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Abstract

This paper explores robust recovery of a superposition of /R distinct complex exponential functions
with or without damping factors from a few random Gaussian projections. We assume that the
signal of interest is of 2/ - 1 dimensions and R < 2/ - 1. This framework covers a large class of
signals arising from real applications in biology, automation, imaging science, etc. To reconstruct
such a signal, our algorithm is to seek a low-rank Hankel matrix of the signal by minimizing its
nuclear norm subject to the consistency on the sampled data. Our theoretical results show that a
robust recovery is possible as long as the number of projections exceeds O(RIn? A). No
incoherence or separation condition is required in our proof. Our method can be applied to spectral
compressed sensing where the signal of interest is a superposition of £ complex sinusoids.
Compared to existing results, our result here does not need any separation condition on the
frequencies, while achieving better or comparable bounds on the number of measurements.
Furthermore, our method provides theoretical guidance on how many samples are required in the
state-of-the-art non-uniform sampling in NMR spectroscopy. The performance of our algorithm is
further demonstrated by numerical experiments.
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1. Introduction

Many practical problems involve signals that can be modeled or approximated by a
superposition of a few complex exponential functions. In particular, if we choose the
exponential function to be complex sinusoid, it covers signals in acceleration of medical
imaging [16], analog-to-digital conversion [25], inverse scattering in seismic imaging [1],
etc. Time domain signals in nuclear magnetic resonance (NMR) spectroscopy, that are
widely used to analyze the compounds in chemistry and protein structures in biology, are
another type of signals that can be modeled or approximated by a superposition of complex
exponential functions [19]. How to recover those superpositions of complex exponential
functions is of primary importance in those applications.

In this paper, we will consider how to recover those complex exponentials from linear
measurements of their superposition. More specifically, let X € C2V~ 1 be a vector satisfying

R
B=> ezl j=0,1,...,2N -2,
k=1 1)

where 2z, € C, k=1, ..., R, are some unknown complex numbers. In other words, X is a
superposition of /R exponential functions. We assume R<2N-1. When |z =1, k=1, ...,
R, X is a superposition of complex sinusoids. When z, = & &7k k=1, ..., R, X models
the signal in NMR spectroscopy.

Since R< 2N -1, the degree of freedom to determine X is much less than the ambient
dimension 2/ - 1. Therefore, it is possible to recover X from its under-sampling [3,5,8,12].
In particular, we consider to recover X from its linear measurement

b=Az, (2)

where A € CM*@N-1) with M< 2N - 1.

We will use a Hankel structure to reconstruct the signal of interest X. The Hankel structure
originates from the matrix pencil method [15] for harmonic retrieval for complex sinusoid.
The conventional matrix pencil method assumes fully observed X as well as the model order
R, which are both unknown here. Following the ideas of the matrix pencil method in [15]
and enhanced matrix completion (EMacC) in [10], we construct a Hankel matrix based on
signal X. More specifically, define the Hankel matrix A € C"*N py

Hjp=aj, j,k=0,1,....N-1 (3
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Throughout this paper, indices of all vectors and matrices start from 0, instead of 1 in
conventional notations. It can be shown that A'is a matrix with rank £. Instead of
reconstructing X directly, we reconstruct the rank-? Hankel matrix H; subject to the
constraint that (2) is satisfied.

Low rank matrix recovery has been widely studied [2,5,6,20]. It is well known that
minimizing the nuclear norm tends to lead to a solution of low-rank matrices. Therefore, a
nuclear norm minimization problem subject to the constraint (2) is proposed. More
specifically, for any given x € C2V =1, Jet H(x) € CMN be the Hankel matrix whose first
row and last column is x, i.e., [H(X)] jx = Xz« We propose to solve

ml}nHH(m)H*, subjectto Ax=b, (@)

where ||]|= is the nuclear norm function (the sum of all singular values), and A and b are
from the linear measurement (2). When there is noise contained in the observation, i.e.,

b=Az+n,
we solve

n}nlnHH(w)H*, subjectto ||Az—bl, <4, ®)

where &= || il is the noise level. The reconstruction of low-rank Hankel matrices via
nuclear norm minimization were also proposed in [13] for system identification and
realization.

An important theoretical question is how many measurements are required to get a robust
reconstruction of Avia (4) or (5). For a generic unstructured A/x A/matrix of rank A,
standard theory [6,7,9,20] indicates that Y NR - pol)(logN)) measurements are needed for a
robust reconstruction by nuclear norm minimization. This result, however, is unacceptable
here since the number of parameters of A'is only 2/V/— 1 with the actual degrees of freedom
R. The main contribution of this paper is then to prove that (4) and (5) give a robust recovery
of A (hence X) as soon as the number of projections exceeds O(RIn? N) if we choose the
linear operator A to be some scaled random Gaussian projections. This result is further
extended to the robust reconstruction of low-rank Hankel or Toeplitz matrices from its few
Gaussian random projections.

Our result can be applied to various signals of superposition of complex exponentials,
including, but not limited to, signals of complex sinusoids and signals in accelerated NMR
spectroscopy. When applied to complex sinusoids, our result here does not need any
separation condition on the frequencies, while only requiring O(RIn? A) measurements
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instead of O(RIn* ) in [10]. Furthermore, our theoretical result provides some guidance on
how many samples to choose for the model proposed in [19] to recover NMR spectroscopy.

Complex sinusoids. When |z = 1 for k=1, ..., R, we must have z; = &7k for
some frequency 7 In this case, X is a superposition of complex sinusoids, for
example, in the analog-to-digital conversion of radio signals [25]. We often
encounter the problem of signal recovery from compressed linear measurements
of the superposition of complex sinusoids in various applications. For example,
in compressed sensing of spectrally sparse bandlimited signals [25], the random
demodulator obtains linear mixing measurements of spectrally sparse
bandlimited signals through matching filters. We refer the reader to Sections Il
and IV of [25] for details. In array signal processing for Direction of Arrival
(DoA) estimation of electromagnetic waves [26], the signals received at the
antennas of the antenna array are a superposition of complex sinusoids with
different frequencies. Suppose that the battery-powered antenna array aims to
save energy in sending the measurements to the fusion center where the DoAs
are calculated, the antenna array can send linear projections of the signals
received across the antenna array. Moreover, if the antenna array is a non-
uniform antenna array, the observations across the antenna array are also linear
non-uniform compressive sampling of the uniform antenna array.

The problem on recovering X from its as few as possible linear measurements (2)
may be solved using compressed sensing (CS) [8]. One can discretize the domain
of frequencies 7 by a uniform grid. When the frequencies 7 indeed fall on the
grid, X'is sparse in the discrete Fourier transform domain, and CS theory [8,12]
suggests that it is possible to reconstruct X from its very few samples via §-norm
minimization, provided that R << 2//— 1. Nevertheless, the frequencies 7 in our
setting usually do not exactly fall on a grid. The basis mismatch between the true
parameters and the grid based on discretization degenerates the performance of
conventional compressed sensing [11].

To overcome this, the authors of [4,23] proposed to recover off-the-grid complex
sinusoid frequencies using total variation minimization or atomic norm [9]
minimization. They proved that the total variation minimization or atomic norm
minimization can have a robust reconstruction of X from a non-uniform sampling
of very few entries of X, provided that the frequencies f, k=1, ..., R, has a good
separation. Another method for recovering off-the-grid frequencies is enhanced
matrix completion (EMaC) proposed by Chen et al. [10], where the Hankel
structure plays a central role similar to our model. The main result in [10] is that
the complex sinusoids X can be robustly reconstructed via EMaC from its very
few non-uniformly sampled entries. Again, the EMaC requires a separation of
the frequencies, described implicitly by an incoherence condition.

When applied to complex sinusoids, compared to the aforementioned existing
results, our result in this paper does not need any separation condition on the
frequencies, while achieving better or comparable bounds on the humber of
measurements.
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. Accelerated NMR spectroscopy. When z, = & %& 7tk k=1, ..., R, X models
the signal in NMR spectroscopy, which arises frequently in studying short-lived
molecular systems, monitoring chemical reactions in real-time, high-throughput
applications, etc. Recently, Qu et al. [19] proposed an algorithm based on low
rank Hankel matrix. In this specific application, A is a matrix that denotes the
under-sampling of NMR signals in the time domain. We remark that linear non-
uniform subsampling measurements of the signal can greatly speed up the NMR
spectroscopy [19]. Numerical results show its efficiency in [19] for which
theoretical guarantee results are still needed. It is vital to give some theoretical
results on this model since it will give us some guidance on how many samples
should be chosen to guarantee the robust recovery. Though the result in [10]
applies to this problem, it needs an incoherence condition, which remains
uncertain for diverse chemical and biology samples. Our result in this paper does
not require any incoherence condition. Moreover, our bound is better than that in
[10].

The rest of this paper is organized as follows. We begin with our model and our main results
in Section 2. Proofs for the main result are given in Section 3. Then, in Section 4, we extend
the main result to the reconstruction of generic low-rank Hankel or Toeplitz matrices. The
performance of our algorithm is demonstrated by numerical experiments in Section 5.
Finally, in Section 6, we conclude the paper and point out some possible future works.

2. Model and main results

Our approach is based on the observation that the Hankel matrix whose first row and last
column consist of entries of X has rank R. Let Abe the Hankel matrix defined by (3). Eq. (1)
leads to a decomposition

Therefore, the rank of His £. Similar to Enhanced Matrix Completion (EMaC) in [10], in
order to reconstruct X, we first reconstruct the rank-/ Hankel matrix A, is satisfied. Then, X
is derived directly by choosing the first row and last column of A. More specifically, for any
given x € C2V =1 Jet H(x) € C™MN be the Hankel matrix whose first row and last column is
X, i.e., [H(X)]jx = Xp 4 We propose to solve

mgnrank(H(:c)), subjectto Ax=b, ©)
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where rank(H(x)) denotes the rank of H(x), and A and b are from the linear measurement
(2). When there is noise contained in the observation, i.e., b = AX+ 5, we correspondingly
solve

n%!:inrank(H(w))7 subjectto [[Ax—b||, <, )

where 6= || 7, is the noise level.

These two problems are all NP hard problems and not easy to solve. Following the ideas of
matrix completion and low rank matrix recovery [6,7,9,20], it is possible to exactly recover
the low rank Hankel matrix via nuclear norm minimization. Therefore, it is reasonable to use
nuclear norm minimization for our problem and it leads to the models in (4) and (5).

Theoretical results are desirable to guarantee the success of this Hankel matrix completion
method. The results in [6,7,9,20] do not consider the Hankel structure. For generic N x N
rank-R matrix, they require O(NR-pol(log N)) measurements for robust recovery which is
too much since there are only 2N/ — 1 degrees of freedom in H(x). The theorems proposed in
[23] work only for a special case where signals of interest are superpositions of complex
sinusoids, which excludes, e.g., the signals in NMR spectroscopy. While the results from
[10] extend to complex exponentials, the performance guarantees in [4,10,23] require
incoherence conditions, implying the knowledge of frequency interval in spectroscopy,
which are not available before the realistic sampling of diverse chemical or biological
samples. This limits the applicability of these theories.

It is challenging to provide a theorem guaranteeing the exact recovery for model (4) with
arbitrarily linear measurements A. In this paper, we provide a theoretical result ensuring
exact recovery when A is a scaled random Gaussian matrix. Our result does not assume any
incoherence conditions on the original signal.

Theorem 1—LetA = BD € CMCN-1) whereB € CM2N-1) js a random matrix whose
real and imaginary parts are I.i.d. Gaussian with mean 0 and variance 1, D €

R@N=1x@N=1) js a diagonal matrix with the j-th diagonal vV i+1ifj< N- 1 and
V2N —1—J otherwise. Then, there exists a universal constant C, > 0 such that, for an
arbitrary e > 0, if

M > (C1 VRInN+ v2¢) 41,

then, with probability at least |~ st we have

a. X=X, whereX is the unique solution of (4) withb = AX;

b. [ID(X = X)||2 < 268l e, where X is the unique solution of (5) with|lb — AX], < é.
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The scaling matrix D is introduced to preserve energy. In particular, we will introduce a
variable y = Dx, and then the operator % induced by %y = H(x) satisfies ||V|l> = |9VI| £, see
details in (9). This energy preserving property is critical in our estimation that will be seen
later.

The number of measurements required is O(RIn? A), which is reasonable small compared
with the number of parameters in H(x). Furthermore, there is a parameter e in Theorem 1.
For the noise-free case (a), the best choice of e is obviously a number that is very close to 0.
For the noisy case (b), we can balance the error bound and the number of measurements to
get an optimal e. On the one hand, according to the result in (b), in order to make the error in
noisy case as small as possible, we would like e to be as large as possible. On the other
hand, we would like to keep the measurements M of the order of RIn? N. Therefore, a

seemingly optimal choice of e is e=0( \/EIHN). With this choice of &, the number of
measurements M= O(RIn? N) and the error | D(&—%)||, < O (%ﬁ)

Compared to results in [10,23], our theorem does not require any incoherence condition of
the matrix A. In particular, our proposed approach for complex sinusoid signals does not
need any separation condition on frequencies 7/’s for k=1, 2, ..., R. The reason for not
needing a separation condition in noiseless case may be due to the Hankel matrix
reconstruction method. Our proof of this fact also depends on the assumption of Gaussian
measurements, for which we have the tool of Gaussian width analysis framework. For
generic low-rank matrix reconstruction, it is well known that incoherence condition is
necessary for successful reconstruction if partial entries of the underlying matrix are
sampled [6,7]; however, incoherence is not required if Gaussian random projections are used
[9,20]. We are in the same situation except for the additional Hankel structure. Our proposed
approach uses Gaussian random projections of A, while the methods in [10,23] sample
partial entries A. However, empirically, even for non-uniform time-domain samples, we
observe that Hankel matrix completion does not seem to require the separation condition
between frequencies. We thus conjecture that Hankel matrix completion does not require
separations-between-frequencies condition to recover missing data from noiseless
measurements under non-uniform time-domain samples, for which we currently do not have
a proof.

2.1. Hankel matrix completion for recovering off-the-grid frequencies

Our results also apply to recovering frequencies in superposition of complex sinusoids,
instead of recovering only the superposition of complex sinusoids. We divide our discussion
into two cases.

The first case is the noise-free case, where the observations are not contaminated by additive
noises. In this case, since we can recover the full signal of the superposition of the
underlying sinusoids, we can use the single-snapshot MUSIC algorithm [27] to recover the
underlying frequencies precisely.

The second case is the noisy case, where the observation is contaminated by additive noises.
For this case, we have obtained a bound on the recovery error for the superposition signal
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(Theorem 1 of our paper). We can further recover the frequencies using the single-snapshot
MUSIC algorithm by choosing the R smallest local minimum of surrogate criterion function
R(w) in [27]. In [27], the authors provided the stability result of recovering frequency using
the single-snapshot MUSIC algorithm (Theorem 3 of [27]). Specifically, the error in
surrogate criterion function /A(w) is upper bounded by the Euclidean norm of the observation
noise multiplied by a constant C, where the constant C depends on the largest and smallest
nonzero singular values of the involved Hankel matrix. Moreover, the recovered frequency
deviates from the true frequency in the order of noise standard deviation when the noise is
small (Remark 9 of [27]). We remark that this stability result from [27] is applicable without
imposing separation condition on frequencies.

For frequencies satisfying a certain separation condition (Equation (23) of [27]), the authors
of [27] further provide stronger and more explicit bounds on the stability of recovering
frequencies from noisy data (by explicitly bounding the singular values of the involved
Hankel matrix).

Moitra [28] proved that stability of recovering frequencies from noisy observations depends
on the separation of frequencies. In particular, [28] shows a sharp phase transition for the
relationship between the cutoff time observation index m (namely 2N/ - 1 in this paper) and
the frequency separation 6. If m> 1/6+ 1, there is a polynomial-complexity estimator
converging to the true frequencies at an inverse polynomial rate in terms of the magnitude of
the noise. And conversely, when m < (1 — &)/ 6, no estimator can distinguish between a
particular pair of &-separated signals if the magnitude of the noise is not exponentially small.

However, the converse results in [28] are dealing with worst-case frequencies and worst-case
frequency coefficients. Namely if the separation condition is not satisfied, one can always
finds a worst-case pair of signals xand x such that telling them apart requires exponentially
small noise. Thus Moitra’s result in [28] is not for an average-case, fixed signal x. Moreover,
Moitra’s results does not mean that the single-snapshot MUSIC cannot tolerate small noises
in recovering frequencies. By comparison, in this paper, our stability result is an average-
case stability result, where our spectrally sparse signal is a fixed signal of superposition of
complex exponentials, and our stability result is obtained over the ensemble of random
Gaussian measurements. Our results are especially useful when the observations are
noiseless or have high SNR.

3. Proof of Theorem 1

In this section, we prove the main result Theorem 1. The most crucial factors are that i) one
has an explicit formula for the subdifferential of the objective function, and ii) the Gaussian
width under the current measurement model is computable.

3.1. Orthonormal basis of the N x N Hankel matrices subspace

In this subsection, we introduce an orthonormal basis of the subspace of &/ x N/ Hankel
matrices and use it to define a projection from C"**/to the subspace of all &/x N Hankel
matrices.
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Let E;€ CMN, j=0,1 ..., 2N~ 2, be the Hankel matrix satisfying

[Ej}k[: 1/ Kj’ 1fk+l:.'7’ k,1=0,...,N—1,
’ 0, otherwise, (®)

where Kj=j+ 1for j< N-1and Kj=2N~-1- jfor j= N- 1 is the number of non-zeros in

Ej. Then, itis easy to check that {Ej}?fgz forms an orthonormal basis of the subspace of all

N x NHankel matrices, under the standard inner product in C*/.

Define a linear operator

IN—2
Gz e CPN7 s = Z z;E; € CcNxN,
J=0 )

The adjoint ¥ of 7 is
g X ecV N g X e (9 X],=(X,E)).

Obviously, "% is the identity operator in C2V~1 and %" is the orthogonal projector onto
the subspace of all Hankel matrices.

3.2. Recovery condition based on restricted minimum gain condition

First of all, let us simplify the minimization problem (4) by introducing D €

C@N-1x@2N-1) the diagonal matrix with jth diagonal \/ K. Then, by letting y = Dx, (4) is
rewritten as,

mylnHWyH* subjectto  By=b, (10)

where B = ADL. Recall that % satisfies ¥*% = &, which is crucial in the proceeding
analysis. Similarly, for the noisy case, (5) is rearranged to

mymHng* subjectto  [|[By—b|, <e. (11)

By our assumption in Theorem 1, B € CM*(2V~1) js a random matrix whose real and
imaginary parts are both real-valued random matrices with i.i.d. Gaussian entries of mean 0
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and variance 1. We will prove y*= DX (respectively || — 7|2 < 28/ &) with dominant
probability for problem (10) for the noise free case (respectively (11) for the noisy case).

Let the descent cone of ||% -||» at 3 be

@)= >0, 9@+, < 199} (12)

To characterize the recovery condition, we need to use the minimum value of % for
nonzero z € T(y). This quantity is commonly called the minimum gain of the measurement
operator B restricted on €(y) [9]. In particular, if the minimum gain is bounded away from
zero, then the exact recovery (respectively approximate recovery) for problem (10)
(respectively (11)) holds.

Lemma 1—LetZ(yp) be defined by (12). Assume

min M .
=) [lzl, T (13)

a. Let g be the solution of (10) withb = By. Then = y.
b. Let 7 be the solution of (11) with||b — By, < 6. Then ||y — Jllo < 28l e.

Proof: Since (a) is a special case of (b) with 6 =0, we prove (b) only. The optimality of y
implies - y € T(y). By (13), we have

o 1 _ 1 _ "
lg=9ll; < ZIBG=9)l; < Z(IBY=bll,+[|Bg-bl,) < 20/e.

Minimum gain condition is a powerful concept and has been employed in recent recovery
results via § norm minimization, block-sparse vector recovery, low-rank matrix
reconstruction and other atomic norms [9].

3.3. Bound of minimum gain via Gaussian width

Lemma 1 requires to estimate the lower bound of min IB=l2, Gordon gave a solution

z€X(9) =zll2

using Gaussian width of a set [9,14] to estimate the lower bound of minimum gain.

Definition 1—The Gaussian width of a set SC R” is defined as:

w(S):=E¢ {iggf&} 7

where £ € R is a random vector of independent zero-mean unit-variance Gaussians.
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Let 1, denote the expected length of a 7~dimensional Gaussian random vector. Then

A= ﬂr(%l)/r(%) and it can be tightly bounded as 2 <A, < v/n [9]. The following
theorem is given in Corollary 1.2 in [14]. It gives a bound on minimum gain for a random
map II: RP+— R”.

Theorem 2. (See Corollary 1.2 in [14].)—LetQ be a closed subset of {x € RA||x||> =
1}. LetTI € R™P be a random matrix with i.i.d. Gaussian entries with meanQ and variance
1. Then, for any e > 0,

2
)

P (migllHl'[zH2 > 5) > 1—e~ 3An—w(2)—e)
zE

provided A,— WMQ) — e=0. Here 2 <A < V/n, and v(Q) is the Gaussian width of Q.

n+1l —
By converting the complex setting in our problem to the real setting and using Theorem 2,

we can get the bound of (13) in terms of Gaussian width of Ty () N3, where Tg(p) isa
cone in R4V =2 defined by

w(9)= H g } jot+iB € 3(@)} )

Lemma 2—L et the real and imaginary parts of entries of B € CM*CN~1) pe j j.d. Gaussian

with mean 0 and variance 1. Let Sg(y) be defined by (14) and*N =2 be the unit sphere in
C2N=1 Then forany e> 0,

2
C1(n (T ()N 3y e
P min |Bz|,>¢e] >1-2¢ 2( v (ER(@NET ) \/5) ’
zex(g)ns?V 2

where tN=3 fs the unit sphere in R4V-2.

Proof: In order to use Theorem 2, we convert the complex setting in our problem to the real
setting in Theorem 2. We will use Roman letters for vectors and matrices in complex-valued
spaces, and Greek letters for real valued ones. Let B = & + ¥ € CM<@V-1) where both ®
€ RM@N-1) and ¥ € RM*(2NV-1) are real-valued random matrices whose entries are i.i.d.
mean-0 variance-1 Gaussian. Then, for any z= a + 8 € C?M 1 with a, B€ RZVL,
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[ Bz[y=[(®+:¥)(a+B)|,=[|(Pa—¥B)+ (Pat®b)|,

2 9\ —1/2
=(||[¢> —\P]{ﬂﬂw @ | g})

2

Then
min & —®]| %[ >¢/v2 and min e &% =</ V2
z=a+BET ()N 2 B, s—atiBeT(g)nsEN 2 B,
(15)

implies

min |Bz|, > €.
zE&(y)ﬂS%j\LZ

Therefore,

2N—2

P < min _ ||Bz|y > e) > P ((15) holds true).
zZ€I(Y)NS;

It is easy to see that both [® —'¥] and ['¥ @] are real-valued random matrices with i.i.d.
Gaussian entries of mean 0 and variance 1. By Theorem 2,

2
-3 —w(Tz (PN 3 =
P ((15) holds true) > 1—2e 2(’\1” w(T (9N ) ﬁ) ’

and therefore we get the desired result.

3.4. Estimation of Gaussian width w(Tz () N &V ?)

Denote %% (g) be polar cone of Tg(y) € R*V2,ie,
T(H)={0 e RV W56 <0,y € (@)} (16)

Following the arguments in Proposition 3.6 in [9], we obtain
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w(Te(g) N 7)=E sup €'y <E ( min. €—’Y||2> :
YR y) (17)

yeIR(Y)NSIN 3

where ¢ € R*M-2 s a random vector of i.i.d. Gaussian entries of mean 0 and variance 1.
Hence, instead of estimating Gaussian width w(Tz () N 3" %), we bound

E(min, .., [1€=7ll2). For this purpose, let & : R*V2— R be defined by
o
7 q 8 D =9 (a+B)|l.-

The following lemma gives us a characterization of - (minwe:;(w ”5*'7”2> in terms of the
subdifferential &% of &#.

Lemma 3—Let T () and # be defined by (16) and (18) respectively. Let ey, ap € R2V1

A | w1
be the real and imaginary parts of y respectively and denote v { w2 } Then
Ti(g)=cone (0.7 (@))={ M|\ > 0, F(y+@) > F(@)+7"8, vy e R*" 7} (19)

Proof: It is observed that Tg(y) in (14) is the descent cone of the function &

(G =515 > 0, F (140) < F @)).

According to Theorem 23.4 in [21], the cone dual to the descent cone is the conic hull of
subgradient, which is exactly (19).

The following lemma gives us an estimation of Gaussian width w (T () N ~?) in terms of
EdIZdll2).

Lemma 4—LetTR(y) and¥ be defined by (14) and (9) respectively. Then
w(Tz(9) N ) < 3VER-E(|%gl,),

where E(||7gll,) is the expectation with respect to g € C2N-1. Here g is a random vector
whose real and imaginary parts are I.i.d. mean-0 and variance-1 Gaussian entries.
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Proof: By using (17) and Lemma 3, we need to find dc?(é) and thus 7 (). Let ﬁl = ,%31

and Q) = Y. Then Zp = Oy + 1Q,. Let a singular value decomposition of the rank-R
matrix 4 y be

Gg=U>» V*, with U=01+10;, V=E;+E,, 20)

where 81, ©,, Bq, By € R¥Rand £ € R™R and U € CMFand V € CMV*R satisfies U™U =
V*V = 1. Then, by direct calculation,

O = 0, -6, c R2VXCR) = B —E» c R2NX(2R)
®; ©; 7 B Ep 1)
(4 0,
satisfy 7@ = E72 = |. Moreover, if we define Q Q | then
Q=0 { > }ET
= (22)

is a singular value decomposition of the real matrix €, and the singular values Q are those of
9y, each repeated twice. Therefore,

9”(GJ):H%QII*:IIZII*:%IIQII*' (23)

Define a linear operator & : R4V-2 +— R2M2Npy

([3])-[ 5 22w aper

By (23) and the definition of Q, we obtain Z®)

|||, From convex analysis theory and
Q = 8w, the subdifferential of & is given by

1
2

IR SN
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On the one hand, the adjoint &* is given by, for any Ao Ay with

each block in RN

_ { A Ap } c R2NX2N

G (A11+Ag)

rac| g

On the other hand, since (22) provides a singular value decomposition of Q,
|Q.={OE" +A|®"A=0, AE=0, A, < 1}. (26)

Combining (24), (25), (26) and (21) yields the subdifferential of & at @

— 2
Ao Agp

. G* (0,27 +@,ET 4 2utan) A Ap
o —
07 (@)= { [ @* (@25{79155+7A21;A12) | N

} ,07A=0, AE=0, |A|, < 1}.

We are now ready for the estimation of the Gaussian width. Let the set & be a subset of the
set of complex-valued vectors

S={Z UV W)U W=0, WV=0, [W|,, <1}, (27)

where U, V are in (20). Then, it can be checked that

alt

Actually, for any W = A; + 1A\, satisfying U"™W = 0, WV = 0 and ||W||» < 1, we choose

A A —Ay
~ | Az A1 | Obviously, this choice of A satisfies the constraints on A in d#().

la+1B € e} C OF(@).
(28)

Furthermore, UV*+W =(0,ET + 0,21 + A )+1(0,ET +©,21 + A,). Therefore, (28)
holds.

With the help of (28), we get

min_||€—7l,=min m}%&)H&—Mllz < minmin [§—Ay]l,.

YE€T5(D) A>0y€0.7 (29)
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We then convert the real-valued vectors to complex-valued vectors by letting g = &1 + 1&
and c = 91 + 19, where & and & are the first and second half of € respectively and so for
y1 and y». This leads to

min_|

S €-7lly < minmin(l§—Ay|l,=minminlg—Ac(l,.

Since 9*9 is the identity operator and 4% is an orthogonal projector, forany A =0 and c €
6!

lg=Aely=Il9g—\e| ,=|9g-\g%* UV +W)],

* 2 * % 2.1/2
=(|9g-MUV*+W)||L—[[]ANF =49*)(UV*+W)])
< |Gg-AUV+W)| ., (30)

where W satisfies the conditions in the definition of G in (27). Define two orthogonal
projectors @4 and @, in CN*Npy

PX=UU*"X+XVV*-UU*XVV* P2,X=I-UU"X(I-VV™).
Then, it can be easily checked that: ®;X and ®@,X are orthogonal, X = @1 X + ®,X, and
A2 UV*=UV*, P2UV*=0, P W=0, P W=W, (31)
where U, V, W are the same as those in (27). We choose

1
A= 25(49)l, W=175(94).

Then, W satisfies constraints in (27). This, together with (29), (30), (31), implies

min
Y€ (Y)

£l < 19911229 9)UV=22(9g)l| .= 219 9)— || 72(99)|UV"|
< 121Gl + 22 G )L IUV (|, = 21(G ), + VR Z2(Fg) |-

F

We will estimate both ||®@1(40)||zand ||®P2(%qg)||,. For ||P1(%9)|| s we have
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[21(&9)|, =IlUU*(Zg)+(@g)VV*-UU*(4g)VV*| =|UU*(¢g)+(I-UU")(“g)V V|,

< UGl +II-UU")(GgV V| < |[UU*(@g)|,+|“g)VV7,
<2VR|%gl,

where in the last line we have used the inequality

IwU*@g)l, < IUU*||, 199, < VRl

and similarly [|(4g)VV*||. < VR||9g]|,. For ||@#g)ll2,
[22(Gg)|,=I(I-UU")(Gg)I-VV7)|l, < [I-UU"||,|9gl,[[ I-VV*|, < |99l
Altogether, we obtain

min ||y, <3 \/EH%QHQ,
YETE(D)

which together with (17) gives

w(Tr(9) N ) < 3VR-E(|%gl,).

3.5. Bound of E(||Zg]]2)

The estimation of E(]|%g||2) plays an important role in proving Theorem 1 since it is needed

to give the tight bound of the Gaussian width w(Tz () N ). The following theorem
gives us a bound for E(||Zd||»).

Theorem 3—Letg € R2N"1 pe a random vector whose entries are i.i.d. Gaussian random
variables with mean0 and variance 1, or g € C2N"1 a random vector whose real part and
imaginary part have i.i.d. Gaussian random entries with mean0 and variance 1. Then,

E([|9glly) < CilnN,

where C, are some positive universal constants.

We will use the moment method (see Chapter 2.3 in [24] for more details) to prove Theorem
3. In order to help the reader easily understand the proof, we begin with the real case and
introduce some ideas and lemmas first. Assume g € R2V"1 has i.i.d standard Gaussian
entries with mean 0 and variance 1. Notice that ¥g is symmetric. Therefore, for any even
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integer &, (tr (%)% YK is the k-norm of vector of singular values, which implies ||Zg]|, < (tr
(%g)9 VX This together with Jensen’s inequality,

B(l9gl) < B ((r(79))") < (Ber(79)) " (32)

Thus, in order to get an upper bound of E(||#g||,), we estimate E(tr((¥g)%)). Denote M = %g.
It is easy to see that

E(tr(M"*))= > E(M;, iy Miyi, ... My, i, My, i)
0<i1,i2yeyiy <N—1 (33)

Therefore, we only need to estimate Zo<jy, jy..... iksn-1 E(Miy o Mip iz Mijp_1 isMiin)-

To simplify the notation, we denote /g1 = /. Notice that Mii= g,fﬂ where g;is a
random Gaussian variable and Kjis defined in (8). Hence, Mjs 4, = My, jp,4 if and only if /p
+ g1 = Ip + Ip4q. In order to utilize this property, we would like to introduce a graph for any
given index #, b, ..., fxand its equivalent edges on the graph. More specifically, we

construct graph F . j,, ..., i With nodes to be 71, 5, ..., ixand edges to be (4, h), (&, A), ...,
(Fx=1, 1), (fxs 1). Let the weight for the edge (/¢ 7i41) be s+ igq. The edges with the same
weights are considered as an equivalent class. Obviously, Mj, iz, = M, jy, if and only if
(7 ig1) and (fp, ip4+q) are in the same equivalent class. Assume there are p equivalent classes
of the edges of F; j,,....i, These equivalent classes are indexed by 1, 2, ..., paccording to
their order in the graph traversal /4 — h» — ... = iy, — i. We associate with the graph
S, i,....ix & SEQuUeNce ¢, ... ¢, Where ¢jis the index of the equivalent class of the edge (7
/i+1)- We call €10, ... ¢ the label for the equivalent classes of the graph §j 5. . ik

The label for the equivalent classes of the graph F; 5, ... i, Plays an important role in
bounding E(||%g||2). In order to help the reader understand this concept better, we give two
specific examples here. For N=6, k=6, 1 =1, h=4,3=1,i4=3, i5=1, ly=4, we have a
corresponding graph and its label for the equivalent classes of the graph is 112211. For N =
6, k=6,1=2,h=3,1=2, =4, I5g=2, Ig =3, the label for the equivalent classes of the
corresponding graph is 112211 as well. Therefore, there may be several different index
sequences /1 /> ... ixthat correspond to the same label for the equivalent classes of the
corresponding graph. Let 2 , ¢, be the set of indices whose label of equivalent class of
the corresponding graph is ¢, ¢ ... ¢y i.e.

Wei ey e, ={4102 .. . ix|thelabel for the equivalent class of the graph &;, i, i, iSc1c2. .. i}

(34)
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For given 16 ... ¢k Agycp...cpis asubsetof {nh ... ikl €{0,1, .., N=1}, V j=1,.., k}.
The following lemma gives us an estimate for the bound Z; j»._ ke c1c2...ck

EMpoMpi - Migy itMiir)-

Lemma 5—Let ¢ be the Riemann zeta function and® oy o, ¢, be defined in (34). Define
B(s) = In(N+1) ifs=2 and B(s) = { (5/2) < 7?l6 for s> 4. Then

p
> E(M;, i, Migiy . .. Mi,_ 5, Mi,i,) < N[ B(se)(se—1)!!
1821,y oy ey, =1 (35)

where p Is the number of equivalent classes shown in ¢¢, ... ¢, and sp =1, ..., p, Is the
frequency of in ¢16 ... ¢y

Proof: We begin with finding free indices for any 4, 5, ..., ixinthe set2l¢ ¢, o Let (1, 2)
be the first edge of the class 1. Therefore, the weight of the first class is j; + j». For
convenience, we define k(1) = /1. The first edge of the class 2 must have a vertex & (j1, /),
depending on j; and f,, and a free vertex, denoted by /3. The weight of the second class is
k(f1, p) + f3. Similarly, the first edge in class 3 has a vertex A3(j1, />, /3) and a free vertex jj,
and the weight is &3(/1, />, /3) *+ Ja, and so on. Finally, the first edge in class p has a vertex
kf1, fo, - Jp) and a free vertex j+q, and the weight is k{1, /2, ..., Jp) *+ Jp+1. Recall that the

. it j . . . .. .
entry Mj;is \/;—ﬂ where gj. 7is a random Gaussian variable. Therefore, for any 44 ... /4 €
2[016‘2---Ck'

p
1
M; M;, o Mii)=]]

E(]wiliz 213+ * k—1%k

where my= kAj1, fo, - J} + J41- Therefore, it is non-vanishing if and only if s, s, ..., spare
all even. In these cases,

p
sp—1)!
E(M;y3,Migiy .. My 5 Mii))=] [ (se—1)

se/2
o Kt @

Summing (37) over g, ¢, ¢ We obtain

NZINZ1 N1 N1 po oy
DY E(Miyi,Migis - Myy_ip Miay) < 3 3 - 3 3 11557
2112"'7‘]"’6?’["1"2""% 71=072=0 Jp=07p+1=0¢=1 mp

NSNS e MR (e NED N1 (sp—1)!!

- Z Z s1/2 Z KSQ/Q Z . Z K,s‘p/2
Ipt1=0 R kp (1 esdp)Hip 41

J1=072=0 \ k1 (i1)+i2 53=0 \ T ka1 .52)+i3 14=0
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Since, forany 0 < c< V-1,

fvil 1 <{ 14+1/241/3+...1/N < In(N+1) s=2,

ST | Y2 1N <((5/2) s=4,6,.

where 'is the Riemann zeta function. By defining B(s) = In(N+ 1) if s=2and B(s) = ¢
(5/2) < 716 for 5= 4, the desired result easily follows.

The desired bound for E(||%g||») can be obtained if we know how many different sets of
e cy...cpare available in the set {15 ... ifi;€{0, 1, ..., N-1}, V j=1, ..., K} Let
%5152...5,; be the set of all labels of p equivalent classes with £th class containing s
equivalent edges respectively, i.e.

cics ... cpisavalid label of equivalent classes in graph §;,4,...4, }

B =<{cicy...C .
5182---5p { 152 d and thereare sy ’sinthelabel cics ... ¢p

(38)

Let €, be the set of all possible choice of p positive even numbers sy, ..., s, satisfying s; +s,
+...+S,=k Then

E(tr(M*F)= ¥ E(M; iy Miyiy ... My, i, M;, i)
0<iy,iz,...,ip<N—1
k/2
<X > > > E(]V[ilizzwizi:s s Mik—likzwikil)
p:181...SPGGP(ElCQ...Ck€%5152_,,Spilig...ikG‘llclcQ_”ck (39)

By bounding the cardinality of %5152__5;7 and €, we can derive the bound E(tr(M k) hence
E(||%d||») for the real case. The complex case can be proved by directly using the results for
the real case. Now, we are in position to prove Theorem 3.

Proof of Theorem 3—Following (39), we need to count the cardinality of %5152___5/7. For

k—1
any 16 ... cx€ 285152___5p, we must have ¢; = 1. Therefore, there are < s1—1 )choices of
the positions of remaining 1’s in ¢1& ... ¢, Once positions for 1’s are fixed, the position of
k‘—Sl—l
the first 2 has to be the first available slot, we have s9—1 choices for the positions of
remaining 2’s, and so on. Thus,
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|%5152_”3 | < k—1 ) k—Sl—l o k‘—sl—...—sp,l—l
P 8171 8271 Spfl
7(k71)(/€72)...(k‘781+1) (k,sl 1) (k 51 52+1) 1
- (31—1)! (Sz 1) o
(k—1)!

= =1
[T o= 5, (k=s1—..=s0)

which together with (35) implies, for any 515, ... S, € €p,

> > E(MilizMizis e 'Mik—lik]\/[ikil)
(3162...Ck€23sls2___spili2...ik691c1c2...ck:
<N L HB(Se)
- 1 (=T, (kmsi—emse) (40)
Summing (40) over €, yields
> > > ( 1142 1213 ]\/[ik—likMikil)
‘21...ST,E(‘:p(nCQ...CkE%,qlg2___,¢pi1i2...ik€91clc2___pk
<NE-1)! ¥ = AL Be
51...spe(£sz:1(Sf M Ly (k s1—w.=5¢) (4]_)

Let us estimate the sum in the last line. Let sbe the number of 2’s in 515 ... S, Then,

2 ps
HB(SZ) < In*(N+1) < c ) )
=1 (42)
Since each sy, ..., s> 2 and there are p — sterms greater than 4 among them, we have

p
[ (se—2)1 > 27—¢
/=1

(43)
and k=5 — ... - 9= sp1 + ... + 552 2(p— 0, which implies
p—1 -
H(kfslf...ng H =21 (p—1)!.
=1 (=1 (44)
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p )
There are ( 5/ choices of the positions of the $2’s. Moreover, once the $2’sin 5.5, ... Sp
are chosen, there are at most

(R R (——

choices of the remaining p - s s;‘s. Altogether,

Z Z Z E(th MZzZs Mik—lik Mikil)

51...5p€ECpC1C2...CkEBs  59...5p 11121 EUcycn ),

SN(k—l)!éjo ( p) ()" me v (5) et
=) é ( ) (%)p “Ins( N+1)( )’Hﬁ
:212/;)(121 l)ls < > ( ) (ln N+1)>

P
_k;_'_w

=2N (k—1)!

4
=2N (k=) ——y—— (45)

Finally, (45) is summed over all possible pand we obtain

E(tr(M*)= Y E(M; My, ... My, i Mii,)
Z],Zgu..ﬂ,k
k/2
< Z Z Z Z E(MuZzMsz s Mik—likMikil)
pzlsl...Sp€(§pclcz...ck€%slszmspil’ig...ikG‘)Ichz L
k/2 7f k+1ﬂ(N_+1)
< AN (kD! Y, A
=1 1! (46)
By using the fact that, for any A >0,
k/2 2 k/2—1
AP A A
A1+ A+ ] < Aef,
S A (i i)

(46) is rearranged into

2 1
E(tr(M*)) §2N(k_1)g( k_|_1n(N+1)) JETRRICIS N *(k ! ( 111(N+1))
< 2(N+1)2k:k ( —Hl) e
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Let kbe the smallest even integer greater than 211, (v 4-1). Then using [IM]l, < (tr(MA)VA
lead to

E(IMI)y) < B((er(M)'") < (B4 < 2 <N+1>%> Yk (gm0 e g

ﬂ'2 T —
< 27 . o¥o - A(N+1) - (5 )“‘“(N“) ¢ < C1lnN,
where the constant C; is some universal constant.

Next, we estimate the complex case. In this case, g € C2V1, where both its real part and
imaginary part have i.i.d. Gaussian entries. Write g = &+ /5, where & 7€ R2V"1 are real-
valued random Gaussian vectors. From the real-valued case above, we derive

E([€ll,) < CilnN,  E([[#n],) < CilnN.

Therefore,

E([9glly)=E(|9€+9nlly) < E(|9E]l,)+E(nll,) < 2CiInN.

3.6. Proof of Theorem 1

With Lemmas 1, 2, 4, and Theorem 3 in hand, we are in position to prove Theorem 1.

Proof of Theorem 1—Since (10) is equivalent to (4) by the relation y = Dx, we only need
to prove that y = y*for noise free data (|| y- 3|2 < 26/ for noisy data) with dominant
probability. According to Lemma 1, we only need to prove (13). By Lemma 2,

2
—L1( T AN -3y e
P ( min | Bz, >€> >1-2e 2( wE@NE ) \/§> )
zeY(

(g)nsz?

AMfw(ZR(g)m?RN—S)fi\/_ /”_ 3¢, VR 1nN77 > VA=1-3C, VR lan%,

When M > (6C, VRInN+ \/§E)Z+1, we can easily get

: Mo
p (mlﬂ caiynezv—2 1BZll2 25) > 1-2¢7" 5" We get the desired result.
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4. Extension to structured low-rank matrix reconstruction

In this section, we extend our results to low-rank Hankel matrix reconstruction and low-rank
Toeplitz matrix reconstruction from their Gaussian measurements.

Since the proof of Theorem 1 does not use the specific property that yis an exponential
signal, Theorem 1 holds true for any low-rank Hankel matrices. We have the following
corollary, which reads that any Hankel matrix of size //x Nand rank / can be recovered
exactly from its O(RIn? \) Gaussian measurements, and this reconstruction is robust to
noise.

Corollary 1 (Low-rank Hankel matrix reconstruction)—Let HE CN*N pe a given
Hankel matrix with rank R. LetX € C2N1 pe satisfying %u;= Hy for0< i, j< N-1. LetA
= BD € CMCN1), where B € CM*CNY) js a random matrix whose real and imaginary
parts are I.i.d. Gaussian with mean0 and variance 1, D € RCN-DXQ@N1) js the same as
defined in Theorem 1. Then, there exists a universal constant C, > Q such that, for any e > 0,
if

M > (C1 VRInN+ v2¢) 41,

then, with probability at least | et we have

a. H(X) = H whereX is the unique solution of

mggnHH(m) I, subjectto Ax=b

withb = AX;
b. [[HX) - H N < 26/e, where X is the unique solution of

min||H (x)||, subjectto | Ax—b|, <6

with ||b - AX]|, < 6.

Moreover, Theorem 1 can be extended to the reconstruction of low-rank Toeplitz matrix
from its Gaussian measurements. Let T € CMN be a Toeplitz matrix. Let X € C2V1 pe a
vector satisfying Xpn-q+(~) = 7j;for 0 < j< N-1. Let P € CMNbe an anti-diagonal
matrix with anti-diagonals of 1. Then, it is easy to check that T = H(X)P. Thus, we define a
linear operator T that maps a vector in C2V-1 to a A/x N/ Toeplitz matrix by T(x) = H(x)P.
Since P is a unitary matrix, one has || T(X)|= = ||H(X)P]|» = ||H(X)||-. Therefore, the above
corollary can be adapted to low-rank Toeplitz matrices.
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5. Numerical experiments

In this section, we use numerical experiments to demonstrate the empirical performance of
our proposed approach, and compare it with other methods including those in [10,23]. We
use superpositions of complex sinusoids as test signals. Note that the application of our
approach is not limited to such signals but any signals that are superpositions of complex
exponentials. We are going to consider two sampling schemes, namely, the random Gaussian
sampling model in Theorem 1 and the non-uniform sampling of entries studied in [10,23].
For the latter sampling scheme, it randomly observes M entries of X whose locations are
uniformly distributed in all M-subsets of {0, 1, ..., 2N/ -2}. We also consider two signal
reconstruction algorithms, the Hankel nuclear norm minimization and the atomic norm
minimization, from the given samples. Therefore, we have four different approaches to
compare: the Hankel nuclear norm minimization with random Gaussian sampling (our
proposed approach), the Hankel nuclear norm minimization with non-uniform sampling of
entries (EMacC in [10]), the atomic norm minimization with random Gaussian sampling, and
the atomic norm minimization with non-uniform sampling of entries (off-the-grid CS in

[23]).

We fix V=64, i.e., the dimension of the true signal X is 127. We conduct experiments under
different Mand R for different approaches. For each approach with a fixed Mand R, we test
100 runs, where each run is executed as follows. We first generate the true signal X = [X(0),

(1), ..., X(126)]7 with i-(t):ZkR:lckemf” for t=0, 1, ..., 126, where £, are frequencies
drawn from the interval [0, 1] uniformly at random, and ¢y are complex coefficients
satisfying the model ¢, = (1+100-57K) 276k with myand 6y being uniformly randomly
drawn from the interval [0, 1]. Then we get M samples of X according to the corresponding
sampling scheme. Finally, a reconstruction Xis obtained by solving the corresponding
reconstruction algorithm, which is numerically implemented by alternating direction method

of multipliers (ADMM). If @ < 1073, then we regard it as a successful reconstruction.

[

We plot in Fig. 1 the rate of successful reconstruction with respect to different Aand R for
different approaches. The black and white region indicate a 0% and 100% of successful
reconstruction respectively, and a grey between 0% and 100%. From the figure, we see that
the atomic norm minimization has similar performance under the random Gaussian sampling
and the non-uniform sampling of entries. Moreover, the Hankel nuclear norm minimization
also has similar performance under these two types of different sampling schemes.
Compared with the atomic norm minimization, the Hankel nuclear norm minimization
method is more robust when neighboring frequencies are close, despite different sampling
schemes used.

6. Conclusion and future works

In this paper, we study compressed sensing of signal that is a weighted sum of / complex
exponential functions with or without damping factor. The measurements are obtained by
random Gaussian projections. We prove that, as long as the number of measurements is
greater than O(RIn? N) with Nthe dimension of the signal, minimization (4) is guaranteed to
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get a robust reconstruction of the underlying signal. Compared to results in [10,23] where
partial entries of the underlying signal are observed, our proposed approach does not require
any incoherence condition (i.e. does not require any separation condition on frequencies for
signals without damping).

The bound O(RIn? N) we obtained is not optimal. There are several possible direction to
improve it. Firstly, we may improve the estimation of E(]|%q||»), a key step in our proof. We

empirically observed that E(||¢g||,)=0( v RInN), which is better than the bound in
Theorem 3. We would prove this bound theoretically. Secondly, we may borrow techniques
from compressed sensing to get the optimal bound under Gaussian measurements. Actually,
there has been recent work that yields precise bounds [17,18,22]. These results assume
Gaussian measurements, but all quantities involved are reals. It is interesting to explore
whether those results can be extended to our setting.
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Fig. 1.
Numerical results.
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y||F; see details in (9). This energy preserving property is critical in our estimation that will be seen later.The number of measurements required is O(Rln2 N), which is reasonable small compared with the number of parameters in H(x). Furthermore, there is a parameter ε in Theorem 1. For the noise-free case (a), the best choice of ε is obviously a number that is very close to 0. For the noisy case (b), we can balance the error bound and the number of measurements to get an optimal ε. On the one hand, according to the result in (b), in order to make the error in noisy case as small as possible, we would like ε to be as large as possible. On the other hand, we would like to keep the measurements M of the order of Rln2 N. Therefore, a seemingly optimal choice of ε is . With this choice of ε, the number of measurements M = O(Rln2 N) and the error .Compared to results in [10,23], our theorem does not require any incoherence condition of the matrix Ĥ. In particular, our proposed approach for complex sinusoid signals does not need any separation condition on frequencies fk’s for k = 1, 2, …, R. The reason for not needing a separation condition in noiseless case may be due to the Hankel matrix reconstruction method. Our proof of this fact also depends on the assumption of Gaussian measurements, for which we have the tool of Gaussian width analysis framework. For generic low-rank matrix reconstruction, it is well known that incoherence condition is necessary for successful reconstruction if partial entries of the underlying matrix are sampled [6,7]; however, incoherence is not required if Gaussian random projections are used [9,20]. We are in the same situation except for the additional Hankel structure. Our proposed approach uses Gaussian random projections of Ĥ, while the methods in [10,23] sample partial entries Ĥ. However, empirically, even for non-uniform time-domain samples, we observe that Hankel matrix completion does not seem to require the separation condition between frequencies. We thus conjecture that Hankel matrix completion does not require separations-between-frequencies condition to recover missing data from noiseless measurements under non-uniform time-domain samples, for which we currently do not have a proof.
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