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Summary

In this paper we consider causal mediation analysis when exposures and mediators vary over time.
We give non-parametric identification results, discuss parametric implementation, and also provide
a weighting approach to direct and indirect effects based on combining the results of two marginal
structural models. We also discuss how our results give rise to a causal interpretation of the effect
estimates produced from longitudinal structural equation models. When there are time-varying
confounders affected by prior exposure and mediator, natural direct and indirect effects are not
identified. However, we define a randomized interventional analogue of natural direct and indirect
effects that are identified in this setting. The formula that identifies these effects we refer to as the
“mediational g-formula.” When there is no mediation, the mediational g-formula reduces to
Robins’ regular g-formula for longitudinal data. When there are no time-varying confounders
affected by prior exposure and mediator values, then the mediational g-formula reduces to a
longitudinal version of Pearl’s mediation formula. However, the mediational g-formula itself can
accommodate both mediation and time-varying confounders and constitutes a general approach to
mediation analysis with time-varying exposures and mediators.
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1. Introduction

There has recently been considerable methodologic development on approaches to
mediation and pathway analysis from within the causal inference literature (Robins and
Greenland, 1992; Pearl, 2001; van der Laan and Petersen, 2008; Goetgeluk et al., 2008;
VanderWeele and Vansteelandt, 2009; Imai et al., 2010; Tchetgen Tchetgen and Shpitser,
2012, 2014; Lange and Hansen, 2011; Martinusen et al., 2011; Vansteelandt et al., 2012;
VanderWeele, 2015). This work has extended traditional approaches for mediation analysis
to settings with interactions and non-linearities and has clarified the no-unmeasured
confounding assumptions that suffice for a causal interpretation of direct and indirect effects.
Almost all of this literature has considered a single exposure at one point in time, a single
mediator, and a single outcome. There is also now a literature on a single exposure, mediator
and outcome but with a time-dependent confounder that is affected by the exposure and
which itself affects both the mediator and the outcome (Albert and Nelson, 2011; Imai and
Yamamoto, 2013; VanderWeele et al., 2014; Tchetgen Tchetgen and VanderWeele, 2014;
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Daniel et al., 2015); however this literature also does not allow the exposures and the
mediators themselves to vary over time. In practice, often longitudinal data are available and
both the exposure and the mediator vary over time. There is currently very little work in the
causal inference literature with exposures and mediators that vary over time. Only a few
papers in the causal inference briefly touch on such settings with longitudinal data (van der
Laan and Petersen, 2008; VanderWeele, 2009; Shpitser, 2013) and an approach that fully
accommodates time-varying exposures and mediators and time-varying confounding is yet
to be developed. Although some work has been done in psychology on mediation analysis
with longitudinal data (cf. MacKinnon, 2008), this does not fall within a formal causal
framework and issues of time-varying confounding are not addressed.

Some of the difficulty is that the concepts of natural direct and indirect effects (Robins and
Greenland, 1992; Pearl, 2001) that have been employed in the causal inference literature on
mediation are not identified from the data in many settings involving time-varying exposures
and mediators. In particular whenever there is a mediator-outcome confounder affected by
the exposure, these natural direct and indirect effects are not non-parametrically identified
irrespective of whether data is available on the exposure-induced confounder or not (Avin et
al., 2005). In longitudinal settings such exposure-induced confounding may be very
common. In this paper we propose an approach to pathway analysis that can be used in
settings with time-varying exposures and mediators. To do so, instead of using the natural
direct and indirect effects commonly employed in the literature we use a randomized
interventional analogue of natural direct and indirect effects (cf. Didelez et al., 2006;
VanderWeele et al., 2014) that can be identified from longitudinal data under weaker
assumptions than the natural direct and indirect effects. The approach we develop draws
upon both Robins’ g-formula (Robins, 1986) and Pearl’s mediation formula (Pearl, 2001)
but unites these in a single framework that allows one to assess mediation with time-varying
exposures and mediators in the presence of time-varying confounders. We will refer to the
resulting empirical expression as the mediational g-formula. In the absence of time-varying
confounders it reduces to a time-varying analogue of Pearl’s mediational formula. In the
absence of mediation it reduces to Robins’ g-formula. However, the approach with the
mediational g-formula can handle both mediation and time-varying confounding; it unites
the g-formula and the mediation formula together in a single framework. It is applicable to
assess questions of mediation over a broad range of contexts. We illustrate how the approach
can be implemented by fitting two marginal structural models (with code in the Online
Supplement); we also show how it can be implemented using sets of linear structural
equation models common in the social sciences (MacKinnon, 2008) and how it clarifies the
interpretation of effects in this context. However, these are only two settings in which the
approach can be used. It is much more general and can be applied to numerous settings. We
believe the mediational g-formula will lie at the foundation of numerous future
developments concerning the assessment of mediation with time-varying exposures and
mediators.
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In this section we will review the definitions and identification assumptions for the natural
direct and indirect effects defined in the causal inference literature on mediation. We will
moreover contrast this to randomized interventional analogues of natural direct and indirect
effects which can be identified under weaker assumptions and which will, in the following
section, be extended to settings with time-varying exposures and mediators.

Let A denote the exposure of interest; Y; the outcome and M, the potential mediator, and Va
set of baseline covariates not affected by the exposure. For now we will assume that the
exposure and mediator only occur at one point in time. We will let Y, and M, denote,
respectively, the values of the outcome and mediator that would have been observed had
exposure A been set to level a. We will let Y, denote the value of the outcome that would
have been observed had exposure A been set to level a, and mediator M been set to level m.
These counterfactual or potential outcome variables, Y, M,and Y, all presuppose that at
least hypothetical interventions on A and M are conceivable. A further assumption is
generally made, sometimes referred to as the “consistency assumption”, that when the
observed exposure A = g, the counterfactual outcomes Y, and M, are, respectively, equal to
the observed outcomes Yand M, and likewise when observed A = aand M= m, the
counterfactual outcome Y7, is equal to Y; along with a “composition” assumption that Y, =

YaMa.

Using these counterfactuals, Robins and Greenland (1992) and Pearl (2001) defined what
have since come to be called controlled direct effects and natural direct and indirect effects.
The average controlled direct effect, conditional on covariates /= v, comparing exposure
level A= awith A= a" (for a binary exposure a= 1, & = 0) and fixing the mediator to level
m, is defined by A Ym— Yz -V and captures the effect of exposure A on outcome Y,
intervening to fix Mto 7, it may be different for different levels of m. The natural direct
effect, conditional on covariates V= v, is defined as £ Yz — Y3 11,4V and differs from
controlled direct effects in that the intermediate A7 is set to the level Mz, the level that it
would have naturally been if the exposure had taken value A = &". Similarly, the average
natural indirect effect, conditional on V= v, can be defined as £ Yz, = Yans,*IV, Which
compares the effect of the mediator at levels M, and Mz on the outcome when exposure is
set to A = a. Natural direct and indirect effects have the property that a total effect, £[ Y, -
Yz*|v], decomposes into a natural direct and indirect effect: £[ Y~ Y3*V = £ Yo, -

Y mV = ELYan, = Yamg I+ ELYany = Y& a4V the decomposition holds even when
there are interactions and non-linearities.

In general, stronger no-unmeasured-confounding assumptions are required to identify direct
and indirect effects than total effects. On a causal diagram interpreted as a set of non-
parametric structural equations (Pearl, 1995, 2009), the following four assumptions suffice
to identify natural direct and indirect effects from data (Pearl, 2001; Shpitser and
VanderWeele, 2011): (i) the effect the exposure A on the outcome Y'is unconfounded
conditional on V/; (ii) the effect the mediator M on the outcome Y'is unconfounded
conditional on (V; A); (iii) the effect the exposure A on the mediator M is unconfounded
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conditional on V; and (iv) none of the mediator-outcome confounders are affected by the
exposure. The assumptions would hold in a nonparametric structural equation model given
by Figure 1.

Only assumptions (i) and (ii) are required to estimate controlled direct effects. Assumptions
(i)—(iv) in the text, stated formally in terms of counterfactual independence, are: (i) Yz;, LA
V, (i) Yamt M{A, V4, (iii) My LAV, (iv) Yam LM+ V. Under these assumptions natural
direct and indirect effects are identified (Pearl, 2001) and given by the following
expressions:
E[Y.

aMgsx  © a*Mgx

E[Y,, —Y

aMg  ~aMgx

v] = Y, {E[Y|a,m,v]—E[Y]a*, m,v]}P(m|a*,v).
v] = >,,E[Y|a,m,v]{P(m|a,v)—P(m|a*,v)}.

Importantly, however, if there is a mediator-outcome confounder L affected by exposure
then assumption (iv) will fail and natural direct and indirect effects will not be identified
from the data (Avin et al., 2005). Assumption (iv) would thus be violated in Figure 2. The
counterfactual independence assumption (iv) that Y, LMz Vis also somewhat
controversial for other reasons. Although it will hold in the causal diagram in Figure 1 if this
diagram is interpreted as a non-parametric structural equation model as in Pearl (2009),
there are other interpretations of causal diagrams wherein assumption (iv) may fail even in
Figure 1 (Robins, 2003; Robins and Richardson, 2010) because these alternative
interpretations impose fewer conditional counterfactual independencies than are implied by
a structural equation model. Further discussion is provided elsewhere (Robins and
Richardson, 2010; VanderWeele, 2015).

Even if this assumption, that Y, WM_*|V; fails, an analogue of natural direct and indirect
effects, based on randomized interventions, can be identified from the data under
assumptions (i)-(iii) alone. We will conclude this section with a discussion of these
randomized interventional analogues of natural direct and indirect effects and in the
following section we will consider longitudinal extensions of these effects. These
randomized interventional analogues are essentially equivalent to those proposed by Didelez
et al. (2006) and Geneletti (2007), but here we employ and extend these concepts to a
longitudinal context for mediation.

Let G4, denote a random draw from the distribution of the mediator with exposure status
fixed to a conditional on V= v. The effect A YaGaw) - K YaGa*W) is then the effect on the
outcome of randomly assigning an individual who is given the exposure to a value of the
mediator from the distribution of the mediator amongst those given exposure versus not
given exposure (conditional on the covariates); this is an effect through the mediator. Next
consider the effect A YaGa*| = Ya*Ga*| ) this is a direct effect comparing exposure
versus no exposure with the mediator in both cases randomly drawn from the distribution of
the population when given no exposure (conditional on the covariates). Finally, the overall
effect A YaGa|v) - K Ya*Ga*w) compares the expected outcome when (conditional on the
covariates) having the exposure with the mediator randomly drawn from the distribution of
the population when given the exposure (conditional on covariates) to the expected outcome
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when not having the exposure with the mediator randomly drawn from the distribution of the
population when not exposed. With effects thus defined we have the decomposition:
E(Yacq,) =~ EYi6) = {8 Yacq,) = EVacs ¥ {8 Yac,) = B Vi z7,)}s0 that the
overall effect decomposes into the sum of the effect through the mediator and the direct
effect. We will refer to these effects as interventional direct and indirect effects since, unlike
the natural direct and indirect effects, they are effects that could in principle be brought
about in practice by interventions on the exposure and the mediator. These are not the
natural direct and indirect effects considered earlier but are instead analogues arising from
fixing the mediator for each individual, not to the level it would have been that for individual
under a particular exposure, but rather, to a level that is randomly chosen from the
distribution of the mediator amongst all of those with a particular exposure, conditional on
the covariates. These effects are identified under assumptions (i)—(iii) alone (Vander-Weele
et al., 2014). Under these assumptions (i)—(iii) the interventional direct and indirect,

{& YaGa*| D= Ya*Ga*| Jand { & Yan )~ E YaGa*| L} are in fact identified by the same
empirical expression as those given above for natural direct and indirect effects, and the
interventional total effect equals the regular total effect, points we will return to again below
in the longitudinal setting. Note that assumption (iv) is not necessary for the identification of
these interventional effects; it is not necessary because the mediator is being fixed to a level
that is randomly chosen from the distribution of the mediator amongst all of those with a
particular exposure, rather than fixed to the level it would have been for that individual under
a different exposure status. Because assumptions (iv) is not necessary the interventional
direct and indirect effects are also identified in interpretations of causal diagrams (Robins
and Richardson, 2010) other than Pearl’s non-parametric structural equations (cf. Vander-
Weele et al., 2014). Moreover, even if there is a mediator-outcome confounder affected by
the exposure as in Figure 2, the interventional direct and indirect effects may still be
identified from the data but the empirical expressions equal to these effects no longer
coincide with that given above for natural direct and indirect effects. They are instead, if
Figure 2 is a causal diagram, given by (VanderWeele, et al., 2014):

Y, N )-E(Y,., . ):ZLm{E[Ym,l,m,v]P(l|a,v)—E[Y|a*,l,m,v]P(l|a*,v)}P(m|a*7v)
E(Y, )7E(Yac *‘,‘):Zl,mE[Y|avlvmvU]P(l|avv){P(m|avU)fp(mm*vv)}'

aGa‘v

3. Time-Varying Exposures and Mediators and the Mediational G-Formula

Suppose now that the exposure, mediators and possibly confounding variables vary over
time. Let (A(L), ..., A(7)), (M), ..., M(T)), and (L(1), ..., L(T7)) denote values of the
exposures, mediator, and time-varying confounders at periods 0, ..., 7, with initial baseline
covariates V; and subsequent temporal ordering A(), M(%), L(?). We will revisit this question
of temporal ordering again later in the paper. The relationships among the variables are
given in Figure 3. In what follows it is in principle possible to allow the mediator at each
time M(f) to denote a vector of mediators to allow for assessing mediation over time through
a set of time-varying mediators.

For any variable W, let VI D) = (ML), ..., WD) and let W= WA T) = (WMD), ..., WT)). Let
W= (M9, ..., W(T). By convention, we let A7) denote the empty set for 7< 0. Let y__

m
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be the counterfactual outcome if A were set to 4and if M were set to /7. Let M1 be the
counterfactual value of M(9) if A were set to 4 We assume consistency that when observed
A= awe have My = M(f) and YZH = Y(# and when observed A= Gand M= nmwe have

Yam=Y"

Note that if the entire vector A = (A(L), ..., A(7)) is taken as the exposure and M= (M(1),
..., M(T)) is taken as the mediator then the variable L(1) is itself affected by the exposure
(namely, by A(1)) and in turn confounds the mediator-outcome relationship between M(2)
and Y. From this it follows that natural direct and indirect effects are not identified in this
setting (Avin et al., 2005). However, identification of interventional direct and indirect
effects may once again be possible.

Let G_a“ A denote a random draw from the distribution of the mediator A4 that would have
been observed in the population with baseline covariates V= vif exposure status A had been
fixed to 4 Note that at time ¢, Ga‘] AD will only depend on 4through time ¢ Let 4and & be
two distinct exposure histories. We once again have a decomposition, even with time-
varying exposures and mediators: A( Yé;G—‘ﬂ £l = E Yg*ga.*“/j V= {K Ygg‘ﬂvl V) = E(Ya654
W} +{EVag71dV) = EY3 G, )W ith {8 Yag )W) = £ Yac,/1d W)} being the
interventional indirect effect and {£( Y355 /V) — & Ya'*@é*u/l W} the interventional direct
effect. These effects will of course vary according to the exposure trajectories Zand 4" being
compared. For a binary exposure a common choice would be comparing 1 and 0. For a
continuous exposure one possible choice would be taking 4and 4" each as a constant
separated by one standard deviation difference in the exposure distribution centered at the
mean. But any two trajectories can in fact be compared.

The decomposition above is a decomposition of the interventional overall effect, £ Ya-G—é] A0
V) = E( Y37 654 V), into interventional direct and indirect effects. We can, however, also
decompose an average treatment effect (just setting the exposure itself to different levels)
into analogous components. In this setting, the average treatment effect, conditional on
baseline covariates \/= v, comparing exposure trajectories dand 4, is simply & Y4V) -
E(Yz|V). We can decompose this effect as follows A YAV) — E( Yz |V) = {& Y4V -
Y65V EYag; UV — E(Yz |V}, where the first component, £(Y4V) - E(Yz55
1), is an interventional analogue of the natural indirect effect and examines how the outcome
under exposure & would change if the mediator were fixed for each individual to a random
draw from the distribution of the mediator under exposure 4" i.e. from Mj*; and the second
component, & Yz, |UV) — E(Y3V), is similarly an interventional analogue of the natural
direct effect. The downside of the decomposition of the average treatment effect is that the
direct effect here captures both the effect of changing the exposure from 4" to 4but also the
effect of having the mediator set to its natural level under 4" versus a random draw from the
mediator under 4" since £ Yae; V) = ECYFY) = {E(Yag; UV — E(Yani U+

{& Y015 4V) = E( Y5075 UV)}, where the second term is the natural direct effect but the
first term essentially captures the difference between having the mediator set to its natural
level under & versus a random draw from the mediator under 4". This was not an issue with
the direct effect in the decomposition of the interventional overall effect above. However,
even with the decomposition of the average treatment effect, it is not an issue with the
interventional indirect effect (which, within the context of mediation, will often be what is of
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interest), since E(Y4V) = E(Yag; V) = {E(YarnizuV) — EYaniz UVIHHE Yaniz V) -
E(Y;G; UV} where the first term is the natural indirect effect and the second still captures
an effect through the mediator i.e. the effect of having the mediator set to its natural level
under 4" versus a random draw from the mediator under &". In any case, in the various
decomposition above, the central task becomes identifying the expected counterfactual
E(Y;554V) and we give a result below with an empirical expression to identify this
quantity.

Although these interventional direct and indirect effects defined here are not identical with
natural direct and indirect, they are in some sense the best we may be able to do as the
natural direct and indirect effects themselves will not be identified when a mediator-outcome
confounder is affected by the exposure; in such settings the interventional direct and indirect
effects are then all that we can estimate. Moreover, several further comments merit attention.
First, these interventional effects do in some sense capture mediated effects and pathways;
the interventional indirect effect, { & Yzc3UV) — & Yac;|UW}, will be non-zero only if the
exposure changes the distribution of the mediator and that change in the distribution of the
mediator changes the outcome. Second, when there are no mediator-outcome confounders
affected by the exposure, it will be seen below that the interventional direct and indirect
effects in fact do coincide with natural direct and indirect effects; thus when the latter effects
are identified the interventional analogues in fact capture these effects. Third, when natural
direct and indirect effects are not identified, it will only be in extremely pathological settings
that the interventional analogue is non-zero, but there are in fact no natural indirect effect.
For that to occur, it would be necessary that the exposure affects the mediator for a
completely different set of individual than for whom the mediator affects the outcome i.e.
there is no overlap in those for whom the exposure affects the mediator and for whom the
mediator affects the outcome. Conversely for there to be a non-zero natural indirect effect
with a zero interventional analogue of that effect would essentially require exact
cancellations to occur. Nevertheless, the interventional analogues will not correspond
exactly to the natural individual level variation because they ensure only that the
distributions of the mediator are similar across exposure groups. In related work (Miles et
al., 2015) we have considered bounds related to how far various empirical expressions can
deviate from the true natural direct and indirect effects when these effects are not identified.
Further extensions of that work to the time-varying setting would be of interest.

Finally, there are arguably some settings in which the interventional direct and indirect
effects are in fact what is of principal substantive interest, rather than the natural direct and
indirect effects. Suppose we were interested in whether a racial health disparity (race
constituting the exposure, and health the outcome) was in some sense mediated by
differences in socioeconomic distributions. The natural direct and indirect effects would
entail hypothetical interventions on the mediator of fixing a black individual’s
socioeconomic status to what it would have been had they been white. Counterfactual
queries of the form of what a black individual’s socioeconomic status would have been had
they been of a different race strike most people as strange or meaningless. Just as above we
showed how we decomposed not simply the overall interventional effect, but also the
average treatment effect using the interventional analogue ideas so also we can do something
similar with disparities i.e. with actual observed health differences between black and white
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individuals. If the exposure variable A for example indicates race (e.g. A= 1 for black and A
= 0 for white), and M some marker of socioeconomic status (e.g. elementary school test
scores), and Y'some health outcome we could first consider the actual observed racial
disparity, £(Y'|A=1, v) = E(Y|A=0, v). In this context let Y5, denote the outcome that
we would have observed if we fixed the socioeconomic variable Mto a random draw from
the underlying distribution of the mediator AM(#) that would have been observed in the white
population with A = 0 and baseline covariates V= v. We could then compare the actual
racial disparity, E(Y|A=1, V) - E(Y|A =0, V) with the disparity that would have remained
if we had set the distribution of the socioeconomic distributions of the black individuals to
be the same distribution as that of the white individualsi.e., E(Y|A=1, V) - K Yg()l.,{A =1,
). We can further decompose the actual racial disparity, 5{Y|A=1, V) - E(Y|A=0, V), as
follows, E(Y|A=1, - HY|A=0,)={HYI|A=1,V) - K YG—O“,{A =1, N}+{K Y50|.,|
A=1, V) - KY|A=0, W}, where the first component, {5 Y|A=1, V) - K YG—0|,,lA =1,
W}, is again the disparity that would have remained if we had set the distribution of the
socioeconomic distribution of the black individuals to be the same distribution as that of the
white individuals, and the second component, { & Ygo“,lA =1, V- EY|A=0, W} isthe
portion of the disparity that would remain under such an intervention (VanderWeele and
Robinson, 2014). These are once again interventional analogues of the natural direct and
indirect effects, and the methods described below will be applicable to this setting as well.
See VanderWeele and Robinson (2014) for further discussion of this race and health
disparities context and corresponding assumptions. Note however, the interventional
analogues arguably involve much less problematic comparisons. By randomly fixing the
distributions to equal one another (and also decomposing the observed disparity itself, rather
than “the effect of race”), we avoid peculiar counterfactuals of the form of what would have
happened to an individual had they been of a different race. Thus, in some cases at least, the
interventional analogues are not simply a second-best alternative to natural direct and
indirect effects, but are themselves arguably the causal effects of interest.

Suppose now that at each time, conditional on the past, the exposure-outcome-, mediator-
outcome-, and exposure-mediator-relationships are unconfounded. Formally, analogous to
(i)~(iii): for all ¢ (if) Vamw A(t)[A(t—1), M(t-1), L (- 1), Vand (ii') vamru M (1) [A(t), M
(t- 1), L(¢- 1), Vand (i) ML) LA(H|A(t- 1), M(t- 1), L (¢~ 1), V. Itis shown in the
Online Supplement that although natural direct and indirect effects are not in general
identified in this setting (Avin et al., 2005), the interventional direct and indirect effects,

{& Yg@dvl V) = E(Yagz dvtand {&( Yz UV - K Ya-*gé*“/j W}, are identified and

E Y355 4W is given by:

E[Y. [v]= [/ E[Y|a,m, I, ][I dP{I(t)[a(t), m(t), [(t—1),v)}

aGgx |y U(T-1)

xd[ [ 71)HtT:1P{m(t)|E*(t),m(tfl),ﬁ(tfl),v}dP{ZT(tfl)\E*(tfl),m(tfl),ZT(th),v)}].

M
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We refer to this expression in (1) as the mediational g-formula. We will denote this quantity
by (4 &). Our interventional direct and indirect effects are under assumptions (i")—(iii")
then given by

B -E(Vz ) = Q@n-Q@m)

BV [0)-E(V,o ) = Q@a)-Q@.a

Note that if £ is empty as in Figure 4 then the mediational g-formula reduces to
T
Q@,a")=[7E[Y [a,m,o][],_ dP{m(t)[a*(t), m(t-1),v}.

We show in the Online Supplement that if £ is empty then, under a non-parametric structural
equation model, natural direct effects are identified by the mediational g-formula and are
equal to (4 &) - (4", &) and natural indirect effects are identified by the mediational g-
formula and are equal to (4, 4 - Q(4, &).

In other words if L is empty then the empirical expressions that suffice to identify the
interventional direct and indirect effects under assumptions (i)—(iii) in fact also in this setting
identify the natural direct and indirect effects as well by a time-varying analogue of Pearl’s
“mediation formula” (Pearl, 2012). However, even when L is not empty so we cannot
identify the natural direct and indirect effects themselves, we still can, under assumptions
(i"—(iii") identify the interventional direct and indirect effects. Note that we thus have that
when the natural direct and indirect effects are identified from the data by the Pearl’s
mediation formula (cf. Shpitser and VanderWeele, 2011), they will coincide with the
interventional direct and indirect effects. The only setting in which the natural and the
interventional effects will diverge is when the natural direct and indirect effects are not
empirically identified by Pearl’s mediation formula (but it will of course not be possible in
such settings to empirically compare the natural and interventional effects since the natural
effects are then not identified from the data).

Note also that if M were empty then the expression in (1) simply reduces to:

Jml . EY@E L] dPa@ ), it-1), 0}

UT—1)

T _T —% _T _
because, with A empty, -[;T(T,l) LI dPAT =D)a (t=1)1'(t=2), v}=1 116 with p1

empty, the formula in (1) simply reduces to the regular g-formula of Robins (1986). We see
then that, on the one hand, if there is no-time-varying confounding the “mediational g-
formula” in (1) reduces to the time-varying analogue of the mediational formula. And if, on
the other hand, there is no mediation, then the “mediational g-formula” reduces to the
regular g-formula of Robins (1986).
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We now consider some variations on this approach. First, suppose instead that after the
initial baseline covariates V; the subsequent temporal ordering of the variables were A(%),
L(H, M(9, as in Figure 5, and that analogous to (i")—(iii) we have that: for all ¢ (i¥)

Vol A(t)[A(t—1), M(t=1), L(t=1), Vand (ii*) Yo M (£)[A (), M(t-1), L(D, Vand (jii*)
MAD 1 A(IA(Z- 1), M(t- 1), L(t-1), V

Under assumptions (i¥)—(iii*) we would then have, using a similar derivation:

[YGC_‘ 0]
=Jml ., EY[am. Lol aPIofa(), m(-1).1(-1).v)}
xd[ TI Pim(t)a (), m(t-1),1 (t), 0}dP{I (t)]a (), m(t—1), T (¢-1),0)}].

TT(T—I)

As another variation instead of considering randomized interventions that fix the mediator M
for each individual to a value randomly drawn from the distribution in the sub-population
with baseline covariates V= vif A had been fixed to 4", we could instead consider
randomizing the mediator M for each individual to the value randomly drawn the
distribution in the entire population if A had been fixed to 4. We then let G4# denote a
random draw from the distribution of the mediator M(?) that would have been observed in
the population if exposure A had been fixed to Z2and we have the decomposition: & Yzz44)

- BV 67) ={EYVag) ~ EVac )} + {8 Yac;) (- B Y ;)}. Under assumptions (if)-
(iii") we have:

E[Y__

a1

Jml,  ElY[a, mal,v][HfT LaP{i(n)[a(t), m(b), (t-1)v) dP(v)

UT—

Xd[IYT(PDHmP{m( )\a (1), m(t=1),7 (t=1), 0}dP{I' (¢=1)[a" (t—1), 7(t—1),T (t—2), v}dP(v)]

and under assumptions assumptions (i¥)—(iii*) we would then have:

E[Y

=

=lnl.y_, BOY1E 7L [T P00, 711 1-1)0) A P(0)
xd[[, Tl P{m(t)[a*(t), m(t— 1) 1'(t),v}dP{I' (t)[a* (t), W (t—1),1' (t—1),v) }dP(0)].

(T-1)

Note that in all of the above variations, we have fixed the entire mediator A7to a random
draw from the mediator vector under a particular exposure history i.e. from the distribution
of M; (7). While this could be viewed as a single draw from this multivariate distribution, it
is the case that prior values of the mediator and time-varying confounders, e.g. M(#1) and
L(t- 1), will affect the current mediator M(#) and will also be affected by prior exposure A(¢
—1). Thus, in practice, one would have to use methods for time-varying exposures to
estimate the distribution of A7) and then draw from that distribution. The mediational g-
formula expressions above take this dependence into account and in the following section
we present an inverse probability weighting estimation using marginal structural models to
likewise handle this dependence.
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As yet another alternative, though one we argue is not suitable for mediation analysis, we
could have at each time ¢, fixed the mediator M() for that time £ to a random draw from the
mediator distribution under a particular exposure history up to that point in time £ Said
another way, we could have fixed the mediator at each time #to a random draw from the
mediator distribution under a specific exposure distribution marginally, rather than jointly, as
in all the variations considered above. If we had proceeded in this manner the identifying
expression would have differed. Doing so, however, we argue does not adequately allow for
the analysis of pathways. To see this, consider the following example: suppose we were
interested in assessing the extent to which the effect of marital status (which may be time-
varying) on income is mediated by time-varying health status. Suppose that different
individuals with different marital status histories have different health trajectories, and that at
least some individuals have consistently poor health over time if and only if in the unmarried
state, but that the vast majority are healthy over time in either marital state. Suppose that it is
only a long-term poor health trajectory that substantially affects income. If we were to
randomize the entire mediator vector jointly to a draw from the health trajectory distribution
of those who were unmarried then some of these trajectories randomly drawn would be
consistently low and would adversely affect income. Using the approaches described above
we would see that some of the effect of marital status on income was mediated by preventing
the consistently low health trajectories. However, if we were instead to randomize the
mediator marginally at each time point to a random draw of the distribution of the unmarried
population, the probability of obtaining a health trajectory that was consistently low over
time would be very small (since at each time the majority are in the healthy state and thus to
get a consistently low health trajectory would require low probability events at each of the
individual time points). Consequently, if we were to randomize the mediator marginally at
each time point, far fewer individuals with the mediator randomized marginally at each time
according to the unmarried distribution would have a health trajectory which was
consistently low at all time points than was actually the case with the actual unmarried
population and thus there would be few individuals for whom income was substantially
adversely affected by health and we would for the most part miss those pathways by which
marital status affects income through consistently low health trajectories. To assess such
pathways we need to randomize the mediator jointly at all time points to a random draw
from the distribution of those with a particular exposure history, as in the approaches
described above.

4. Estimation Using Marginal Structural Models

One possible estimation approach would be to use the identification formula in (1) and fit
parametric models for each of £[ Y|4, m, 1, I, ALKDl&D, m(D, (- 1), W}, and ALM(D|&D),
m(t-1), (t- 1), v}. This estimation approach is sometimes called a g-computation
approach. It is described in the setting of time-varying exposures outside of the context of
mediation elsewhere (Robins and Hernan, 2009). We will in fact consider one such approach
in the context of MacKinnon’s three wave longitudinal mediation model (MacKinnon, 2008)
in the following section. However, in general such an approach requires fitting many
parametric models and it can sometimes be difficult to specify these models so that they are
compatible with one another and compatible with the null hypothesis of no effect; these
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problems are discussed in the setting of time-varying exposures outside of the context of
mediation elsewhere (Robins and Wasserman, 1997; Robins and Hernan, 2009). In this
section we will instead develop a more parsimonious approach to estimating the
interventional direct and indirect effects using marginal structural models and inverse
probability of treatment weighting (Robins et al., 2000). In the context of mediation this will
require fitting two marginal structural models.

For estimation, one reasonably straightforward approach entails positing a pair of marginal
structural models (MSMs) for F| Y] and A(Mz = m). These models can in turn be used to

evaluate direct and indirect effects using the following expression:

E[Y,. |=JmEl Yam]dP (M=)

aGgx

Consider a scenario, in which Y'is a continuous outcome. We assume the following simple
marginal structural linear regression model for the outcome:

E|Yam|=00+61cum (@)+603cum () )

where 6y = {6, 61, &}, and cum () = Z7a(? and cum (/m) = Z 7 m(?) are the cumulative
totals of A and M respectively. This MSM assumes that the joint effects of AMand Alis
cumulative, with a single parameter &, encoding the effect of the M process through cum
(m) = Ze7m(H and 61 encoding the effect of the A process through cum (4) = Zx 7 a(9). For
continuous M or A, the model essentially states that the joint effects of AMMand Aon Y
operate strictly through their respective historical average levels, and that these two
processes do not interact on the additive scale. A more flexible model, such as is given in
detail in the Online Supplement, could also be specified to account for possibly more
complex dose-response relationships between (4,/7) and y-_ and interactions between 77
and 4 could also be specified. Together with Model (2), suppose that the following MSM
model holds for the mediator process

g~ H{E(Mz(1)}=5o ()+01 (t) avg @(t)) (3)

where g1 (-) is a link function, and 8= {By(d, Bu(D : £ are potentially allowed to vary with
time, and avg (&(9)) = Zjr a(j)/¢ 1t is easy to verify that models (2) and (3) gives the
following

BlY__ |=[#E[Yam]dP(Mg-=m)

aG—x

:fm{QOJrHléum (@)+0zcum () ydP(Mg+=m)
=0p+01cum(a)+6 <t<ZTg (Bo (t)+51 (t) avg (@ (t)))>
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In the special case where M(?) is continuous, so that g~1 may be taken to be the identity link,
one obtains the following expression for the interventional direct effect:

E(YEEE* )—E(Y. )=01 {cum (@)—cum (a*)},

— =
a* Gox

and for the indirect effect:

B(Y,z )~B(Ys =021 (t) {avg (a(t))—avg (@ (1)}
t<T

The expressions above simplify further when By () = 3, is assumed to be constant, and &' (?)
=0and a () =1forall £ giving B16, T for the indirect effect and &, 7 for the direct effect.

For estimation, standard inverse probability weighting may be used to estimate (5,6),
however, construction of the weights varies somewhat with the underlying identifying
assumptions. Specifically, suppose that assumptions (i")—(iiit) hold, then a consistent
estimate of &under model (2) can be obtained by weighted least squares regression of Yon
(cum M, cum) (A) with estimated weight equal to

1, PLA), M) A1), 3 (t-1), I(t-1), v}

where

P{A(t), M(t)[A(t
1), M(t
—1), L(t
-1),V}
=P{M(t)[A(t), M(t—1),L(t—1), V}P{A(t)|A(t
—1), M (t
—1),L(t—1),V}

is a maximum likelihood estimate of P{LA(), M(H|A(t- 1), M(t- 1), L(¢t- 1), V)} under a
standard parametric model. The parameter B1(%) of the second MSM(3) is likewise estimated
via inverse probability weighted regression with weight

1 PAAM[A(E-1), 3 (t-1), T(-1),V} .

In the Online Supplement we give SAS code for fitting these marginal structural models
using inverse probability weights, in the context of the example in Section 6. A similar
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approach could also be developed for marginal structural models conditional on baseline
covariates V= v.

The expressions given above for the interventional direct and indirect effects pertain to the
simple linear marginal structural models in (2) and (3) which involve either the average or
cumulative average of the exposure and/or mediator histories. It would not be difficult to
modify these models, by adding higher-order terms, or incorporating lags, or separate effects
on the outcome for each time point; one could derive alternative expressions for the
interventional direct and indirect effects. In the Online Supplement we show, for example,
how this can be done for a marginal structural model for the outcome that involves an
interaction between the cumulative total of the exposure and the cumulative total of the
mediator in their effects on the outcome. Below we also discuss the case of a binary outcome
and log-linear or logistic marginal structural models. Various changes in the models will
result in alternative empirical expressions, but the structure of the proof would follow a very
similar development.

In settings in which certain values of the exposure or mediator histories are unlikely the
exposure or mediator weights given above can become very large. To address this problem,
it has become standard practice in fitting marginal structural models to truncate the weight,
often at the 1st and 99th percentile of the weight distribution to help ensure more stable
estimators (Cole and Hernan, 2008). To improve stability it may also be preferable to use so-
called stabilized weights (Robins et al., 2000) replacing the weight for time #in model (2) by
PAMOIA(D, M(t- 1)} PLADIA(t - 1), Mt - DYIPIMOIAW, M- 1), L(t- 1), V}
AADIA(t- 1), M(t- 1), L(¢t- 1), V}] and the weight for time £in model (3) by A A()|A(¢
- 1)}//5{A(t)|,4(z‘— 1), M(t- 1), L(t- 1), W)}. This is especially important if the exposure or
mediator are continuous (Robins et al., 2000).

If at each time point the mediator variable M(9) in fact consists of a vector of mediators, it is
still possible to proceed with the estimation in a similar manner, but one would require a
separate weight for each component in the vector M(2). Provided the ordering of the
exposure, mediator and time-varying confounders was still A(), M(9), L(J for the entire
vector M(1), one could choose any ordering of the components of M(?) and the weight for a
specific component for M(#) would simply be conditional on A(f), M(t- 1), L(¢t- 1), Vand
the prior components in M(). The marginal structural model in (2) could be modified to
include a separate cumulative average term for each component in M(¥).

It is also straightforward to modify the weights for estimation under the alternative
identifying assumptions (#)—(/if*) if the ordering of the variables is A(d, L(d), M(D), as in
Figure 5. Specifically, estimation of 8 under model (2) would instead use the following set
of weights

-1

t=1

[HT‘IP{M@)M@),M(tq),f(t), VIP{A(t)|[A(t—1),M(t—1),L(t—1),V)}
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while estimation of SB(# in the second MSM (3) would use the same set of weights as above.
In any of these cases, inference can proceed using bootstrapping, to appropriately account
for variation due to estimation of the weights.

Suppose now that the outcome is binary and that we replace the linear marginal structural
model for the outcome with a log-binomial marginal structural model:

log{ B[ Yam]}=00+01cum (a)+60zcum (m).

Suppose further that M7 are multivariate normally distributed with mean Gy()+ f1 (9 avg
(&(). We show in the Online Supplement that the interventional direct effect on a risk ratio
scale is given by:

log{ E(Y_ )/E( E*)}:el {cum (@)—cum (a*)}

and the interventional indirect effect on a risk ratio scale is once again given by:

log{E(Y.5 )/E(Y, }92251 ) {avg (a (t))—avg (@ (t))}.

t<T

As before, the expressions above further simplify when gy () = Sy and By () = py are
assumed to be constant and &°(4 = 0 and a (9 = 1 for all ¢ giving &, 7 for the direct effect
and 16 T for the indirect effect. If the binary outcome is rare, the same formulas hold
approximately if a logistic marginal structural model is fit to the data. Similar expressions
would also pertain to marginal structual Poisson or Negative Binomial models with log link.
In the Online Supplement we also show how these formulas extend to the setting in which
the marginal structural model for the outcome includes an interaction terms between the
cumulative exposure total and the cumulative mediator total in their effects on the outcome.

5. A Counterfactual Analysis of MacKinnon’s Three-Wave Mediation Model

MacKinnon (2008) considered a three-wave mediation model with linear structural
equations as depicted in Figure 6. We relabel indices somewhat to correspond to the notation
of this paper, and also add a set of baseline covariates C, which is allowed to have effects on
all other variables on the diagram, but otherwise the model considered here is MacKinnon’s
model (MacKinnon, 2008, pp. 204-206, Autoregressive Model 111). We let A(0), M(0) and
Y (0) denote baseline values of A, Mand Y'that could be included in the baseline covariates
Cbut are given here to make clearer the relation with MacKinnon (2008). Consider then the
following regression models:

E[M(1)|m(0),y(0),a(1),c] Bro+B11a(0)+B12a(1)+B13m(0)+B14y(0)+Bysc
E[M2)[m(1),7(1),a(2),c] = PBao+Bara(1)+PBaza(2)+PBazm(1)+Bauy(1)+Bozc /
E[Y(1)|m(1),y(0),a(l),c] = 910+911a(0)+91ga(1)+913m(0)+914m(1)+915y(0)+9160
E[Y(2)[m(2),7(1),a(2), ] B90-+021a(1)+022a(2)4+-O23m (1) +0asm (2)+0a5y(1)+0a6c.
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Note that in these models, the mediator and the outcome depend only on the two most recent
past exposure values. The mediator model depends only on the most recent past mediator
value and the most recent past outcome value. The outcome model depends on the two most
recent mediator values and the most recent outcome value.

We show that under assumptions (i")—(iii") with V= (C, A(0), M), Y(0)) and L(1) = Y(1),
with two intervention periods, A(1) and A(2), the interventional direct and indirect effects
are given by:

E{Y;E—* (2)|’U]—E[Y (2)|’U] = (921+912925)[a(1)—a*(1)]+922[a(2)—a*(2)]

E[Yaa‘_v (2)|v] —E[Y(_(_E ) (2)|v] {023 B124+025014 5124821 024+ F24012024 }a(1) —a™ (1)]+Baz024[ a(2) —a*(2)].

alv a* v

The first expression is the interventional direct effect with time-varying exposure and
mediator and the second expression is the interventional indirect effect with time-varying
exposure and mediator. A proof of this is given in the Online Supplement.

There is arguably a two-fold advantage of using data like that in Figure 5 and using a
modeling approach like that described above, over simply applying the standard methods for
mediation to one point in time e.g. using the variables A(1), M(1), Y(1). First, by having
multiple waves of data, we can control for baseline levels of the exposure, mediator and
outcome, i.e. for A(0), M(0), Y(0). This is potentially important because such baseline
values of the exposure, mediator and outcome may serve as the most important confounders
for the effects of subsequent values of exposure and mediator on the outcome. By including
such baseline values of the exposure, mediator and outcome, in our covariate set, our
confounding assumptions required for a causal interpretation of our estimates are rendered
much more plausible. Second, by using multiple waves of subsequent exposure and mediator
and outcome data (i.e. by using A(1), M(1), Y(1), A(2), M(2), Y(2) rather than just A(1),
M(1), Y(1)) we may be able to more fully capture the dynamics of mediation over time. For
example we can pick up, in our indirect effect estimates, mediated effects of A(1) through
M(1) to Y(2) directly and also those from A(1) through M(1) to Y(1) to Y(2) or from A(1)

to M(2) to Y(2), etc.

Here we have given a counterfactual analysis of one specific mediational model with three
waves of data on the exposure, mediator and outcome (MacKinnon, 2008). A similar
approach could in principle be used for other complex longitudinal models often used in the
social sciences to provide counterfactual-based interpretations of direct and indirect effect
estimates.

6. lllustration

We apply the marginal structural model approach to time-varying mediation to an example
from psychology. Loneliness has been shown to be associated with subjective well-being,
both cross-sectionally and longitudinally (Cacioppo et al., 2008). Likewise, loneliness
predicts subsequent depression longitudinally, even after control is made for initial
depression levels (Heikkinen and Kauppinen, 2004; Cacioppo et al., 2009). These
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associations persist even after control is made for objective measures of social support
(Cacioppo et al., 2009). Prior analyses considered these relationships using repeated
measures marginal structural models (VanderWeele et al., 2011, 2012) and again found fairly
strong evidence for effects of loneliness on both depression and subjective well-being.
Although not unrelated, there is good empirical evidence that depression and subjective
well-being are conceptually distinct. For example, recent empirical work (Gargiulo and
Stokes, 2009) indicates that subjective well-being has relatively poor predictive ability for
diagnosing clinical depression; moreover, many clinically depressed individuals having
considerably higher levels of subjective well-being than might be anticipated (Cummins et
al., 2007).

The relationships between loneliness, depression and subjective well-being are complicated
by reciprocal relationships and feedback present among these various constructs. Loneliness
may bring with it heightened depression potentially leading to social withdrawal and
isolation and yet greater levels of loneliness. It may also be the case that individuals with a
perception of high levels of subjective well-being may act more positively toward others
prompting a positive response, closer social ties, less loneliness and subsequently a yet
greater sense of subjective well-being (Hawkley et al., 2007). Depression itself of course
likely contributes adversely to subjective well-being. In addition to these reciprocal
relationships, the analysis of the effects of loneliness, depression and subjective well-being
is further complicated by the fact that these effects may depend not simply on the level of a
construct at a particular point in time but on the entire history of the psychological construct
of interest.

A question that therefore arises - and one that can only be properly addressed with
longitudinal data - is the extent to which the effects of loneliness on subjective well-being
are mediated by depression and the extent to which it is through other pathways e.g.
loneliness directly leading to a negative sense of well-being. Here we use five waves of data
from the Chicago Health, Aging, and Social Relations Study (CHASRS), a population-based
study of 229 individuals living in Cook County, Illinois, aged 50 to 67. Data are available at
baseline and then subsequently collected once per year for four additional years. The data is
structured in correspondence with Figure 5 and the notation above. The first wave was taken
as baseline covariates V/(including baseline measurements of loneliness, depression and
subjective well-being); the next three waves were used for the time-varying exposure
(loneliness) A, the time-varying mediator (depressive symptoms) M and the time-varying
confounders L; the final wave was used only for the subjective well-being outcome Y.
Subjective well-being in waves 2, 3 and 4 were taken as time-varying confounders.
Loneliness was assessed using the UCLA-R, a 20-item questionnaire measuring general
perception of social connection or isolation with scores ranging from 20 to 80 with higher
scores indicating higher levels of loneliness. Depression was assessed using the Center for
Epidemiologic Studies Depression Scale (CES-D), a 20-item measure with each scored 0-3,
which after removing the one loneliness question gives a measure (CES-D-ML) with scores
ranging from 0 to 57. Subjective well-being was assessed used the 5-item Satisfaction with
Life Scale (Diener et al., 1985) in which respondents rate each item on a scale from 1 to 7
with scores ranging from 5 to 35. All measures were standardized.
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We apply the marginal structural model approach to the mediational g-formula and fit a
linear marginal structural model for the effect of loneliness and depression on subjective
well-being:

E[Yzm|=0o+01cum (@) +02cum (M) (2)

and a linear marginal structural model for the effect of loneliness on depression:

E[Mz(t)]=Po+pravg (@ (t)) (3)

Estimation is carried out using inverse probability of treatment weights as described above
with baseline adjustment for age, gender, ethnicity, marital status, education, income and
baseline depressive symptoms, social support, loneliness, subjective well-being, psychiatric
conditions and psychiatric medications as baseline confounders V; and with control for time-
varying subjective well-being, social support, psychiatric conditions and psychiatric
medications as time-varying confounders L(J). Standard errors and confidence intervals for
the direct and indirect effects were obtained by bootstrapping. Decisions about confounding
control were made on substantive grounds and include most known confounders of the
loneliness-depression, loneliness-subjective-well-being, and depression-subjective-well
being relationships (Cacioppo et al., 2009, VanderWeele et al., 2011, 2012). The estimates
obtained by fitting model (3) were &y = 1.85(s.e. = 0.395); 6; = —0.091(s.e. = 0.039); & =
-0.092(s.e. = 0.044). The estimates obtained by fitting model (2) were By = 0.14(s.e. = 0.35)
and B; = 0.36(s.e. = 0.061). As can be seen from the standard errors, all coefficients in both
models were statistically significantly different from zero except the intercept 8, in the
mediator model. If we consider the direct and indirect effects for a one standard deviation
change in loneliness across all time-points so that a( = & (H+1 for all three exposure
periods then we have from Section 4 that the interventional direct effect is given by:
{&(Ys651V) = E Y5 65)} = Byafcum (4 — cum (&)} =36, =-0.27 (95%C/ : —0.65,
—0.07) and the interventional indirect effect is given by {&(Yz6,) — E(Yig; )} = L T=
3616, = —0.10 (95%C/: —0.20, 0.00). We can sum the direct and indirect effects to obtain an
overall effect of loneliness on subjective well-being for a one standard deviation change in
loneliness across all time and this gives —0.37 (95%C/: —0.70, —0.22). The overall effect is
the effect on subjective well-being of setting loneliness to the high trajectory and depression
to a random draw from what it would have been on the high loneliness trajectory versus
setting loneliness to the lower trajectory and depression to a random draw from what it
would have been on the lower loneliness trajectory. The interventional direct effect is the
effect on subjective well-being of setting loneliness to the high trajectory and depression to a
random draw from what it would have been on the lower loneliness trajectory versus setting
loneliness to the lower trajectory and depression to a random draw from what it would have
been on the lower loneliness trajectory. The interventional indirect effect is the effect on
subjective well-being of setting loneliness to the high trajectory and depression to a random
draw from what it would have been on the high loneliness trajectory versus setting loneliness
to the high trajectory and depression to a random draw from what it would have been on the
lower loneliness trajectory. Thus of this overall effect of loneliness on subjective well-being,
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-0.37 (95%C/: —0.70, —0.22), about one quarter of this, =0.10 (95% C/: —0.20, 0.00), seems
to be mediated by affecting depressive symptoms. The depressive symptoms brought upon
by loneliness thus does seem to be an important mechanism for the effect of loneliness on
subjective well-being, but there appear to be other important pathways as well, independent
of depression, related to subjective assessment of well-being or that quality of life is poorer
when one is lonely.

7. Discussion

In this paper we have considered methods for time-varying exposures and mediators. One of
the challenges here was the presence of mediator-outcome confounders affected by the
exposure. This in general leads to lack of non-parametric identification of longitudinal
analogues of natural direct and indirect effects. However we were able to show in this paper
that it is still possible to identify interventional analogues of natural direct and indirect
effects and these can in fact be used for effect decomposition. The empirical expression used
for identification we referred to as the mediational g-formula. When identified, these
interventional direct and indirect effects do reduce to the natural direct and indirect effects
where there is no mediator-outcome confounder affected by exposure (e.g. when there are no
time-varying confounders) but the interventional analogues can be estimated in a broader
range of settings even when natural direct and indirect effects are not identified with the
data. The methods in this paper thereby extend those in prior literature to settings with
longitudinal data and exposures and mediators that vary over time. Such rich longitudinal
data can potentially increase power in the analysis of direct and mediated effects and help
better ensure that questions of temporality in thinking about causal effects are clearer. We
have shown how the developments in this paper can be implemented by fitting two marginal
structural models and how this constitutes a fairly general and flexible approach as discussed
further in the Online Supplement. We have also shown how our mediational g-formula can
be used to formalize and clarify the interpretation of effect estimates that come from
longitudinal linear structural equation models common in the social sciences. But these two
contexts are only two settings in which the approach we developed here using the
mediational g-formula can be implemented. We believe that the mediational g-formula will
lie at the foundation of the development of many subsequent methods for mediational
analysis with longitudinal data.

Future research on this topic could develop a parametric approach to the mediational g-
formula to try to increase power or could develop doubly robust estimators for the
interventional direct and indirect effects identified by the mediational g-formula to both
improve power and robustness. Recent work has also shown that in the context of both
mediation and interaction, a total effect can be decomposed into four components: that due
to just mediation, that due to just interaction, that due to both, and that due to neither
(VanderWeele, 2014). In the Appendix and Online Supplement we show how this four-way
decomposition can also be extended, using very similar ideas to those developed above with
marginal structural models, to the context of four-way decompositions for time-varying
exposures and mediators. The approach we have developed here provides a very general
framework for mediation analysis with longitudinal data.
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Refer to Web version on PubMed Central for supplementary material.
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Appendix. Four-Way Decomposition for Mediation and Interaction with
Time-Varying Exposures and Mediators

VanderWeele (2014) showed that with a single binary exposure and mediator it was possible
to decompose a total effect, Y7 Yp, into four components: that due to just mediation, that
due to just interaction, that due to both, and that due to neither. The decomposition was
given as follows:

Y1—Yo=(Y10—Y00)+(Y11—Y10—Y01+Y00) (Mo)+(Y11—Y10— Y01+ Y00 ) (M1 —Mp)+(Yo1— Y00 ) (M1 —My).

where the first component, ( Y710— Ypo), i the controlled direct effect, due to neither
mediation nor interaction; the second component, (Y11 — Y10 — Yo1 + Yoo0)(Mp), was
referred to as the reference interaction due to just interaction, not mediation; the third
component, (Y11 — Y10~ Yo1 + Yoo)(My — Mp), was referred to as the mediated interaction,
due to both mediation and interaction, and the fourth component ( Yp1 = Yoo)(M1 — Mp) =
Yonn — Youm is the pure indirect effect, due to just mediation. See VanderWeele (2014) for
further discussion and interpretation. These four components are identified under the same
assumptions (i)—(iv) in the text for identifying natural direct and indirect effects. The
controlled direct effect and the reference interaction sum to the natural direct effect, Y34, -
Yonmg- The mediated interaction and the pure indirect effect sum to the natural indirect
effect, Yipn — Ying (VanderWeele, 2014).

The decomposition can also be generalized to an arbitrary exposure and mediator, with the
controlled direct effect fixing the mediator to an arbitrary level 777", not necessarily 0. We
then have Y,—- Y;*

:(Yam* _Ya* m* )+an (Yam _Ya*m _Yam* +Ya*m* ) 1 (A{a* :m) +Zm (Yam _Ya*m){l (]\[a:m) -1 (A[a* :m)}+(Yu* Mg

Here we show a similar four-way decomposition pertains to the interventional overall effect,
Y, Y G; given in the text. Specifically, we have that for any 4 4", and /77
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Yo Yo =(Y ~Y_)+(Y._ ~Y._ )
aG— Ca* aGg Gg G— a Gﬂ*
:(Y_ _Ya*( )+(Ya*( Y )+(Y_ _Y—*(, _YEE *+Yz*(__*)
:(Yam Ya*m*)+{(K5 x_Ya_*G ) (Y(lm )}+(Y— _Y—*G YEE_ +Y—*G_ )+(YE*53_ E*EE*).
(A1)

This can be further rewritten as:

(Yam Ya*m* )+_Zﬁ{ (YW_YE*W) - (Yam Ya*ﬁ* )} 1 (G_* _Tn)
+ el (Yam—Yaem) L(Ga)o =) — (Yam—Yam) L(Gae =) }+ (Yo ~Y_— )

_J'G a* GE*
:(Y —Yarm )+ 2 (Yam—Yarm—Yam +Yarme }1(Ga =m)
+Xm ( am—Yarm){1(Gapp=1)~UGa=m) 1+ (V.5 ~Y_.z ). (A2)

This latter expression has the same form of the four-way decomposition for a single time-
fixed exposure and mediator. The four terms in either (A1) or (A2) might thus once again be
referred to as the controlled direct effect, the reference interaction, the mediated interaction,
and the interventional pure direct effect. Similar decompositions hold when conditioning on
V= vin the random draw from M;i.e. for decomposing YaGav— Y65 v

From the former expression in (Al), it is clear that each of the four components of the four-
way decomposition can be identified on average under the same confounding assumptions
(i"—(iii") in the text for the interventional direct and indirect effects since each term involves
expectation of the form of either F[Yz-] or of £] Y;5,], which, as noted in the text, are

identified from the data under assumptions (i")—(iii").

Suppose now that the marginal structural models above, allowing for exposure-mediator
interaction, were fit to the data under assumptions (if)—iii"):

E[Yam]
E[Mz(1)]

Oo+01cum (@)+0zcum () +0zcum (@) cum (M)

Po ()+51 (1) ave (@ (1))-

We have directly £[Yz] directly from the marginal structural model for the outcome and it
is shown in the Online Supplement that £ ;5] =

90+6’1cum +02 (Z{ﬁo +ﬁ1 avg (a*(t))}) +0scum (@ (Z{ﬁo +ﬁ1 avg (a*(t))})

t<T t<T

and this gives the expectations of all counterfactual quantities needed for each of the four
components. We thus have that the controlled direct effect is given by:
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CDE(m*) : =E[Yzm—Ya:m+]
= {91—1—65011111( ) Hcum (@)—cum (@*)}.

The reference interaction is given by:

INT oy (77°):
=E[ Zm (Yam—Yarm—Yam+Ya-m }1(Ga-=m))
=BV Y.z )~ (Vam —Yam)}] =61 {cum (a)
—cum (@)}
+03 {cum (@)

—cum (a*)} (Z{ﬂo )+51 (¢ avg(ﬁ*(t))}) —{014+03cum (") }{cum (a)

t<T

—cum (a@*)} =03 {cum (a)

—cum ( (Z{,BO (t)+P1 (t avg(a*(t))}) —63cum (m*) {cum (a)
t<T

—cum (@*)}.

The mediated interaction is given by:

INT peq —E[Zm( am— Yz m){l(aav_m)_l(gﬁ":m)}]
= E[Y_ -Y_ —Y +Y ]

aGg aGgx a* G—

= {f+f3cum ()} 251 (t) {avg (@(t))—avg (@ (1))} —{b2+03cum (5*)}t;T51 (t) {avg (@ (t))—avg (a* (1))}
= O3{cum (@)- Cum( )}Zﬁl(){avg(ﬁ(t))*avg(ﬁ*(t))} )

And the interventional pure indirect effect is given by:

PIE : =E(Y._ -Y__ )

a* Gz a* G

= {fa+0scum (@)} 2/31( ) {avg (@ (t))—avg (@*(t))}-

Note that if y(5) = B and B1(f) = By are assumed to be constant, and &'(H =0and a(f = 1
for all ¢ and the reference level for the mediator is selected as /77 = 0 the expressions
simplify considerably to

CDE(m*) = 6,T
INTTef(m*) = 50931—'2
INT e = /8193T2
PIE = B105T.
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These expressions are analogous to those given in VanderWeele (2014) for a single time-
fixed exposure and mediator. Note here that, once again, the controlled direct effect and the
reference interaction sum to the interventional direct effect given in the previous section of
the online supplement, 8; T+ By6; 72. And the mediated interaction and the interventional
pure indirect effect sum to the interventional indirect effect given in the previous section,

AT 6+ 63T}
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Figure 1.
Simple model for mediation.
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Figure2.

Mediation with a mediator-outcome confounder L that is affected by exposure.
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Figure 3.
Time-varying mediation with ordering of variables of A(t), M(t), L(t).
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Figure 4.
Time-varying exposures and mediators, with no time-varying confounders.

J R Stat Soc Series B Stat Methodol. Author manuscript; available in PMC 2018 June 01.

v

Page 29



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

VanderWeele and Tchetgen Tchetgen Page 30

Figure5.
Time-varying mediation with variable ordering A(t), L(t), M(t).
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