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Summary

A treatment regime is a deterministic function that dictates personalized treatment based on
patients’ individual prognostic information. There is increasing interest in finding optimal
treatment regimes, which determine treatment at one or more treatment decision points so as to
maximize expected long-term clinical outcome, where larger outcomes are preferred. For chronic
diseases such as cancer or HIV infection, survival time is often the outcome of interest, and the
goal is to select treatment to maximize survival probability. We propose two nonparametric
estimators for the survival function of patients following a given treatment regime involving one or
more decisions, i.e., the so-called value. Based on data from a clinical or observational study, we
estimate an optimal regime by maximizing these estimators for the value over a prespecified class
of regimes. Because the value function is very jagged, we introduce kernel smoothing within the
estimator to improve performance. Asymptotic properties of the proposed estimators of value
functions are established under suitable regularity conditions, and simulations studies evaluate the
finite-sample performance of the proposed regime estimators. The methods are illustrated by
application to data from an AIDS clinical trial.
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1. Introduction

For many complex diseases, such as cancer, HIV infection, and mental disorders, there is
generally not a uniformly best treatment for all patients. Rather, different patients may
benefit from different treatments due to individual heterogeneity. For example, in AIDS
Clinical Trials Group (ACTG) Study 175 (Hammer et al., 1996), the primary composite
outcome of interest was time to having a larger than 50% decline in CD4 count, a measure
of immunological status; progression to AIDS; or death. For the comparison of two
treatments, zidovudine plus didanosine (coded as 1) and zidovudine plus zalcitabine (coded
as 0), the data suggest that zidovudine plus zalcitabine leads to more favorable outcomes for
younger patients than zidovudine plus didanosine. Figure 1 shows treatment-specific
Kaplan-Meier estimates of the survival function for the two age strata defined by the
observed median age, 34 years, in ACTG 175. It is clear that, among younger patients with
age < 34, those receiving zidovudine plus zalcitabine have almost uniformly larger survival
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probabilities those receiving zidovudine plus didanosine, whereas the situation is reversed
for older patients with age > 34.

This type of situation suggests that individual patient characteristics should be used when
selecting treatments to maximize an expected long-term outcome of interest for which larger
outcomes are preferred, such as t-year survival probability, and has heightened interest in
derivation of optimal dynamic treatment regimes. Because in many chronic diseases
treatment decisions may be made sequentially over time, a dynamic treatment regime is a set
of one or more decision rules determine which treatment to give from among the available
options based on accruing individual patient information, including baseline characteristics,
intermediate outcomes between decisions, and previous treatments. An optimal regime is
one that maximizes the expected outcome, or so-called value, if used by the entire patient
population to select treatments.

There is a large literature on statistical methods to estimate an optimal treatment regime
based on data from a clinical trial or observational study and non-survival outcomes. Q-
learning (Watkins, 1989; Watkins and Dayan, 1992; Murphy, 2005; Zhao et al., 2009) and
A-learning (Murphy, 2003; Robins, 2004) are two popular backward induction methods for
estimating optimal dynamic treatment regimes based on regression-type modeling. The
former involves positing parametric models for, roughly, the regression of outcome on
accruing information and treatment, while the latter is based on semiparametric models in
which only the part of the outcome regression representing contrasts among treatments is
modeled parametrically, along with the propensity scores, the probabilities of observed
treatment assignment given patient information at each decision point. Q-learning can be
sensitive to misspecification of the required models, while A-learning enjoys the so-called
double robustness property in that the corresponding estimating equations are asymptotically
unbiased when either the propensity scores or main effects portion of the outcome models
are correctly specified. An alternative class of approaches known as value or policy search
methods is based on deriving and maximizing directly a consistent estimator for the value
over a prespecified class of treatment regimes indexed by a finite-dimensional parameter.
Zhang et al. (2012b) proposed inverse propensity score weighted (IPW) and augmented IPW
(AIPW) estimators for the value in the case of a single decision point. Because the value
estimator is nonsmooth, the optimization problem is challenging, and nonstandard
optimization techniques are required. Zhao et al. (2012) and Zhang et al. (2012a) recast this
approach as a weighted classification problem; the former refer to this method as outcome
weighted learning. These approaches exploit approximations integrated into classification
software to address the nonsmooth optimization problem, so that the class of regimes is
dictated by a chosen classification method. Zhang et al. (2013) extended the value search
methods of Zhang et al. (2012b) to more than one decision point, which share the
computational challenges in the single decision case. Matsouaka et al. (2014) employed a
kernel smoothing technique to nonparametrically estimate the conditional mean for the
difference of the potential outcomes in a subgroup of patients and derived its associated
treatment regime.

Although survival time is often the outcome of interest, to our knowledge there is relatively
little development of methods for estimation of optimal treatment regimes where the goal is
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to maximize survival probability. Some work is focused on maximizing expected survival
time. Goldberg and Kosorok (2012) developed a Q-learning method for censored survival
data for estimating optimal dynamic treatment regimes and derived its associated finite
sample risk bounds on the generalization error of the estimated regime, while Zhao et al.
(2015) proposed a doubly robust estimator for expected survival time based on censored data
and use outcome weighted learning to estimate an optimal regime. Bai et al. (2014)
developed a locally-efficient doubly robust estimator for survival probability rather than
mean survival time and estimate an optimal regime by extending the methods from a
classification perspective of Zhang et al. (2012a). The latter two methods involve
transforming maximization of the value to a weighted classification problem, which allows
classification software to be used to address the optimization challenge and thus dictates the
class of regimes. All of these methods are relevant to a single decision point only.

In this article, we propose a value search method for estimating an optimal treatment regime
within a prespecified class for which the goal is to maximize survival probability that
addresses the optimization challenges in a novel way and is relevant to more than one
decision point. In particular, we develop a framework employing kernel smoothing
techniques to smooth the estimator of the value prior to optimization, which we show greatly
improves finite sample performance over the corresponding estimator with no smoothing.
This approach is different from the smoothing technique used by Matsouaka et al. (2014),
and, to the best of our knowledge, this is the first time smoothing has been integrated into
estimation of the value function and its associated optimal treatment regimes in this way.
Development of optimal treatment regimes for multiple decision points with censored
survival data is challenging, as timing of observations, censoring, and events must be
properly taken into account. In addition, we extend our smoothing approach to this setting.

In Sections 2 and 3, we introduce the statistical framework and estimators for a single
decision point and multiple decisions, respectively. Asymptotic properties of the proposed
estimators are given in Section 4. Finite sample performance is studied via simulation in
Section 5, and Section 6 presents application of the methods to data from ACTG 175. Proofs
are relegated to the Appendix.

2. Estimation of Optimal Treatment Regime for a Single Decision Time Point

2.1. Notation and Assumptions

Consider a study with two treatment options .«7; = {0, 1} given at baseline. For the ith
patient, /=1, ..., n, let X;denote the p-dimensional vector of baseline covariates taking
values x € 2" and A;denote the actual treatment received by the patient. Let 7;be the
associated continuous survival time of interest, with conditional survival function S7(44, x)
= AT;> 4A;= a X;= X) and corresponding conditional cumulative hazard function A 7(4a,
X), where 4= 0, 1. Let C;denote right censoring time for patient /. The observed data are
{(X; A; T; 8), i=1, ..., ni}, independent and identically distributed (iid) across 7, where 7;
=min{7; C}and &;= { T;< C}. We thus observe the counting process N{§ = (T;< t, §;=
1) and the at risk process Y{f = (T7;= d.
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A treatment regime is a deterministic function that maps x € Z" to .<Z;. For simplicity, we
assume the regimes of interest are from & = {g,, : g,(x) = Hn” x>0}, |7 = 1}, where X =
(1, x7)T. However, the proposed method also applies to any other % indexed by finite-
dimensional parameters. Denote the potential survival time of a patient if he/she were given
treatment &, which may be contrary to fact, as 7°(a). Accordingly, define the potential
counting process AV'(a; § and at risk process Y *(a; ) under treatment a, where V(& § =
Kmin(7(a), O <t T(@<Crand Y (a d= Kmin(T(a), C) = &. If a patient follows a
given regime g, we can write the corresponding potential survival time as f(g,,) = 7'*(1)g,]
+T(0)(1~gy), whose survival function is given by S'(, 1) = E(A T {g,(X)} > #X]), as well
as the potential counting process NV(gy; 8 = N'(1; Hg,+ N(0; H(1 - g,) and potential at
risk process Y (g )= Y7 (1; Dgn+ Y (0; H(L - g5). We wish to find an optimal treatment

regime in % that maximizes #year survival probability; that is g;pt(ac) = g(xm°"), where
PPt =arg max||p=1 S*(t. ;). Here, tis a pre-determined time point.

To find an optimal treatment regime, we first derive consistent estimators of S*(«; n) for any
1. We make the uninformative censoring assumption: { 7(1), 7(0)} & A, X, where “1”
means “independent of”. Let SA44, x) denote the survival function of the censoring time
given A= aand X = x. If we were able to observe the g,-specific potential counting process
N7 (gy;s)and at risk process Y;*(g,;s), an intuitive estimator for S(¢; ) is the inverse
probability of censoring weighted Kaplan-Meier estimator

v TT (1 S [AN g0 (X0)is}/ S {slgn (X, X))
> ) H<1 ?1[n*{gn<xi>;s}/sc{sgn<xi>,xi}])’ "

However, because N;"(gy;s) and Y;*(gy;s) are generally not observable, S™(u;, m) is not
computable based on the observed data. To obtain proper estimators that are computable
from the observed data, we make the following two assumptions, which are widely used in
the causal inference literature (Rubin, 1974): (i) stable unit treatment value assumption
(SUTVA); i.e. T= T(1)A+T(0)(1-Ay); and (ii) no unmeasured confounders assumptions;
ie. {7(1), T(0)}uAX.

2.2. Estimation Procedure

Following Zhang et al. (2012b), we cast estimation of S™(¢; 7) in a missing data framework.
By SUTVA, for those patients whose actually received treatment matches the treatment
dictated by gy, N;"(gn;5)=Ni(s)and Y;"(g:s)=Y;(s), which are observed. For other
patients, they are missing. This motivates us to modify the estimator given in (1) by
incorporating inverse propensity score weighting. Formally, the weight for the th patient is
given by

I[A=I{nTX > 0}] AI(TX > 0)+(1-A){1-I(n" X > 0)}

O (X)) A {17 (X ) F(1—Ay) m(Xi) AiH{1-7(X;) }(1-A;) @
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where z(X;) = P(A;= 1|X)) is the propensity score. In practice, (X,) is known by design, as
in a randomized clinical trial, or must be modeled and estimated from the data as in
observational studies. In the latter case, a parametric model, say a logistic regression is
usually used for estimating (X)), specifically,

logit{r(X;6)}=0" X, (3)

where logit(2) = log{z(1-2)}. Let & denote the maximum likelihood estimator of 6, and
define 7z (X,) = exp(67 X )/{1 + exp(6” X))}. If the logistic regression model is correctly
specified, @is a consistent estimator of 8.

To derive the estimator for S*(¢; 7)), we also need to estimate the censoring time survival
function S(4A;, X)). In many clinical studies with satisfactory follow-up, it is reasonable to
assume that censoring times are independent of treatment assignment and covariates, i.e.
independent censoring. Here, the Kaplan-Meier estimator for censoring times consistently
estimates S5A4;, X,). For some applications, the independent censoring assumption may be
restrictive, but can be relaxed to a certain extent. For example, if censoring times are
assumed to depend only on treatment assignment, the stratified Kaplan-Meier estimator can
be used to estimate the treatment-specific censoring time survival function. For more general
dependence, we can build a semiparametric model, say a proportional hazards model for
censoring times, and obtain the model based estimator of S(sA4;, X,). For simplicity, from
now on we make the independent censoring assumption and let S-) denote the Kaplan-
Meier estimator for censoring times.

Let w) denote the estimator of w;,;obtained by replacing (X, with 7£(X,) in Wy We
propose the inverse propensity score weighted Kaplan-Meier estimator (IPSWKME) for
S’(u; 7) given by

K Z?:llbmdNi(S)
S (umn)= TN s Vi) [
(wsm) l;{{l S g Yi(s) } @)

Note that the IPSWKME dose not depend on the Kaplan-Meier estimator S(:) for censoring
times, as it cancels from numerator and denominator under the independent censoring
assumption. In Section 4, we show that S, (¢ 7) is a consistent estimator of S™(¢; ) under
certain conditions. Based on S (¢; 7), the estimated optimal treatment regime to maximize

~opt

year survival probability is given by g(a;7]""), where f;‘;pt: arg maxjy| 18, (tm).

The IPSWKME (4) relies on correct specification of the propensity score model. If it is
misspecified, the IPSWKME is inconsistent. To improve the robustness of the IPSWKME,
we propose augmented IPSWKME (AIPSWKME) by incorporating assumed model
information. For example, we may posit a proportional hazards (PH) model (Cox, 1972) for
the conditional cumulative hazard function of 7 by
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AL (114, X)=Ao(texp{BT(XT, 4, AXT)"}. (5

where Ag(2) is the baseline cumulative hazard function, and gis a (2p + 1)-dimensional
parameter. The term wy;dN;{gn(X;);s} is augmented by

Wy AN 7 {gn(X;);s}
+(1—wy ) E[dN§{gn(X;);s} X]
=wyidN; {gn(Xi);s}
+(1—w; ) Sy (5|gn(Xi), X;) S (8)dA 1 (5|95 (Xi), Xi),

where S7(9A4;, X,) and SAs) are the conditional survival functions of 7and C, respectively.
Similarly, the term w,, Y;"{ g, (X;);s} is augmented by

Wi Y {gn (X3);8 1+ (1—wni ) S, (s|gn (X:), X;)S . (s). It can be shown that the two
augmented terms have the so-called double robustness property, i.e. they are unbiased for
E[dN;{gn(X;);s}| X;]and E[Y;"{gn(X;);s}| X;], respectively, when either the propensity
score model or the posited PH model is correctly specified. Therefore, we propose the
AIPSWKME for S™(«; n) as

$ =] (1_22;1[wmdzvi(s>+<lw,,i)S*T{s|gn<Xi>,Xi}Sc (s)dAT{smn(Xi),Xi}]) ’

3o [ Yi(8) (1= i) S {]9m(Xi), Xi} S (5)]

(6)

where Sr(s1A,-, X ) is the estimated survival function of 7 based on the fitted PH model and
Sc(9) is the Kaplan-Meier estimator for censoring times. Based on Sa(«; 7), the estimated

optimal treatment regime to maximize #year survival probability is given by g(m;'f)jpt),

where 7°°'= arg max|y, 1.5, (t:n). The asymptotic properties of Sa(¢; m) and S , (t:7°"")
are studied in Section 4.

2.3. Computational Aspects

Note that S (¢, n) and Sa(t 7) are not smooth functions of 7. As an illustration, we plot S,
(¢ n) and Sa(t n) as functions of 7 in Figure 2 for a simple example with one covariate and
the intercept term in n being set as 1. The estimates are very jagged, and direct
maximization of them with respect to nis challenging and may lead to local maximizers.
From our simulation studies in Section 5, estimated survival probabilities following the
obtained optimal treatment regimes may show substantial biases. As studied in Matsouaka et
al. (2014), cross-validation may be used to correct the finite sample biases of the
unsmoothed estimators, but it may increase the computational burden.
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To reduce the biases of the estimators, we propose to smooth the estimators .S, (£ 7) and
Sa(t 7)) using kernel smoothers. Specifically, we replace gy(x,) = 7' x>0} in Sy (¢ )
and S4(t ) with Iyx) = ®(n’X/h) to obtain the smoothed IPSWKME (SIPSWKME) S (¢,
) and smoothed AIPSWKME (S-AIPSWKME) S4(¢, i), where ®(s) is the cumulative
distribution function for the standard normal distribution, and / is a bandwidth parameter
that goes to zero as /7 goes to infinity. For bandwidth selection, we set 1= gy 1Rsd(57X),
where ¢ is a constant and sd(V) is the sample standard deviation of v. In our numerical
studies, we found that ¢y = 413 generally gives good results for all scenarios. We plot in
Figure 2 the smoothed estimates with the chosen bandwidth parameter for the same
example. The smoothed estimates approximate the original estimates well and have unique
maximizers around the true value 7; = 0.5. Because the treatment regime A’ X >0)
remains the same when 7 is multiplied by & for any & >0, choosing the bandwidth /to be a
function of 7, in particular, /2 being proportional to sa{7” X), ensures the scale-free property
of the regime, as the constant  cancels in ®(;7 X/#). As shown in Figure 2, although the
resulting smoothed value function is not convex in 7, it generally has a unique mode, and the
maximizer of the smoothed value function is much easier to obtain compared to the
unsmoothed counterpart. In all our numerical studies, the non-convexity of the smoothed
value function does not cause any difficulty in the maximization procedure. Such a
bandwidth parameter has been widely used in the nonparametric smoothing literature and
ensures that the original and smoothed estimators have the same asymptotic distribution (e.g.

Heller, 2007). Let 7#°°" and #°*" denote the maximizers of S; (£ 1) and Sa(t; ), respectively.

; ; ; ; .5opt .=0pt
Then the associated estimated optimal treatment regimes are g(z;7"") and g(z;7°""). In our

implementation, we first conduct the optimization without the norm-one constraint. Instead,
we search the maximizer in the domain -1 <7, <1 for all s and then we rescale 7 to have
norm one. This does not change the estimated value function, S;and S4, and their smoothed
counterparts.

3. Estimation of Optimal Treatment Regime for Multiple Decision Time

Points

We now extend the foregoing methods to estimation of optimal dynamic treatment regimes
incorporating multiple decision points. For simplicity, we illustrate for the case of two
decision points. Specifically, treatments can be given at baseline and at a fixed interim time
point 5, 0 <s <t For the th patient, let Xy, denote his or her gp-dimensional vector of
baseline covariates and Ag; € «7;g = {0, 1} denote the initial treatment received at baseline.
If the patient survives beyond sand is not censored before s, let X4 ;denote his or her p;-
dimensional vector of intermediate covariates collected by s after assigning treatment Ag;
and A;; € 7;1 = {0, 1} denote the follow-up treatment given at s. Thus, the observed data
are {Xo; Aoi, X1 T;>39), Ail(Ti>9), T; 8, i=1, ..., ir and iid across /.

As for a single decision point, we consider a class of linear dynamic treatment regimes for
simplicity, i.e. ¥= {9, = (90, 91)}, where
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go(zomo) =I{mg (1, xf) > 0},
gi(mo, x1ymy) =I{nT (1,2F,90(xomo), 1)) > 0},

1 is a (pp+1)-dimensional parameter with //mo/= 1, and 7, is a (pg+p1+2)-dimensional
parameter with //m;//= 1. Here, a patient following a treatment regime gy, is given treatment
9o(Xo; ) at baseline, and, if he or she survives beyond sand is not censored before s, is
given treatment g1 (Xo, X1; 71) at s. For patients whose initial treatments coincide with those
assigned by go(Xo; 7o) and who die before s, their treatment assignments are consistent with
the regime g, However, for patients whose initial treatments coincide with those assigned
by go(Xo; 7o) but who are censored before s, it is not known whether their treatment
assignments at the second decision follow the regime g, Let f(g,,) denote the potential
survival time for a patient if he or she were given treatment according to g,(Xo, X1). We are
interested in finding the optimal dynamic treatment regime

ggpt:{go(xo;ngpt),gl(Xo, X1:m5P")} in @ that maximizes the £year survival probability
SOt n)=EHHA T*{g,,(XO, X1)} > tXq, X1]). As is standard in the causal inference literature
for studying dynamic treatment regimes (e.g., Murphy, 2003), we assume: (i) SUTVA, i.e. a
patient’s observed outcome agrees with the corresponding potential outcome if his or her
actually received treatments are consistent with the assigned treatments and (ii) sequential
randomization assumption (SRA), i.e. the treatment assignment at current stage only
depends on the past received treatments and observed covariates, but not the potential
outcomes. Under these two assumptions, the above defined £year survival probability can be
estimated from the observed data.

We propose a similar inverse propensity score weighted Kaplan-Meier estimator for the
survival function S @(y; 7) given any treatment regime g, However, the derivation of
proper weights becomes more difficult, as some patients may be censored before sand
whether their received treatments follow the regime g, is unknown. To take this into
account, we define the following new weight for patient /, /=1, ...,

w(2):I(Ti < s) x 6 " I{Api=g0(Xoimg)}  I(Ti>s) XI{AOiZQO(XOi§n0)7Alz‘:gl(XOiagO(XOimo)vXliﬂ']{,)}

" S,(T;) T4, (Xoi) S,.(s) 7 ao (Xoi) X 7, (Xois Aoi, X1i)

where 74, (Xo) = o(Xo) Ao {1~ io(xo/)}(l—:‘\o/% 7£A1Xo£; Agi X1)) = m(Xoji Ao
XA+ {1 = m(Xoi Aoi X1)3(1 — Avj), and 7o(Xo)) and 7z (Xos Aos Xy) are the
estimates of the propensity scores ALAy;= 1/Xo) and AA1;= 1/Xoj, Aoi X1 T; > 9),
respectively. In randomized studies, n?o and 751 are known by design, while in observational
studies, they must be estimated, e.g. using logistic regression. The IPSWKME for S (¢; n)
is given by

. . u?@dNi v
S?(u;n)—H {1 an ?22) : )}'
(7

i=1Wn; Yi(v)
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~opt,(2) _ ( opt,(2) ,,opt,(2)

B Now . .
A0 h )= arg max |y | =1 n, =15, (tim). Then the estimated optimal

Let 7,

dynamic treatment regime is given by dv”"” ={go(Xo; 7022y 91(X07X1J70pt( ).

To improve the finite sample performance of the IPSWKME, we again introduce kernel

smoothing and replace the indicator functions go(Xo; n0) and g1(Xo; X1/ 1) in 5“52) (usm)

by ® {ﬂg(L X&)/ho} and © [mT{L X0, g0(Xomy), X1T}/h1}, where the bandwidth

2 (

parameters /iy and /» are chosen as before. Let 51 u;n) denote the resulting smoothed

IPSWKME and 7 “’pt ) denote the maximizer of 5’52) (t;m). To improve the robustness of
IPSWKME, we can similarly derive the augmented IPSWKME based on a posited model for
survival time, however, its formulation is very complicated and is not pursued here.
Conceptually, the proposed IPSWKME can be generalized to accommodate more than two
decision points. However, when there are more treatment decision points, the IPSWKME
Optimal Treatment Regimes for Survival Engpoint may become less reliable because fewer
patients will have assigned treatments consistent with a given dynamic treatment regime.

4. Asymptotic Properties

In this Section, we present the asymptotic properties of the proposed estimators in Theorems
1 - 3. Theorems 1 and 2 are for the cases with a single decision point while Theorem 3 is for
the case with two decision points.

Theorem 1

Under conditions (A1)-(A6) in the Appendix, if the propensity score model (3) is correctly
specified, for any regime g,, we have, asn— oo,

i. S)(u; §) =P S (v, m) forany0 <ust

i. NG 31 (usm)—S*(usm)} converges weakly to a mean zero Gaussian process;

M VS, (P —S™ (tm™)} =N (0, ZI (t0°™)), where the expression of (&
7PPY) is given in the Appendix;

VRS, (R - S, (7P =0, (1),

Theorem 2

Under condiition (A1)-(A6) in the Appendix, if either the propensity score model (3) or the
proportional hazard model (5) is correctly specified, we have, as n— o,

i. Sa(u, ;) —P S (u;, m) forany0 <us<t

i m {8, (um)—S*(u;n)} converges weakly to a mean zero Gaussian process;

M Vn{S, (0PN =8t } =N (0, ZA (tm°™)), where the expression of
T a(t; 1PPY is given in the Appendix;
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Page 10

VRS (AP —S, (7P Y =0p(1).

Under certain regularity conditions, if the two propensity score models ro(-) and rci(-) are
correctly specified, for any regime g,, we have, asn—> o,
i ~(2)

SE (um)—PS* @ (usm) forany0 <ust;

NG {5’52) (usm)—S*@ (um)} converges weakly to a mean zero Gaussian process;
ii. a(2) A0 * (¢} 0
Vn{S,(t ﬂ?,pt )*S (tm pt,(2 N(0, Z P, (2 ), where

opt,(2) :(ngpt’ n(l)pt) .

s

7
VS (A ) -5 (P2 =0, (1),

(2) 6} P
Here the asymptotic variances 2, (& 7°PY), £ 4(¢ 7°P!) and ZI (") can be
consistently estimated from the observed data using the usual plug-in method. The proofs of

Theorems 1-3 are given in the Appendix.

5. Simulation Studies

We examine the finite sample performance of the proposed estimators by simulation. We
first consider scenarios with a single treatment decision time point at baseline. For each
patient, baseline covariates Xj and X, are independently and uniformly distributed on (-2,
2). Given Xj and X5, the binary treatment indicator A is generated from the logistic model
logit{ (X7, X2)} = X1 — 0.5.X,. The survival time T is generated from a linear
transformation model (Cheng et al., 1995), A(7) = -0.5.X; + A(X1 — X3) + &, where A(s) =
log(e° - 1) — 2 is an increasing function, and the error term e follows some known
distribution, either the extreme value distribution or the logistic distribution, which
corresponds to a proportional hazards and proportional odds model, respectively. The
covariate-independent censoring time Cis uniformly distributed on (0, &), where G is
chosen to achieve the censoring rate of 15% and 40%. The optimal treatment regime

maximizing #year survival probability is gOPt(Xl, Xo)=I{X1—Xo > 0} for any £ We
search the optimal treatment regime in the class of regimes given by & = {g,: g,(X1, X2) =
Hmo + mXi+ mpXo 20}, = (m, 71, 72) '}, which contains the true optimal treatment
regime with 7°Pt = (0, 0.707,-0.707).

To implement the proposed estimators, it is necessary to posit a model for the propensity
scores. We consider both a correctly specified model, logit{a( X1, X2)} = G+ 6. X1+ X5,
and a misspecified model, logit{ 4(X1, X2)} = 6. For the augmented estimators, we must
posit a model for the survival time 7. Here, we always use the proportional hazard model
X1, X2) = Ap(D exp{Br1 X1+ P12 X0+ A(Boot So1 X112 X2)}. Note that when e follows
the extreme value distribution, the posited survival model is correctly specified. On the other
hand, when & follows the logistic distribution, this model is misspecified. We compare the
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performance of the IPSWKME () and AIPSWKME (S,), as well as their smoothed
versions, S-IPSWKME (§;) and S-AIPSWKME (S 4), under different combinations of the
assumed propensity score (PS) model, error term distribution, censoring rate, sample size (n
= 250 or 500) and time point of interest (#= 1 or 2). For each scenario, we ran 1000
replications and used a genetic algorithm to do the optimization, which is implemented by
the R function genoud within the package rgenoud (Mebane, Jr. and Sekhon, 2011).

We report results for the scenarios with 7= 250 and #= 2, which are given in Tables 1 and 2
for the extreme value error and logistic error distributions, respectively. Results for other
scenarios are similar. In the tables, we report the mean of estimated 7°P!, the mean of
estimated #year survival probability following the estimated optimal treatment regime,
namely the estimated optimal #year survival probability (denoted by S‘(ﬁopt)), the mean of
estimated standard error of S (1}°pt) using the plug-in method based on the asymptotic
variances established in Theorems 1-2 (denoted by SE), the empirical coverage probability
of 95% confidence interval for the year survival probability following the true optimal
treatment regime S(7°PY) (denoted by CP), the mean of simulated true #year survival
probability following the estimated optimal treatment regime (denoted by S(r?mt)), and the
mean of misclassification rate by comparing the true and estimated optimal treatment
regimes (denoted by MR). The numbers given in parenthesis are the standard deviations of
the corresponding estimates. Here, S(7°PY) and S(ﬁ"pt) are computed using simulated
survival times following the given treatment regime based on a large random sample of 5 x
10% patients. We have S(7°Pt) = 0.605 for the extreme value error distribution and S(7°Pt) =
0.672 for the logistic distribution. The misclassification rate for one simulation is calculated
as the proportion of patients for which the true and estimated optimal treatment regimes do
not select the same treatment.

From the results, when the PS model is correctly specified, all estimators of 7°Pt have
relatively small biases, in particular, the mean of ﬁgpt is close to zero while the mean ratio of

ﬁ(l’f’t to ﬁgpt is very close to negative one. The means of simulated true #year survival
probability following the estimated optimal treatment regimes, i.e. S(ﬁ"pt), are all close to
the true values. In addition, the estimates of 7°P! based on the AIPSWKME and S-
AIPSWKME of #year survival probability generally have smaller standard deviation than
those based on IPSWKME and S-IPSWKME. The unsmoothed IPSWKME and
AIPSWKME of the optimal tyear survival probability have relatively large biases mainly
due to the very jagged estimates of #year survival probability, as illustrated in Figure 2, and
as a consequence, the associated coverage probability of 95% confidence interval is much
lower than the nominal level. The smoothed S-IPSWKME and S-AIPSWKME of the
optimal #year survival probability greatly reduce the biases and thus give the proper
coverage probability. In addition, the unsmoothed and smoothed estimators of the optimal #
year survival probability have nearly the same standard deviation. When the PS model is
misspecified, the IPSWKME and S-IPSWKME generally have relatively large biases as
expected, while the AIPSWKME and S-AIPSWKME greatly reduce the biases and give
much smaller MR. In particular, when the posited survival model is correctly specified under
the extreme value error distribution, the S-AIPSWKME vyields proper coverage probability.
On the other hand, when the posited survival model is misspecified under the logistic error
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distribution, although the S-AIPSWKME is not consistent in general, it still gives small
biases with reasonable coverage probability. Performance of the estimators improves as the
censoring rate decreases and sample size increases.

We also compare the proposed method with the methods of Zhao et al. (2013) and Zhao et
al. (2015). For the comparison with the method of Zhao et al. (2013), we consider
randomized studies with known propensity scores, i.e. 4 = 0.5, sample size n= 250,
decision time point of interest £ = 2, and censoring rate of 15%. When implementing the
method of Zhao et al. (2013), we set the threshold £=0, 0.1, ..., 0.6 and find the associated
treatment regime for each & value.

Table 3 summarizes the simulation results for the extreme value and logistic error
distributions based on 1000 replications. The performance of the method of Zhao et al.
(2013) depends on the choice of the threshold value &. For the extreme value error
distribution, the best choice is £ = 0.4, while for the logistic error distribution, the best
choice is £=0.3. In practice, the best threshold value to use is unknown and must be
estimated from data, which may not be straightforward. Moreover, even with the best choice
of &value, the performance of the method by Zhao et al. (2013) is still worse than that of
our proposed smoothed estimators, S-IPSWKME and S-AIPSWKME, under all the
considered settings.

For the comparison with the method of Zhao et al. (2015), we consider the same simulation
settings as in Tables 1 and 2 with sample size 7= 250, decision time point of interest 4 = 2,
and censoring rate of 15%. For both methods, we consider the augmented estimation. Table
4 summarizes the simulation results based on 1000 replications. The proposed methods and
the method of Zhao et al. (2015) lead to comparable survival probabilities under the
estimated treatment rules, while the proposed methods yield smaller misclassification rates
under all the considered settings. In summary, the proposed methods demonstrate very
competitive performance compared with existing approaches.

Next, we consider scenarios with two treatment decision time points, one at the baseline and
the other at s= 1. The initial treatment assignment Ag and the follow-up treatment
assignment Ay, if applicable, are generated independently from a Bernoulli distribution with
success probability of 0.5. A single baseline covariate .Xj is generated from a uniform
distribution on (0, 4). To generate the survival time 7, we first generate a time 7; given Ay
and Xy from an exponential distribution with the rate function A1(Ag, Xp). The censoring
time Cis generated from a uniform distribution on (0, (). If a patient is neither dead nor
censored at time s=1 (i.e. min( 77, C) > 1), we generate a single intermediate covariate .X;
for this patient as X3 = 0.5 X5 — 0.4(Ap — 0.5) + ¢, where eis uniformly distributed on (0, 2).
Then we generate another time 7; given Ag, A1, Xp and X3 from an exponential distribution
with the rate function A,(Ag, A1, Xp, X1). The survival time 7 of interest is defined as 7=
71 if Ty <1and 7= 1+T; otherwise. The observed survival time is 7= min(7, C) with the
censoring indicator §= A 7< C). Here, C is chosen to achieve censoring rates of 15% and
40%. We consider three scenarios for the rate functions A1 and A,: (i) 11(Ag, Xp) = 0.5
exp{1.75(Ap — 0.5)(Xp — 2)} and A(Ap, A1, Xp, X1) = 0.3 exp{2.5(A1 — 0.4)(X; - 2) -
Ao(X]_ - 2)}; (II) Al(AO/ Xo) =01 exp{2(A0 - 0.5)(X0 - 2)} and /12(/40, A1, Xo, X]_) =0.2
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exp{3(A1 — 0.4)(Xy - 2) - 3(Ay - 0.5)(Xo — 2)}: (iiii) 11(Ag, Xo) = 0.2 exp{L.5(A4, - 0.3)
(Xo - 3)} and ﬂ.z(Ao, A1, Xo, Xl) =0.3 exp{2(A1 - 0.5)()(1 - 2) + 0.5(/40 - 0.7)()(0 - 1)}

For the above three scenarios, the true optimal rule for maximizing #year survival

probability (#> 1) at time s= 1 is given by ¢ (z1)=1I(2—x,>0). However, the true optimal

rule goP* (o) at time s= 0 is a complicated nonlinear function of xp, which can be derived
using backward induction as in Q-learning. In our implementation, for computation
simplicity, we search for the optimal dynamic treatment regime in a class involving linear
decision rules, specifically, ¥, = {go(x0) = K + mx0 > 0}, q1(x1) = Kz + maxy > 0}, ||
(1, I =1, ||(m3, ma)ll = 1}. Then, the true optimal rule g‘fpt(xl) at time s=1 corresponds

to (n9P*, 19" )=(0.894, —0.447) for all three scenarios.

For scenarios (i) and (iii), we take #= 3, while for (ii) we take £= 6. We use simulation to
find the true optimal rule at s= 0 in %, to maximize #year survival probability. Specifically,
we first generate Xg, and for a given (7, 1), we set Ag by the regime go(Xp). Then, we
generate Xj given Ag and Xp the same way as in our design, and set A; by the optimal rule

g‘l’Pt. Finally, we generate 7; and 75, and define 7the same way as before. Using generated
7’s for a large random sample of 5 x 10° patients, we compute the associated empirical &

year survival probability. We find ( n‘fpt, ngpt) to maximize the empirical #year survival

probability, which gives the true optimal rule ggpt in %, Here, we use grid search method to

find (75P*, n9P"). Since || (1", n5P")|| =1, we only need to do grid search for 7;. We have

(5" 3P )=(0.890, —0.456) and S(3; 7°PY) = 0.567 for scenario 1,

(" P )=(—0.891,0.454) and S(6; 7°PY) = 0.624 for scenario 2, and

(3", ") =(0.908, —0.419) and S(3; 7°P!) = 0.702 for scenario 3. Here

noP =, 9Pt Pt )" and S(¢ 7PPY is the tyear survival probability following the

optimal dynamic treatment regime defined by 7°Pt.

We compare the unsmoothed and smoothed estimators. For both estimators, the propensity
score models g and rz; are assumed known as for randomized clinical trials. Simulation
results for 1000 replications are summarized in Table 3. From the results, we observe: (i)
both unsmoothed and smoothed estimation methods give nearly unbiased estimators of 7°Pt,
and the #year survival probability following the estimated optimal treatment regime
(denoted by S(ﬁf’pt) in the table) is very close to the #year survival probability following the
true optimal treatment regime 7°P%; (ii) the mean of estimated standard error (SE) of 5(1;‘””)
based on the established theory is close to the standard deviation of the estimates given in
the parenthesis; (iii) The unsmoothed estimator for the #year survival probability following
the estimated optimal treatment regime (denoted by 5(1}0pt)) has relatively large bias and the
associated coverage probability (CP) is below the nominal level; and (iv) the smoothed
estimator for the #year survival probability following the estimated optimal treatment
regime has largely reduced bias and thus lead to proper coverage probability.
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6. Application to ACTG 175

We illustrate the proposed methods for a single decision with the data from the ACTG Study
175 (Hammer et al., 1996). Subjects were randomized to four treatment groups with equal
probability: zidovudine (ZDV) monotherapy, ZDV plus didanosine (ddl), ZDV plus
zalcitabine (zal), and ddI monotherapy. A primary composite endpoint of interest is the time
to having a larger than 50% decline in the CD4 count, or progressing to AIDS, or death,
whichever comes first. From treatment-specific Kaplan-Meier curves, it can be clearly seen
that treatments ZDV+ddl, ZDV+zal and ddl only are uniformly better than treatment ZDV
only in terms of survival. In addition, treatments ZDV+ddIl and ZDV+zal are overall the two
best treatments giving the highest survival probabilities especially after day 400. For
simplicity, we only consider two treatment options in our analysis, A = 1 for ZDV +ddI and
A= 0 for ZDV+zal, which involves 1046 subjects. For each subject, there are 12 baseline
clinical covariates; preliminary analysis results showed that Karnofsky score (Karnof),
baseline CD4 count (CD40), and age (Age) are three important risk predictors and may have
interaction effects with treatments. We include these three covariates in constructing
treatment regimes. Our goal is to find the optimal treatment regime from the class of linear
regimes defined by % = {g,= (i + mx + mXe + X3 20): 9= (m, 1, 2, 1), |7l =
1} to maximize #year survival probability, x; is Karnof, x, is CD40, and x3 is Age. Because
the data come from a randomized study, we use a constant model for the propensity score
and estimate this constant from data. For augmented estimation, we posit the proportional
hazard model as given in (5). We estimate optimal treatment regimes at day #= 400, 600,
800 and 1000.

The estimated optimal treatment regimes and the associated #year survival probabilities are
presented in Table 6. We only present the results for S-IPSWKME and S-AIPSWKME, as
they have better numerical performance than their nonsmoothed counterparts based on our
simulation studies. The numbers in the columns of Intercept, Karnof, CD40 and Age are the
parameter estimates ﬁ"pt defining the optimal treatment regimes, and S(¢ ﬁopt) is the
estimated #year survival probability following the estimated optimal treatment regime. From
the Table, the estimated optimal treatment regime for an earlier time may be different from
that for a later time. For example, comparing the obtained optimal treatment regimes for ¢=
600 and #= 800, the S-IPSWKME assigns a set of 353 patients to treatment 0 and another
set of 583 patients to treatment 1 for both time points. However, it assigns a set of 52
patients to treatment O for #= 600 but to treatment 1 for = 800. On the other hand, it assigns
another set of 58 patients to treatment 1 for £= 600 but to treatment 0 for = 800. For the S-
AIPSWKME, the findings are similar. S-IPSWKME and S-AIPSWKME vyield very different
parameter estimates 17)F’t. However, the corresponding optimal treatment regimes are similar.
Using the results for day 600 as an example, among the 1046 subjects, there are only 57
subjects whose assigned treatments are different by the estimated optimal treatment regimes
based on S-IPSWKME and S-AIPSWKME. In addition, the estimated #year survival
probabilities following the estimated optimal treatment regimes are nearly the same based on
S-IPSWKME and S-AIPSWKME.

Next, we compare the estimated optimal regimes with the simple regimes that assign all
subjects to the same treatment. Specifically, we construct 95% Wald-type confidence
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intervals for the difference between the estimated #year survival probabilities under the
estimated optimal treatment regimes and the simple regimes based on the derived asymptotic
normal distribution. The results are also given in Table 6. The confidence intervals either
stay above zero or zero is very close to the left end point of the intervals when it is
contained. This implies that the increase in value realized by following the estimated optimal
treatment regimes comparing with the simple regimes is significant or at least marginally
significant. The Kaplan-Meier curves for patients following the estimated optimal treatment
regimes (not shown here) are all uniformly better than those for each single treatment.

We have also estimated the optimal treatment regimes using the proposed methods based all
twelve covariates when smoothing is and is not employed. We do not report on this here for
brevity; however, we note that the results for smoothed estimators when using three versus
twelve covariates are comparable, demonstrating the adaptivity of the smoothed estimators
to incorporating relatively many covariates. The unsmoothed estimators can lead to slightly
different optimal treatment rules but with similar estimated survival probabilities. In
addition, the estimated survival probabilities show relatively larger differences between the
cases with three and twelve covariates, which is likely due to the instability in maximizing
the unsmoothed value functions.

7. Discussion

We have proposed Kaplan-Meier type estimators for the survival function of patients
following a given (dynamic) treatment regime and introduce kernel smoothing to improve
their performance. An optimal (dynamic) treatment regime within a class of prespecified
treatment regimes may then be estimated by maximizing the estimator of the associated #
year survival probability. We consider the case when there are two treatment options at each
decision time point. However, the proposed methods can be generalized to incorporate
multiple treatment options at each decision by defining a treatment regime using multiple
indexes instead of a single indicator function. In addition, current methods find the optimal
(dynamic) treatment regime to maximize #year survival probability, which can also be
generalized to maximize other clinical outcomes of interest. Specifically, using the
IPSWKME, S (:; 7), as an illustration, we can find the optimal treatment regime to
maximize .S (-; )}, where fis a specified function of interest; e.g.,

FLS,(m)y=/¢ S, (um)du corresponds to restricted mean survival time under a given
treatment regime. Likewise &S (-; )} =sup{uv - S, 7)) 2 0.5} corresponds to the median
survival time under a given treatment regime.

In this paper, we study the asymptotic distributions of the estimated value function under the
derived optimal treatment regimes. The asymptotic properties of ﬁin the treatment regime
function are very challenging to obtain. The convergence rate of ﬁis slower than the
classical 7/2-rate due to the indicator function A7 X'= 0), and the resulting limiting
distribution is not standard. Matsouaka et al. (2014) studied a special case where the
estimated value function depends on a single threshold value and showed that the estimator
of the threshold that maximizes the estimated value function has the 74/3-rate. We conjecture
that our estimator ﬁshould also have 713-rate. This is an interesting problem that warrants
future research.
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A. Proof of Theorems

To establish the asymptotic results given in Theorems 1-2, we need to assume some
regularity conditions. Recall that a working logistic model (3) is assumed for the propensity
scores with parameters @for the IPSWKME and a working proportional hazards model (5)
is further assumed for the survival time 7 for the AIPSWKME with parameters gand Ag.

Let uAi:(XiTvAivAiX;'T)T and UTI’i:(XiTvgTI(XZ')ngI(X’i)XiT)T' Define

K (X, AT, 5m)=[ S ah

KL(X, A, T, 5m)=" A= 1Y(u)E[{{ﬂ(32{jZ¢,(())(})fg(1 AN (W)

where w,=[ Agy (X)+(1-A){1—gn(X)}] /7" and "= m(X; ) A+{1-r(X; &)}1-A). In
addition, define

A Foson)— [t () Jg(u)
Ki(X, AT, om)= IOE[{LA( )—Lg (u )}gn( )+Lg ()]’

t{L (W-Lj(u )}E[{J"( )= JA(U)}Qn X)+Jg (u))
KX, AT, 65m)= (B [{L{ ()~ Lg ()} gn(X)+Lg (W) ’

Ji ()= A=A dN ()
+er, (1—71”",5:”“) exp {

—Aj(u)er} S (u)dAf(w), Lil (w)==E=GUAY (u)+ (1- 1400 ) exp {

where Af(wep} S, (u) ex=
exp {B77(X7, k kXT)T} k=0, 1. We assume the following conditions.

Al The covariates X are bounded.

A2  The propensity score rz(X) is bounded away from 0 and 1 for all possible values
of X.

A3 . T & ~ - . *
The equation £ HA—M X] =0 has a unique solution &".

l+exp(9TX)

A4 The equation

- |-1/ _E {Yi(s)CXp(IBTVAi)VAi}-‘ ‘ _
E (fo [ T {Yi(s)exp(ﬂTuA,)} J X dN;(s) | =0.
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has a unique solution B, where > tis a prespecified time point satisfying A 7;
217)>0. Let Aj(u)=E[ [5dN;(s)/E{Y;(s)exp(B™ v ,,)}] and it satisfies
Aj(T)< o0

A5 ~ 2
Supp|| zlE[{KJI(X7 Aa T, 6-’7)} ]<OO and

- 2 )
supy = E[{E (X, A, T,5m)} ]<oo, j=1,2.
A6  nh— ooand nff — 0as n— oo,

Under assumed regularity conditions Al — A4, we have the following asymptotic
representations:

\/_(0 0*> fz¢lz+0p() \/_(ﬂ ﬂ) fz¢2z+0p(1)
Vi {Ro ()~ Ag(u)} =5 3 dsi(u) o, (1), ﬁ{%@)—%@)}-ﬁi¢4i<u>+opu>,

i=1

where ¢1/s and ¢,/s are independently and identically distributed mean-zero vectors, and
#3/u) and ¢4 1) are independent mean-zero processes. Moreover, consistent estimators ¢31,-,

¢?2,-, @g,(u) and ¢§4,(u) of @1, o ¢3At) and ¢4{4) can be easily obtained.

In the following, we give a sketch for the proof of Theorem 1. The detailed proofs for
Theorems 1-2 are provided in the Supplementary Appendix.

A.l. Proof of Theorem 1

For any given regime gy, we first derive the asymptotic properties for the corresponding
inverse propensity score weighted (IPSW) Nelson-Aalen estimator. Specifically,

. w1 Wi dN ()
A, (um) = A, (um. 0)= % (A1)

It is easy to show that .S, (¢; 7) and exp{-A, (¢, )} are asymptotically equivalent for any
given n. Therefore, the asymptotic properties of S (u, 7) easily follows those of A 1 (U, 7).
When the propensity score model is correctly specified, we have 8= @and Wy, =wy;. Then
n- Z [niYi(s) = pE{wniYi(s)}=E[Y " {gy(X);:s}] uniformly for s€ [0, 7] as n— oo.

Similarly, we have 7~ Zizlwm’sz‘(S)%pE{wnidNi(S)}:E[dN*{gn(X);S}] uniformly
for s€ [0, ] as 7— oo. Therefore,

Ao u E[dN*{gn(X);s}] _ ruSo (8)dP[T*{gn(X)}<s]
A, ()= o Pt =) 6 S P oo

=—log{S*(um)} = A*(um),
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which establish the consistency given in (i) of Theorem 1.

Next, we derive the asymptotic distribution of A, (¢ n). By applying the first-order Taylor
expansion of A 7 (& ;) with respect to parameter @and some empirical process
approximation techniques, we have

VA, (um) = ) =n V2 52 ([ O D (1) 011) +o,(1)

= n_1/2 _:ZIQ(UQ"])JFOP( ),

where M {gy(X);s}=N;{gy(X);s}— [0Y; {gn(X);v}dA" (v;n) is @ mean-zero martingale
process and Dy(4) = lim;—.o a/{, (¢, ;, 6)/06. By delta method, we have

V{8, (um)—S* (um)y=—S*(um)n /2" ., Gi(uim)+o,(1), which converges weakly to a
mean-zero Gaussian process by applylng the empirical process theory. This proves (ii) of
Theorem 1.

Since f/‘;pt is the maximizer of S (¢ n) and 7°Ptis the maximizer of S(¢ 7), following the
similar arguments in Zhang et al. (2012b), we have

V{8, (AP =S (tmP) k= {8, (tm°) 5™ (tm ™) y=0,(1).

It follows that V{5, (£777)=S™ (L)} =N (0, Z (tm°™)), where

ZI () ={S" (tm™) Y E{CZ (tm°™)}. This proves (iii) of Theorem 1.

Finally, we show that S L (t “’Pt) and S, (t; ~Opt) are asymptotically equivalent. For any given
7, we have

~ ~ T . ~
VAL, (tm) =4, (Em)}= Vi~ Z{ (’7 ,f‘l)—zmeizo>}xK{<Xi,Ai,Ti,a;n>

(A2)

n s 7
VxS {@ (158) ~1 "X 2 0} x KX, A3 T, 60)
£

+op(1). (A3)
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Following the similar arguments in Heller (2007), we can show that supjj;=1 |(A.2)| = g(1)
and supj =1 I(A.3)| = ,(1). Therefore, we have \/n{A, (tm)—A, (t:m) }=0,(1) uniformly in
n, which implies \/n{S, (t:7)—3, (t:) }=0,(1) uniformly in 7. It follows that

~

Vr{S, (RS, (£7%") }=0,(1), which proves (iv) of Theorem 1.
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Fig. 1.
Treatment specific Kaplan-Meier curves by age.
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Fig. 2.

Plots for the original and smoothed estimates, where the original estimates are in black and
the smoothed estimates are in red. In addition, the IPW and AIPW estimates are given in the
left and right panels, respectively.
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