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Herein we present a framework to characterize different sources of protein
expression variability in Turing patterned tissues. In this context, we introduce
the concept of granular noise to account for the unavoidable fluctuations due
to finite cell-size effects and show that the nearest-neighbours autocorrelation
function provides the means to measure it. To test our findings, we perform
in silico experiments of growing tissues driven by a generic activator—inhibitor
dynamics. Our results show that the relative importance of different sources
of noise depends on the ratio between the characteristic size of cells and that
of the pattern domains and on the ratio between the pattern amplitude
and the effective intensity of the biochemical fluctuations. Importantly, our
framework provides the tools to measure and distinguish different stochastic
contributions during patterning: granularity versus biochemical noise.
In addition, our analysis identifies the protein species that buffer the stochas-
ticity the best and, consequently, it can help to determine key instructive
signals in systems driven by a Turing instability. Altogether, we expect our
study to be relevant in developmental processes leading to the formation of
periodic patterns in tissues.

1. Introduction

Tissue patterning sets the developmental roadmap that provides positional
information to cells and confers their unique identities [1-4]. Thus, as a
response to distinct protein expression levels in a primordium, cells commit
to different fates, may undergo apoptosis, increase/decrease the proliferation
rate, or change their division mode to ultimately put into action the develop-
mental plan that shapes the organism. As for the mechanisms of pattern
formation, short-range signalling elicits local responses that may propagate in
the tissue, e.g. Notch—Delta interactions leading to lateral inhibition/induction
[5,6]. On the other hand, long-range signalling driven by diffusive molecules,
morphogens, enables positional information to cells at a larger, tissue-level
scale and induces pattern formation by following either the French flag
model or other mechanisms [4,7]. In particular, Alan Turing proposed a
long-range patterning mechanism where interacting species (activators and
inhibitors) with different diffusive properties lead to periodic protein
expression profiles [8,9]. Turing’s proposal meant a breakthrough in mathemat-
ical biology; however, besides its success in explaining animal coating [9-11],
its relevance in the field of development remained elusive for many years.
Notably, during the last decade a number of developmental structures have
been found to be shaped by this mechanism [12-14].

The characteristic size of the domains patterned by diffusive processes is con-
trolled by the physical constraints set by the size of morphogen molecules, their
production and degradation rates, and the time scales associated with exocytosis
and endocytosis among other factors [15,16]. As a result, the reported ratio
between the size of patterned domains and that of cells is typically of the
order of O(10') [12,14]. Moreover, cell growth leads to size doubling that leads
to perturbations of this ratio by around 20%. These facts raise the intriguing ques-
tion of how cells deal with aliasing-like effects. By ‘aliasing-like effects’, we mean
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Figure 1. (a) In a patterning situation, the finite cell size, {2, sets a characteristic protein concentration variability for species Z between neighbouring cells, Az, that
accounts for the analogue-to-digital conversion of the continuous concentration levels: the so-called granular noise. The biochemical fluctuations at the single-cell
level (grey line) additionally contribute to the concentration variability by an amount . Finally, patterning itself implies protein differences of order &, (pattern
amplitude) at length scales of the order of the pattern wavelength, A. (b) In a periodic pattern, the nearest-neighbours autocorrelation function, G,, characterizes the
variability at the single-cell level (blue line) by filtering out global patterning effects and allows us to differentiate between the background level due to granularity
(brown line/shaded area) and the effective contribution of biochemical fluctuations (green shaded area).

the consequences in terms of protein variability derived from
the sampling process since, as illustrated in figure 1, cells
must perform an analogue-to-digital conversion of the, other-
wise idealized, continuous periodic pattern into a discretized
version due to finite cell-size effects. Here we coin the term
granular noise to describe such variability. We point out that
the granular effect relies on the hypothesis that proteins are
well mixed at the single-cell level and, hence, cells cannot
‘sample’ protein numbers with a subcellular resolution. This
hypothesis is sustained by the fact that patterning depends
ultimately on morphogens that are driven by a homogenizing
transport mechanism: diffusion.

During the last decade, much progress has been attained
in the field of noise in gene expression at the single-cell level
[17-26]. On the other hand, a number of studies have pointed
out the ordering role of fluctuations in spatially extended
systems [27-34]. In the context of developmental processes,
the role played by cell-to-cell variability, modelled as bio-
chemical noise, in morphogen patterned systems to produce
robust and precise positional information has been explored
[35]. Also, the effects of embryo size variability, the inter-
actions that help to attenuate the associated noise and
the scaling properties of positional information in growing
tissues have been recently addressed [36,37].

However, the identification, the characterization and the
function of different sources of variability at the collective
tissue level within a biological context remain barely explored
[38-41]. Notably, to the best of our knowledge, granularity
effects have been neglected altogether. Moreover, so far there
are no tools that allow us to distinguish among different
stochastic contributions, i.e. to measure independently the
variability arising from biochemical noise and that from the,
unavoidable, granularity. Major difficulties in performing
such analysis include the competing effects of various sources
of variability at different spatio-temporal scales, the dynamical
character of growing tissues and the role played by cell com-
munication that effectively propagates noise in the local
cellular environment. Here, we address these questions and
present a framework to study gene expression variability,
and differentiate among various contributions, in Turing-like

patterned tissues (i.e. patterns showing a periodic motif). To
that end, we introduce a formalism based on the autocorrela-
tion function that can be easily implemented when
processing experimental data. We illustrate our findings by
means of a generic activator—inhibitor system and perform
realistic numerical simulations of growing tissues using a
vertex-model approach that includes mechanical interactions
between cells, cell-cycle variability, binomial partition of mol-
ecules between daughter cells following division and
biochemical noise. Our results confirm that the autocorrela-
tion function is a robust method to compute the granular
noise and to estimate also the levels of biochemical fluctu-
ations. The applicability of our methodology to specific
developmental processes patterned by the Turing instability
is straightforward and we provide simple guidelines to
assess and quantify the importance of granularity versus
other protein variability sources.

2. Results

As for the various contributions to cell-to-cell variability,
finite cell-size effects in protein variability are relevant at
length scales of the order of (2 (cell’s size) and set protein con-
centrations quanta: a characteristic protein concentration
difference between neighbouring cells that results in a discon-
tinuous protein concentration profile (figure 1). In addition,
at the single-cell level, the effects of the biochemical noise
further contribute to increasing the variability by a factor o
(the effective intensity of the biochemical fluctuations).
Finally, patterning leads to protein concentration differences
of order &, (pattern’s amplitude) over length scales of order
A (pattern’s wavelength).

To filter out the influence of the global patterning on the
concentration variability from our analyses, we make use of
the nearest-neighbours autocorrelation function

_ <(Zn+1 - <Zn>)(zn - <Zn>)>
((z0 — (@) '

G.=1 (2.1)
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where z, stands for the protein concentration levels of species
Z at cell n and the average, (e), is performed over cells (see
below for considerations about time averaging). By estimat-
ing the concentration differences between neighbouring
cells, G, effectively measures the mutual information in the
local cellular environment. Note that G, also provides an
(indirect) estimation of the value of the protein quanta,
Az = [<(Zn+1 - Zn)2>]1/2/<zn>-

Note that if there is no biochemical noise, either in the
case of constant functions (no patterning) or in the case that
there is patterning but it is a continuous solution, £ — 0,
then z,,1~z, and consequently G,~ 0 (maximal simila-
rity in the local cellular environment). On the other hand,
when biochemical fluctuations are dominant, z, behaves
as a spatial white noise, (z,z,,) ~ 8/ (8, being the
Kronecker delta) and G,~1 (minimal similarity among
neighbouring cells).

If further sampling over configurations, i.e. noise realiz-
ations, is needed (see below) then (e) accounts for a time
average too. Ideally, the sampling frequency for time
averages must be smaller than the typical protein turnover
rate (to ensure that the pattern has reached stationary
conditions) but larger than the characteristic frequency for
pattern remodelling (to render enough statistics). Alterna-
tively, if the focus of the study is to characterize the
non-equilibrium fluctuations during the process of pattern
formation, the analysis should be performed using a
sampling frequency larger than the typical protein turnover
rate. As for pattern remodelling, as the size of the tissue
increases due to cellular growth more of the pattern’s
domains, i.e. wavelengths, can fit into the size-increasing pri-
mordium, thus leading to rearrangements (see the electronic
supplementary material, movies S1-54). Assuming exponen-
tial growth conditions, remodelling occurs at a rate ~ (7log(A/
0))"': 7being the average cell-cycle duration. Notably, pattern
remodelling relies on the ability of cells to change their
expression profile depending on their local environment as
experimentally reported [14].

To separate the effects arising from different sources, we
analyse first the case when the biochemical noise is negligible
and show that we can provide an accurate theoretical
estimation of the background granularity and its confidence
bounds. If a periodic pattern develops, then z, can be
approximated as z, = zy + 8,cos (7*n{2) along, at least, one
of the symmetry axes, where z; is the average protein concen-
tration and ¢* = 2m/A is the most unstable Fourier mode.
Under these conditions, G, can be estimated (see Material
and methods)

G, ~1—cos(q" ) + ong’|sin(g" )|, (2.2)

where (2 is the characteristic mean cell size and o, is its stan-
dard deviation. The error band of G. sets the confidence
bounds of the theoretical prediction and helps to (i) spot
pattern misalignment with sampling boxes and (ii) assess if
granularity is the dominant source of protein variability.
Expression (2.2) determines the, unavoidable, background
variability among cells in a local environment due to finite-
size effects: the so-called granular noise. Note that this
expression is independent of the expression levels of protein
species and just depends on geometrical constraints: the
ratio between the pattern wavelength and the cell size. Impor-
tantly, these quantities, together with o), can be characterized
and, consequently, one can compute the basal value of the

Table 1. Glossary of relevant symbols.

symbol meaning

4 concentration of species 7
e
"o, effective intensity of the biochemical fluctuations

of species Z
zo - avérégé prdtveihﬂcdntehtration of speciés”va
52 R averageamphtudeofthepatternof speqesZ e
=L eckghdtepten

() average cell diameter
- o-g vvvv  standard deviation of the averag'e'c'ell' diameter
% R n0|set05|gnalrat|oof proteln speqes S

autocorrelation in the absence of biochemical noise, G.|,2— o.
As shown below, the relative difference of the estimated auto-
correlation, G.|,2— o, from its actual, measured, value in the
presence of noise, G.|,2# 0, allows us to distinguish between
stochastic sources of protein variability.

In regards of the protein variability due to the bio-
chemical noise, in reaction—diffusion systems the effective
magnitude of the fluctuations depends on the regulatory
interactions between species, which can either enhance or
damp out the noise, and on the diffusive process, which pro-
pagates the noise among cells in their local environment and
also contributes to average out the fluctuations. We consider
that the overall effect of this source of noise can be described
as a random additive contribution, 7;, to the protein con-
centration: z, = zo + 8,cos(q*n(2) + n;,. Thus, we expect the
fluctuations to be more relevant at locations where
cos(g*n{2) ~ 0 and the ratio between the noise and the pattern
solution is maximal: the domain boundaries of the pattern. If
there is enough statistics then either spatial or time averages,
assuming ergodicity, sample the pattern configuration space
(noise realizations): (F(z,)) = (1/N)>",, | Fzuw)p(zs) dz,. In
that case (see Material and methods)

cos (77 402)

G =1-—9°"2_ 23
14 02/08* 23)

Consequently, the noise-to-signal ratio can be written as

02 o (GZ|U‘§750 - GZ‘(}%:O)

z

08

, 24
1- Gl 24)

where G_|s2— ¢ is the background granular noise, which can
be estimated by measuring A and (2 by using equation
(2.2), and G.|,2 #0 is the actual nearest-neighbour autocorre-
lation measured in the presence of biochemical noise using
equation (2.1). Table 1 summarizes the most relevant par-
ameters defined in our analysis to estimate the granular
noise and measure the effective value of the biochemical
fluctuations.

To test and illustrate our findings, we perform computer
simulations of growing tissues driven by a generic activator—
inhibitor protein dynamics (see Material and methods).
Figure 2 shows the regulatory interactions between species
and the region where a Turing instability develops and
patterns the growing tissue. We stress that the formalism

9[5(51[02 ‘:ﬂ aJ‘anajU/“")dg.'y"[ ‘.ﬁljol'ﬁu.!ljs!|qhd‘/(19pos‘|é/(or;jsj H



(@ ®)

0 02 04
a

08 10 0 02 04 06 08 10

a

Figure 2. (a) In our simulations, we use a generic activator—inhibitor protein interaction scheme as a model system. In a tissue, a cell's morphogen species U
(activator) and V (inhibitor), driven by opposing feedback loops and distinct diffusion rates, develop into a pattern solution at the tissue level. (b) The colour regions
in the plots indicate the patterning region as a function of the dimensionless parameters a (activation versus inhibition strength) and D, (inhibitor's diffusion
coefficient in units of that of the activator). The scales stand for the size of pattern domains in units of the cell size (i) and for the ratio between the amplitude
of the pattern of species U and its average concentration uj (ii). We perform computer simulations of a developing tissue using a vertex model approach using the
following parameters: (a, D,) = (0.2, 40), a large ratio of the pattern domain size versus cell size, around 11, and a pattern amplitude with respect to the average
levels of around 11% (white circle); and (a, D,) = (0.9, 9), a small ratio for the pattern domain size versus cell size, around 6, and a global pattern variability

of around 25% (black circle).

introduced herein does not depend on the specific details of
the model (e.g. the number of species or the functional
form of the equations) but simply on the existence of a pat-
terning solution with a well-defined periodicity regardless
of the mechanism. We simulate the regulatory interactions,
the cell’s biomechanics and growth/division effects (includ-
ing a binomial redistribution of proteins between daughter
cells following a division) by means of a vertex model
approach (see Material and methods). We consider parameter
sets with (i) distinct aspect ratios between the pattern domain
size and the cell size and (ii) different pattern amplitudes
(figure 2D).

In order to assess whether our theoretical estimation of
G:|o2— o captures correctly the background granularity, we
first performed numerical simulations of the growing tissue
in the absence of biochemical fluctuations. Figure 3 shows
snapshots of the growing, patterned tissue for different 2/
A ratios (see the electronic supplementary material, movies
S1 and S3). To quantify G, using equation (2.1), we sampled
the tissue at regular time intervals (approx. 40 frames per cell
cycle). We show the importance of sampling the periodicity
of the patterned solution correctly by sampling cells
from the tissue along perpendicular, fixed stripes with a
large aspect ratio: approximately one cell diameter width
and whole-tissue length (figure 3b). Note that in the case
of stripe-like patterns it is possible to find a large degree of
alignment of the pattern with a sampling box (thus masking
the pattern periodicity). In our analysis, the cell’s character-
istic diameter is estimated as the square root of the apical
area of the sampled cells.

As shown in figure 3, the quantification of the back-
ground granular noise is in agreement with the theoretical
estimation, equation (2.2). As expected, finite cell-size effects
are more pronounced as the ratio £2/A increases, that is, as the
ratio of the pattern wavelength to the cell size decreases. Note
also that the granular noise has an extrinsic character [19]

since, as predicted, it affects all protein species equally and
independently of their expression levels, i.e. G, >~ G,. Thus,
in a periodic patterning situation, if the pattern wavelength
and the characteristic cell size are determined, then equation
(2.2) accounts for the variability in protein concentration due
to finite cell-size effects and allows us to distinguish among
different noisy sources as shown below.

In order to explore the competing effects between granu-
lar noise and intrinsic/extrinsic fluctuations, we implement a
stochastic dynamics for proteins U and V and study different
noise-to-signal ratios (see Material and methods). Figure 4
shows the quantification of G;|y2.2¢ as measured by equation
(2.1), the theoretical estimations of G;|s2— ¢, the noise-to-
signal ratio, and the patterning domains of U and V (see
the electronic supplementary material, movies S2 and S4).
As the levels of G, indicate, the protein concentration profiles
of the activator (slow-diffusive) species, U, are noisier than
those of V and these stochastic effects are specially relevant
at the domain boundaries. In addition, the effects due to fluc-
tuations are more significant as the background granular
noise decreases. These results reveal that the noise-to-signal
ratio is dominant in (i) slow versus fast diffusing protein
species, because noise averages out more easily in the
second case, (ii) low versus high background granular noise
situations, because otherwise the latter prevails, and (iii) acti-
vator versus inhibitor species, because the positive auto-
regulation of the former contributes to amplify the noise.
Note also that G, deviates from the extrinsic behaviour as
predicted by equation (2.3).

3. Discussion

We have shown that by using the nearest-neighbours auto-
correlation function the variability due to global patterning
effects can be filtered out. Such variability of order 6, can
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Figure 3. (a,b) Tissue simulation snapshots (final frames). The concentration of species U is plotted using a binary representation (above/below the average con-
centration) to better visualize the pattern domains. (a/b) Simulation parameters as indicated by the black/white circles in figure 2b. The zoomed-in area in (a) helps
to compare the typical cell size, £2, with the pattern wavelength, A, and the domain size. Insets in (a/b) show the concentration profiles of u and v as a function of
the cell index (cell sizes have been normalized) of the cells within the horizontal/vertical sampling stripes (orange boxes). The top-left inset in (b) sketches a
patterning condition where the horizontal sampling region would not capture the spatial periodicity adequately because of its large degree of alignment with
the pattern (see (d)). (c,d) Quantification of G,. The shaded region accounts for the theoretical estimation, equation (2.2): black solid/dashed lines stand for
the mean/standard deviation. Granular effects are more pronounced as the ratio £2/A increases (notice the scale difference between (c) and (d)): both the back-
ground granular noise, G,, and the protein quanta, Az, increase approximately fourfold in (b) with respect to (a). Pattern/sampling-box alignment events can be
spotted by the underestimation of G, with respect to the theoretical background levels (black triangle in (d)) and help to discard data that might lead to artefacts in
the analysis (wrong sampling of the pattern periodicity). (c,d) insets: G, versus G,. If no other noisy contribution is present then G, ~ G, and the granular noise

shows an extrinsic-like behaviour thus affecting all protein species equally.

be estimated by Fourier analysis (amplitude of the most
unstable mode). Aliasing effects and biochemical noisy
contributions (intrinsic and/or extrinsic fluctuations) can be
separated and determined by means of G, when combining
theoretical expressions and measurements. As for the appli-
cability of our approach, experimental results have revealed
that the ratio A/{2, pattern wavelength versus cell size, can
be small and patterning domains may comprise around
8-10 cells [12-14]. Thus, we predict that the granular noise
contributes significantly to protein variability. In the particu-
lar case of the limb bud, recent results have shown that this
primordium is patterned by a Turing instability resulting
from the interactions between two morphogens, Bmp and
Wnt, and the skeletal marker Sox9 [14]. A quick assessment
indicates that A ~ 1042 and consequently the background
granularity is of the order of around 20%. Evidence support-
ing the buffer effect of diffusion over the fluctuations can also
be found in the limb bud. Both morphogens, Bmp and Wnt,
lack a self-regulatory motif that in turn helps to damp the
biochemical fluctuations, as shown in our simulations (see
below for further considerations about the instructive role

of inhibitors in Turing systems). However, the values of the
diffusion coefficients satisfy that Dg,,;, > Dw,; and one
would expect, according to our analysis, that Wnt has a
noiser profile than Bmp. The experimentally reported profiles
of these species during limb bud patterning [14] seem to be in
agreement with this prediction.

Importantly, we have presented our results using a meth-
odology that is feasible in experimental situations. In
particular, since the dimensionality of the pattern is not rel-
evant for estimating these effects, by determining the pattern
wavelength and by sampling the size and protein expression
levels for (i) a few cells, ~O(10?), along a direction that
captures the best the pattern periodicity and (i) a small
number of time points in the tissue dynamics, ~O(10%),
then the background granularity and the biochemical noise
can be specified. Further sampling can provide better,
more accurate results but the fact that the method works
with a limited statistics reveals its robustness. We acknowl-
edge that the experimental quantification of protein
concentrations at the single-cell level requires an accurate
calibration of the fluorescence intensity [42]. However,
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Figure 4. (a,b) Competing effects in protein variability between granular noise and intrinsic/extrinsic fluctuations in different patterning conditions. Parameter
values of the simulations as indicated in figure 1: white/black circles correspond to (a/b). In the case that the background granular noise is weak and the pattern
amplitude is of the order of the intrinsic/extrinsic fluctuations (a), then the latter are dominant (see (c)). The level of noise is effectively smaller in the inhibitor
species, V/, than in the activator species, U, due to the diffusive process, which is faster for I/ and thus helps fluctuations to average out, and to the requlatory
interactions, since the autocatalytic feedback in U amplifies noisy effects. The zoom-in inset in (a) shows that noisy effects are specially relevant in the regions close
to the boundary domains. (c) Profiles of U and V for (a(i)) and (b(ii)) along the sampling box that better capture the pattern periodicity (vertical box in both cases).
Noise effects are more evident in species U as quantified by G,. (d) G, versus G, for (a(i)) and (b(ii)) as registered by the vertical sampling boxes. If intrinsic/extrinsic
fluctuations perturb the patterning, then G, deviates from the extrinsic behaviour (cf. figure 3). In both cases, but especially in (a), G, versus G, deviates system-
atically below the diagonal, indicating that the fluctuations are larger at the level of U, as confirmed by the quantification of the noise-to-signal ratio (inset values).

we stress that the background granularity levels, as pre-
scribed by the theoretical expression equation (2.2), are
independent of the protein levels. Thus, as long as the fluor-
escence levels of protein species are normalized, our method
provides a way to compute the relative noise-to-signal ratio
and weight the importance of biochemical noise with respect
to granularity.

The proposed method relies on several assumptions that
are worth commenting on. First, we have assumed that a
pattern with a well-defined wavelength develops. In any
particular patterning situation, a Fourier analysis on the
protein profile, as obtained, for example, by fluorescence
microscopy, will reveal the validity of this assumption. We
point out that, even if several Fourier modes are relevant,
the methodology remains valid. However, the analytical
expressions to estimate the background granularity, equation
(2.2), and the noise-to-signal ratio, equation (2.4), would need
revision. In any case, if the pattern solution is a collection of
waves then the calculations can be carried out easily (Material
and methods). Second, we have assumed that, besides the
pattern’s rearrangement dynamics due to cell growth, station-
ary conditions apply. In this regard, we notice that if the
amplitude of the pattern is modulated in time then our
results still hold. However, we stress that time averaging
must be done carefully to ensure that the pattern configur-
ation space is properly sampled. Third, we have considered

that the overall effect of the biochemical fluctuations renders
a Gaussian-like, white behaviour that is independent of the
value of the pattern amplitude. This approximation is motiv-
ated by the central limit theorem [43] and makes it possible to
obtain analytical expressions for the noise-to-signal ratio.
However, it may raise questions about its fidelity since
other statistical properties for the noise are certainly possible
[21,41]. Yet, the background granular noise is independent of
the statistical properties of the noise since it merely depends
on the geometrical constraints of the problem (cell size and
pattern wavelength). Consequently, the difference between
the nearest-neighbours autocorrelation and the estimated
theoretical background granular noise still provides an esti-
mation of the levels of biochemical fluctuations.

As for additional implications of our study, our results
indicate that variability due to the biochemical noise is
larger for cells at domain boundaries, especially for activator
species. According to this, fate commitment, as a result of
patterning, would be more difficult for those cells. In
addition, boundary lines among cell populations would be
wiggly, thus suggesting that the formation of developmental
structures, e.g. the fingering pattern in the case of the limb
bud [14], could be challenged. However, the robustness
displayed by biological systems argues against these ideas.
This raises the intriguing question about the mechanisms
that are able to buffer noisy effects in tissue patterning. In
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this regard, we note that the level of variability is reduced in
inhibitor species (figure 4). The latter suggests a possible
instructive role for this species in fate decision-making (less
noisy). In addition, it may explain the recurrent feedback
found in developmental boundaries between patterning
and cell mechanical properties to refine compartmentaliza-
tion [44-49].

We expect our study to be relevant in developmental pro-
cesses leading to the formation of periodic patterns in tissues
when cell-to-cell variability needs to be characterized to, for
example, better understand fate decision-making. The exten-
sion of the proposed method to other patterning situations,
e.g. morphogen gradient profiles, or the implementation
of feedback between signalling and cell mechanics to
buffer the fluctuation effects are promising avenues of
research that can shed further light on the role of noise in
developmental patterning systems. Work in these directions
is in progress.

4, Material and methods

4.1. Tissue simulations
The tissue dynamics is implemented in our simulations using a
vertex model approach [50]. Each cell in the tissue is represented
by a discrete set of points: the vertexes that define its shape.
The energy associated with a vertex i reads

E(t)=Y" [& (Aa =A%) + &LZ} +> 0 Agly,

w2 ’ S

where the sums indexed by a and (ij) run, respectively, over
the cells a and vertices j sharing vertex i. A, ~ (2 is the cell
apical area, K, is proportional to the Young modulus, A;; is a
line tension that weights the cell adhesion effects (I;; being
the length of the edge connecting neighbouring vertices i
and j), I, is a term that accounts for the contraction effect of
the actomyosin cortical ring and L, is the cell perimeter
(see [44] for details). The parameters used in our simula-
tions are (dimensionless): Ag(O) =1, K=1, I'=2x10"% and
A=10"2 In addition we consider that in the tissue periphery
A=5x10"2 The cell-cycle duration, 7, is stochastic in our
simulations and follows the rule 7= efge + (1 — €) tso, Where
tget 18 a deterministic time scale that accounts for a mean cell-
cycle duration in the absence of mechanical stress and t, is a
random variable that accounts for the variability of cell-cycle
duration, p(fsto) = eXp (— tsto/tdet)/tdet- The parameter & € [0, 1]
weights the stochasticity of the cell-cycle duration. In our
simulations, € = 0.8.

Cellular growth is implemented by prescribing the follow-
ing dynamics for the preferred apical cell area A%(f)
(dimensionless): cells start to grow their apical area linearly
(towards doubling) at the moment they reach the middle of
the cell-cycle progression [44]. With respect to the cleavage
orientation, the code evaluates the inertia tensor of the cell
with respect to its centre of mass assuming that a proper rep-
resentation of the former is a polygonal set of rods, i.e. the
cell edges. The principal inertia axes indicate the symmetry
axes of the cell: the longest axis of the cell is orthogonal to
the largest principal inertia axis. Cells divide following the
Hertwig rule: the cleavage plane is perpendicular to the longest
axis [51]. Cleavage is assumed to happen instantaneously. In
our in silico experiments, tissues are typically grown from
approximately 2.5 x 10° to approximately 1.2 x 10* cells
(approx. two cell cycles). Transients effects in the tissue
dynamics due to the initial conditions are eliminated from
our analysis by discarding data from the first cell cycle.

As for the protein dynamics, we assume each cell to be a
well-stirred system, where spatial effects can be disregarded.
Protein concentration values in each cell are obtained by integrat-
ing numerically the discretized model equations using an Euler
algorithm. We take into account cell growth (dilution effects) to
determine protein concentrations. Also, proteins are distributed
binomially between daughter cells as a consequence of a division
event. The morphogen diffusion process is mimicked by an out-
of-lattice, discretized Laplacian operator that conserves the
number of molecules [52],

V2Z; = At —’f( L )
()%rif Aj(t) - Ai(t)

where Z; stands for the number of proteins at cell i, A;(t) is its
area, the sum runs over its nearest neighbours j, L; is the
length of the membrane shared among cells and r;; is the distance
between cell centres. This definition captures rigorously the dis-
cretization of the Laplacian operator as long as the well-mixed
hypothesis holds (see Introduction).

Biochemical noise effects in protein species Z at cell n and
time f, &(t), are implemented by means of additive uncor-
related Gaussian fluctuations: (£5(£)) =0 and (&(H)E(H)) =
(o’é/ 0)8,,,6,8(t — t'), where oé is the intensity of the noise.
Our simulations explore the conditions o< &, (black circle
in figure 1b) and oy~ 8, (white circle in figure 1b). We
do not consider the case o> §, since it leads to unrealistic
fluctuation-controlled expression profiles in which patterning
does not play a key role. In all cases o;=10"". We point
out that the value of oy does not represent the effective
intensity of the fluctuations o since the latter depends on the
regulatory interactions and on the morphogen diffusion pro-
cess. That is, &, are the input fluctuations with intensity o
that we use to represent the biochemical noise at the single-
cell level in the simulations, and 7, are the output fluctuations
with intensity o, that, as a result of the interactions and
diffusion, the proteins effectively experience and we register
using the autocorrelation method. The code for carrying
out the numerical simulations is provided as the electronic
supplementary material.

4.2. Analytical calculations

Given the expression of the autocorrelation function, equation
(2.2), and taking into account that (z,.1) = (z,,), then G, can be
rewritten as

_ <Z$,> — (Zug12Zn)
() — (@)

Thus, to characterize G, the moments (z,), (z2) and (z, 1z,
need to be estimated. Given the functional form of the Turing
patterning solution, z, = zy + 8. cos(q*n{2), and the following
identities (valid if N =L/ > 1, L being the size of the tissue),
(cos(q*n€2)y =0, (cos?®(g*nd)) =1/2 and {cos(g*n)cos(q*(n +
1)0)) =~ cos(q*(2)/2, those moments read

(4.1)

(zp) = %Z (z0 + 8. cos(q*nQ)) = z, (4.2)

N[,

() = %Z (20 + 6. cos(q'n2))* = 22 + (4.3)

1
and (zy11zn) = NZ (20 + 8, cos(g*n42))(zo + &, cos(q* (n+1)£2))

& “0

(4.4)

Substituting the above expressions into equation (4.1), we
obtain G,=1 — cos(q*(2). The confidence bounds for G, are
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determined by the variation of the parameters g* and () Yet,
Turing patterning tissues show a precise wavelength and the
main source of variability is the cell size, which may show vari-
ations up to 100% due to size doubling during cell-cycle
progression. Thus, given the standard deviation of the cell
size in the tissue, o, the error propagates to G, as + [0G./
00]on = + ooq*[sin(g*2)|.

In the case where we assume a random perturbation, 7, of the
patterning solution due to the biochemical noise, the functional
form of the protein concentration profile now reads

Zy =20 + 6, cos (g nd) + ;.. (4.5)

By invoking the central limit theorem [43], here we imple-
ment a Gaussian approximation and assume that m;, satisfies
the distribution

(22
p(m) = Ne 2m)7/o,

where A is a normalization constant and o-f/ () is the effective
intensity of the biochemical noise of species Z. In addition,
we consider that the fluctuations are uncorrelated in space
and time: {(m, M) = 02(8,m/20)8(t — '), where 8; stands
for the Kronecker delta and &(s) for the Dirac delta. Note
that the cell size, (), is required in the definition of the noise
autocorrelation such that in the continuous limit the auto-
correlation satisfies a white noise character in space:
limg_.g (8 /2) = 8(x — x’). Formally, one may choose a defi-
nition of the noise intensity leaving out the cell size 2 and
integrating the latter in the correlation properties of the fluctu-
ations (i.e. in the delta function). Yet, herein we preferred
to explicitly include this dependence of the cell size effecti-
vely in the definition of the biochemical fluctuations. The
Gaussian approximation is valid as long as the intensity of
the noise does not overcome the patterning solution, that is,
0, <zy— 8,. Otherwise the noise could lead to unphysical
values (negative) of the protein concentration. Given p(7;,) the
probability distribution for z, reads

p(24) = N Hen—la+cos@n))?/o? (4.6)

In this case, the moments (z,)), (z2) and (z,.12,), by averaging
over noise realizations, read

1
@) = N;JR (20 + 8. cos(q'n ) + m)p(m) dof, =20, (47)

1
@ =y | o+ sucostqned) i ot d

& o2
_ 27z z
=7zy+ 5 + 20 (4.8)

1
and  Guzm) = 3 | (ot 8 coslgne) + )

X (zo + & cos(q”(n + 1)) + ;,4)
2 Sf cos(q*2) .

X plr) d, = 25 + = (49)
Consequently,
cos (g*42)
Glp=1-—77—"3 4.10
2 1+ 02/08 (4.10)
and
% - Gilaso~Cilaco (4.11)

.(255 1- Gz|g-§ #0

We notice that in the case where the assessment of the pat-
terning solution reveals more than one unstable Fourier mode,
eg. z,=2zo+ 821)cos(q(*1)n(2) + 6;2)cos(q(*2)n(2), the above calcu-
lations are straightforward. The generalization of our
framework to other patterning situations, e.g. morphogen

gradients, can also be easily implemented. By taking into account
the morphogen decay length, A, the protein profile reads [15],
Zy =zoe ™A Thus, the moments (z,), (z2), and (z,,12,) can
be estimated and the background granularity reads

G, = e /2 (1 — cosh (%))

As in the case of Turing patterning, the background granularity
goes to zero as the ratio {2/ does.

4.3. Activator—inhibitor Turing patterning systems

For the sake of simplicity, we restrict our analysis to a system
with two coupled reaction—diffusion equations in one spatial
dimension. Yet, the analysis presented below can be easily gen-
eralized. Thus, the following dimensionless system of equations
describes the reaction and diffusion terms of two protein species
Uand V:

ou 9%u

—=fu,v)+ -

at axz 5 (412)
and @ =9(u,v)+D B_v

ot SW ox2’

where u=u(x,t) and v=o(x,t) represent protein concen-
trations. The reaction terms f and g are supposed to have a
single equilibrium point, Py = (u°,2°), such that f(u° %)=
g® 9% =0 and the point Py is assumed to be stable in the
absence of diffusion. That is, by defining f, = 9f/0z|p, and
8. = 0g/0z|p,, where z stands for either the field u or the field
v, the following conditions hold:

f'l +g17 <0 and fugv 7fvgu > 0. (4.13)

A Fourier analysis reveals that a mode, g*#0, becomes
destabilized and a pattern develops if Df, + go > 2[Dy(fugo—
fvg,,)]l/ ZeRr” [9,33]. It is easy to prove that in terms of the signs
of the entries of the Jacobian matrix

0= (f 5

8u 8o
only four out of the possible eight options can lead to a Turing pat-
tern instability:

) EDED)ED)

Here we choose the first option where species U stands for an acti-
vator and V for an inhibitor: {f,, f,} >0, {g., go} <O0.If f, < |gul,
and f,,|g.| < fy|u|, then conditions (4.11) are satisfied. In addition,
iff,=f,=a,g,= —2and g, = — 1 a pattern develops if

3+2V2
=

1>a>0 and D, >

The modelling equations require nonlinear terms to saturate to a
finite value the amplitude of the pattern, which otherwise
diverges. By choosing a cubic non-linearity and Py = (2, 2), we
obtain the following modelling equations describing an activator—
inhibitor system:

3 92
a—uza(quvf4)f(u 2) +a—u
at 2 sz 4.14
ov %0 (#.14)

and 6—(QRu+v)+D,

ot ox2

Data accessibility. The simulation code and compilation instructions
for generating all data shown in the manuscript are available at
https://doi.org/10.6084/m9.figshare.5146564.
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