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Abstract

We propose a design for dose finding for cytotoxic agents in completely or partially ordered 

groups of patients. By completely ordered groups, we mean that prior to the study, there is clinical 

information that would indicate that for a given dose, the groups can be ordered with respect to the 

probability of toxicity at that dose. With partially ordered groups, at a given dose, only some of the 

groups can be ordered with respect to the probability of toxicity at that dose. The method we 

propose includes elements of the parametric model used in the continual reassessment method 

combined with the Hwang-Peddada order-restricted estimation procedure. We evaluate the 

operating characteristics of these designs in a family of dose–toxicity curves representing 

complete and partial orders.
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1. Background

It is becoming more common in oncology research to conduct dose-finding trials that 

estimate a maximum tolerated dose (MTD) of a cytotoxic agent in each of several 

heterogeneous groups of patients. By definition, the MTD is the highest dose that can be 

administered with an ‘acceptable level’ of toxicity. In this situation, ‘acceptable’ means 

limiting the proportion of patients who experience a sufficiently severe, protocol-specified 

adverse event, usually called a ‘dose-limiting toxicity’ (DLT). With cytotoxic agents, it is 

generally assumed that the greater the dose administered, the greater the probability that a 

patient will experience a DLT.

Examples of such trials include Ramanathan et al. [1] and LoRusso et al. [2], who stratify 

patients into ‘none’, ‘mild’, ‘moderate’, or ‘severe’ liver dysfunction at baseline. Leal et al. 
[3] divide patients into groups defined by increasing renal dysfunction at baseline based on a 
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measure of 24-h creatinine clearance. Kim et al. [4] genotyped UGT1A1*28 and *6 and 

defined patient cohorts by the number of defective alleles: 0, 1, or 2. Satoh et al. [5] also 

investigated dose fining with groups defined by UGT1A1 genotypes. In this study, patients 

were divided into three groups according to wild-type (*1*1), heterozygous (*28*1 and 

*6*1), or homozygous (*28*28, *6*6, and *28*6). Each of these studies is an example of 

‘completely ordered’ groups. For a given dose of the agent, we would anticipate a greater 

chance that a patient with a greater degree of organ dysfunction at baseline or a greater 

number of defective alleles would experience a DLT.

Innocenti et al. [6] provide an example of a trial conducted in partially ordered groups. 

Based on the observation that the risk of severe neutropenia with irinotecan is related in part 

to UGT1A1*28, the study sought to identify the MTD of irinotecan in patients with 

advanced solid tumors stratified by the *1/*1, *1/*28, and *28/*28 genotypes. The greatest 

risk of a DLT was expected to be in patients with the *28/*28 genotype.

Partially ordered groups can also arise naturally in classifications based on two or more 

stratification factors. For example, in the Satoh study, it is possible to imagine that patients 

in the heterozygous (*28*1 and *6*1) could be further subdivided into separate cohorts 

(*28*1) and (*6*1). In this case, there would be a partial order in that patients in each of 

these groups would be expected to have a greater risk of a DLT than patients in the wild-type 

group and less risk of a DLT than patients in the homozygous (*28*28, *6*6, and *28*6) 

group, but it might not be known prior to the study which of the groups (*28*1) or (*6*1) 

would have the greater toxicity.

These trials [1–5] differed in how the groups of patients are defined and what was known 

about the groups in terms of the risk of a DLT, but they shared the common feature that the 

MTD in each group was determined only from the data obtained within that patient group. 

In general, ignoring the group structure can lead to at least two problems: reversals and 

inefficiency. By reversals, we mean that the MTDs in the groups can contradict what is 

known clinically. For example, conducting separate trials within each group might 

recommend a greater dose level as the MTD in the most severely impaired group compared 

with a less severely impaired group. By inefficiency, we mean that a design that takes into 

account the known clinical relationship might recommend the correct MTDs in the groups a 

greater proportion of times.

In many ways, dose finding in heterogeneous groups resembles dose finding for 

combinations of cytotoxic agents but there are important differences. Several dose-finding 

methods in combination agent studies attempt to find a single MTD [7–9], while in the 

heterogeneous groups case, the goal is to provide an estimate of the MTD in each of the 

groups. While other combination methods [10, 11] target multiple MTDs, combination agent 

studies and those in heterogeneous groups of patients differ in how patients can be allocated. 

With combinations, the investigator can assign the dose of both agents to patients; in studies 

with heterogeneous groups, the group assignment is a characteristic of the patient and not 

under the control of the investigator.
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1.1. Previously proposed methods for heterogeneous groups

Several methods have been proposed for dose finding in two groups of patients. O’Quigley 

et al. [12] introduced a two-sample continual reassessment method (CRM), which allowed 

for the identification of the appropriate MTD’s for two groups simultaneously. Legedza and 

Ibrahim [13] proposed a related method, augmenting the dose–toxicity model for a vector of 

patient characteristics and putting a prior on the coefficient in the dose–toxicity model. 

O’Quigley and Paoletti [14] proposed a two-parameter CRM for ordered groups that utilizes 

known differences between the groups. Ivanova and Wang [15] also incorporate isotonic 

estimates into designs for ordered groups that take into account both toxicity and efficacy 

endpoints. Wages et al. [16] describe the design of a dose-finding trial that explicitly uses the 

known ordering in the probabilities associated with ‘good’ and ‘poor’ prognosis patients. 

Their design is based on the shift model [17–19] that generalizes the CRM to two ordered 

groups. Conaway and Wages [20] propose two methods based on Hwang–Peddada 

estimation [21].

To our knowledge, the only paper that addresses dose finding in more than two groups is 

Yuan and Chappell [22] who propose a hybrid of the single agent–single group CRM and 

isotonic regression methods [23] in the case of an arbitrary number of completely ordered 

groups. As in the single agent CRM, the working model and the data within each group are 

used to estimate the DLT probabilities at each dose for that group. Using the algorithms 

described by Robertson et al. [23] for two-way isotonic regression, the resulting DLT 

probability estimates within each dose level are modified so that there are no reversals; 

meaning, no dose levels where a lower risk group has greater DLT probability estimates than 

a higher risk group and preserves the monotonicity of toxicity probabilities within groups.

We are unaware of any method for more than two partially ordered groups, and in this paper, 

we propose a method that can be used for two or more completely or partially ordered 

groups. In the completely ordered case, we will compare the performance of the proposed 

method to that of Yuan and Chappell in a family of dose–toxicity curves for varying 

numbers of groups, dose levels, and sample sizes. Similarly, we present operating 

characteristics for the proposed method in the partially ordered case. In the case of three 

groups, we present results for the ‘simple tree’ [23] partial order, in which patients in one 

group, at a fixed dose, are expected to have the least risk of a DLT, while the ordering 

between the risk of a DLT in the other two groups are unknown. For four groups, we present 

results for the ‘loop’ [23] partial order, in which, for a fixed dose of the agent, patients in 

one group are expected to have the least risk of a DLT, patients in another group are 

expected to have the greatest risk of a DLT, and the ordering between the other two groups 

are unknown.

2. Motivation for the proposed design

The proposed design was motivated by the results of Kelly [24] for normal means and 

Robertson et al. [23] in the more general setting of exponential families. In the completely 

ordered case, these authors [23, 24] showed that first taking into account the known 

orderings by applying isotonic regression to the sample means leads to reduced mean 

squared error for estimating parameters. Lee [25], however, used the simple tree order to 
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illustrate that the suggestion of ‘first isotonize then analyze’ did not necessarily lead to 

improved statistical properties for isotonic regression estimates under partial orders. 

Robertson et al. [23] conjectured that the reason that the results did not carry over from the 

complete order setting to the partial order setting had to do with the increased dimension of 

the estimation problem under the partial order as compared with the complete order, 

particularly in the case of the simple tree order. Hwang and Peddada [21] used the simple 

tree order to illustrate that the isotonic regression estimates can have poor statistical 

properties and proposed an alternative method of estimation that improves on the statistical 

properties. With these results, we conjectured that a process of ‘isotonize then analyze’ 

using the partial order estimation methods of Hwang and Peddada [21] in place of the 

isotonic regression estimates could be useful in dose-finding trials in completely or partially 

ordered groups. Our method, which is described in more detail in the following sections, 

consists of first applying Hwang–Peddada estimation to the observed toxicity data for all 

group–dose combinations, then applying the one-parameter CRM model to the isotonized 

estimates.

3. The dose allocation method

We illustrate the method in the case of four dose levels in three completely ordered groups. 

The probability of a DLT at dose j, j = 1, …, 4 in group g, g = 1, 2, 3 is denoted by πgj. In 

Table I, within each row, the probability of a DLT will increase across columns, πgj ≤ πgk 

for j < k. Within columns, the probability of a DLT is increasing up the rows πgj ≤ πhj, for g 
< h. Even though the groups are completely ordered in the sense that the probabilities are 

monotonic across groups within a fixed dose, the probabilities in Table I follow a partial 

order [23]. There are pairs of parameters, π12 and π21 or π24 and π32 for example, for 

which the ordering is not known prior to the study.

3.1. Pretrial specifications

Hwang–Peddada estimation requires the specification of at least one guess at the orderings 

among the group–dose toxicity probabilities. As described in [7, 26], we choose a set of M 
orderings that need not be all possible simple orders consistent with the partial order. In any 

actual trial, the orderings can be chosen based on clinical judgment, and in the absence of 

strong information about the orderings, we suggest using the ‘default set’ of six orderings 

proposed in [26]. For the three-group, four-dose level case, these orderings are listed in 

Table II.

As in Conaway et al. [7] and in Conaway and Wages [20], a pretrial specification is a beta 

prior with parameters (αgj and βgj) for the probabilities of a DLT for each group–dose pair. 

These prior values will be used as smoothing parameters in the Hwang–Peddada estimation. 

Unlike [7, 20], there will be further smoothing with the model after the Hwang–Peddada 

estimates have been computed, and as a result, we recommend that small values for (αgj and 

βgj) be used. For example, in the simulations that follow, for a target toxicity value of 0.20, 

we chose αgj = 0.01 and βgj = 0.04 for all (g, j).

The final pretrial specification is a listing of the vectors of ‘permissible’ MTD 

recommendations. This list depends on the number of groups, the number of dose levels, and 
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the type of ordering among the groups. It is the set of all possible joint MTD 

recommendations among groups consistent with the ordering, that is, the set of joint 

recommendations for the MTDs that does not contain a reversal. To illustrate, Table III lists 

the set of permissible MTD recommendations for four dose levels in three completely 

ordered groups.

3.2. Sequential dose allocation

The first patient in the trial will be assigned to the lowest dose level for that patient’s group. 

Subsequent allocations will be based on the accumulated group–dose toxicity data and will 

continue until a prespecified number of patients have been observed, summed across all 

groups. At any point in the trial, Ngj patients in group g have received dose level j. Of these, 

Ygj patients have experienced a DLT, g = 1, …, G and j = 1, …, J.

3.2.1. Step 1. Compute the Hwang–Peddada estimates—Using the beta prior, we 

apply the Hwang–Peddada estimation procedure for each of the m = 1, …, M prespecified 

orders, to the ‘smoothed’ observed proportions.

(1)

We denote these estimates by , m = 1, …, M. The algorithm for computing the 

Hwang–Peddada estimates for a single guess at the order is given in [20]. As in [7], we 

combine the M sets of Hwang–Peddada estimates by averaging,

(2)

3.2.2. Step 2. Fit the continual reassessment method model within groups, 
using the Hwang–Peddada estimates in place of the observed toxicities—The 

CRM model uses the working assumption that, within group g, g = 1, …, G, the probability 

of a DLT at dose level j, j = 1, …, J is equal to , where 0 < ψg1 < ψg2, … ψgJ < 1 are 

prespecified constants. In our method, we use the same values in each group, ψgj = ψj, with 

the set of ψj, j = 1, …, J based on the recommendations in [27]. With these choices, the log-

likelihood for group g, g = 1, …, G based on the observed toxicities is

(3)

Our proposal is to replace the Ngj with  and replace Ygj with  in 

(3). The resulting function, , is
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(4)

Estimates  are found by maximizing each  as a function of ag. The 

resulting estimates of the DLT probabilities at each dose in group g are given by

(5)

3.2.3. Step 3. Compute the current set of maximum tolerated dose 
recommendations—The MTD recommendations will be chosen only from the 

permissible set. The use of only permissible group–dose recommendations is similar to the 

contour method proposed by Mander and Sweeting [28]. Specifically, let γ = (γ1, γ2, …, 

γG) be a vector in the permissible set Γ Define

(6)

For example, column 6 in Table III is γ = (3, 2, 1), and the corresponding set of toxicity 

probability estimates are for dose level 3 in group 1, dose level 2 in group 2, and dose level 1 

in group 3 ( , , and ). The current set of dose recommendations for all the groups is 

denoted by γ∗ where

(7)

where θ is the prespecified target toxicity probability and w = (w1, w2, …, wG) are 

prespecified weights associated with the groups. The weights w allow the investigators to 

place more emphasis on one or more groups, for example, the investigators may choose to 

give greater weight to a more commonly occurring group of patients. In the current paper, 

however, only equal weights are used in (7). If the next patient is in group g, this patient is 

assigned dose , and we return to step 1. The process iterates until a prespecified number of 

patients have been accrued. At the end of the trial, the MTD recommendations are those that 

would have been given to the next patient.

3.3. Partially ordered groups

For partially ordered groups, the steps in the dose allocation procedure and estimation of the 

MTD at the end of the trial are, in general, the same as in the previous section, with two 

notable differences: (1) the set of permissible MTD recommendations is expanded under the 

partial order, and (2) there are more orderings allowed in the Hwang–Peddada estimation. 

As an example, we consider the case of four dose levels, with three groups defined by a 
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simple tree order. For a given dose, patients in groups 2 or 3 are expected to have a greater 

risk of a DLT than a patient in group 1, but it is unknown whether patients in group 2 have a 

higher or lower risk compared with patients in group 3. In this case, there are 30 permissible 

sets of recommendations; these are listed in Table IV. There are twice as many orderings in 

the Hwang–Peddada estimation; an additional set of orderings is obtained from Table II by 

interchanging positions for probabilities in groups 2 and 3. The 12 orders considered for the 

three-group partial order with four dose levels is given in Table V. With these changes, the 

dose allocation and estimation procedure follow the steps outlined in the previous section.

4. Comparison of methods

4.1. A family of curves

We generated scenarios at random to create a range of shapes and toxicity probabilities 

within groups, to preserve the ordering between groups, and to allow each possible set of 

MTDs among groups to be equally represented. In the complete order case, we generated 

two scenarios for each of the possible configurations of the MTDs across groups that 

preserve the complete order. For example, in the three-group, four-dose level case, there are 

20 possible MTD configurations as displayed in Table III. There are 56, 35, and 126 possible 

configurations for the three-group, four-dose level, the four-group four-dose level, and the 

four-group six-dose level cases, respectively. Letting γ = (γ1, γ2, γ3) denote one of these 

configurations, we generated group–dose toxicity probabilities πgj, g = 1, …, G and j = 1, 

…, J starting from group 1. We define πg,0 = 0 and π0,j = 0. In group g, for j = γg, we set 

πg,j = θ. To generate probabilities for j ≠ γg, we define ‘Lower’ to equal 

. For j < γg, we define ‘Upper’ to equal the target, θ and for j > γg, we 

define Upper to equal 1. With these definitions, we sequentially generated the true group–

dose toxicity probabilities, πg,j as

where β(1, 4) are independently generated beta-distributed random variables with mean 0.2 

and variance 0.0267. This method of generating the group–dose toxicity probabilities 

guarantees that the resulting probabilities will follow the complete order. The Supporting 

Information lists all the scenarios used in the simulations.

To generate scenarios for the partially ordered cases, we took each of the pairs of scenarios 

for each of the possible MTD configurations. We randomly chose one member of the pair 

and interchanged the probabilities for groups 2 and 3. For the other member of the pair, 

groups 2 and 3 were unchanged. For each scenario, 1000 simulated trials were performed, 

using samples of size 36 or 54, and with groups of equal population proportions. For three 

and four completely ordered groups, each with either four or six dose levels, the proposed 

method is compared with the method of Yuan and Chappell [22]. The same skeleton was 

used in both the proposed method and that of Yuan and Chappell. To enable modeling from 

the first patient, a pseudo-data prior [29] was used. The prior had a total weight equal to one 

patient, with prior probabilities of 0.2 at dose level 1 and increasing by 0.1 for each dose 

level, and the same pseudo-data prior was used in each group.
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As in Conaway and Wages [20], the methods are compared on the basis of the ‘percent 

correct selection’ (PCS), defined as the proportion of times that the method correctly 

identifies the MTD in each group and on the basis of the ‘accuracy index’ (AI) [30] within 

groups. For the proposed method and for the Yuan and Chappell method, Table VI gives the 

PCS and AI values averaged across groups and scenarios. For the partial orders, Table VI 

displays the average AI and PCS for the hybrid method only. Figure 1 displays the 

distribution of the average accuracy index values. In this figure, the horizontal axis are 

values of the accuracy index; the graph shows, for each method, the proportion of scenarios 

for which the accuracy index exceeds the value on the horizontal axis. Both the table and the 

figure indicate that in the complete order case, the proposed method tends to give higher 

accuracy indices than [22]. Figure 2 displays the results for the PCS. The two methods do 

not differ greatly with respect to PCS, but when they do, the PCS values tend to be greater 

with the hybrid method.

5. Discussion

We have proposed a new method for more than two completely or partially ordered groups. 

In the case of completely ordered groups, for the scenarios we considered in this paper, the 

proposed method has properties that are at least as good as those for the method of Yuan and 

Chappell [22]. To our knowledge, no other method has been proposed for partially ordered 

groups.

There are several open areas of research under consideration. A reviewer suggested that an 

alternative to averaging the Hwang–Peddada estimates (2) over the initial guesses at the 

unknown orders is to choose the ordering that is ‘most plausible’. This could be performed 

by choosing the ordering with the greatest likelihood, or highest posterior probability, if 

priors are placed on the initial guesses at the unknown orders. The reviewer also suggested 

that the use of the same skeleton in each group, based on [27], might be replaced by a 

skeleton that reflected the complete or partial order. One could argue that the use of a 

common skeleton represents an initial skepticism about the magnitude of the group effect 

and that in general, the CRM is robust to the choice of the skeleton. These would imply that 

using different skeletons in the groups would not change the operating characteristics by 

much, but this is a question that have not been investigated.

Another open question concerns the choice of weights in (6). All of the simulations in this 

paper used equal weights, and we are currently investigating how much the operating 

characteristics change if these weights correctly reflected population proportions. If unequal 

weights are used, it is not known the effect of misspecifying the population proportions.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1. 
Survival distributions of accuracy index, averaged over groups, hybrid method (blue), and 

Yuan–Chappell (Y&C) method (red).
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Figure 2. 
Survival distributions of percent correct selection (PCS), averaged over groups, hybrid 

method (blue), and Yuan–Chappell (Y&C) method (red).
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