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Abstract

We present a theoretical model for the nucleation of amyloid fibrils. In our model we use helix-
coil theory to describe the equilibrium between a soluble native state and an aggregation-prone
unfolded state. We then extend the theory to include oligomers with S-sheet cores and calculate
the free energy of these states using estimates for the energies of H-bonds, steric zipper
interactions, and the conformational entropy cost of forming secondary structure. We find that
states with fewer than ~10 B-strands are unstable relative to the dissociated state and three 8-
strands is the highest free energy state. We then use a modified version of Classical Nucleation
Theory to compute the nucleation rate of fibrils from a supersaturated solution of monomers,
dimers, and trimers. The nucleation rate has a non-monotonic dependence on denaturant
concentration reflecting the competing effects of destabilizing the fibril and increasing the
concentration of unfolded monomers. We estimate heterogeneous nucleation rates and discuss the
application of our model to secondary nucleation.
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l. INTRODUCTION

Amyloidogenic peptides have been observed /n vitroto form a wide array of aggregate
morphologies. These experiments are difficult to interpret because it is not clear which
aggregation products form under physiological concentrations and which are relevant for
disease progression. Insight into the former question can be obtained by mapping out an
aggregation phase diagram to understand how the observed aggregation state depends on
solution conditions[!2]. The weakness of these equilibrium approaches is that often kinetic
factors prevent the system from reaching equilibrium on experimental or even physiological
timescales. A good example of this is the protection against aggregation provided by the
natively folded state. Evolutionary pressure has limited the exposure of aggregation prone
residues on protein surfaces, so aggregation requires unfolding events in multiple proteins
before intermolecular association can occurl3l. Since proteins have folding stabilities on the
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order of 10 kJ/mol“], this provides a prohibitive barrier in most cases (the autocatalytic
activity of prions is an important exception[®l). Other important kinetic limitations include
the nucleation barrier associated with the formation of a new phase and the sequestration of
proteins into off-pathway metastable aggregates like oligomers and precipitates(®l.

In some cases the timescales associated with the formation of different states are sufficiently
separated that pseudo-equilibrium models can predict the system behaviorl®l. In other cases,
multiple processes can occur on similar timescales requiring elaborate mass-action theories
to disentangle the contributions of various pathways. This approach has been instrumental in
elucidating the roles of fragmentation and secondary nucleation in the proliferation of fibrils
following the initial primary nucleation event [7-101. However, both of these approaches
share a common limitation in that the kinetic predictions are not sensitive to variations in the
solution conditions. This is an essential feature when attempting to infer physiological
implications from experiments conducted under conditions that greatly accelerate
aggregation.

In order to obtain the necessary sensitivity to system conditions, we require a theory that
incorporates the microscopic dynamics of aggregation. A pair of useful reaction coordinates
for such a theory is the number of intermolecular H-bonds and the alignment, or “registry”
between neighboring molecules*1.12]. High resolution structures of mature fibrils show the
constituent proteins forming in-register f-sheets resembling one-dimensional crystals[13-13],
To find this highly ordered state, aggregating molecules must sample many different
registries, requiring the formation and breakage of many H-bonds[!1.12]. This is a slow
process, on the order of milliseconds per registry, with the result that aggregation occurs
much slower than the formation of secondary structure in the folding of a single protein[12],
This search over registry states has important implications for the influence of solution
conditions. At high protein concentrations the diffusion time is faster than the time required
for incorrectly aligned proteins to unbind from the fibril. This means that most collisions
between monomers and the fibril end cannot lead to successful growth due to the presence of
incorrectly bound proteins capping the fibril end. Therefore, weakening the intermolecular
bonds, either by increasing the temperature or adding denaturant, will actually increase the
rate of aggregation12]. At low concentration, the diffusion time is slow enough that
incorrectly bound proteins can complete the sampling of states before the next molecule
attempts to bind to the fibril. In this regime, the dominant effect of weakening the
intermolecular bonds is to increase the off-rate of correctly bound molecules giving the
intuitive result that fibrils grow faster under conditions where they are more stable.

In a recent paper we used the H-bond reaction coordinate to model the lag times that precede
the onset of aggregation[26l. In Classical Nucleation Theory the lag time is a result of the
fact that an aggregating cluster must reach a critical size before the favorable energy of
binding is able to offset the translational entropy cost of being confined to the cluster(17].
This mechanism is also present in protein fibrils because the cluster must reach a minimum
size of four B-strands before incoming molecules can form both the H-bonding and steric
zipper interactions found in mature fibrils[18-211, This means that the second and third 5
strands to add to the cluster sacrifice translational entropy without the benefit of the full set
of attractive interactions found in a mature fibril. However, in amyloid fibrils a second
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contribution to the nucleation barrier appears from the conformational entropy cost of
extending the peptide backbones into B-sheetsl2]. The magnitude of this entropic penalty is
such that fibrils must reach a length of ~5 S-strands before the free energy of the fibril is
lower than that of the soluble monomers!16].

Our previous theory shows that the dominant nucleation pathway is a compromise between
two competing effects[16l. On one hand, pre-nucleation clusters will seek low free energy
states that maximize conformational disorder. On the other hand, highly disordered clusters
provide a poor binding substrate for new molecules, so highly ordered clusters are more
likely to retain newly bound molecules long enough to reach a stable size. As a result, the
most probable nucleation pathway goes through states where the cluster is partially ordered.
This compromise allows the cluster to avoid the highest free energy states while presenting a
binding surface capable of retaining new molecules for an acceptable length of time.

In this paper we extend this work to consider mechanisms that will accelerate or retard
nucleation rates relative to this baseline model; the native state of the protein, the search over
binding registries, and impurities or interfaces that provide heterogeneous nucleation sites.
Under some conditions amyloids have been shown to assemble from pre-formed
oligomers[22:231. However, these oligomers, and the resulting fibrils, are higher in free
energy than the fibrils formed via monomer pathwaysl6l. Moreover, the low concentrations
found /n vivo are most likely below the critical concentration required for oligomer
formation and subsequent assembly[24:25], Therefore, in the first part of the paper we model
a nucleation pathway in which the nucleus grows one molecule at a time. This pathway is
the most likely one at low concentration and the model provides insights into the free energy
barriers that must be surmounted in any pathway. As an example of more complicated
pathways, we include a discussion of heterogeneous nucleation, which shows generically
how non-native contacts can alleviate the entropic barrier.

We begin with a free energy analysis of the monomer and initial stages of intermolecular -
sheet formation. These latter states are “oligomers” in the generic sense, but most likely
unrelated to the metastable oligomers that have attracted interest for their toxic activity. We
believe these oligomers are distinct for two reasons. First, we show that the oligomers in our
model are high energy states and do not lie within a free energy basin as required for
metastability. Secondly, by design our oligomers lie on the fibril formation pathway and,
therefore, are stabilized by contacts that are structurally distinct from those found in toxic
oligomers [26-28],

A. Monomer folding equilibrium

We model the proteins as a solution of a-helix forming peptides, each containing L amino
acids. In this context helix-coil theory provides a toy model for a molecule that can adopt an
aggregation resistant folded state and an aggregation prone unfolded state. Importantly, the
helix-coil model allows for partially unfolded states, but these states are suppressed by the
cooperative two-state transitions typical of folded domains[?9]. The helix-coil transition is
described by two parameters, the propagation parameter, s, and the initiation parameter, o.
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We adopt the usual convention where the disordered coil state has a reference free energy of
zero. The parameter sis the Boltzmann weight for a peptide unit to join an adjacent helix
while oreflects the entropic penalty required to initiate a helix. The partition function of the
helix-coil model can be computed using transfer matrices[30:31]

Z,=(1 1)-ML~<1>:>\1L
1)

where L is the length of the protein, the transfer matrix is given by

and A4 is the largest eigenvalue of the matrix

)\1:%[(14-5)—1— (1=s+4s] g

The free energy of the monomer state is —LAkg7 In A, and the fraction of amino acids in the
helix state is

s(s=1)+2so

0 T

- Olns (1+8)+ 1/ (1—s)*+4s0 4)

Since we are interested in the aggregation of unfolded proteins, a more useful parameter is
the fraction of amino acids that are not in the folded state g =1 - 6.

B. Oligomerization and B-sheet formation

After proteins unfold, they become prone to aggregation via the formation of intermolecular
Bsheets. In the simplest case each molecule contributes a single g strand to the final
aggregate, but more complicated structures have also been observed, ranging from the
hairpin motif of Agand IAPP[13:3233] to the g-helix solenoid of the HET-s prion[14]. In the
following, we present calculations for the assembly of single g strand and hairpin forming
molecules, where the latter case presents the simplest situation where the molecules adopt a
conformation allowing the formation of multiple S-strands. Quantities related to these two
cases will be denoted with the subscripts “ss” (single strand) or “hp” (hairpin). In both cases
we model the fibril as a bilayer consisting of two S-sheets with a steric zipper interface
between them.
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First, we consider the case of single strand molecules. The simplest aggregated species is a
dimer which we define by the formation of intermolecular H-bonds (Fig. 1¢). These H-
bonds constrain a segment of each peptide into the extended S-sheet conformation. The
entropic cost of this constraint exceeds the binding energy of the bonds so that the dimer has
a net unfavorable free energyl18]. The protein segments not constrained by intermolecular
bonds are free to adopt either folded or random coil conformations. We write the partition
function for the dimer as

L
Z@ = 3 (L-mat1) gy A )
" ©)
L e
~ 72 Z (L—my+1)? (%)
" RO

The summation variable /7, denotes the number of intermolecular H-bonds. Each bond
contributes a free energy —kg7 In g» which accounts for the favorable energy of the H-bond
and the loss of conformational entropy from both chains. (L — 77 + 1) is the number of
ways to select /7, contiguous amino acids from each chain to form the bonds and the factors
of A4 are the contribution from the peptide tails not participating in the H-bonds. The
approximation in these formulae, and subsequent oligomer partition functions, comes from
employing the long-chain limit for the free tails. The finite sums in these expressions can be
evaluated analytically, however, the resulting expressions are unwieldy and contribute little
to intuition.

Next, we calculate the free energy of the trimer state. There are two possible trimer states;
one where all three molecules are part of a single S-sheet, and a trimer with two molecules
in one B-sheet while the third molecule initiates a second sheet and forms steric zipper
interactions with the first two. Although the former state has lower free energy (see below),
we focus on the latter state since it provides the shortest pathway to a tetramer with two
molecules in each S-sheet (rights panels in Fig. 1). This trimer to tetramer transition is the
first molecular addition that provides bulk-like interactions with both H-bonds and steric
zipper interactions and, therefore, we expect that it is the dominant path toward nucleation.

The partition function for the trimer is

ng) ~ Z Z(mg—mg—Fl) (L—m2—|—1)2(L—mg—l-l)g;nzggl:*/\51)’L72m27m3

mg<mg M2 (7)
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. . m2 m3
~ 73 3" > (ma—ms+1) (L—ma+1)* (L—m3z+1) (%) <&>
Al A1 ®)

m3<mg M2

Again, /m, describes the number of H-bonds between the first two molecules and 7 is the
number of amino acids in S-conformation on the third molecule. The degeneracy factor in
Eqg. 8 has additional terms relative to Eq. 6 that describe where the third molecule inserts
between the first two and the ways to choose /73 amino acids from the third molecule. The
propagation parameter gz accounts for the loss of conformational entropy from the third
molecule as well as the favorable steric zipper interactions. Since the steric zipper requires
order in both B-sheets, the summation over /7 is limited to values smaller than the length of
the first B-sheet.

For our calculations of the nucleation rate we require the population of trimers that provide a
binding surface of exactly /773 amino acids. This is given by

g3 ms L o ma
Z® (mg) ~ Zi”(L,m3+1) (_> Z (my—ms+1) (L—may+1)? (_2)
)\1 mo=ms3 )\l (9)

The next largest aggregate is the tetramer. The fourth molecule is the first one that can form
both backbone H-bonds and sidechain steric zipper interactions with the existing cluster.
Since these are the same interactions present in the growth of a mature fibril, this addition
must be thermodynamically favorable. Therefore, this step takes the cluster beyond the
nucleation free energy barrier and will be described in the kinetic portion of the theory.

Now we consider the aggregation of hairpin forming molecules. In these systems each
molecule contributes two B-strands to the aggregate. This means that half as many molecules
need to be recruited to the aggregate in order to reach a stable size. It also means that bulk-
like interactions begin with the addition of the second molecule. Therefore, when modeling
the equilibrium distribution of pre-nucleation species, we need only consider the conversion
of monomers between the folded, unfolded, and hairpin states. While the former two states
are described by the helix-coil model, we still require the free energy of the hairpin. We
write the partition function for this state as

©) ~ 7(1) L (g™
th (m;m) ~ Z Z (L—Qm]lp—mloop+1)3—/2 7
Mloop 7n‘loop 1

(10)

This expression describes a molecule that forms a steric zipper /7, amino acids in length
with the sequences contributing to this zipper separated by a disordered loop of /75p amino
acids. The formation of a closed loop incurs a conformational entropy penalty of (34g7/

2)In mgop Which results in the factor of mgif[?"‘]. The amino acids in the zipper contribute
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a free energy —mpskgT In gpp which accounts for the loss of conformational entropy and the
favorable sidechain interactions. The degeneracy factor accounts for all the possible
placements of the zipper along the peptide chain.

Note that the expressions in this section are sequence independent in that they assume that
H-bond and steric zipper interactions can form between any pair of amino acids. We
consider the opposite limit, that of strict sequence specificity, in section 111 B.

C. Estimation of parameters

Our model contains six parameters; s, o, g, g3, gy and the mature fibril propagation
constant gu. In this section we constrain the parameter space using estimates of the
microscopic interactions contained in these parameters. Following the work of Ghosh and
Dilll2%] we write the free energy of a helical amino acid as the sum of a H-bond energy and
the conformational entropy loss

*kBTln S:fHB +fCE (11)

By fitting thermal unfolding curves, these contributions were found to be fyg/kg7=-1.91
and fog/kg7=In (6.83 — 1) = 1.76, which gives a slightly favorable helix free energy of
-0.15kg T and a nucleation parameter o = 0.005k5 7121,

The dimer propagation parameter describes the formation of one H-bond and loss of
conformational entropy from two peptide units

—kpTIn go=(fup+2fce) = 1.61k, T (12)

Note that this repulsive free energy does not account for the loss of translational entropy,
which will be included in the grand canonical treatment in the next section.

The trimer propagation parameter describes the straightening of the third molecule and the
formation of steric zipper contacts with the first two molecules (Fig. 1d).

—kyThngs=2fs,+fex  (13)

The propagation parameters give the free energy of aggregation per amino acid, however,
only half the amino acids in a B-strand participate in steric zipper contacts because the other
half remain on the solvent exposed surface. Therefore, 5 actually represents one-half of the
(average) free energy of the steric zipper interaction by a single sidechain. The factor of two
in Eq. 13 accounts for the intercalation of the molecule 3’s sidechains between molecules 1
and 2 allowing it to form two sets of steric zipper interactions (Fig. 1d). To estimate the
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value of g5 we need to know the strength of the steric zipper interactions. This can be
obtained from the binding affinity of the fourth molecule.

The fourth molecule can form H-bond contacts with the third molecule while also forming
steric zipper interactions with the second molecule in the original dimer

- kB Tn g4 :fHB +fsz +fCE (14)

which is the same set of interactions found in mature fibrils. Solubility measurements give In
g4~ 0.5[23%] 50 f57 ~ -0.35kgTand —In g3 ~ 1.06. Finally, the hairpin monomer
propagation parameter is —kg7'In gp, = fsz + 21ce ~ 2.87kgT.

This partitioning of energy reduces the original six parameters to just three; fyg, %z, and
fce. Next, we need to know how denaturants will affect these binding energies. To obtain
this functionality we make two assumptions. First, we assume that the denaturant will have a
linear effect on the binding free energy f{(c,) = f{0) + mjcywhere f;is the negative log of a
propagation parameter, ¢yis the denaturant concentration, and /7;is a coefficient describing
the effect of the denaturant. Secondly, we assume that the denaturant affects the H-bond and
steric zipper interactions such that the m-value is proportional to the non-entropic
contribution to the free energy. This gives

ms  mg  m3 My
fao s 2fss funt e (15)

for helices, dimers, trimers, and mature fibril contacts, respectively. As a rough check of this
analysis we calculate the m+value for mature fibrils. The urea m-value for helices is 0.047
kgTM™1129 5o for mature fibrils we expect my = (fyg + fsz)md fyg = 0.056 kgTM™1. We
can obtain an estimate for the effect of GdnHCI by noting that the ratio of Gdn and urea m-
values for average proteins is 25/13.1[36]. This gives a Gdn m-value of 0.11 kg7 M1, which
is remarkably close to the value 0.12 kg7 M1 obtained by fitting fibril growth rates[12]. We
caution that this analysis, at best, applies to average values and, given the number of
assumptions made above, this agreement may very well be a coincidence. However, there is
less ambiguity to the main conclusion of this section, which is that fibril must achieve a
minimum length of 1 + fo4In g, B-strands to pay the entropic penalty of initiating the fibril.
This suggests that the minimum length is 4 or 5 strands, in rough agreement with simulation
studiest37-39],

D. Equilibrium dimer and trimer concentrations in solutions of single strand molecules

The propagation constants g, and g5 are both less than unity indicating that the dimer and
trimer states are less favorable than disordered monomers. The populations of dimers and
trimers are further suppressed by the presence of the favorable helix state and the
translational entropy of the monomers. To capture the latter effect we start with the grand
free energy of a solution of monomers, dimers, and trimers
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3
F= Z [F(”)cn—ncn,u—l-k‘BT(cnln Cn—Cn)]
n=1 (16)

where ¢, is the concentration of a species containing 77 protein molecules. Here A7 is the
free energy of an oligomer containing /77 molecules, which we obtain from the partition
functions calculated above. In the second term the chemical potential x serves the usual
function of a Langrange multiplier to constrain the total protein concentration. The final
terms represent the translational entropy of the oligomers. Taking the derivative with respect
to ¢, we solve for the concentration of each species

OF,
—G_p™ _putk Tne,=0
den, s e (17)

which yields

_pm) i T
ep=el IS T (1)

In particular, the expression for ¢; yields an expression for the chemical potential in terms of
the monomer concentration

p=FWY 4k, Tne, (19)

Thus the dimer and trimer concentrations are

2 —(F®—2rW)/k, T

co=cie (20)
cg=che MO BEST o)

Since the dimer and trimer are both thermodynamically disfavored, it is an excellent
approximation to equate the monomer concentration with the total protein concentration ¢;
~ Cp

In order to obtain the dimensionless concentrations required by Egs. 20 and 21, we adopt a
lattice gas approximation in which the translational degrees of freedom are discretized by
the size of a water molecule. Therefore, the dimensionless concentrations are given by the
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molarity of a given species divided by 55.5 M, the concentration of pure water. Due to this
rough approximation, we do not expect a quantitative agreement between our predictions
and experimental concentrations.

Fig. 2 plots the fraction of proteins in the dimer and trimer states as a function of the total
protein concentration. The functional form is a simple power law as seen in Egs. 20 and 21.
Since the interaction energies are net repulsive for oligomers of this size, these states
roughly correspond to random collisions and are relatively rare until the concentration
reaches 104 M. This concentration, which is approximately 1 mg/ml for the £ = 100
proteins used in Fig. 2, is the point where the ¢; ~ crapproximation begins to break down.
At higher concentrations the oligomer concentration can be determined by using Egs. 20 and
21 to solve the third order polynomial ¢;= ¢; + 2¢, + 3¢3 for ¢;.

Interestingly, the folded helix state has a relatively small effect on the population of
oligomers. For s= 1.18 about 86% of the amino acids are in the helical state (Fig. 2a), yet
the trimer population is suppressed by less than a factor of 3 and the dimers are only
suppressed by about 35%. This finding only applies to equilibrium states; we will soon find
that the folded state has a dramatic effect on the kinetics.

E. Nucleation kinetics

We assume that nucleation occurs in a supersaturated solution in which the states occurring
before the nucleation barrier have reached a quasi-equilibrium. In the case of single stranded
molecules this includes folded and unfolded monomers, dimers, and trimers, while in the
case of hairpin molecules it includes monomers in the folded, unfolded and hairpin states.
This local equilibrium is possible because of the substantial free energy barrier separating
these states from the large aggregates that are the global free energy minimum.

To describe the nucleation time, we modify the rate equation from Classical Nucleation
Theory as described previously[1¢]

L
ks= > kon ClcS(m?))gl(m?))

m3=1
L2
khp: > konClchp(nlh,p)éal(zmhp)v

mpp=1 (22)

Egs. 22 includes the three ingredients for successful nucleation that are described by
Classical Nucleation Theory. First, there needs to be an equilibrium fluctuation large enough
to generate the species at the top of the free energy barrier. This is described by the terms
c3(ms) and cpy(mpy), which give the concentration of clusters in solution that present an
ordered binding surface of /75 and 2/my, amino acids, respectively. Using Egs. 9, 10, and 21
these concentrations are given by
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; L mo \ms3
es(mz)=ct 3 (ma=mg+1) (L—ma+1)*(L— my+1) (£) (£)
2 3
1 9hp hp
Chp(Mip) = c1 3o (L=2mnp=mioop +1) iiﬁ,(A )" (23)

Second, a nucleation attempt begins when an additional molecule binds to the trimer or
hairpin causing the cluster to take an initial step downhill in free energy. These attempts are
described by the reaction rates ko, 163 Or konC1Cpp- We assume that the rate coefficient Ay is
limited by the diffusion of the monomers and the probability ¢ that the contact point on the
monomer is unfolded (see Eq. 4). Using the rate of reactive particles striking an absorbing
sphere, we approximate the collision rate of unfolded molecules as

kon=4maD¢ (24)

where a is the radius of the absorbing surface and Diis the diffusion constant of the
monomers.

Finally, successful nucleation requires that the newly formed clusters continue to grow
without dissolving back to a state below the nucleation barrier. In most pre-nucleation
solutions (except in cases of extreme supersaturation), the average time required for a new
monomer to diffuse to a growing cluster is longer than the average time it takes for a
monomer to detach from the mostly disordered cluster. Therefore, successful nucleation
requires a succession of unlikely events where either the diffusion time is shorter than
average or the residence time is longer than average so that the cluster experiences net
growth. The probability of this happening is given by the factor e; in Eq. 22, which is
conceptually identical to the Zeldovich factor in Classical Nucleation Theory[17:4%]. In Egs.
22 g1 is written as a function of the number of B-ordered amino acids available for an
incoming molecule to bind.

To model the probability of a successful nucleation attempt, we treat the size of the pre-
nucleation cluster as a one-dimensional random walk. Forward steps occur when a diffusing
monomer binds to the cluster causing it to grow. This occurs with a rate ¢; k. Reverse steps
happen when a molecule detaches from the cluster. For this to occur, the molecule must
break all of the H-bonds holding it to the cluster. If the cluster is highly ordered, the
molecules can form more bonds and it takes longer before they are all broken at the same
time. As a rough approximation we might expect the residence time of a bound molecule to
have a simple Arrhenius dependence r,..~¢}", where /mis the number of H-bonds to be
broken (/1= 3 or 25 for the single strand and hairpin cases, respectively)4l. A more
careful calculation gives(!2]
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i+22be“bm/Db (1,6*’%/Db)_

Uy (25)

tres:*

where vpand Dy, are the effective drift velocity and diffusion constant of the reaction
coordinate describing the number of H-bonds. These are given by

Ub:k+—k7:k+(1—g4_1) (26)

1 k _
Dy= (kg +h )= (1497

2 @7)

where k4 ~ ns~L is the timescale for the formation of an H-bond [42] and we have used
detailed balance to relate the rates of H-bond formation and breakage (4-) to the free energy
of the bonds, &+ /k- = gy.

With Egs. 24 and 25 we can determine the probability that the cluster gains or loses a
molecule

_ c1kon
P+ = kg thres

P~ = CTontke  (28)

where the rate of molecular detachment is ,.,=¢... Equations 28 define two concentration
regimes for nucleation. When ¢, &y, > ks New molecules generally add to the cluster faster
than they fall off. This means that the rate limiting step for nucleation is the formation of the
state at the top of the free energy barrier, since this state has a high probability of continuing
to grow. On the other hand, at physiological concentrations we expect that the opposite limit
C1kon < ke holds. In this regime the cluster is more likely to lose molecules than add them.
Therefore, nucleation requires the unlikely event where many molecules add with few
detachments. In other words, the cluster size performs a random walk that is biased toward
shrinkage events. We define a nucleation attempt to begin when a cluster grows larger than
the most unstable size 71, The attempt fails when the cluster returns to 71, and succeeds when
it reaches the stable size /". Therefore, the success probability e is the probability of a
walk that starts at 7.+ 1 and reaches A" without returning to 7, If NVis the size of the
cluster, a convenient reaction coordinate is 7= N - n,, the number of molecules above the
most unstable size, where n1,=1 or 3 for the hairpin and single strand cases, respectively.

The nucleation probability £; probability satisfies the recursion relation[43]
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En=P4+6nr1+HP—6n-1,  (29)

reflecting the fact that a cluster with 7 molecules evolves to a cluster with 7+ 1 molecules
with probability p + or at 7— 1 with probability o-. Eq. 29 can be rewritten as the matrix
equation p(n + 1) = Mu(n) where

1 _o 1 _9 1 1 1
romr=| 0 | (e M) (et
-1 B 1 0 11
e (32)

:<i410>
0 1) (@33

By applying the transfer matrix we can generate the success probability for a cluster of any
size

u(n)=M"""u(1) (34)

=T(T~'MT)""'T (1) (35)

Isr J Chem. Author manuscript; available in PMC 2018 July 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Zhang and Schmit Page 14

- (36)

where we have used the boundary condition gy = 0. By applying the other boundary
condition e+ = 1 we arrive at the desired result

(75— )N*_nc‘l 37)

Fig. 3 shows how the nucleation success probability depends on the monomer concentration
and the residence time of the bound molecules. At low concentration the detachment rate
greatly exceeds the rate of new molecules resulting in prohibitively low success
probabilities. The probability increases when either the concentration increases or the
nucleating cluster becomes more ordered which increases the residence time of newly bound
molecules.

The final result for the nucleation rate is given by Eq. 22 with Egs. 23, 24, and 37.

lll. RESULTS AND DISCUSSION

A. Effect of folded state on nucleation

The nucleation rate predicted by Eq. 22 is plotted in Fig. 4 for molecules with (s# 0) and
without (s = 0) a stable folded state. In the absence of denaturant the folded state suppresses
nucleation by 7 orders of magnitude. Addition of denaturant leads to a rapid increase in the
nucleation of the folded protein because the folding equilibrium shifts toward the
aggregation-prone unfolded state. However, the denaturant also destabilizes the aggregated
state, as seen by the declining nucleation rate of the intrinsically disordered molecules. As a
result of these competing effects, the nucleation rate reaches a maximum at about 3 M
GdnHCI. At this point the monomeric protein is mostly unfolded and the nucleation rate for
the folded and intrinsically disordered cases converge. Urea has a weaker denaturing effect
and does not reach a maximum nucleation rate until the concentration is above 6 M. We note
that the two order of magnitude enhancement between 2 M and 4 M urea (Fig. 4) is
qualitatively consistent with the observation that the lag time for lysozyme aggregation
disappears over this range[44].

B. Off-register binding

Molecular models of mature fibrils show a striking level of order[13-15]. Most commonly, the
molecules form parallel, in-register S-sheets, although anti-parallel structures have also been
observed[#>46]_ |t is an open question whether this perfect alignment of sidechains is
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representative of all fibrils or simply an artifact of structural techniques that are most
sensitive to ordered structures. From a self-assembly perspective, we expect that slow
growth conditions will favor more ordered structures while rapid growth conditions will
promote the incorporation of defects1247]. This would suggest that natural fibrils grown at
physiological concentrations would tend to be more ordered (provided only one protein
species is incorporated) while the higher concentrations employed /n vitro would lead to
more disorder.

The nucleation model presented above ignores sequence effects in that all binding states are
treated as equivalent. This is the relevant case when considering the aggregation of
homopolymers like polyglutamine or very high supersaturations where disordered
aggregates are expected to grow. In addition, if the binding selectivity is enforced by steric
complementarity more than the chemistry of the sidechains, the small size of the pre-
nucleation cluster may allow enough conformational lability to permit promiscuous
binding[48l. This would allow for a two-step nucleation process in which cluster formation
precedes the onset of crystal order[2249-511. A similar decoupling of the density and
alignment order parameters is thought to be the nucleation mechanism in protein

crystals [52:53],

The opposite limit, where the binding registry is strictly enforced, will modify the theory in
two ways. First, it will sharply reduce the concentration of pre-nucleation clusters due to the
reduced degeneracy of binding. Egs. 23 then become

colmg) = ¢ 3 (ma—ma+1) (L-mat1) (%)™ (£)™
s(ms) ~ cf ma—ma+1) (L=ma+1) (33 b

mo=ms3

o 1 Ihp Mhp
Chp(mhp)— > T(}T)
Mloop "L[oap 1

(38)

The single strand expression has a degeneracy factor describing the choice of /m, residues
out of L for the location of the H-bonds and a second factor to describe where the third
molecule inserts its sidechains to form the steric zipper contacts. The hairpin structure, on
the other hand, is uniquely determined by the length of the steric zipper interface, /7,,and
the size of the disordered loop.

Secondly, in-register binding will occur at a much lower rate than off-register binding. If
there are L amino acids in each protein, we expect that in-register binding will occur with a
probability £~1. This is equivalent to increasing the diffusion time by a factor of L. This has
a large effect on e, which scales with the diffusion according to (c;kon)2~V". As a result, the
requirement of in-register binding reduces the nucleation rate greatly relative to the
promiscuous binding case (Fig. 5).

C. Heterogeneous nucleation

Solution impurities can increase nucleation rates by providing binding surfaces for the
particles. The energy of binding to the impurity partially offsets the entropic penalty of
bringing the particles together, thereby increasing the concentration of critical species. In
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amyloid systems the nucleation barrier is due to both the translational entropy cost of
creating a high density fluctuation and the conformational entropy of stretching the proteins
into B-strand conformation. Therefore, heterogeneous binding sites that favor elongated
molecules can provide a particularly advantageous pathway to nucleation. A favorable
conformational bias can be provided by a surface that is planar on the length scale of the -
strands. Such surfaces include membranes, air-water interfaces, oil droplets, or even the
sides of existing fibrils.

To model heterogeneous nucleation we compute the concentration of an assembly of n
molecules bound to a heterogeneous site

Coan (M3)=cpercie T W/EpT

(39)

where ¢t is the concentration of heterogeneous binding sites and 7y, is the free energy of
the binding site-oligomer complex. Generalizing Eq. 23 for single stranded trimers we have

3 - 2 92\ (93 \" —msuf
Cpr3(M3) = Chet €] Z (mg—mg) (L—ms2)” (L—ms3) (_2> (_) e het/k ;T
ma2=ms3 )\1 Al

(40)

Here et is the binding energy per amino acid between the proteins and the heterogeneous
surface and s is the number of amino acids bound to the surface. The binding energy #;
depends strongly on the nature of the heterogeneous binding site with inert surfaces
contributing zero binding energy. Depending on whether the protein-surface interaction
occurs via sidechains or backbone H-bonds, mg,f can be either 2/ or m, + ms. Here we
assume the protein-impurity interaction is mediated by sidechains so msys = 2/m,. We have
also made the assumption that the allowed Ramachandran space is sufficiently limited that
binding to a planar surface also restricts the molecules to conformations closely
approximating B-strands.

Heterogeneous nucleation will dominate the system when ¢rz > ¢3, therefore, the required
concentration of impurity sites for heterogeneous nucleation to be significant is ¢3het/ C13-
This quantity is plotted in Fig. 6 as a function of the impurity binding energy. The surface
binding energy has an exponential effect on the trimer concentration with a marked change
in the exponent at #et = 1 Ag7. This value corresponds to the point where free energy of
forming the trimer switches from net unfavorable to favorable. When this happens the
partition function for the trimer states becomes dominated by the highly ordered terms,
leading to the abrupt change in the slope in Fig. 6.

A particularly important case of heterogenous nucleation is that of secondary nucleation,
where existing fibrils provide the substrate for nucleation events®7]. A recent simulation
study showed that Ap monomers form favorable interactions with hydrophobic sidechains
on the fibril surface causing them to extend parallel to the fibril axis(®8l. These sidechain
mediated interactions are qualitatively similar to steric zipper interactions, yet presumably
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stronger since the monomer will favor the most attractive sidechains on the fibril surface.
This suggests a heterogeneous binding energy on the order of #et ~ 27cg ~ 1.6 kgT.

IV. CONCLUSION

We have presented a toy model for the nucleation of amyloid fibrils from proteins that have
a stable folded state. Experiments have shown that the fibril state is much more stable than
the natively folded state, so the folded state represents a deep Kkinetic trap that helps prevent
aggregation[3®]. OQur calculations show that the native state has a profound effect on
nucleation kinetics (Fig. 4) but only a modest suppression on the concentration of unstable
oligomers that provide the substrate for nucleation (Fig. 2b). This explains why destabilizing
factors, like increased temperature or the addition of denaturants, often lead to rapid
aggregation.

Due to the difficulty in disentangling the effects of secondary nucleation and fragmentation
from primary nucleation, direct measurements of the primary nucleation rate are sparse.
Figure 5 shows three such measurements along with the predictions from our theory. The
most direct measurement of the nucleation rate used insulin in micron-scale droplets coated
with surfactants to eliminate heterogeneous nucleation[®8]. This setup allowed individual
nucleation event to be directly resolved, thereby eliminating the complicating factor of
secondary nucleation. These experiments yielded a nucleation rate of 5.6x106s71L"1 at 6
mM protein concentration. This rate is in good agreement with the predicted rate for single
stranded molecules, which is surprising because a molecule of the size of insulin would be
expected to nucleate using the much faster hairpin mechanism. Unfortunately, the
concentration dependence was not investigated in these experiments. This shortcoming was
addressed in later studies using AfBsg and Afs, as test systems!54:55], These works extracted
the nucleation rate coefficient by fitting the time dependent fibril concentration to a kinetic
theory accounting for secondary nucleation. The obtained rates lie between our predictions
for single stranded and hairpin molecules. Assuming that AgS nucleates via the hairpin
mechanism, the experiments are in much better agreement with the theory that assumes that
the amino acid alignment is strictly enforced. However, the numerical discrepancy grows to
nearly ten orders of magnitude at the upper end of the experimental concentration range.
While this is a large number, it is comparable to the discrepancy found in applying
nucleation theory to other protein systems[®l. In addition, the strong exponential and power
law dependencies inherent to nucleation ensure that small errors are greatly magnified and
rough approximations, such as our scaling of concentration units, could be contributing here.

More useful information can be obtained from the concentration dependence. Our theory
predicts two power law regimes for the concentration dependence. At high concentrations,
where ckyn > kies, New molecules bind to the cluster faster than they detach, meaning that
the success probability £ saturates near unity (Fig. 3). Therefore, the concentration
dependence comes from the concentration of unstable clusters and the diffusion rate. This
gives a concentration dependence of ¢"c*1, which results in ¢2 for hairpin molecules. While
this power law agrees with the experimental data for both Ag systems [543 it is surprising
that this limit applies to the concentrations where the experiments were conducted. At the
1M concentrations explored, the diffusion rates are on the order of cky, ~ 103 571, To
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achieve a detachment rate slower than this would require an ordered binding surface of ~ 25
amino acids (Fig. 3). Since the entropic cost of ordering amino acids is nearly 2 kg7, we
would expect that the system is in the low concentration limit, ckyn < Aes. In this limit the
success probability varies with concentration like c/‘f meaning that the overall nucleation
rate varies like oV, The resulting prediction of a nucleation rate proportional to ¢® can be
ruled out by current experiments (Fig. 5).

How is it that the system is actually in the high concentration regime? The most likely
explanation is that nucleation is occurring by a heterogeneous mechanism. Binding to
impurity sites will shift the free energy landscape, but will not alter the overall scaling
behavior. In this case, binding to an impurity could align the initial molecule enough that the
binding surface for subsequent molecules exceeds the 25 amino acids estimated above. We
do not believe that a more complicated pathway, for example a two-step mechanism, could
explain the observed weak power law because even the smallest disordered cluster, a dimer,
would bring a concentration dependence of ¢ with subsequent addition events bringing
additional powers.

An important caveat is that the nucleation theory presented here uses a one-dimensional
reaction coordinate (/). This means that it is unable to capture the displacement of the
nucleation flux away from the free energy saddle point[16]. The summation over core sizes in
Eq. 22 has a peak flux for clusters with ordered cores of 7~ 3 at all concentrations.
However, intuition suggests that the flux should shift to larger cores at lower concentrations.
This is because the increased waiting time will give the system more time to explore ordered
states with high free energy. This could also contribute to the overly strong concentration
dependence predicted by the model and the discrepancy in the magnitude of the rates.

Another limitation of our model is that the helix-coil model lacks the cooperativity found in
proteins with more complicated folds!2%l. This, coupled with the rough estimates used in our
parameters, means that our predictions are unlikely to be quantitatively accurate. Still, our
simple model provides needed insight into the energetics and scaling behavior of fibril
nucleation.
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VAVATA'S

Figurel.
Cartoon of the aggregation states modeled in our theory. The left panels show the conversion

of monomers between (a) an aggregation-resistant folded state that we model as a helix and
(b) an aggregation-prone disordered state. (c) A pair of (partially) unfolded proteins forming
a dimer through the formation of intermolecular H-bonds. In the figure the dimer is held
together by 7, = 6 H-bonds (red dotted lines). (d) A trimer which is held together by H-
bonds between the first two molecules (rear) and steric zipper interactions with the third
molecule (front). Sidechains participating in the steric zipper are shown as spheres with the
remaining sidechains omitted for clarity. The total number of ordered amino acids is 27, +
mg, mp from each of the rear molecules plus /3 from the front molecule. In the illustrated
conformation there are two sidechains from the front molecule participating in the steric
zipper. Since every other sidechain is on the opposite face of the p-strand, this requires at
least /m3 = 3 amino acids to be in the p-sheet conformation. (e) A tetramer with /m, = 6 B-
ordered amino acids on each of the molecules in the rear p-sheet (six yellow H-bonds) and
three B ordered amino acids on each strand of the front p-sheet (three red H-bonds).
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(a) Denaturant unfolding curves for isolated helices. For the parameters given in the text,
helices are ~86% folded in the absence of denaturant. We expect that real proteins will show
a more cooperative transition than the helix coil model meaning that they are more folded in
the absence of denaturant and the unfolding transition will be more abrupt(2°l. (b) Fraction
of L =100 helical proteins in the dimer state (2¢,/c;) and in the trimer state (3¢3/c) as a

function of the total protein concentration.
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(a) Comparison of the monomer detachment rate (blue) to the diffusion limited arrival of
monomers to the growing nucleus. (b) Probability that a hascent nucleus reaches the stable
size as a function of the size of the B core. When the core becomes large enough that newly
bound molecules have a residence time comparable to the diffusion time the success
probability approaches unity. Both plots assume disordered monomers (s=0).
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Figure 4.

Nucleation rate as a function of denaturant concentration for proteins of length L = 100 at a
concentration ¢;= 107> M. Intrinsically disordered proteins (s = 0) are monotonically
inhibited from nucleating by the addition of denaturant due to the weakening of
intermolecular bonds. In contrast, proteins with stable folded states (solid lines) show greatly
enhanced nucleation upon denaturant addition because of the increased population of
unfolded proteins (s=1.16 at ¢y= 0). This trend reverses at high denaturant concentrations
since the proteins are mostly unfolded and the dominant effect of further denaturant addition

is the destabilization of fibril contacts.

Isr J Chem. Author manuscript; available in PMC 2018 July 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Zhang and Schmit

Page 25

-

o
(4]
o

-

o
w
o

1010
10-10

10730

10-50

10—70

Nucleation Rate (s'1 L'1)

10*90

10-8 10~ 0.01 10

Concentration/M

Figure5.
Predicted nucleation rate for hairpin molecules with £ = 40 (blue) and single strand

molecules with L = 15 (red). Long dashes represent the case where binding registry is
strictly enforced, while solid lines show promiscuous binding. Short black lines show
experimentally determined nucleation rates (data were used to fit the proportionality
constant and exponent for k. & ) for AB4, (solid)!>4! and AB4g (dashed)[®°]. The single
black dot shows the nucleation rate for insulin[>6l.
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Figure 6.
Required concentration of impurity binding sites needed for heterogeneous nucleation to

dominate homogeneous nucleation as the primary nucleation mechanism. There is an abrupt
change in the slope when the impurity binding energy, 7x; becomes strong enough to
overcome the entropic penalty of straightening the proteins.
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