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Abstract

We introduce a reconstruction framework that can account for shape related a priori information in 

ill-posed linear inverse problems in imaging. It is a variational scheme that uses a shape functional 

defined using deformable templates machinery from shape theory. As proof of concept, we apply 

the proposed shape based reconstruction to 2D tomography with very sparse measurements, and 

demonstrate strong empirical results.
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1. Introduction and motivation

It is well known that utilizing a priori information is critical in addressing inverse problems 

where data is very noisy or the problem is highly ill-posed, with the latter often due to 

inappropriate sampling of data. Regularization by providing an approximate inverse is far 

from the best choice for solving such challenging problems. Most current approaches focus 

on enforcing sparsity and/or regularity within a variational setting, see [33] for a survey.
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Recognizing and interpreting shapes of structures in images is essential for translating 

images into knowledge. Furthermore, in many imaging problems the user has a priori 

information about what shapes to expect, whereas noise and reconstruction artifacts are less 

likely to fit into the a priori shape information. To illustrate this, consider electron 

tomography (ET) that uses an electron microscope to image the internal 3D structural 

arrangement at nano-scale of a specimen. Imaging by ET leads to a severely ill-posed 

inverse problem with incomplete and highly noisy data [27]. However, scientists often have 

an idea of the rough overall shape of the structures they seek to image in ET. As an example, 

consider a biological specimen containing antibodies that we seek to image. Here, one 

knows beforehand that antibodies are approximately “Y”-shaped. In a similar way, if the 

specimen contains virions that we seek to image, then often one has a priori shape 

information about these virions, e.g., they can be “near-spherical” with certain symmetry 

(like icosahedral) or they may form helical rod-like structures. This can often be seen in 

data.

To summarize, it makes sense to account for qualitative a priori shape information while 

performing the reconstruction in imaging. It is clear that enforcing an exact spatial match 

between sub-structures and a given template is asking for too much since realistic shape 

information is almost always approximate as in ET. More concretely, consider imaging near-

spherical viruses embedded in aqueous buffer by ET. It would be erroneous to perform 

reconstruction in ET while enforcing that these sub-structures are spheres. Instead, a more 

natural approach is to perform reconstruction assuming the structures are ‘near-spherical” in 

some sense. This highlights the challenge associated with accounting for a priori shape 

information, namely to properly quantify shape similarity.

2. Survey of the field

The idea of accounting for shape information in reconstruction is gaining increasing interest 

within the inverse problems community. This is part of an ongoing development in which the 

reconstruction and feature extraction steps are combined when solving ill-posed inverse 

problems. Features are in this context specific structures in images relevant for the 

interpretation. Feature extraction is usually part of image analysis and powerful tools have 

been developed over the years to interpret images.

2.1. Joint segmentation and reconstruction

A step towards combined reconstruction and feature extraction is joint segmentation and 

reconstruction. One approach is to consider a level-set based approach where the true 

(unknown) image is assumed to be piecewise constant. In this setting one may consider joint 

segmentation and reconstruction by minimizing a Mumford–Shah like functional over the 

set of admissible contours and, given a fixed contour, over the space of piecewise constant 

densities which may be discontinuous across the contour within each level set [3]. This 

approach was applied to 2D inversion of the ray transform in [28] from complete data. A key 

step lies in the calculation of the “shape sensitivity” in order to find a descent direction for 

the cost functional, which in turn leads to an update formula for the contour in the level-set 

framework. Motivated in part by the inverse problem in ET, the approach was later 
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generalized and applied to very noisy limited angle and region of interest tomography data 

in [16]. See also [15, 35] for further developments of the Mumford–Shah approach involving 

a variety of inverse problems in imaging. Another line of development is based on 

incorporating priors about the desired classes of the segmentation through a probabilistic 

model. Here, a hidden Markov measure field model has been used, see [26, 17, 29] for 

variants of this approach.

A drawback with these variational formulations is that they are computationally demanding. 

Furthermore, they also lead to non-convex problems, so there is always the issue of non-

uniqueness. An entirely different approach for joint segmentation and reconstruction, that in 

part circumvents these problems, is provided in [19]. Here the approximate inverse method 

is extended to the setting where one recovers the features directly. It assumes the features in 

question can be extracted by applying an operator, which may be be a differential operator 

for calculating partial derivatives or the Laplacian, or it may be the solution operator for the 

heat equation for fixed time, or it may be a wavelet transform. The approach is however 

limited to features that can be extracted by applying a linear extraction operator on the 

image.

In general, the papers cited above demonstrate that joint reconstruction and segmentation 

typically leads to better results than performing the two steps successively, especially in 

inverse problems where there are high noise levels and/or data is incomplete.

2.2. Shape based reconstruction

The next natural step that follows joint segmentation and reconstruction is to consider the 

shape. A priori shape information often includes geometrical information about the structure 

in the image, so the reconstruction scheme has to capture such information.

One approach is based on describing such geometric information by means of invariants that 

carry geometrical information about the structures. Such invariants have been successfully 

used for shape based classification, see, e.g. [21, 1] and [40, Chapter 3]. There is in fact an 

axiomatic treatment for constructing invariant image features [18] useful for recognizing 

objects from different viewpoints and whose numerical values are equal or only moderately 

affected by basic image transformations. Returning to image reconstruction, [10] shows how 

such integral invariants can be used in reconstruction. The idea is to encode the a priori 

shape information in a variational setting by introducing the 2-norm of the difference 

between the invariant of the structure and the invariant of a prior. The main mathematical 

result is proof of existence of minimizers of the corresponding goal functional. The 

optimization is performed with a gradient descent approach that requires differentiating the 

goal functional and the actual numerical implementation is based on minimizing a smooth 

approximation functional, which converges (Γ–convergence) to the original functional.

Another approach for variational mage reconstruction that includes a priori shape 

information is given in [11]. Here, one constructs an energy functional based on local 

segmentation information obtained by segmentation and comparison with a known spatial 

model. The approach is demonstrated on tomography data from digital phantoms, simulated 

data, and experimental ET data of virus complexes.
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An approach very similar to the one considered here is given in [2]. There, the authors 

propose a variational scheme for shape based reconstruction using a deformable template. 

The scheme is applied to emission tomography. Once a template is chosen, the activity map 

(the function describing the isotope intensity that one seeks to recover) is assumed to be a 

deformation of the template obtained through composition with various planar mappings 

together with a magnitude adjustment. Hence, just like we will do, they consider linear 

deformations of the form (5). On the other hand, in their approach the linear deformations 

are given by their wavelet coefficients whereas we will consider linear deformations given 

by vector fields in a reproducing kernel Hilbert spaces (RKHSs). Furthermore, [2] contains 

no analysis of existence or uniqueness.

3. Contribution of the paper

Our approach is heavily inspired by the deformable templates framework where shape is 

modeled as a deformation of a template. Shape based reconstruction can then be seen as an 

image matching problem in which a shape template in the image domain is matched against 

a given target representing indirect observations (data) in the imaging problem. There is by 

now a rich literature for variational methods for image matching, see, e.g., [5, 32, 31, 8]. 

Some parts of this theory is also used for reconstruction, most notably for spatiotemporal 

imaging as outlined in subsection 11.6. On the other hand, the usage for shape based 

reconstruction is yet to be explored more systematically.

This paper initiates such a study and the starting point is linearized deformations, which are 

among the simplest forms of deformations. Our main mathematical result is a proof of 

existence of minimizers. As with most other variational schemes for shape based 

reconstruction, we cannot expect uniqueness in general due to lack of convexity. We also 

explicitly calculate the shape derivatives of the functionals, both in the continuum setting 

and when the objective functional is discretized through finite span approximations of 

linearized deformations contained in a reproducing kernel Hilbert space. The latter can be of 

interest in actual numerical implementation since minimizers of objective functionals in the 

finite dimensional setting will in this case also give a minimizer to the objective functionals 

in the infinite dimensional setting (Remark 4). We also show the impact of using a priori 

shape information. The experiments strongly point to the improvement of using shape based 

information in reconstruction. Furthermore, they also show that the a priori shape 

information doesn’t have to be that accurate, which is important for the applications targeted 

by this paper. None of these claims are however proved formally by mathematical theorems. 

Finally, our variational framework for shape based reconstruction also extends to other 

deformation models that allow for large deformations, like the one suggested within the 

large deformation diffeomorphic metric mapping (LDDMM) framework [36, 6, 24, 13, 40, 

37, 25] and variants based on relating the LDDMM to optimal transport for a better handling 

of grey scale values [20, 30]. These result in smooth deformations that preserve the topology 

and shape based reconstruction using such, more elaborate, deformation models left for 

future studies.

We conclude with a short overview of the paper. Section 4 introduces terminology and 

notation needed for variational reconstruction of inverse problems. Section 5 provides a brief 
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introduction to shape theory based on the deformable templates framework, and in particular 

linearized deformations. Section 6 formulates the shape based reconstruction scheme and in 

section 7 we prove existence. section 8 contains the gradient calculations of the functionals 

involved in the variational formulation and section 9 is the corresponding gradients 

expressed when the linearized deformation is contained in a RKHS. section 10 shows some 

examples of how the shape based reconstruction scheme performs followed by conclusions 

given in section 11.

4. Inverse problems, ill-posedness and variational regularization

The goal in image reconstruction is to estimate some spatially distributed quantity (image) 

from indirect noisy observations (measured data). There are various ways to formalize such 

a statement and our starting point is the classical (non-statistical) viewpoint on inverse 

problems.

Image reconstruction as an inverse problem: Recover/reconstruct an image ftrue ∈  from 

data g ∈ ℋ where

(1)

Here,  (reconstruction space) is the vector space of all possible images, so it is a suitable 

Hilbert space of functions defined on a fixed domain Ω ⊂ ℝn. Next, ℋ (data space) is the 

vector space of all possible data, which for digitized data is a subset of ℝm. Furthermore, : 

 → ℋ (forward operator ) models how a given image gives rise to data in absence of 

noise and measurement errors, and e ∈ ℋ (data noise component) is a sample of a ℋ –
valued random element E whose probability distribution is (data noise model ) assumed to 

be known.

Ill-posedness: A naive approach at recovering the true (unknown) image ftrue is to try to 

solve the equation  (f) = g. Often there are no solutions to this equation since measured 

data is not in the range of  for a variety of reasons (noise, modeling errors, e.t.c.). This is 

commonly addressed by relaxing the notion of a solution by considering

(2)

The mapping : ℋ x ℋ → ℝ+ (data discrepancy functional) quantifies the data misfit and 

a natural candidate is to choose it as a suitable affine transformation of the log likelihood of 

data. In such case, solving (2) amounts to finding maximum likelihood (ML) solutions.

The above approach works well when (2) has a unique solution (uniqueness) that depends 

continuously on data (stability). This is however not the case when (1) is ill-posed. These are 
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the two main issues addressed by means of regularization, i.e.. to introduce uniqueness and 

stability by making use of a priori knowledge about ftrue in the reconstruction.

Variational regularization: This is a class of regularization methods that have gained much 

attention lately, and especially so for imaging problems [33]. The idea is to add a 

penalization to (2):

(3)

The functional ℛ:  → ℝ+ introduces well-posedness (uniqueness and stability) by 

encoding a priori information about ftrue. It often encodes some a priori known regularity 

property of ftrue, e.g., assuming  ⊂ ℒ2(Ω,ℝ) and taking the ℒ2-norm of the gradient 

magnitude (Dirichlet energy) is known to produce smooth solutions whereas taking the ℒ1-

norm of the gradient magnitude (total variation) yields solutions that preserve edges while 

smooth variations may be suppressed.

5. Shape theory

Shape theory seeks to develop quantitative tools to study shapes and their variability. A key 

objective is to define a shape metric that quantifies the shape similarity between two objects/

structures in the image.

There are a variety of mathematical approaches for modeling shapes, and the approach we 

consider is based on deformable templates. This approach, which traces back to work 

pursued in 1917 by D’Arcy Thompson [9], is based on the idea that shapes can be 

represented as a deformation of a template. A quantitative analysis of shape variability can 

then be based on quantifying the cost of the deformation. Grenander laid the foundations of 

pattern theory [12] that was necessary for a coherent mathematical and statistical theory for 

shape and shape variability based on the above idea of deformable templates. We here 

provide a very brief introduction to shape theory with emphasis on the linearized 

deformations framework.

The starting point is to define a set of deformable objects that represent the objects/structures 

whose shape we seek to analyze. We also define a set of deformations that can act on these 

deformable objects. In our case, a deformation is given as a diffeomorphic perturbation of 

the identity map (linearized deformation). Under certain conditions, the set of deformations 

becomes a group with a metric that can be used together with the group action to quantify 

the shape similarity between two deformable objects.

5.1. Set of deformable objects

We consider grey scale images as deformable objects, so the set ℳ of deformable objects are 

a vector space of real-valued functions defined on a fixed underlying image domain Ω ⊂ ℝn 

(n = 2 for 2D images or n = 3 for 3D images), which we assume to be an open and bounded 

set. We furthermore assume that ℳ ⊂ ℒ2(Ω,ℝ).
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5.2. Set of deformations – Linearized deformations

The set  of deformations will consist of transformations that map the image domain Ω ⊂ 
ℝn into ℝn. These “deform” elements in ℳ simply by transforming the underlying 

coordinate grid.

It is natural to be able to reverse and concatenate deformations, which amounts to requiring 

that  forms a group under the group law given by composition of functions and with the 

identity mapping as the identity element. The group structure also allows us to use the group 

action, which is a mapping  xℳ → ℳ formally denoted by (ϕ, f) ↦ ϕ.f, as a canonical 

way to define how a deformation in  transforms a deformable object in ℳ. Furthermore, 

alongside the group structure, we may also require that  is a vector space over ℝ where 

the vector space addition and scalar multiplication is given as

(4)

for ϕ, ψ ∈  and α ∈ ℝ.

We now consider linearized deformations that are given as

(5)

Here,  is a fixed Hilbert space with norm ||·|| . The vector fields 

(deformation vector fields) in  are supported in Ω and have a derivative that tends to zero 

as x tends to infinity.

Remark 1: The set  is the Banach space of continuously differentiable vector 
fields on Ω ⊂ ℝn that along with its derivative vanishes on ∂Ω and at infinity. Note also that 
these vector fields trivially extended to all of ℝn simply by setting them to zero outside Ω.

Given the Hilbert space , define the set  as

(6)

If  is a vector space closed under composition, then  is also closed under composition. 

Elements defined as (5) are however not necessarily invertible unless ν is sufficiently small 

and regular [40, Proposition 8.6]. In conclusion,  forms a group only when the linearized 

deformations in the vector space  are small.

Remark 2: If one seeks to ensure that deformations in (5) do not create foldings or holes, 
then they need to preserve the topology. This naturally leads to the requirement that such 
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deformations be diffeomorphisms. In our setting the issue is that deformations in (5) are not 
necessarily invertible. If they are, then  becomes a group of diffeomorphisms and 
elements in  have to be small. To define deformations that are diffeomorphisms without 
necessarily being small requires considering alternative schemes for generating the 
deformations. One such approach is provided by LDDMM framework where deformations 
are generated by an ordinary differential equation with a time dependent velocity field that is 
contained in  at each time point. If  has some basic regularity properties, then 

becomes a subgroup to the group of diffeomorphisms, see [40] for the details.

5.3. The deformation operator and shape similarity

Elements in  represent deformations that act on deformable objects, which in our case 

are grey scale images on Ω represented by square integrable functions f: Ω → ℝ. One way 

to let a deformation, i.e., element ϕ ∈ , act on a grey scale image f is by a group action, 

say ϕ.f:= f ∘ ϕ. Next, each element in  has a corresponding element in , i.e., ϕ = ϕν for 

some ν ∈ . Hence, elements in  acts on deformable objects by means of the deformation 
operator f:  →  given as

(7)

where ϕν ∈  is given by (5). The deformation operator models how a grey scale image is 

deformed by ϕν.

The shape similarity between f and its deformed version f (ν) can now be quantified by 

. Note that it is zero only if the deformation is the identity mapping (no deformation) 

and a large value means ν is large, which in turn corresponds to a large deformation.

6. Shape based reconstruction

Consider the inverse problem in (1) where elements in  represent grey scale images 

defined over some fixed image domain Ω ⊂ ℝn, i.e., ℳ ⊂  ⊂ ℒ2(Ω,ℝ). Next, assume that 

the true image ftrue is approximately a deformation of a known shape template I ∈ ℳ. As we 

shall see next, the shape functional in subsection 5.3 allows us to use such a priori shape 

information in the reconstruction of ftrue in (1).

Here now assume the true (unknown) image ftrue can be written as an admissible 

deformation of the shape template I, i.e.,

(8)

To reconstruct ftrue in (1), while accounting for a priori shape information given by (8), we 

formulate the following variational problem:
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(9)

Here, the mapping : ℋ xℋ → ℝ+ is the data discrepancy functional introduced in (2), ℛ: 

 → ℝ+ is the regularity functional that encodes regularity properties of ftrue that are 

known before hand, and as already mentioned,  quantifies the shape similarity between 

the template I and its deformed variant I (ν). Finally, λ ≥ 0 regulates the influence of the a 

priori shape information and μ ≥ 0 regulates the influence of the a priori regularity properties 

that ftrue might posses.

7. Mathematical analysis

The goal of a mathematical analysis of a reconstruction scheme is to assess if it is a 

regularization scheme with key formal properties. The first and most important property is 

whether the reconstruction scheme always has solutions (existence of solutions), since 

otherwise the scheme is not suitable for reconstruction. Two following properties are 

concerned with uniqueness and stability, i.e., whether the scheme renders a unique solution 

for given data and whether it is stable w.r.t. perturbations in data. Finally, the convergence 

properties of the scheme are concerned with whether the output from the scheme should 

converge to a (least-squares/maximum likelihood) solution of (2) when the data error 

(difference between measured data g and ideal data  (ftrue)) tends to zero in some norm 

while reconstruction parameters are chosen accordingly.

We will here only consider the key property of existence, and will follow this analysis by 

some remarks regarding uniqueness. The starting point is to reformulate the variational 

problem in (9) as an optimization over . Then we prove existence of solutions for this 

latter equivalent optimization, which is now an optimization over . The motivation for this 

approach is that variational problems over  are much easier to analyze than those over the 

group , mainly due to the natural Hilbert space structure of . This also has numerical 

consequences. It is also difficult to perform an optimization over  since it is difficult to 

parametrize elements in . As we shall see, elements in  are more easy to parametrize, 

especially when  is a RKHS.

7.1. Existence

Here we consider existence of solutions to the reconstruction method given by the 

variational problem in (9).

Theorem 1: Let  be a Hilbert space and assume f ↦ (  (f), g) and f ↦ ℛ(f) are both 
lower semi-continuous on . Then, (9) has a solution in .

Proof: Let ℰ:  → ℝ+ denote the goal functional in (9), i.e., for given λ, μ ≥ 0 and I ∈ , it 

is defined as
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(10)

If we can prove that ℰ is lower semi-continuous on , then (9) has solutions.

Let {νn}n ⊂  be a minimizing sequence for (9) so ||νn||  are bounded.  is a Hilbert 

space, so it is in particular a complete metric space with respect to the distance function 

induced by the inner product. Hence, there is a subsequence, still denoted by {νn}n, that 

converges weakly to some ν* ∈  (see [40, Theorem A.16]). By [40, Proposition A.15] we 

then have

(11)

Next, by (5) we get

Since ν ↦ ν(x) is a continuous linear form on , we conclude that

Thus, ϕν is continuous in the weak topology of . Furthermore, for every shape template I 
∈ ℳ, using the result in the proof of [38, Theorem 2.5] gives us lim sup

Therefore, I is also continuous in the weak topology of . Now, by assumption both f ↦ 
(  (f), g) and f ↦ ℛ(f) are lower semi-continuous on . Hence,

(12)

(13)

(11) together with (12)–(13) implies that ν* is a solution for the variational problem (9) in 

. This concludes the proof.
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7.2. Uniqueness

Even though (9) always has a solution (Theorem 1), we do not have uniqueness. The 

problem is that there may be multiple solutions even when both

(14)

are strictly convex. The reason is that the deformation operator f:  →  in (7) introduces 

non-convexity. It is furthermore a non-trivial task to work out conditions on  that would 

guarantee convexity.

8. Gradient calculations

Performing reconstruction following the scheme outlined in section 6 requires solving the 

optimization problem in (9). Most computationally feasible approaches make use of first 

order derivative information, so one central topic is to compute the gradient of the goal 

functional given in (10). The gradient is calculated w.r.t. the Hilbert structure of , which is 

the natural inner-product space for this minimization. In computing the -gradient of the 

mappings

(15)

we assume the mappings in (14) are both Gâtueaux differentiable and the template I is 

differentiable.

8.1. The deformation operator

We here provide an explicit expression for the Gâteaux derivative of the deformation 

operator defined in (7).

Proposition 2: Assume I ∈  is differentiable. Then, the deformation operator I:  →
in (7) is Gâteaux differentiable at ν ∈  and its Gâteaux derivative is

(16)

Proof: The Gâteaux derivative is the linear mapping ∂ I (ν):  →  defined as

Hence, ∂ I (ν)(η): Ω → ℝ where
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Now, I ∈  ⊂ ℒ2(Ω,ℝ) is differentiable so the chain rule gives us

(17)

The second term in the scalar product on the right hand side of (17) is the derivative of a 

deformation with respect to variations in the associated vector field.

Next, by (5) we have ϕν+εη = IdΩ +ν + εη, so

Now, (16) follows from inserting the above into (17).

Remark 3: Unless derivatives are to be interpreted in the distribution sense, the template I ∈ 
 has to be differentiable if the expression in (16) is to make sense.

8.2. The -norm

The -gradient of  is simply 2ν.

8.3. General matching functionals

Both of the functionals in (15) are of the form I:  → ℝ+ with

(18)

where ℒ:  → ℝ is a fixed functional on  that is sufficiently regular, e.g., we require it to 

be Gâteaux differentiable.

We will here assume that  is admissible. In most cases it will be an RKHS 

with a continuous positive definite reproducing kernel : ΩxΩ → ℒ(ℝn,ℝn) represented by 

the continuous positive definite function , so

(19)
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Theorem 3: Assume ℒ:  → ℝ is Gâteaux differentiable on  and define I:  → ℝ as 

in (18) where I ∈ ℒ2(Ω,ℝ) is differentiable. Then, the Gâtueaux derivative of I is given as

(20)

Furthermore, let  ⊂ ℒ2(Ω,ℝ) and  is a RKHS with a reproducing kernel represented by 

the symmetric and positive definite function . Then

(21)

Proof: The proof of (20) follows directly from the chain rule and Proposition 2. More 

precisely, by the chain rule we have

(22)

Combining this with (16) gives us (20).

To prove (21) we need to use the assumption  ⊂ ℒ2(Ω,ℝ). Then, the Riesz representation 

theorem allows us to define the gradient of ℒ as the mapping ∇ ℒ:  →  given 

implicitly by the relation

(23)

Combining (22) with (23) gives

(24)

Next, the expression in (16) can be inserted into (24):

The last equality makes use of the fact that the inner product in ℒ2(Ω,ℝn) (square integrable 

ℝn-valued functions) is expressible as the inner product in ℝn followed by the inner product 

in ℒ2(Ω,ℝ) (square integrable real valued functions). Note also that
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are both mappings from Ω into ℝn, so the ℒ2(Ω,ℝn) inner product is well defined. Finally, 

we use the assumption that  is a RKHS with reproducing kernel : Ω×Ω → ℒ(ℝn, ℝn), 

so by (19) we have

where ν̃: Ω → ℝn is defined as

We can now read off the expression for the -gradient of I and inserting the matrix valued 

function  representing the reproducing kernel gives us

The last equality is (21), so this concludes the proof of Theorem 3.

8.3.1. ℒ2–data discrepancy—Here we consider the special case when ℋ = ℒ2(Y, ℝ) 

with Y denoting some manifold that introduces coordinates for the measured data. If the data 

noise component e ∈ ℋ is a sample of a ℋ–valued Gaussian random element with mean 

zero and known co-variance operator, then a natural data discrepancy functional : ℋ ×ℋ 
→ ℝ in (9) is then given by

(25)

Define ℒ(f) := ( (f)) and consider I in (18), i.e.,

(26)

We now seek the Gâteaux derivative of I in (26) assuming  ⊂ ℒ2(Ω,ℝ) is a Hilbert space 

with the usual ℒ2–structure and the forward operator :  → ℋ in (9) is Gâteaux 

differentiable. First, the Gâteaux derivative of ℒ and its corresponding gradient are given as
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(27)

Here, “*” denotes the Hilbert space adjoint and ∂ is the Gâteaux derivative of . When 

is linear, then ∂ (f) = , so (27) simplifies to

(28)

Corollary 4: Let the assumptions in Theorem 3 hold. Furthermore, assume that I :  →ℝ 
is given as in (26) with :  → ℋ Gâteaux differentiable. Then

(29)

for ν, η ∈ . Furthermore, if  ⊂ ℒ2(Ω,ℝ) and  is a RKHS with a reproducing kernel 

represented by the symmetric and positive definite function , then for x ∈ Ω 
we have

(30)

Proof: The proof of (29) follows directly from inserting the expression for ∂ℒ in (27) into 

(20). Similarly, (30) follows directly from inserting the expression for ∇ ℒ in (27) into (21).

8.4. Gradient of goal functional

It is common to make use of a gradient method in the actual minimization of the goal 

functional in (10). If we assume  is a RKHS, then a general expression for its gradient ∇ 
ℰ:  →  can be obtained by combining the results in subsection 8.2 and (21). A common 

special case is however when μ = 0 and  is given as in (25). Then, (30) gives an explicit 

expression for the gradient at x ∈ Ω as

(31)

9. Finite dimensional setting

 is in general an infinite dimensional Hilbert space of vector fields, so the variational 

problem in (9) is an optimization over an infinite dimensional Hilbert space. In a 

computational setting we can only minimize functionals over finite dimensional vector 
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spaces. One approach is to formulate the optimization scheme for finding a local minima in 

the infinite dimensional setting. The explicit expressions for the gradient of the goal 

functional (section 8) can be used for this. One can then discretize this optimization scheme. 

Another approach is to look for “natural” finite dimensional formulations. In particular, 

elements in  can only be evaluated at a finite number of points, so we need to consider 

suitable finite dimensional sub-spaces of . It now turns out that there is such natural finite 

dimensional formulations when  is a RKHS.

9.1. Finite span approximations of vector fields

If  is an RKHS, then there is a natural way to construct admissible finite dimensional sub-

spaces of vector fields by considering finite span approximations. Let 

denote the symmetric and positive definite function that represents the reproducing kernel of 

. Next, define the (geometric) control points as the fixed set of points

Given such a set, define the corresponding finite dimensional vector space as

(32)

Elements in Σ are called finite span approximations of elements in .

Then Σ ⊂  is a finite dimensional RKHS with an inner product given by

(33)

for ν, η ∈ Σ given as

(34)

Remark 4: Finite span approximations of the type in (32) are especially suitable for 
problems involving optimization over . This is because minimizers of objective functionals 

ÖKTEM et al. Page 16

Inverse Probl. Author manuscript; available in PMC 2017 August 28.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



that include typical loss-functions are expressible as finite span approximations. More 
precisely, representer theorems (like [40, Theorem 9.7], see also [34, 41]) show that

(35)

Here, L: ℝn → ℝ is a given “loss” function,  is the RKHS norm, and xj ∈ Σ 
is a fixed set of N control points.

Before proceeding, we introduce some convenient vector/matrix notation. For each ν ∈ Σ 
there are unique α1, … , αN ∈ ℝn such that

(36)

Hence, each ν ∈ Σ corresponds uniquely to an Nn vector given by

(37)

where α1, … , αN ∈ ℝn fulfill (36). Finally, define also K as the (Nn × Nn) kernel Gram 

matrix given as

The above notion allows us to express (33) as

9.2. The variational problem in the finite dimensional setting

We now consider the problem of minimizing the functional ℰ :  → ℝ in (10). If data g ∈ 
ℋ is digitized, then this functional is similar to the “loss functional” in (35) (at least when μ 
= 0) and a minimizer of (9) should be contained in Σ ⊂ . Hence, for finite data we can 

replace the (infinite dimensional) minimization in (9) with the following finite dimensional 

variational problem:
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(38)

Let us now consider (38) more closely. As already stated, to each ν ∈ Σ there are α1, … , 
αN ∈ ℝn such that (34) holds. Hence, the values of ν at the control points in Σ ⊂ Ω is 

expressible through the following matrix equality:

In particular, the RKHS norm of a deformation vector field ν ∈ Σ can be written as

(39)

This motivates introducing the function

(40)

Then, S above corresponds to the  term in (10) as shown in (39). Next, define WI : 

ℝNn →  as

(41)

Then, WI corresponds to the deformation operator I in (7), i.e., WI (αν) = I (ν) 

whenever αν ∈ ℝNn and ν ∈ Σ are related by (37). Finally, we define the functions R, JI : 

ℝNn → ℝ+ as

(42)

As to be expected, R corresponds to ℛ in (15) and JI corresponds to I in (18). Hence, 

solving (38) is equivalent to solving
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(43)

If α* denotes a solution to (43), then we can construct ν* ∈ Σ from α* by using the 

relations in (34) and (37):

in which the n-vector  contains elements j to j+n−1 of α*. The corresponding 

reconstruction f* of ftrue ∈  in (1) is then given by

Remark 5—The reconstruction f* depends on a variety of choices. First are the functionals 
: ℋ × ℋ → ℝ+ and ℛ:  → ℝ+. How to choose these, and the (regularization) 

parameter μ ≥ 0, is a common topic in variational regularization. More precisely, the choice 
of  is dictated by the data noise model and choice of μ ≥ 0 is governed by the “magnitude 
of the noise” in data. As an example, (25) is a natural choice for  for additive Gaussian 
noise and if there is a reasonably accurate estimate of the noise level, then one may use the 
Morozov discrepancy principle to select μ. Furthermore, the choice of ℛ depends on what a 
priori regularity properties that one seeks to enforce on the reconstruction. The part in the 
scheme suggested here that differs from traditional variational regularization is the parts that 
controls the a priori shape information, which are the choice of template I ∈ , kernel 

, the control points Σ ⊂ Ω, and the (shape) regularization parameter λ ≥ 0.

9.3. Solving the finite dimensional minimization problem

We solve (43) using a gradient descent method, e.g., gradient descent. Such methods 

involves computing the gradients of

Computing gradients of the above functions amounts to calculating the partial derivative of 

them with respect to every element αj,k (j = 1, … , N and k = 1, … , n) in the Nn vector α.

We will here present an example of such calculations in a special case. In doing so, we omit 

the regularization functional ℛ:  → ℝ+, i.e., we omit α ↦ R(α). Furthermore, we focus 

on the special case when ℋ = ℝm, i.e., there are m data points and :  → ℝm. The data 

discrepancy : ℋ × ℋ → ℝ+ is the corresponding finite dimensional version of (25):
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(44)

9.3.1. The gradient of α ↦ S(α)—We know from (39) that

Hence, for j = 1, … , N and k = 1, … , n we get

9.3.2. The gradient of α ↦ JI (α)—When : ℋ ×ℋ → ℝ+ is given by (44), then JI : 

ℝNn → ℝ+ defined in (42) becomes

(45)

where T: ℝNn → ℝm is defined as

(46)

Then

for j = 1, … , N and k = 1, … , n. A more explicit expression for the above partial derivatives 

requires one to calculate
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for j = 1, … , N, k = 1, … , n, and ι = 1, … , m. The above can be calculated through the 

chain rule and the resulting expression will involve derivatives of the forward model  and 

the template I. Below, we do this calculation for linear forward operators.

Let ι:  → ℝ denote the the ι:th coordinate of the forward operator :  → ℝm, which 

we now assume is linear. Then

For linear ι we get

Note that (K(· , xj))k is the k:th column of the matrix K(· , xj ). Hence,

where

10. Results for 2D tomography

10.1. The inverse problem

In the continuum setting, image reconstruction in 2D tomography is the inverse problem of 

reconstructing ftrue ∈  from (1) where data g = (f) and  is the 2D ray/Radon transform:
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Here, dμℓ is the 1-dimensional Lebesgue measure on the line ℓ.

 is some suitable Hilbert space of real valued functions defined on Ω ⊂ ℝ2, for our 

purposes it is enough to require that . Moreover, in the continuum setting, 

tomographic data is a real-valued function g: Y → ℝ defined on some sub-manifold Y of 

lines in ℝ2 that correspond to the tomographic data acquisition geometry.

It is possible to introduce explicit coordinates on the manifold Y. Any line ℓ in ℝ2 can be 

described by a direction ω ∈ S1 and a point x ∈ ω⊥ that it passes through, i.e., ℓ : t ↦ tω+x. 

Since ω = (sinθ, cos θ) for some 0 ≤ θ ≤ π and x = p(−cos θ, sin θ) for some p ∈ ℝ, we can 

describe any line ℓ in ℝ2 by a pair (θ, p) ∈ [0, π] × ℝ so that

Now, for parallel beam geometry data acquisition (i.e., all lines are parallel for a given angle 

θ), Y = Γ× ℝ for some subset Γ ⊂ [0, π] and

for (θ, p) ∈ Y. Furthermore, we also have that

Remark 6: For digitized data, Y is a finite set of pairs (θ, p) where

Hence, in this setting we would have k directions and l measurements for each direction, i.e., 
data is a vector g ∈ ℝm where m = kl is the total number of data points.

10.2. The reconstruction scheme

We will estimate ftrue ∈  by shape based reconstruction, i.e., by minimizing ℰ :  → ℝ in 

(10) with μ = 0 and  as in (25), i.e.,

(47)

In the above, the shape template I ∈  and regularization parameter λ > 0 is fixed.
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Next, the space of vector fields  is chosen as the RKHS with a reproducing kernel 

represented by the following symmetric and positive definite Gaussian function 

 that, for fixed σ > 0, is given as

(48)

Considering finite span approximations of the type in (32) allows us to recast the 

minimization in (47) as the finite dimensional variational problem (43) with μ = 0 and JI : 

ℝ2N → ℝ+ as in (45), i.e.,

(49)

where T: ℝ2N → ℝm with m = lk is defined as

for i = 1, … , k and j = 1, … , l.

10.3. Results

This section illustrates some results of using shaped based reconstruction in 2D parallel 

beam tomography with very sparse data. Even though these tests are not exhaustive enough 

to constitute a formal validation study, they do give an indication of the impact of using a 

priori shape information.

10.3.1. Phantoms and data acquisition protocol—All phantoms reside in a fixed 

image domain given as Ω = [−2.5, 2.5] × [−2.5, 2.5] that is digitized into 101 × 101 pixels. 

Phantoms are either step functions or smoothed versions of step functions. The smoothing is 

done by applying a Gaussian kernel function. Hence, smoothed phantoms may present some 

grey-scale variations also in regions away from the edges, but in general the phantoms are 

rather homogenous and do not present any texture information.

Data is generated by evaluating the 2D parallel beam ray transform from equally distributed 

directions surrounding the aforementioned phantoms and then adding noise. All tests except 

for test suite 4 use three directions: 0°, 45° and 90°. In test suite 4 there are four directions. 

Each direction samples 151 parallel lines uniformly distributed and noise is additive 

Gaussian with varying noise levels. The noise level in data is quantified in terms of the 

signal-to-noise ratio (SNR) expressed using the logarithmic decibel (dB) scale:
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(50)

Here, g = gideal + e in (1) where gideal ∈ ℝm is the noise-free component of data g and e is 

the noise component. Furthermore, μideal is the arithmetic average of gideal and μnoise is the 

arithmetic average of e. Note here that we assume one has access to the noise-free 

component of data.

10.3.2. Reconstruction protocol—Shape based reconstructions are obtained by solving 

(49) using a gradient descent method. Here, N = 2601 and kernel is as in (48) with σ2 = 1 for 

all cases. Other reconstruction parameters, like value of λ and number of iterations, vary. 

Test suites 1 and 3 involve comparisons against filtered back projection (FBP), classical 

Tikhonov, and TV reconstruction.

• FBP reconstruction is obtained by applying the iRadon command to data. This 

is the implementation of FBP in the MATLAB Image Processing Tool-box [22, 

pp. 9–29–9–34] and we have used linear interpolation for the back projection and 

the Ram-Lak filter (full frequency range).

• Classical Tikhonov reconstruction is obtained by solving (3) with ℛ as the 

Dirichlet’s energy:

Gradient descent is used to solve the resulting quadratic optimization problem. 

Reconstruction parameters, like value of μ and number of iterations, vary.

• TV reconstruction is obtained by solving (3) with ℛ as the total variation 

functional:

The resulting non-smooth optimization problems is solved using a linearized 

split Bregman scheme [7]. Reconstruction parameters, like value of μ and 

number of iterations, vary.

10.3.3. Test suites—The test suites seek to illustrate different properties of the shape 

based reconstruction scheme. One is to investigates how the smoothness of the shape 

template influences the reconstruction. Another is to consider the sensitivity of the 

reconstruction scheme against the choice of regularization parameter λ. We also have tests 

for assessing the robustness against noise in data. Finally, we consider the impact of using a 

shape template with an erroneous topology.
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Test suite 1: Smoothness of template: Here we seek to investigate how smoothness of the 

shape template influences the final reconstruction, so the test suite involves two phantoms 

and two shape templates with different regularity properties. One phantom is a disc with a 

sharp edge (Figure 1b) so it has a distinct singularity. The other phantom is a smoothed 

version of the first one (Figure 2b), i.e., it lacks singularities. Likewise, the two shape 

templates have different regularity properties. One template is a disc with a sharp edge 

centered at the origin with diameter equal to 1/4 of domain size (Figure 1f or Figure 2f). The 

other is a small square with a sharp edge and corners centered at the origin and rotated 45° 

(Figure 1g or Figure 2g). Data generated from these two phantoms has moderate noise level 

(SNR 13.7dB ), see Figure 1a and Figure 2a.

The results are summarized in Figure 1 and Figure 2. We clearly see that shape based 

reconstructions inherit edge smoothness from the template. Likewise, corners in the template 

also leave traces in the reconstruction. This is to be expected since shape based 

reconstructions are given as a smooth deformation of a shape template, so the smoothness 

properties of the template is transferred to the reconstruction.

Test suite 2: Sensitivity w.r.t. regularization parameter: The parameter λ in (49) 

regulates the influence of the shape information, so in some sense it acts as a regularization 

and its choice should be dictated by the noise characteristics in data (noise level, statistical 

properties of noise, e.t.c.). A natural question is to empirically investigate the sensitivity of 

the reconstruction w.r.t. the choice of λ for data with fixed noise level. Hence, we consider a 

fixed phantom (Figure 3b) that is a smoothed concatenation of an ellipse and a rectangle and 

associated data (Figure 3a) is moderately noisy (SNR 13.7dB).

The results are summarized in Figure 3 where reconstructions use the same shape template, 

a disc with a smoothed edge centered at the origin with diameter equal to 1/4 of domain size 

(Figure 3c). The shape based reconstructions for varying values of λ are shown in Figures 

3d to 3j. It is clear that once λ is small enough to allow for data to have an impact, it does 

not seem to influence the outcome that much.

Test suite 3: Influence of noise: The tests here focus on robustness against noise in data, so 

there are four different data sets with noise levels ranging from very high (SNR −1.8dB) to 

low (SNR 25.35dB). All four data sets are generated using the same phantom (see, e.g., 
Figure 4b), which is a smoothed concatenation of an ellipse and a rectangle. The data sets 

are shown in Figure 4a, Figure 5a, Figure 6a, and Figure 7a.

Shape based reconstructions are all based on the same shape template, a disc with smooth 

edge centered at the origin with diameter equal to 1/4 of domain size (see, e.g., Figure 4g). 

The results are summarized in Figures 4 to 7 and we see a rather remarkable robustness 

against noise. In fact, only shape based reconstruction provides a result that bears any 

similarity to the original phantom.

Test suite 4: The topology of the template: Here we seek to investigate the influence of 

topology of template. We have already seen in test suite 1 that smoothness properties of the 

template are essentially transferred to the reconstruction. The test suite involves two 
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phantoms, one a disc with sharp edge centered at the origin with diameter equal to 1/3 of 

domain size (Figure 8b). The other is a U-shaped object (Figure 9b). Both are topologically 

equivalent, but the latter phantom has a more complex shape.

Next, there are two shape templates with different topologies. One is a disc with sharp edge 

centered at the origin with diameter equal to 1/4 of domain size (see, e.g., Figure 8e), so it 

has genus 0. The other an annulus centered at the origin (see, e.g., Figure 8f), so it has genus 

1.

The results, summarized in Figure 8 and Figure 9, show that the topology of the template is 

transferred to the reconstruction. Again, this is to be expected since shape based 

reconstructions are given as a smooth deformation of a shape template, so the topology of 

the template is transferred to the reconstruction.

10.3.4. Conclusions—The tests clearly show that shape information is powerful in 

suppressing the streak artifacts that typically appears in reconstructions obtained from 

sparsely, or unevenly, sampled data. Furthermore, shape based reconstructions outperform 

other methods when the goal is to reconstruct “step-function like” objects. Test suites 1 and 

4 show that apart from the topology, a priori shape information doesn’t have to be that 

accurate. This is a very important feature since a priori shape information is expected to be 

approximate at best. Furthermore, test suite 2 shows that reconstructions are not that 

sensitive to precise choice of λ. Finally, test suite 3 shows that shape based reconstructions 

are remarkably robust against noise in data. Taken together, these empirical observations 

clearly indicate that shape based reconstruction as suggested in (9), with its finite 

dimensional variant in (49), is an interesting approach for image reconstruction problems 

where texture is not of prime interest.

The tests in section 10 do however not constitute a proper validation and comparison study, 

which would include several components that are currently missing. Examples of such 

components are:

• Evaluation protocol: Define quantitative figures of merits for assessing 

reconstruction quality.

• Reconstruction protocol: Define schemes for selecting the “optimal” 

reconstruction parameters (like regularization parameter, choice of kernel 

function, number of iterates, e.t.c.) in reconstruction methods given different 

noise levels and sampling schemes (typically by training against a training set). 

The idea is to ensure a fair comparison between methods.

• Sensitivity: Asses sensitivity of reconstructions against variations in the 

reconstruction parameters and variations in the a priori assumptions (shape 

template).

Shape based reconstruction, as defined in (9), is applicable to a rather limited class of image 

reconstruction problems, see discussion in subsection 11.1. Hence, a proper validation as 

indicated above is probably not worth the effort. Time is better spent on addressing this 

shortcoming and thereby widen the applicability of the approach, at least so that it can be 
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applied to some biomedical imaging problems of interest, like the one in ET. One can then 

conduct a proper validation and comparison study.

11. Discussion and remarks

11.1. Applicability

The reconstruction is a smooth deformation of a shape template in the scheme that is based 

on solving (9). Hence, only the texture present in the template will enter into the 

reconstruction, i.e., texture (intensity variations) not present in the template will not be 

accounted for during reconstruction. The suggested approach is therefore only feasible for 

image reconstruction problems where intensity variations are not important.

11.2. Optimization

As with all reconstruction methods that involve solving non-convex optimization problems, 

there is always the issue of getting stuck in local extrema. Empirical experience suggests that 

this risk is higher if the shape reconstruction includes a significant translation of the 

template. Hence, it is better to first centre the template, i.e., ensure its centre of gravity 

coincides reasonably well with the centre of gravity of the (unknown) image we seek to 

recover.

The shape based reconstructions in subsection 10.3 were obtained using a gradient descent 

method with a fixed step-length for solving (49). Convergence is slow and depends heavily 

on the fixed step size. More sophisticated approaches with better convergence properties are 

called for if one is to apply shape based reconstruction on larger problems. The expressions 

in section 8 for the gradient of a general regularization and discrepancy functionals in (9) 

can be used to derive alternative discretization schemes.

11.3. Regularity properties

We have seen that the regularity of I is preserved by the deformation operator (i.e., 
essentially any regularity preserved when composing with ν) will show up in the 

reconstruction. This can be used to derive reconstructions that are suited for specific tasks, 

e.g., one may consider using a sharp template if the reconstructed image is to be 

automatically segmented. In some cases knowledge about ftrue may give an indication 

regarding the edge-smoothness of the shape template. As an example, in ET of a cryo-

fixated aqueous specimen we expect to have isolated molecular assemblies embedded in ice. 

Here the shape template typically corresponds to the 3D electrostatic map of a molecular 

assembly with a shape similar to the structures being studied. The smoothness of this 3D 

electrostatic map is given by how the electrostatic potential behaves at the interface between 

the molecular assembly and the aqueous buffer. The blurriness of the edge is thus a 

consequence of the decay of the electrostatic potential as one moves from the molecule into 

the buffer, see [39, 27] for further details.

11.4. Extensions to handle intensity values

The influence of the shape template also poses a drawback regarding the handling of 

intensity values (texture). Assume ftrue has texture but the shape template lacks texture, i.e., 
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think of it as a set-function (with possibly smoothed edge). The reconstruction will lack 

texture as well since the only a priori information we make use of is shape related. Choosing 

an appropriate ℛ:  → ℝ+ and setting μ > 0 in (9) may have an impact since this makes it 

possible to account for intensity related regularity properties of ftrue.

One approach to address this is to avoid enforcing the a priori assumption in (8) when 

defining the iterates that yield the reconstruction, e.g., by updating the template as well. The 

latter amounts to replacing (9) with

An alternative, more feasible, formulation is to decouple the updating of the template from 

the updating of the deformation by considering the following intertwined recursive scheme:

(51)

Another approach would be to mimic the way metamorphosis extends the LDDMM 

framework to the case when the diffeomorphic deformations act simultaneously on both the 

shape and image intensity, see [40, Chapter 13] for further details on metamorphosis.

11.5. Deformation models

We consider linearized deformations, so each element in  is generated as in (5) by a 

smooth vector field in . A drawback with this approach is that it becomes difficult to 

mathematically characterize those Hilbert spaces  that ensure elements in  are 

invertible. A natural approach that addresses this is to generate deformations using the 

LDDMM approach (see Remark 2) instead of (5). Then, elements in  are 

diffeomorphisms if the Hilbert space  fulfills a rather weak condition. Next, all of the 

analysis done here, including results in section 7, generalize to the LDDMM setting. The 

expressions for the gradients in section 8 do however become significantly more involved. 

Furthermore, the software implementation for shape based reconstruction used in section 10 

is based on deformations generated as in (5). For these reasons, the theoretical and 

computational work using the LDDMM framework is part of a forthcoming paper. Finally, 

there are other deformation models that one may consider, e.g., see [23, 4] for an overview 

of various groups of diffeomorphisms that may act as deformation models.

11.6. Connection to spatiotemporal imaging

In spatiotemporal imaging, the image we seek to reconstruct will have a temporal and a 

spatial component, i.e., elements in the reconstruction space  are functions f : [t0, t1] × Ω 
→ ℝ where x ↦ f(t, x) ∈ ℒ2([t0, t1],ℝ) and t ↦ f(t, x) ∈ 0, where 0 is some suitable 

Hilbert space of functions defined on Ω. Hence, f(t, ·) is the image at time t ∈ [t0, t1] and f(·, 
x) is the time evolution of a image point x ∈ Ω. Now, it often it makes sense to explicitly 
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separate the spatial and temporal components of f. Such a separation can be achieved by 

introducing a time evolution operator

(52)

Here,  is a fixed parameter set for the time evolution and 0 is the reconstruction space for 

the spatial component. Spatiotemporal signals are now assumed to be of the form

Here, I is the template, which is the time independent spatial component of the 

spatiotemporal signal. The evolution parameter ν ∈  governs the time evolution of the 

template I. In this setting, the spatiotemporal inverse problem is to estimate both the true 

template I* ∈ 0 and the true evolution parameter ν* ∈  from data g(t, ·) ∈ ℋ where

(53)

Note that 0 is the reconstruction space for the spatial component of the spatiotemporal 

signals, ℋ is the data space, which is common for all data across time,  : 0 → ℋ is the 

Fréchet differentiable (spatial) forward operator, and  in (52) is the time evolution operator 

modeling the evolution, governed by evolution parameter in , across time. Finally, e(t, ·) ∈ 
ℋ are samples of independent (as t varies) ℋ–valued random process {Et}t.

Now, if  is a normed space, then one scheme for solving the spatiotemporal inverse 

problem in (53) is to consider

(54)

for fixed λ, μ ≥ 0 and given operators ℛ: 0 → ℝ+ and : ℋ × ℋ → ℝ+. The rationale 

for the above scheme is based on the following assumptions:

1. Regularity properties of image intensities can be encoded by the functional ℛ. 

These are assumed to be the same for all evolved templates (ν, I)(t, ·) ∈ 0 

with t ∈ [t0, t1].

2. The stochastic process {Et}t modeling noise in data has elements that are 

independent and equally distributed so we may use the same data discrepancy 

functional : ℋ × ℋ → ℝ+.
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Solving (54) is quite challenging. Similar to (51), it may be simpler to consider the 

following intertwined recursive scheme where the evolution model is updated separately 

from the template:

(55)

The above is computationally more feasible, but it is unclear how these intertwined iterates 

relate to a solution of (54). Furthermore, it is highly non-trivial to understand whether (54), 

or (55), constitutes a regularization of the inverse problem in (53). As shown in [14], one 

may use the LDDMM framework (subsection 11.5) to define evolution operators with 

diffeomorphisms parametrized by admissible Hilbert spaces of vector fields .

Finally, the notion of “time” above does not have to correspond to physical time. It could be 

a mere parametrization of the evolution. The shape based reconstruction we considered in 

(3) is now a special case with only one dataset at say t1 = 1 (stationary data) and known 

template I* ∈ 0. In such case the time evolution operator  models the (shape) 

deformation of the template and the goal is to estimate the evolution parameter ν ∈  from 

indirect noisy data.
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Appendix A. Basic notation

ℝn denotes the n-dimensional Euclidian space and n,m is the vector space of all (n×m) 

matrices.  will then refer to positive definite (n × m) matrices. Next, if  and  are two 

vector spaces, then ℒ( , ) is the vector space of linear mappings defined on  with values 

in .

We also make use of the vec-operator that transforms a matrix into a (column) vector by 

stacking all the columns of the matrix one underneath the other. Hence, vec : n×m → ℝnm 

is defined as

whenever A is an (n × m) matrix
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Fig. 1. 
Test suite 1 – Smoothness of template. The phantom (b) is a disc with a sharp edge centered 

at the origin (diameter = 1/3 of domain). Reconstructions, obtained using different methods, 

are shown in (c)–(g). Shape based reconstructions clearly
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Fig. 2. 
Test suite 1 – Smoothness of template. The phantom, shown in (b), has smoothed edge and 

reconstructions, obtained using different methods, are shown in (c)–(g). Despite a phantom 

with smoothed edge, the shape based reconstructions have a sharp edge since the templates 

have those properties. To some extent the same also applies to corners.
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Fig. 3. 
Test suite 2 – Sensitivity w.r.t. regularization parameter. Figures (d)–(j) show shape based 

reconstructions obtained from data in (a) after 400 iterations using shape template in (c) and 

different values for λ. The phantom is shown in (b). Reconstructions in (d) and (e) are 

clearly over-regularized, i.e., shape template has too much influence on the outcome. Once 

λ is small enough to allow for data to have an impact, it does not seem to influence the 

outcome that much.
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Fig. 4. 
Test suite 3 – Very high noise. Data, shown in (a), has very high noise (SNR − 1.8dB). The 

phantom is shown in (b) and reconstructions, obtained using different methods, are shown in 

(c)–(f). Only shape based reconstruction provides a result (f) that bears any similarities to 

the original phantom (b).
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Fig. 5. 
Test suite 3 – High noise. Data, shown in (a), has very high noise (SNR 5.39dB). The 

phantom is shown in (b) and reconstructions, obtained using different methods, are shown in 

(c)–(f). Only shape based reconstruction provides a result (f) that bears any similarities to 

the original phantom (b).
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Fig. 6. 
Test suite 3 – Moderate noise. Data, shown in (a), has very high noise (SNR 13.49dB). The 

phantom is shown in (b) and reconstructions, obtained using different methods, are shown in 

(c)–(f). Only shape based reconstruction provides a result (f) that bears any similarities to 

the original phantom (b).
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Fig. 7. 
Test suite 3 – Low noise. Data, shown in (a), has very high noise (SNR 25.35dB). The 

phantom is shown in (b) and reconstructions, obtained using different methods, are shown in 

(c)–(f). Only shape based reconstruction provides a result (f) that bears any similarities to 

the original phantom (b).
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Fig. 8. 
Test suite 4 – Topology of phantom. The phantom, shown in (b), is a 101×101 pixel image 

that is a “U”-shaped object with genus 0. The parallel beam data is shown in (a) and (c) and 

(d) show shape based reconstructions obtained using a template with genus 0 and 1, 

respectively. It is clear that the reconstruction inherits the topology of the template.
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Fig. 9. 
Test suite 4 – Topology of phantom. The phantom, shown in (b), is a 101×101 pixel image 

that is a “U”-shaped object with genus 0. The parallel beam data is shown in (a) and (c) and 

(d) show shape based reconstructions obtained using a template with genus 0 and 1, 

respectively. It is clear that the reconstruction inherits the topology of the template.

ÖKTEM et al. Page 41

Inverse Probl. Author manuscript; available in PMC 2017 August 28.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript


	Abstract
	1. Introduction and motivation
	2. Survey of the field
	2.1. Joint segmentation and reconstruction
	2.2. Shape based reconstruction

	3. Contribution of the paper
	4. Inverse problems, ill-posedness and variational regularization
	Image reconstruction as an inverse problem: Recover/reconstruct an image ftrue ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.398px" height="9.586px" viewBox="6.338 -1.39 11.398 9.586" enable-background="new 6.338 -1.39 11.398 9.586"
xml:space="preserve">
<path d="M17.737-0.838c0,0.387-0.175,0.581-0.523,0.581c-0.26,0-0.39-0.121-0.39-0.361c0-0.113,0.053-0.213,0.159-0.298
s0.159-0.132,0.159-0.142c0-0.047-0.05-0.07-0.148-0.07c-0.779,0-1.622,0.542-2.528,1.628c-0.608,0.732-1.182,1.614-1.72,2.648
h0.885v0.318h-1.111c-0.463,0.897-0.763,1.508-0.899,1.834c-0.33,0.788-0.496,1.439-0.496,1.954c0,0.472,0.218,0.708,0.652,0.708
c0.302,0,0.625-0.113,0.97-0.34c0.227-0.142,0.483-0.35,0.771-0.623c0.236-0.227,0.366-0.34,0.39-0.34
c0.052,0,0.078,0.033,0.078,0.099c0,0.057-0.128,0.203-0.383,0.439c-0.708,0.665-1.316,0.998-1.826,0.998
c-0.647,0-0.971-0.347-0.971-1.041c0-0.392,0.111-0.895,0.333-1.508C9.825,7.347,8.617,8.197,7.513,8.197
c-0.783,0-1.175-0.342-1.175-1.026c0-0.227,0.075-0.429,0.227-0.605c0.15-0.177,0.337-0.266,0.559-0.266
c0.288,0,0.432,0.135,0.432,0.403c0,0.321-0.153,0.481-0.46,0.481c-0.122,0-0.243-0.059-0.36-0.177
C6.682,7.069,6.656,7.147,6.656,7.24c0,0.213,0.105,0.388,0.318,0.524c0.18,0.113,0.383,0.17,0.609,0.17
c0.783,0,1.588-0.581,2.414-1.742c0.312-0.438,0.83-1.347,1.558-2.726h-0.588V3.149h0.778c0.728-1.468,1.091-2.516,1.091-3.144
c0-0.755-0.392-1.133-1.175-1.133c-0.854,0-1.672,0.441-2.45,1.324C8.457,1.051,8.079,1.909,8.079,2.773
c0,0.59,0.212,0.885,0.636,0.885c0.409,0,0.812-0.271,1.207-0.814c0.311-0.42,0.547-0.878,0.707-1.374
c0.131-0.42,0.197-0.812,0.197-1.175c0-0.156-0.007-0.377-0.021-0.666l0.171-0.028c0.146,0.477,0.219,0.866,0.219,1.168
c0,0.698-0.231,1.383-0.694,2.053c-0.51,0.732-1.1,1.098-1.77,1.098c-0.609,0-0.913-0.373-0.913-1.119
c0-0.949,0.41-1.878,1.231-2.79c0.841-0.935,1.73-1.402,2.67-1.402c0.519,0,0.927,0.219,1.225,0.659
c0.255,0.382,0.382,0.845,0.382,1.388c0-0.033-0.014,0.267-0.042,0.899c1.393-1.963,2.629-2.945,3.71-2.945
C17.489-1.39,17.737-1.206,17.737-0.838z"/>
</svg>
 from data g ∈ ℋ where(1)Here, 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.398px" height="9.586px" viewBox="6.338 -1.39 11.398 9.586" enable-background="new 6.338 -1.39 11.398 9.586"
xml:space="preserve">
<path d="M17.737-0.838c0,0.387-0.175,0.581-0.523,0.581c-0.26,0-0.39-0.121-0.39-0.361c0-0.113,0.053-0.213,0.159-0.298
s0.159-0.132,0.159-0.142c0-0.047-0.05-0.07-0.148-0.07c-0.779,0-1.622,0.542-2.528,1.628c-0.608,0.732-1.182,1.614-1.72,2.648
h0.885v0.318h-1.111c-0.463,0.897-0.763,1.508-0.899,1.834c-0.33,0.788-0.496,1.439-0.496,1.954c0,0.472,0.218,0.708,0.652,0.708
c0.302,0,0.625-0.113,0.97-0.34c0.227-0.142,0.483-0.35,0.771-0.623c0.236-0.227,0.366-0.34,0.39-0.34
c0.052,0,0.078,0.033,0.078,0.099c0,0.057-0.128,0.203-0.383,0.439c-0.708,0.665-1.316,0.998-1.826,0.998
c-0.647,0-0.971-0.347-0.971-1.041c0-0.392,0.111-0.895,0.333-1.508C9.825,7.347,8.617,8.197,7.513,8.197
c-0.783,0-1.175-0.342-1.175-1.026c0-0.227,0.075-0.429,0.227-0.605c0.15-0.177,0.337-0.266,0.559-0.266
c0.288,0,0.432,0.135,0.432,0.403c0,0.321-0.153,0.481-0.46,0.481c-0.122,0-0.243-0.059-0.36-0.177
C6.682,7.069,6.656,7.147,6.656,7.24c0,0.213,0.105,0.388,0.318,0.524c0.18,0.113,0.383,0.17,0.609,0.17
c0.783,0,1.588-0.581,2.414-1.742c0.312-0.438,0.83-1.347,1.558-2.726h-0.588V3.149h0.778c0.728-1.468,1.091-2.516,1.091-3.144
c0-0.755-0.392-1.133-1.175-1.133c-0.854,0-1.672,0.441-2.45,1.324C8.457,1.051,8.079,1.909,8.079,2.773
c0,0.59,0.212,0.885,0.636,0.885c0.409,0,0.812-0.271,1.207-0.814c0.311-0.42,0.547-0.878,0.707-1.374
c0.131-0.42,0.197-0.812,0.197-1.175c0-0.156-0.007-0.377-0.021-0.666l0.171-0.028c0.146,0.477,0.219,0.866,0.219,1.168
c0,0.698-0.231,1.383-0.694,2.053c-0.51,0.732-1.1,1.098-1.77,1.098c-0.609,0-0.913-0.373-0.913-1.119
c0-0.949,0.41-1.878,1.231-2.79c0.841-0.935,1.73-1.402,2.67-1.402c0.519,0,0.927,0.219,1.225,0.659
c0.255,0.382,0.382,0.845,0.382,1.388c0-0.033-0.014,0.267-0.042,0.899c1.393-1.963,2.629-2.945,3.71-2.945
C17.489-1.39,17.737-1.206,17.737-0.838z"/>
</svg>
 (reconstruction space) is the vector space of all possible images, so it is a suitable Hilbert space of functions defined on a fixed domain Ω ⊂ ℝn. Next, ℋ (data space) is the vector space of all possible data, which for digitized data is a subset of ℝm. Furthermore, 
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: 
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 → ℋ (forward operator ) models how a given image gives rise to data in absence of noise and measurement errors, and e ∈ ℋ (data noise component) is a sample of a ℋ –valued random element E whose probability distribution is (data noise model ) assumed to be known.Ill-posedness: A naive approach at recovering the true (unknown) image ftrue is to try to solve the equation 
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 (f) = g. Often there are no solutions to this equation since measured data is not in the range of 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.481px" height="9.643px" viewBox="5.269 -1.447 12.481 9.643" enable-background="new 5.269 -1.447 12.481 9.643"
xml:space="preserve">
<path d="M14.288-0.3c-0.486,0.43-0.925,1.041-1.316,1.834c-0.303,0.698-0.604,1.397-0.906,2.096
c-0.553,1.255-1.232,2.282-2.039,3.08C9.021,7.7,7.933,8.197,6.762,8.197c-0.995,0-1.493-0.342-1.493-1.026
c0-0.227,0.074-0.429,0.223-0.605s0.334-0.266,0.556-0.266c0.293,0,0.439,0.135,0.439,0.403c0,0.321-0.156,0.481-0.468,0.481
c-0.118,0-0.238-0.059-0.36-0.177C5.611,7.069,5.587,7.147,5.587,7.24c0,0.236,0.14,0.418,0.418,0.546
c0.217,0.099,0.46,0.148,0.729,0.148c0.812,0,1.555-0.345,2.229-1.034c0.42-0.42,0.913-1.113,1.479-2.081
c0.539-0.949,1.079-1.897,1.622-2.847c0.693-1.118,1.385-1.944,2.074-2.478L14.288-0.3z M17.75-1.256
c-0.727,0.444-1.481,0.666-2.266,0.666c-0.344,0-0.859-0.073-1.547-0.22c-0.687-0.146-1.207-0.22-1.561-0.22h-0.064
c-0.448,0.005-0.93,0.102-1.443,0.291c-0.709,0.26-1.367,0.661-1.976,1.204C8.157,1.116,7.789,1.761,7.789,2.398
c0,0.189,0.068,0.347,0.205,0.475s0.3,0.191,0.488,0.191c0.666,0,1.334-0.432,2.004-1.296c0.637-0.816,0.961-1.569,0.97-2.259h0.22
c0,1.072-0.281,1.942-0.843,2.613c-0.26,0.312-0.608,0.585-1.048,0.821C9.319,3.198,8.894,3.325,8.511,3.325
c-0.273,0-0.506-0.088-0.697-0.266C7.622,2.883,7.528,2.657,7.528,2.384c0-0.732,0.405-1.444,1.217-2.139
c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
 for a variety of reasons (noise, modeling errors, e.t.c.). This is commonly addressed by relaxing the notion of a solution by considering(2)The mapping 
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: ℋ x ℋ → ℝ+ (data discrepancy functional) quantifies the data misfit and a natural candidate is to choose it as a suitable affine transformation of the log likelihood of data. In such case, solving (2) amounts to finding maximum likelihood (ML) solutions.The above approach works well when (2) has a unique solution (uniqueness) that depends continuously on data (stability). This is however not the case when (1) is ill-posed. These are the two main issues addressed by means of regularization, i.e.. to introduce uniqueness and stability by making use of a priori knowledge about ftrue in the reconstruction.Variational regularization: This is a class of regularization methods that have gained much attention lately, and especially so for imaging problems [33]. The idea is to add a penalization to (2):(3)The functional ℛ: 
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 → ℝ+ introduces well-posedness (uniqueness and stability) by encoding a priori information about ftrue. It often encodes some a priori known regularity property of ftrue, e.g., assuming 
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 ⊂ ℒ2(Ω,ℝ) and taking the ℒ2-norm of the gradient magnitude (Dirichlet energy) is known to produce smooth solutions whereas taking the ℒ1-norm of the gradient magnitude (total variation) yields solutions that preserve edges while smooth variations may be suppressed.
	Image reconstruction as an inverse problem: Recover/reconstruct an image ftrue ∈ 
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 from data g ∈ ℋ where(1)Here, 
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 (reconstruction space) is the vector space of all possible images, so it is a suitable Hilbert space of functions defined on a fixed domain Ω ⊂ ℝn. Next, ℋ (data space) is the vector space of all possible data, which for digitized data is a subset of ℝm. Furthermore, 
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: 
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 → ℋ (forward operator ) models how a given image gives rise to data in absence of noise and measurement errors, and e ∈ ℋ (data noise component) is a sample of a ℋ –valued random element E whose probability distribution is (data noise model ) assumed to be known.Ill-posedness: A naive approach at recovering the true (unknown) image ftrue is to try to solve the equation 
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 (f) = g. Often there are no solutions to this equation since measured data is not in the range of 
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 for a variety of reasons (noise, modeling errors, e.t.c.). This is commonly addressed by relaxing the notion of a solution by considering(2)The mapping 
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: ℋ x ℋ → ℝ+ (data discrepancy functional) quantifies the data misfit and a natural candidate is to choose it as a suitable affine transformation of the log likelihood of data. In such case, solving (2) amounts to finding maximum likelihood (ML) solutions.The above approach works well when (2) has a unique solution (uniqueness) that depends continuously on data (stability). This is however not the case when (1) is ill-posed. These are the two main issues addressed by means of regularization, i.e.. to introduce uniqueness and stability by making use of a priori knowledge about ftrue in the reconstruction.Variational regularization: This is a class of regularization methods that have gained much attention lately, and especially so for imaging problems [33]. The idea is to add a penalization to (2):(3)The functional ℛ: 
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 → ℝ+ introduces well-posedness (uniqueness and stability) by encoding a priori information about ftrue. It often encodes some a priori known regularity property of ftrue, e.g., assuming 
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 ⊂ ℒ2(Ω,ℝ) and taking the ℒ2-norm of the gradient magnitude (Dirichlet energy) is known to produce smooth solutions whereas taking the ℒ1-norm of the gradient magnitude (total variation) yields solutions that preserve edges while smooth variations may be suppressed.
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 is a vector space closed under composition, then 
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 is also closed under composition. Elements defined as (5) are however not necessarily invertible unless ν is sufficiently small and regular [40, Proposition 8.6]. In conclusion, 
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 forms a group only when the linearized deformations in the vector space 
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 are small.Remark 2: If one seeks to ensure that deformations in (5) do not create foldings or holes, then they need to preserve the topology. This naturally leads to the requirement that such deformations be diffeomorphisms. In our setting the issue is that deformations in (5) are not necessarily invertible. If they are, then 
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 becomes a group of diffeomorphisms and elements in 
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 have to be small. To define deformations that are diffeomorphisms without necessarily being small requires considering alternative schemes for generating the deformations. One such approach is provided by LDDMM framework where deformations are generated by an ordinary differential equation with a time dependent velocity field that is contained in 
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 has some basic regularity properties, then 
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 becomes a subgroup to the group of diffeomorphisms, see [40] for the details.
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 be a Hilbert space and assume f ↦ 
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 (f), g) and f ↦ ℛ(f) are both lower semi-continuous on 
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. Then, (9) has a solution in 
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.Proof: Let ℰ: 
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 → ℝ+ denote the goal functional in (9), i.e., for given λ, μ ≥ 0 and I ∈ 
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, it is defined as(10)If we can prove that ℰ is lower semi-continuous on 
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, then (9) has solutions.Let {νn}n ⊂ 
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 be a minimizing sequence for (9) so ||νn||
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 are bounded. 
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 is a Hilbert space, so it is in particular a complete metric space with respect to the distance function induced by the inner product. Hence, there is a subsequence, still denoted by {νn}n, that converges weakly to some ν* ∈ 
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 (see [40, Theorem A.16]). By [40, Proposition A.15] we then have(11)Next, by (5) we getSince ν ↦ ν(x) is a continuous linear form on 
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, we conclude thatThus, ϕν is continuous in the weak topology of 
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. Furthermore, for every shape template I ∈ ℳ, using the result in the proof of [38, Theorem 2.5] gives us lim supTherefore, 
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I is also continuous in the weak topology of 
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. Now, by assumption both f ↦ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.331px" height="9.594px" viewBox="6.154 -1.312 9.331 9.594" enable-background="new 6.154 -1.312 9.331 9.594"
xml:space="preserve">
<path d="M15.485,0.904l-0.637,0.319C14.9,1.52,14.926,1.81,14.926,2.094c0,0.727-0.18,1.527-0.538,2.4
c-0.335,0.821-0.751,1.534-1.246,2.139c-0.864,1.043-1.869,1.564-3.017,1.564c-0.307,0-0.656-0.043-1.048-0.127
C8.426,8.21,7.886,8.281,7.456,8.281c-0.868,0-1.303-0.185-1.303-0.552c0-0.185,0.153-0.331,0.46-0.439
C6.85,7.21,7.081,7.17,7.308,7.17c0.401,0,1.055,0.172,1.961,0.517c0.335-0.198,0.625-0.463,0.871-0.793
c0.113-0.156,0.32-0.496,0.623-1.02c0.773-1.345,1.308-2.221,1.6-2.627c0.618-0.85,1.346-1.562,2.181-2.138
c-0.245-1.444-1.057-2.167-2.436-2.167c-1.194,0-2.397,0.765-3.61,2.294c-0.656,0.831-0.984,1.57-0.984,2.216
c0,0.274,0.089,0.492,0.266,0.655c0.177,0.163,0.402,0.244,0.676,0.244c0.831,0,1.551-0.403,2.159-1.21
c0.563-0.75,0.843-1.555,0.843-2.415c0-0.113-0.009-0.248-0.028-0.403l0.248-0.028c0.028,0.156,0.043,0.305,0.043,0.446
c0,0.944-0.3,1.81-0.899,2.598c-0.651,0.85-1.436,1.274-2.351,1.274c-0.453,0-0.808-0.158-1.063-0.474
c-0.227-0.288-0.34-0.666-0.34-1.133c0-0.774,0.363-1.558,1.091-2.351c0.632-0.675,1.353-1.192,2.159-1.551
c0.642-0.278,1.253-0.418,1.834-0.418c0.688,0,1.274,0.208,1.756,0.623c0.467,0.406,0.771,0.951,0.913,1.636
c0.165-0.085,0.358-0.163,0.581-0.233L15.485,0.904z M8.454,7.892C7.898,7.67,7.385,7.56,6.918,7.56
c-0.297,0-0.446,0.057-0.446,0.17c0,0.193,0.385,0.29,1.154,0.29C7.914,8.02,8.191,7.977,8.454,7.892z M14.608,2.037
c0-0.193-0.013-0.408-0.036-0.644c-0.453,0.382-0.856,0.88-1.21,1.494c-0.166,0.288-0.451,0.869-0.857,1.742
c-0.736,1.586-1.699,2.65-2.889,3.193c0.298,0.075,0.55,0.113,0.758,0.113c1.119,0,2.126-0.723,3.023-2.167
C14.203,4.475,14.608,3.231,14.608,2.037z"/>
</svg>
(
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.481px" height="9.643px" viewBox="5.269 -1.447 12.481 9.643" enable-background="new 5.269 -1.447 12.481 9.643"
xml:space="preserve">
<path d="M14.288-0.3c-0.486,0.43-0.925,1.041-1.316,1.834c-0.303,0.698-0.604,1.397-0.906,2.096
c-0.553,1.255-1.232,2.282-2.039,3.08C9.021,7.7,7.933,8.197,6.762,8.197c-0.995,0-1.493-0.342-1.493-1.026
c0-0.227,0.074-0.429,0.223-0.605s0.334-0.266,0.556-0.266c0.293,0,0.439,0.135,0.439,0.403c0,0.321-0.156,0.481-0.468,0.481
c-0.118,0-0.238-0.059-0.36-0.177C5.611,7.069,5.587,7.147,5.587,7.24c0,0.236,0.14,0.418,0.418,0.546
c0.217,0.099,0.46,0.148,0.729,0.148c0.812,0,1.555-0.345,2.229-1.034c0.42-0.42,0.913-1.113,1.479-2.081
c0.539-0.949,1.079-1.897,1.622-2.847c0.693-1.118,1.385-1.944,2.074-2.478L14.288-0.3z M17.75-1.256
c-0.727,0.444-1.481,0.666-2.266,0.666c-0.344,0-0.859-0.073-1.547-0.22c-0.687-0.146-1.207-0.22-1.561-0.22h-0.064
c-0.448,0.005-0.93,0.102-1.443,0.291c-0.709,0.26-1.367,0.661-1.976,1.204C8.157,1.116,7.789,1.761,7.789,2.398
c0,0.189,0.068,0.347,0.205,0.475s0.3,0.191,0.488,0.191c0.666,0,1.334-0.432,2.004-1.296c0.637-0.816,0.961-1.569,0.97-2.259h0.22
c0,1.072-0.281,1.942-0.843,2.613c-0.26,0.312-0.608,0.585-1.048,0.821C9.319,3.198,8.894,3.325,8.511,3.325
c-0.273,0-0.506-0.088-0.697-0.266C7.622,2.883,7.528,2.657,7.528,2.384c0-0.732,0.405-1.444,1.217-2.139
c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
 (f), g) and f ↦ ℛ(f) are lower semi-continuous on 
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. Hence,(12)(13)(11) together with (12)–(13) implies that ν* is a solution for the variational problem (9) in 
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. This concludes the proof.
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 is differentiable. Then, the deformation operator 
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 in (7) is Gâteaux differentiable at ν ∈ 
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 and its Gâteaux derivative is(16)Proof: The Gâteaux derivative is the linear mapping ∂
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I (ν): 
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 defined asHence, ∂
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.221px" height="9.629px" viewBox="6.748 -1.39 12.221 9.629" enable-background="new 6.748 -1.39 12.221 9.629"
xml:space="preserve">
<path d="M18.969-1.043c-0.35,0.297-0.853,0.765-1.509,1.401c-0.462,0.524-1.236,1.619-2.322,3.285
c-1.51,2.332-2.825,3.863-3.943,4.596l-0.142-0.143c0.42-0.57,0.85-1.598,1.289-3.079c0.311-1.043,0.809-2.341,1.493-3.895
c-0.358,0.491-0.899,1.331-1.621,2.521c-0.665,1.095-1.213,1.919-1.643,2.471c-0.67,0.859-1.39,1.554-2.159,2.082L8.284,8.07
C8.601,7.635,8.87,7.125,9.092,6.54c0.009-0.029,0.191-0.579,0.545-1.65c0.27-0.807,0.576-1.628,0.92-2.464
c-0.462,0.416-0.818,0.623-1.068,0.623c-0.396,0-0.595-0.227-0.595-0.68c0-0.231,0.086-0.494,0.258-0.789
C9.324,1.285,9.41,1.116,9.41,1.074c0-0.142-0.106-0.212-0.318-0.212c-0.618,0-1.329,0.637-2.131,1.912L6.748,2.674
C7.536,1.291,8.327,0.6,9.12,0.6c0.217,0,0.392,0.08,0.523,0.24c0.118,0.146,0.177,0.331,0.177,0.553
c0,0.188-0.082,0.421-0.247,0.697C9.408,2.366,9.325,2.535,9.325,2.596c0,0.128,0.063,0.191,0.191,0.191
c0.227,0,0.563-0.252,1.013-0.758c0.311-0.349,0.582-0.701,0.813-1.055c0.298-0.481,0.776-1.183,1.438-2.103l0.212,0.148
c-0.457,0.646-0.896,1.612-1.316,2.896c-0.595,1.813-1.388,3.538-2.379,5.176c0.415-0.236,1.106-1.103,2.074-2.599
c0.274-0.42,0.888-1.418,1.841-2.995c0.803-1.331,1.561-2.294,2.272-2.889l0.149,0.134c-0.491,0.741-0.901,1.688-1.232,2.839
c-0.505,1.775-1.283,3.621-2.336,5.537c0.51-0.406,1.198-1.239,2.067-2.499c0.033-0.047,0.645-0.978,1.834-2.79
c0.901-1.373,1.859-2.393,2.874-3.059L18.969-1.043z"/>
</svg>
I (ν)(η): Ω → ℝ whereNow, I ∈ 
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 ⊂ ℒ2(Ω,ℝ) is differentiable so the chain rule gives us(17)The second term in the scalar product on the right hand side of (17) is the derivative of a deformation with respect to variations in the associated vector field.Next, by (5) we have ϕν+εη = IdΩ +ν + εη, soNow, (16) follows from inserting the above into (17).Remark 3: Unless derivatives are to be interpreted in the distribution sense, the template I ∈ 
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 has to be differentiable if the expression in (16) is to make sense.
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 → ℝ is Gâteaux differentiable on 
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I: 
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 → ℝ as in (18) where I ∈ ℒ2(Ω,ℝ) is differentiable. Then, the Gâtueaux derivative of 
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I is given as(20)Furthermore, let 
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 ⊂ ℒ2(Ω,ℝ) and 
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 is a RKHS with a reproducing kernel represented by the symmetric and positive definite function . Then(21)Proof: The proof of (20) follows directly from the chain rule and Proposition 2. More precisely, by the chain rule we have(22)Combining this with (16) gives us (20).To prove (21) we need to use the assumption 
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 ⊂ ℒ2(Ω,ℝ). Then, the Riesz representation theorem allows us to define the gradient of ℒ as the mapping ∇ ℒ: 
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 given implicitly by the relation(23)Combining (22) with (23) gives(24)Next, the expression in (16) can be inserted into (24):The last equality makes use of the fact that the inner product in ℒ2(Ω,ℝn) (square integrable ℝn-valued functions) is expressible as the inner product in ℝn followed by the inner product in ℒ2(Ω,ℝ) (square integrable real valued functions). Note also thatare both mappings from Ω into ℝn, so the ℒ2(Ω,ℝn) inner product is well defined. Finally, we use the assumption that 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
 is a RKHS with reproducing kernel 
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: Ω×Ω → ℒ(ℝn, ℝn), so by (19) we havewhere ν̃: Ω → ℝn is defined asWe can now read off the expression for the 
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-gradient of 
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>
I and inserting the matrix valued function  representing the reproducing kernel gives usThe last equality is (21), so this concludes the proof of Theorem 3.
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. This is because minimizers of objective functionals that include typical loss-functions are expressible as finite span approximations. More precisely, representer theorems (like [40, Theorem 9.7], see also [34, 41]) show that(35)Here, L: ℝn → ℝ is a given “loss” function,  is the RKHS norm, and xj ∈ Σ is a fixed set of N control points.Before proceeding, we introduce some convenient vector/matrix notation. For each ν ∈ 
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Σ there are unique α1, … , αN ∈ ℝn such that(36)Hence, each ν ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
Σ corresponds uniquely to an Nn vector given by(37)where α1, … , αN ∈ ℝn fulfill (36). Finally, define also K as the (Nn × Nn) kernel Gram matrix given asThe above notion allows us to express (33) as
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