\;lﬁ )+(ZMB ZMﬁ

- XZ;B AXMB)((Sﬂ

T
Zy s (6/3

- ﬁOJ\lﬁ) = wli\lﬁ

+w21\/[6 +§5MB (65 - /60]\15 ) (A.16)
It follows from first-order Taylor expansion that the j#th element in w1 Mg can be presented as
“ 5 ~ N T
[(A - 7T) © xJ © {A(al\la )XMQ (O‘MQ - QOMQ)}] X}\Jﬁ (55 - ﬁOAJS)v (A.l7)

where A(ayy,) is a diagonal matrix with the th diagonal component 7(x;, as,)(L = (X,
c{Ma)), where cha lies between the line segment of cZMa and agyy,. We decompose X as
the Hadamard product of two vectors, denoted by ¥ O #, where

wi (Ve )

7= (sental) el sentef) o)
Let p=(A- ) O #O {A(an,) Xn,(am, - aom,)} we have

~ i ~ N T
”[(A - 71—) oi’o {A(QMQ)XMQ (O‘Ma - O‘OM(,)}] ‘X]LIB ”2”5/3 - /BOMB H2

= /" diag(@) X, X7 diag(@)¢ll0g — Bor, [, < \/Amax (X7, diag(|2? )X, )5 = Bous, I [l ll-
8" Mg 5l 5 s sl

(A.18)

Since IIA - rlloo < 1, elements in A(cha) are bounded, we have
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lelly < lldiag(37) X, (G, = gy lly < \//\max{Xf,adiag(lﬂfjl)XMa}||dMa = %o, -

(A.19)

Combining (A.18) with (A.19) gives

p . - N 2 P . . N 2
leMg HOO < I?:af \/)\max{Xz;u diag(|=I |)XM& }HO‘MQ — Qopr, HQI?:af( \/)\max{X;}’;a dlag(|1‘3|)XMa }HﬁMﬁ - ﬁo]\{B ”27

(A.20)

which is O( \/sas5n' 77" log?n) by (B.4) and (B.5).

By the same argument, we can verify that lla» Mﬁlloo is of the same order. Note that on the set
e11,

||£5]\Iﬁ (5 - 501\1}@ )Hoo < H£5]\Iﬁ ”00”5 - ﬂOMﬁ “0020(35“172%@1(%2”)7

these together with (A.20), yields

||wMﬁ HOO:O(Sanlﬂ%‘log2n)+0(55n1727f’loan). (A21)
Define vector-valued function
W1(d3,09)
1 5T A _

:Bné[ZMB {y — @(dp) - ZMB 5} — nAonpa(05)]
=B M1+ Lo+ Is+ L+ Is+Is — nhanpy(35)}
=05 — 50Mﬁ +B;ﬂ1 {4

o+ Istw,, +15+1s — nAonpa(ds)} = o5
B ﬂOMﬁ tug, (A.22)

then equation (A.1) is equivalent to ¥1(6g, 6g) = 0. It follows from (A.7), (A.15) and (A.21)
that
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Mo O‘oMa )”OO

. —1 T A
Hu/jHOO S 6;1]{}:* ||Bn,6 X]\jﬂ W(é)AXIMa (O[

+\B,3 ||w{0(san1_27a log?n)+0(sgn'~?"log*n)+0( Vnlogn)+nig,p (dng)}-
By similar arguments in the proof of Theorem 2 in Fan and Lv (2011), we have
”Bna(diwu - CMOM&)||OC:O(San1727"log2n)+O( V nlOgn)+n)‘1np/1(dna)7 (A.23)

on the set £; U &,. Thus by (5.10), (B.1), (B.14) and (B.15), we have

ugll o < O[baﬁ{san_%’“logzn

+y IOgn/n"‘)‘lnp,l (dna)}}“‘O[bﬂ{san_z% 10g2n+35n_271310g2n+ \ lOgn/n—l—)\gnplg (dng)}-

Therefore by (A.20), for sufficiently large 7, if (85— ﬁOMﬁ)/: 7B logn,
T{(35.00)>0,  (A.24)

and if (6- ,BOMﬂ)/: - B logn,
W(d5,80)<0.  (A.25)

Similarly we write the left-hand side of (A.2) as

. T T TG
B 7z — P) — b — D).
(D, = Pay) (e 50)+53M;) For,, (=) =0y, ( ) (A.26)

It is immediately to see that
||§3]L19* Hoo:()( V nlOgn)v (A_27)

on the set 5. The Lo norm of the first term in (A.26) is bounded by
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Sup ||€71v[3 (d)]| =O(+/nlogn),
6€Hpx ‘ & (A.28)
on the set eys.
Using second-order Taylor expansion, we approximate the last term in (A.26) by its first-

T A .
order term %{9* ¢M9* (60 — ng* ). 1t follows from (5.7) that the Lo norm of the remainder
term is bounded from above by

MaAXAmax
=1 90,

- 2(19'(00))" 6,,. (3
o { (|¢*(%0)1) Mg*( 0) H(SQ—QLQ* HEZO(se*nl*%gxloggn)’

(A.29)

where &y lies between the line segment of 9:,9* and &g.

Define Y2(8p 60) = {mg (50 "mg (80} by (60 LY — (59} = MA303(86)],
equation (A.2) is equivalent to '¥'5(8g, &g) = 0. Similarly to '¥'1(8g, &), we now show

W5(85, 5¢) is mainly dominated by 96 — 07, . Define vo="2(03,00) — do+67, it follows
from (5.1), (5.3), (B.13), (A.26), (A.27), (A.28) and (A.29) that

* -1 *
luolloe < 1192(35,00) = do+0%, 1| < o, (00) 6u,. o)} I _TIIE, | +IE,, Go)l +]D(0) — @ = 6(60)" (39 — 07,
6 oo 6

+||{¢]L19* (59)T¢Me* (59)}71(25]»19* (59)T(:u - (I))HOO
=o(n 70" logn)
+0O(n" 7" logn).

(A.30)

Therefore, we can find a large constant K< oo, for 77large enough such that if

(J9 — 03, Y'=Kn"""logn,
U3(35,80)>0,  (A31)

and if (0 — 9;{9* V= — Kn 7o~ logn,
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W5(05,00)<0.  (A.32)

Combining (A.24), (A.25) with (A.31) and (A.32), an application of Miranda's existence
theorem shows equations (A.1), (A.2) have a solution (ﬁMﬁ Omg) in R.

Step 2. Let (B7, 67) T be a solution to equations (A.1) and (A.2) with ﬁMg =0 and 9:=0 we
show that (87, 67) 7 satisfies inequalities (A.3) and (A.4). Decompose (A.3) as the sum of
the following terms,

AT
M (
A AT A
—®- ZMBﬁJ\Jﬂ)
T 5
:51 ME +£2k[g, +ZMB (ZMB
- ZM[; )Boﬂfﬁ

A T N
+§51\45 (ﬁf\i’g - ﬂo]\;lﬁ )+w11\4? —'_{"}21”/C +"711\,1/C _'_XAIC AXAIB (ﬂ]uq
£ f B B B B F

- ﬁozu,, )'H]zMg - ZM,@ ((i) - (I))' (A 33)

On the set 4 U &5 U e19 U &1, it is immediately to see that

2 T (& 1-d /
||€11\/[§HOO+||£21\1§||OO+H£5AIE (ﬂ]”l; 7/301\1/3)“00+||Z1\{ﬂ (¢ - ¢)HOO:O(n s 1Ogn) (A34)

By (B.4), (B.5) and (A.20), a first-order Taylor expansion gives

gl [|_=Osan’™*"logn)+O(sgn = log?n). o0
Similarly it follows from (5.17) and (A.13) that
101, | =O (0~ log®n). (A.36)
On the set &1, by (5.17) and (A.12), we have
1230, (Z o, = Za, )BI_=O(n'="% /logn)+0(san'~*1log*n). (A.37)
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nAa, M

+Cpy(0+),

v -

Page 30

x! W (00)AX

(a

Mo \ Yoo — Yiig ), the Loo norm of remainder error

Approximating "5 by
term is bounded from above by

)TXT dlag(|W(59)x] |> Ma (O‘Ma -

OA,Q):O(san1770*log2n), (A.38)

(O‘Ma Qonrg

by (5.16). Let

Wy=2,, (Y =8-21 B, )-XT AKX, (B, ~Buy,)-X

AI‘

follows from (A.33)— (A.38) that

ng ( ng W(Ql)AXM ( Xonr,, 76‘MQ >, it

[ugll =O(n'~% \/logn+san'~*log?n+ssn'~?log’n). (A.39)
Since ﬁMﬁ solves (A.1), we have
ﬂmﬂ - BOMBZ —ug, (A.40)

where g s defined as Wl(,éMﬂ Omg) + Pomg~ ﬁMﬁ Combining (A.40) with (A.23) and
(A.39) gives

A AT A~ 1 ’ —1 A

ILI(' Mgx

by (5.11), (B.3), (B.16) and (B.19). Since C< 1, for sufficiently large n, (A.3) is satisfied.

- @)

Now we verify (A.4), decomposing (z)MC v as the sums of

~ T AT ~T A
Oug, = urg, ) (€= BBl 0y (= )40 (B D) ) 4y
on the set eg U e14, we have
5 T _ — ) (y1—do
1,001 +I(@ye =) (e = ZBo)l|_=O(n' ™" Vlogn). a2

Similar to (A.29), a second-order Taylor expansion gives
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T z " * — *
||¢1\/[;* ((I) - (I)) ¢1\1f ¢k{9* (eng - 91\46* )HOO:O(Sﬁ*nl %0 10g2n),

o0*

(A.43)
by (5.7). Since (,BMﬁ, éMQ‘) is the solution to ¥(8g, 66) = 0, it follows from (A.30) that

AT A A . AT A AT A~ -1
191 Gy Ortge =83, ) = D by, G By ) (= @)

[o.9]

T 2T -1 1—27p% 11 2 /
:”(ZSM(‘;* ¢Mg* (¢1\19* d)ﬂfe*) ”OC{O( vnlogn+se«n'~ =1 log™n)+nA3p3(dng)}- (A.44)

By (A.41)-(A.44) and conditions in (5.2), (5.4), (B.15) and (B.20), the left-hand side of (A.
4) can be bounded by

n)\gn

{O(n*~9% \/logn)

oy 1 AT A T a
+O0(sgent=270 108;2”)}‘#@”%,5* ¢Me* (¢Me* ¢M@*) ||oo{0(vn10gn)
+0(sg=n"270" log?n)

+1 3005 (dng)}

||¢M{ {I-P,,,, 0)}u—2)]

n/\3 00
=o0(1)
+Cp3(0+4),
for C< 1. Therefore (A.4) is satisfied.
Step 3. Now we show the second order conditions (A.5) and (A.6) hold. Because (A.6) is
directly implied by (B.17), it suffices to show that /\min(Z ZM )= Amm(Xﬂﬁ AX,,) for

sufficiently large n. Since (ZMﬁ— ZMﬁ) T(ZMﬁ - ZMﬁ) is p05|t|ve semi-definite, we have

AT A A
)‘min(Z ]WB) 2 )\mm(Xz;B A*XMB)”F)‘Irlin{(ZMﬂ - Zl\h;) ZMq +ZT (Zk157Zk15>+£5Ar16}’

(A.45)

Since any symmetric matrix ¥, the absolute value of minimum eigenvalue can be bounded
by
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Panin (D)) < /A (92) < /19 1211, =11
N T T A
(A.5) follows if we can show ||§5A15 _"(ZM;3 - ZMﬁ) ZM;3 +ZM£ (ZAIB - ZMB)HOOZO(n)_ But
this is immediate to see because
l€5as, | =0(/>+72 / \iogn)=o(n),
N T T N
on the set e17. Similar to (A.20), ||(ZMﬁ - ZMﬁ) Z‘uﬁ +ZM£ (ZMS - ZMB)HOO can be
bounded from above by
. - . : N 2
2 5o (X, iog(129) X, Do (KT, o9 X, M, =i I3 0 e
which is O( \/sas3n' 7logn)=o(n) implied by the constrain max(4, b) < y,. This
completes the proof.
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Table 2
Estimated value functions and confidence intervals for the difference of the estimated
values
Treatment regime Estimated value function  Diff  95% CI on Diff
Estimated optimal regime 3.10
BUP 2.55 0.55 [0.07, 1.13]
SER 2.80 030  [-0.08,0.64]
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Table 3
Number of patients receiving BUP or SER, according to the estimated optimal treatment
regime

receives BUP  receives SER  total
assigns BUP 66 50 116
assigns SER 93 110 203
total 153 160 319
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