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Abstract

We develop efficient numerical methods for fractional order PDEs, and employ them to investigate
viscoelastic constitutive laws for arterial wall mechanics. Recent simulations using one-
dimensional models [1] have indicated that fractional order models may offer a more powerful
alternative for modeling the arterial wall response, exhibiting reduced sensitivity to parametric
uncertainties compared with the integer-calculus-based models. Here, we study three-dimensional
(3D) fractional PDEs that naturally model the continuous relaxation properties of soft tissue, and
for the first time employ them to simulate flow structure interactions for patient-specific brain
aneurysms. To deal with the high memory requirements and in order to accelerate the numerical
evaluation of hereditary integrals, we employ a fast convolution method [2] that reduces the
memory cost to O(log(/)) and the computational complexity to O(/ log(N)). Furthermore, we
combine the fast convolution with high-order backward differentiation to achieve third-order time
integration accuracy. We confirm that in 3D viscoelastic simulations, the integer order models
strongly depends on the relaxation parameters, while the fractional order models are less sensitive.
As an application to /ong-time simulations in complex geometries, we also apply the method to
modeling fluid—structure interaction of a 3D patient-specific compliant cerebral artery with an
aneurysm. Taken together, our findings demonstrate that fractional calculus can be employed
effectively in modeling complex behavior of materials in realistic 3D time-dependent problems if
properly designed efficient algorithms are employed to overcome the extra memory requirements
and computational complexity associated with the non-local character of fractional derivatives.
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1. Introduction

The arterial wall is a heterogeneous soft tissue with complex biomechanical properties,
which may vary over space and the temporal states of deformation. Typically, integer-order
differential equations are used to model the stress-strain relations for arterial walls [3-5]. A
family of integer-order models can be derived using Fung’s theory of quasilinear
viscoelasticity [3], and one of its simplest examples is the Kelvin—Zener (Standard Linear
Solid or SLS) model [6]. The SLS model accounts for creep, hysteresis and stress relaxation
phenomena, and it can be described as a parallel combination of a spring with a spring and a
dashpot in series. In the one-dimensional (1D) SLS model, the axial stress o(#) is related to
strain &() as:

do(t)
dt

da(t))
a )’ (1.1)

o)+, 22 _p (5(75)—1—75

where £'is the Young modulus of the wall, and z,, z. are the relaxation parameters. Here we
note that when z,, = z,, the purely elastic model is retrieved. In [4,5], healthy central
systemic arteries in the human were simulated with 1D integer-order viscoelastic models,
and compared with measured data. However, although the integer-order model can capture
the time-dependent response of the arterial wall, in [7] it was reported that this model’s
viscoelastic response is very sensitive to the relaxation parameters. In arterial simulations,
these relaxation parameters vary significantly among patients and anatomic locations, which
makes the estimation of these parameters a challenging task and hinders the use of the
integer order model. Therefore, in [7-10] fractional time derivatives [11-13] are introduced
to describe the layered structure of arterial walls and capture the continuous relaxation
spectrum of soft tissue. In this new model, the arteries’ non-local behavior in time is
highlighted, i.e., the current behavior of the arterial wall has a strong dependence on its
deformation history. To be specific, in the 1D case the integer-order SLS model (1.1) has
been generalized by employing the so-called spring-pot element, which interpolates between
the purely viscous and elastic behaviors, and can be interpreted as a parallel combination of
a spring with a spring in series with a spring-pot. The constitutive law becomes

d“e(t))
e )" (1.2)

t
-5 (5(1&)—1—7;“

Here we use the Riemann-Liouville definition for the fractional derivative d‘; s of order a
+ O
(0<ax<l)
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which is a non-local operator that depends on the history of function 7(#). The I function is

defined as T'(r)=[°e "+~ dt. To investigate the interaction of this 1D model with blood
flow, one-dimensional FSI arterial models were studied numerically in [1], and the
simulation results indicated that the fractional order models are less sensitive to the material
parameters employed compared with the integer-order-based models.

The 1D model is relatively simple but it fails to provide shear stress distributions, which
strongly depend on the viscoelastic properties of the arterial wall. More importantly, it
cannot represent the patient-specific geometries which are clinically important in the
diagnosis and treatment of several vascular diseases [14]. Therefore, 3D studies are required.
To this end, 3D fluid-structure interaction simulations have served as an effective tool in
studying hemodynamics [15-24]. However, to the authors’ best knowledge, no work has
been done on the 3D study of fractional-order models for arterial walls.

To numerically discretize the fractional derivatives, the Griwald-Letnikov formula [12] has
been widely employed. However, upon integration to AVtime steps, these algorithms
consume at least O(A2) operations and O(A) memory due to the history effect of fractional
derivatives, which hinders the application of these methods in large-scale 3D numerical
simulations. To approximate the time-fractional derivatives and hence to obtain the solution
of fractional-order PDEs, various algorithms have been proposed in the last 15 years. In
[25,26], the decaying of the convolution kernel was exploited and the use of nested meshes
was proposed, which requires O(log(A)) memory. Alternatively, instead of truncating the
convolution kernel, in [27] the time-fractional derivative is discretized by means of a
fractional backward differentiation formula which truncates the Taylor expansion. Exploiting
the Laplace transform for the convolution kernel in [28], an algorithm was proposed based
on the quadrature rule. This algorithm requires O(/m) storage where m is the number of
quadrature points. A similar approach was considered in the fast convolution method [2,29],
where the authors considered a contour integral representation of the convolution kernel,
with the resulted algorithm requiring O(log(A)) memory. To achieve a higher-order
accuracy, the fast methods was further extended into the Runge—Kutta method, by
calculating multiple increments at each time step [30-32].

In this paper, we introduce fractional-order viscoelasticity in complicated arterial
geometries, such as patient-specific aneurysms, and for the first time apply it to 3D fluid—
structure interactions simulations. To overcome the excessive memory and computational
requirements, we develop and implement efficient and accurate numerical schemes for
solving fractional-order PDEs by combining the spectral element method [33-35] for spatial
discretization with the multi-patch fast convolution method of [2,29] for the time-fractional
derivatives. The fast convolution method of [2,29] achieves at most second-order accuracy in
time regardless of the time integration algorithm being used, because of the linear
interpolation employed. In [31] the convolution integration was approximated by the Runge—
Kutta method hence achieving higher-order convergence rates. Here, we make use of the
derivative estimations calculated in the high-order BDF methods, and propose a multi-step
fast convolution method by constructing high-order interpolation. This method does not
degrade the time convergence rate while estimating the convolution integrations, but instead
achieves high-order accuracy.
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The paper is organized as follows. In section 2 we first describe the governing fractional-
order differential equations (section 2.1) and two discretization methods for the fractional-
order derivative in section 2.2. In section 2.2.2, we derive a new fast convolution method and
demonstrate its numerical performance in two numerical examples in sections 3.1-3.2
highlighting the convergence rate in time and its computational efficiency. In section 3.3 we
apply the fractional-order arterial wall model in fluid—structure interaction simulations for a
straight idealized arterial geometry, and investigate the sensitivities of the wall model on its
relaxation parameters as well as on the fractional order. In 3.4 we employ a fractional-order
model to study the /ong-term deformation of a patient-specific cerebral aneurysm sac.
Finally, we summarize in section 4 the main findings of this study.

2. Mathematical formulation

In this section, we consider the solid problem in Lagrangian coordinates X, and derive the
formulation for the displacement field 7(X, § in a three-dimensional object occupying the
domain Q; C R3 with boundary 5= &spU &Ky Here Dirichlet type boundary
conditions are prescribed on &) p, Neumann type boundary conditions (traction) on dQ s,
and Qg stands for the initial configuration of the object.

2.1. Fractional-order model

The 1D fractional-order model described in (1.2) can be generalized into the 3D case:

2 9*S(t)

8“80@)
S(t)+T, &
()47 ot

—S(t )
o+ 2

where S is the second Piola—Kirchhoff stress tensor, a is the fractional order, and z,, 7, are
the relaxation parameters. Here we focus on the linear elastic model with infinitesimal
deformations for simplicity, and the same methodology can also be applied on nonlinear
materials if we take Sy as the stress tensor for hyperelastic materials and employ a Newton—
Raphson procedure at each time step (more details can be found in [35]). The stress tensor
Sp is then given by

So(t)=Mr(E(t))T+24E(t),

where E(t)=1 ((;’—;)T+ (g_;)) is the strain tensor, and 4, A are the shear and Lame

modulus, respectively. The fractional-order model (2.1) now becomes

sttt 250 (i (B4 Z20)) i (e D).

Here we assume that both the stress tensor S(#) and the strain tensor E(#) are continuously
differentiable, and the object is at a static equilibrium when ¢< 0, i.e., S(§) and E(?) vanish
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before £=0. Then we can set the lower limit of the fractional derivative (1.3) to be a=0.
Consequently, as a approaches 1, the model (2.1) converges to the integer-order SLS model

S(t)-i-TgaS—(t) S()(t)"'Te

_ 9So(t)
ot ’

ot

Next we derive a formulation for computing the displacement field 7(X). The equation
describing the deformation can be expressed as follows:

2

o™n
20 div(S)=paf, in,
Pspr div(S)=psf, in 23)

with the external traction load Sng= T applied at K¢y and the static initial deformation
(X, t=0) = 0in Qg In the above equations, ng, f and ps are the normal vector pointing
outward from the structure domain, the body load on the structure, and the structure density,
respectively. With test functions v, the deformation of this object is governed by the
following weak formulation:

82
[ psovdQot [ S:VvdQ— [ T-vdl'— [ f-vdQ,=0,%v € Uy,
0. Ot Qs o Q. (2.4)

where the displacement field 7(X, § € U(d) = {w(X, 9 € [H-(Q91*W(X, § = (X, § on
R5p}, and Ug = {w(X) € [H{(QIFwW(X) = 0 on Qsp}.

With the above weak formulation, the structure problem is then solved by employing a
continuous Galerkin formulation with Jacobi polynomials as trial and test functions. All
models are implemented in our parallel spectral element method code, StresSNEKTAR
[34,35], which can deal with different types of 3D elements in space, including hexahedrons,
prisms, tetrahedrons and pyramids. To be specific, we employ the high-order hierarchical
shape functions as defined in [35] to discretize in space. On each element we expand the
displacement n = (71, mp, m3) and the test function v = (14, v, 1a):

Ne Ne
ni(X)=> iptp(X),  vi(X)=D 0iptp(X), i=1,2,3,
p=1 p=1 (2.5

where A is the total number of shape functions for displacement on this element, ¢, (X) are
the shape functions, and r},p Vjp are the expansion coefficients. We then have the local vector
of unknown expansion coefficients for displacement on each element
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T
[(Ul)T ) (UP)T7 (UP+1)T’ ) (UNC )T] )
where Up:[ﬁlpa op> 77313} (2.6)

with length 3\, Here the coefficient vector is organized in a such a way that the three
displacement components corresponding to a particular mode are adjacent, so as to have
smaller bandwidth for the coefficient matrix [34]. Since the interior modes are coupled with
the boundary modes of the same element only, while assembling the local vector (2.6) into
the global vector U, we arrange the modes following the “vertex-edge-face-interior”
sequence as in [33]. With expression (2.5), one can then also obtain the global vector of the
external forces F, the mass matrix M, and the stiffness matrix K for stress tensor Sgp. On
each element Q,, the local vector of the external forces is a vector of length 3\, with
components

Fip: f (Te)i(ppdre—’_ f (fe)iqﬁde& 2217 2a 37
0(@e) Qe 2.7)

where (7,);and (£,);are the components of the external traction and body forces applied on
this element, respectively. Based on (2.7), the global vector of the external forces F is then
organized in the same ordering of indices as U. Correspondingly, on each element we have a
3N, x3 N, local mass matrix, which is organized as a matrix of N, x N, blocks, with each
block being a 3 x 3 submatrix:

[ (Me)ll e (1\/18)11\7E 1
: : , where (M), = <s{ps¢p¢nge> I
[ (Me)N@l o (Me)N@N@ J E (2.8)

Here | is the 3 x 3 identity matrix. Similarly, on each element we can organize the 3N, x3A/
stiffness matrix for the stress tensor Sg into A, x N, blocks, with each 3 x 3 submatrix being

Qe

{ (Otp)202000 | g 309506y ) 00, 060 06y 00y | | 06y 06y

D6y g %‘3 96, 0" Yoy agy o e afff 50,
{ )\()gp d(/)q ;g_;gi (a);—'—gi ayﬁ aq_gg )\B_J)E(LIH azp 8;] J dQe,
NG n GG ARG R ) TGS (2.9)

where f=p (Ojj Spa - %0p S0a 4 Sop "i") With the local mass matrix (2.8) and the local
stiffness matrix (2.9), one can then assemble the global mass matrix M and the global

stiffness matrix K, respectively. For more details, we refer the interested readers to [36].
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To discretize the second order time derivative %1 two types of methods are implemented in
StressSNEKTAR: the Newmark scheme and a three-step backward differentiation formula
(BDF) [37]. They can be defined by different expressions for the displacement and velocity
at the next time step. Let ndenote the index of the time step, in the Newmark scheme, based
on the current displacement 7, previous time step displacement 71, velocity 71 and
acceleration 771, we can approximate the acceleration and velocity at the 7-th step as:

"= AL (1-00)7" " +613"],  (2.10a)

,",)n: <17"’—n”_1—At'r] _(1_292),’~7n—1> ’
At20; 2 (2.10b)

where we have used “-” to denote the temporal derivatives and Atis the time step size.
Depending on the requirements of accuracy and stability, different values can be set to the
parameters (6, 6). In the following, we use the parameters (6, &) = (0.5, 0.25).

In the three-step BDF scheme, the acceleration and velocity approximations are also
expressed based on the current information (777, 7)) and previous time steps results (77,

7™') as:

0"=Am"+Bin" " +Cim" *+Din" ", (2.11a)

i = Aot + Bo" " +Cot" D" (2.11b)

Here Aj, Bj, C;and D;(i=1, 2) are related following the rule

0, 2.5-36, 36, —4 1.5—6,
Aj=—, Bi= C= D=7
AT A T A T A T (2.12a)
02 2.5—30, 30,—4 1.5—0,
At:— B: p— D:—
2=pp Brm o Cm Ty Per s (2.12b)

and (6, &) are also decided based on considerations of stability and dissipation. When
taking (6;, &) = (0, 0), the three-step BDF scheme reaches its highest accuracy, i.e., the
third-order convergence in time. In the numerical examples we will also test the case with
(61, &) = (5/3, 5/3) because of its enhanced stability [37]. This pair of parameters
corresponds to a three-step second-order scheme.
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2.2. Discretization methods for fractional derivative

2.2.1. Gruwald-Letnikov formula—While considering the temporal discretization for
fractional derivative, based on the assumption that S(#) and E(? are both continuously
differentiable, the Riemann-Liouville fractional derivative (1.3) is equivalent to the
Griwald-Letnikov fractional derivative [12]

| (ma)/a N
G « _ N _ T _
eDL A= xm D (Y <T>f(t rAb).

(2.13)

This fact enables a popular way of discretizing the fractional derivative, i.e., the Griiwald-
Letnikov formula which is of first order accuracy in time:

(t—a)/At

> GLY f(t—rAt)
r=0

BELDY f(t)= i
@ ¢ f( ) At%* Ate (214)

with

—a-1
GLS=1, GL°=""""-Gr* .
T

T

(2.15)

Substituting (2.14) into (2.1), at the n-th time step we obtain that

« «

T n T n
S’rl a LaSn7T — n [ Lasn—r
i (o) s (gerssi)

(2.16)
which yields

A & .
St =—— > GL} 7Sy 128" )+
r=1

_ I+72At™ _,
1+re At

a A\t— 0-
1—|—Ta_ At~ (217)

Therefore, the weak formulation (2.4) can be rewritten as
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jps v+ R j S5 VvdQ,

s

+WZGL" < [ SETT Vv, —Tafs" " VvdQ )
Qs
= [ T".vdl+ [f"- de
92,y 2 (2.18)

62
One can now approximate the acceleration dtZ at the s+th time step, with either the

Newmark scheme (2.10) or the three-step backward differentiation formula (BDF) (2.11).
Let 7denote the index of the time step, in the Newmark scheme we obtain the temporal
discretized formulation:

I /o) +1+TZNZ St:VvdS,

At 02 1+78AL

- [ . vdF—i—ff” vdS, +fm— (n"- 1+Atn" AR (1-20,)7" 1) a9
o0y

—Hfuj%glcm <rg [Sa7":VvdQs—T1 éS"T:VdeS> .

s

We then obtain a linear system for the coefficient vector U:

< 1 1+7OAE

At20, 1+78 At ) U +G

(2.20)

where the internal load vector G”is also organized in the same ordering of indices as U,
with the element-wise component as

A p — n—1 2 p—
G = J st (=t a0y A (120,77 ) 6,2

e

—a n —r _ .
—#WT;GL;} <Tg [su :wdee—TgQ[ S T:wspdsze) , i=1,2,3.

Qe ;

Similarly, in the three-step BDF scheme we obtain the temporal discretized formulation:

fpgAlAgn”de +}j—ﬁ§+ [ SE:VvdQ,

= J T [ s,
o9
— [ ps(Aa(Bin" 1 +Cimp™™ 2+D177" )+ (3277 Lo Do) ) vdQ

QS

—TyreAr ZleLS <Tg ({ SO VvdQ T Qf S"‘T:VdeS> ,

(2.21)
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where A;, B, C;and D; (/= 1, 2) are defined as in (2.12). It can therefore also be formulated
into the vector form:

1+78AE™

Ay ApMA—=—
( R Ty Ve

K) U"=F"+G".
(2.22)

The internal load vector components are

GZD:— J ps(AQ(Bln?_l+Cl77?_2+D177?_3)+(BQ7.7?_1+Cthl_2+D2ﬁ?_3))¢PdQe
Qe

A S GLe <Tg [ 81TV ,dQe—7o [ snr:wpdge) . i=1,2,3.
7T =l Qe Qe i (2.23)

In each time step, we can then calculate and store the memory load as

HIS ;= 1retxi= <Tg Qf Sh:VpdQe—12 S{ S":V(]ﬁdee) |

2

K3

N n. oAt [ 1o At n.
=Tiearw (s{ St .V¢dee> v <1+rgm—w (s{ S§:V,dQe
e '3 e

TEALTY TN
STrroATe (({ Sg:V¢de€> T IfroArT (({ S":Vqﬁdee)
i

e e

7

—« n n—r « n—r
+H£;W§1GL2 <Tg IS5V ydQe—8 f{s :V(;Sdee) )
= e K]

Qe
_ AV TN (14+78AETY) n.
- <1+T§‘At*“‘_ ’ (1478 At—)? > (Qf SO'V¢PdQ€
e

TEATY O T
7WZGL?HISZP y 221,2,3.
r=1

7

(2.24)

Assembling the above element-wise components into the global vector, it yields the
recursive formulation for

HIS”:( TEAL T?Ata(lrf‘Ata)> KU" TEAtTY &

_ — GLOHIS™ .
1+7oAt— (1472 At—a)? 1+T$At‘a,§ ' (2.25)

Starting from the static equilibrium, we solve the system with Newmark scheme (2.20) for
the first two steps and with BDF scheme (2.22) for the rest steps, following the algorithm:

. Set

U—0, 1'=0, U°=0, HIS"=0

J Comput Phys. Author manuscript; available in PMC 2017 November 03.
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for the r+th time step, do

1. When 1< 2, solve for U”7 with the Newmark scheme

At20,

1 I+70 At - :
M £ K| U'=F"-) GL{HIS"’
<At292 * 1+70 At ) > GL; +

n—1 At? e
(U"1+AtU" 1+7(17292)U 1);

r=1

(2.26)

else, solve with the three-step BDF scheme

oAt
—F"— 3" GLOHIS" " —(Ay(ByU™ 1+ U™ 24 DU 3) +(By U +CoU" 24D, %)) M.
r=1

142 e A "
(A A M LAt K) U

(2.27)
2. Calculate and store the memory load HIS” following (2.25).
3. Approximate U” and U” following the Newmark scheme (2.10) or the

three-step BDF scheme (2.11).
. Go to time step 77 +1.

Because the Griiwald-Letnikov formula (2.14) introduces an O(AJ) error, the above
Griwald-Letnikov algorithm should be of first accuracy in time. Regarding the efficiency, at
the r+th time step, for evaluating and storing the accumulated term in memory load H/S it
requires O(n) operations. With V= 7/Atnumbers of total time steps, this Griiwald-Letnikov
formula consumes O(A2) operations and O() memory in evaluating the accumulated right-
hand-side from deformation history.

2.2.2. Fast convolution method—The Griiwald-Letnikov formula is limited by its first-
order accuracy and the computational bottleneck of O(A2) operations and O(A) memory in
evaluating HIS, especially in long-term time integration as in the FSI problems of interest
here. To improve both the accuracy as well as the efficiency, we now convert equation (2.1)
to the convolution form. Applying the Laplace transform £ to (2.1), we have

(14+755%)Z(S)(s)=(1+475%)Z(So)(5),  (2.28)

which yields

J Comput Phys. Author manuscript; available in PMC 2017 November 03.
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2(8)(s)= (EZ2) Z(So)(s)

14755

—((=)"+L (1—(=\" 1
=((2) +% (-(2)") =4=) 2600) (2.29)
Then taking the inverse Laplace transform, we get the relation between S(#) and Sg(2)

S(t)= (;)aso(m% (1_ (;)a) ZI(t—r)So(r)dr,

o (e}

(2.30)

where

t

rey=Eaa (—(£) ). 20)05)=

To

1

To “ 5%

and Eg, p, (9 is the two parameter Mittag-Leffler function [12], which can be seen as the
fractional generalization of the exponential. By substituting the relaxation form of
constitutive law (2.30) and discretizing in space, we obtain the discretized form

.. o 1
MU"+ E KU =—

s

((:—j)a—1> KZI(t”r)U(r)errF”.

(2.31)

€

The Mittag—Leffler function exhibits a much faster decay than the exponential function for
small time # On the other hand, when #—00, this function has a heavy tail and its decay is
only algebraic. Therefore, although we may directly calculate the Mittag—Leffler function to

compute the convolution integral [ 7(¢t—r)U(r)dr in (2.31), such heavy tail behavior would
prohibit us from alleviating the computational complexity.
The methods introduced in [2,29] provide an effective alternative to evaluate such

convolution integrals. As illustrated in Fig. 1, the idea is to decompose the integral range ]f)"
with base 2:

nAt 2mM1At (2M142M2)At nAt
=/ + | +..+ [
0o 0 2m1 At (DAt (2.32)

where my = [logo(n)], mp = [logo(n — 2"™M)], etc. For example, when /7= 7, the integral

T (7TAt—r)U(r)dr can be divided into 3 parts
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(n—1)At

[ ImAt—U@Ydr~ [ InAt—r)drU [ (r—(n—1)A)I(nAt—r)drU™ + [
n—1

Page 13

AL aAt AL AL
J I(TAt—r)U(r)dr= [ I(TAt—r)U(r)dr+ [ I(TAt—r)U(r)dr+ [ I(TAt—r)U(r)dr;
0 0 ANt 6At

when 1= 8, we have 4 parts

8At 4At 6A¢ TAtL 8At
J I8At—r)U(r)dr= [ I(8At—r)U(r)dr+ [ I(8At—r)U(r)dr+ [ I(8At—r)U(r)dr [ I(8At—r)U(r)dr.
0 0 4At 6AL TAL

To approximate the £th part of the convolution integral, we apply the trapezoidal rule to a
parametrization of the contour integral for the inverse Laplace transform:

1 L 0)
()= [ 2Ty~ 3 w2
T j=-L (2.33)

where the complex contour I';is chosen to be the Talbot contour [38,39], and w§l) and %('z) are
the weights and quadrature points on each Talbot contour:

_ J dwy 0

Ry el GO -
J dn(L+1)i dk J

:wl@ij)v Ky

The function w(x) is chosen such that the singularities of £, (/)(s) lie in the contour [29].
Note that the Talbot contours can vary step by step if an adaptive algorithm [2] is employed.
However, in the current method, we generate the quadrature points for all O(log A) numbers
of Talbot contours before the first time step (pre-processing cost only). While computing the
last part of the convolution integral in (2.32), we improve the linear approximation proposed
in [29] by making a full use of the velocity U1 and acceleration U1 information
approximated following the Newmark scheme (2.10) or the three-step BDF scheme (2.11):

nAt nAt nAt .
MI(nAtfr)m
(n—1)At (n—1)At (

—H, U+ Hy U H O

)AL

(2.34)

which introduces an O(A#) error. Here the integrals can be calculated a priori as the inverse
Laplace transforms
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nAt At
Hy = [ I(nAt—r)dr=[I(r)dr
(n—1)At 0
L At ©
> L (fm)dr) (e
Jj=—L 0 -
L (0)
= (0) 1 ty:
- W N
=P )
nAt At
Hy = [ (r—(n=1)At)I(nAt—r)dr= [rI(At—r)dr
(n—1)At 0

L At (0)
~ 3 w§0)$ (_frI(At—T)dr) (*yj(lo))et'yj0
0

t’y(O>

_ (0)
_jz “j <7§o>)2(701+(7](0>>a)e ’

t At
Hy = [ 00895 np pydr=L [ 12 [(At—r)dr
0

AL (0)
wgo)f (g TZI(At—T)dT> (7](-0))6%

L ©
0 (
> w? —! e

and the weights as well as the quadrature points correspond to the Talbot contour chosen for

t= At For the rest of the convolution integrals fZI(nAt—r)U(r)dr in (2.32), we can
approximate them on the corresponding Talbot contour I';

b b
fI(nAt—r)U(r)dr:f%mf L_ (A=) gy U (r)dr

—
a a IV To

b
=L [ L emAt=b)y (=D (r) drdy

—2omi — o
r,7e +

L b o
1 At —b)y EPANIONS)
~ 3 O] 1 o(nAt=b)y; fe(b )5 (r)dr’

=T e (0) S
=k *(”J > (2.35)
where the inner integral [ Ze(b‘r)%(‘l)U(r)dr can be updated recursively by solving
7 1b,a, 7)) =7 ylb, a1 ()+UE). y(@)=0. (536

In each time step, to integrate for y[b, a, 'yj(l)](r) we update " ~ y[b, a, y](l)](nAt)

recursively after obtaining the approximated displacement U”, velocity U” and acceleration
u”
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0] nit ) _
y=e"i Aty”’1+ [ e (nAt T)U(r)dr
(n—1)At

(0] At W ap_ . 9
~ € Atynfl—i-{) Vi (A=) (U”—TUH+§UH> dr

0] O] .
) v AL, (1) vUAL L (1) 2 0
) v At J YAE—1)+1 - e'J CAL) =2 At42)—2 -
At p— - e (v )+l .n ((v; ' At) —2v;" At+2) n
767] y’n 1,e7 - 1'(]’717 J . U J 3J U
: 0] o (~®
7 ("/]' ) ('Yj )

- (2.37)

Therefore, time derivatives obtained from the Newmark scheme (2.10) or the three-step BDF
scheme (2.11), improve the piecewise linear interpolant used in [29] which introduces an
O(AP) error. Higher-order interpolation of U(7) in (2.37) is more effective in long-term
computation because it only gives O(A#) error at each time step which yields an O(A#)
error accumulatively. This accuracy could be further improved by using higher-order BDF
schemes. Since the Talbot contours are fixed, the computational cost in our algorithm for
approximating the convolution integrals (2.32) is:

. O(Nlog N) multiplications,
. O(log N) evaluations of the Laplace transform £ (/)(5),
. O(log N) active memory.

where Nis the total number of time-history steps.

Combining (2.34) and (2.35), we can rewrite (2.38)

MU"+ZKU"=F"+ L ((%)afl) K?I(t”*T)U(’“)dT
5 0

a
To

« . n— - _ AW O]
) _1) I{(I_]l[]n—1_’_1:1'2[]—77 1+H3U 1 +3° Z w(l) 1 F((n 1DAt=b)y; y[b,a,%@

(2.38)

which yields the following fast convolution algorithm:

. Set
U—0, 1'=0, U°=0
. for the r+th time step, do
1. When n< 2, solve for U”7 with the Newmark scheme
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(AM, M+J—K> Un=F"+ M

(urtrarg" A2 (19,0 D)

+% ((2)"1) K (Ut emu” 0"
+Z <J_§:LWZ We((n 1)At—b)y gl)y[b a ’y]()]((nl)At))) :
7 J

(2.39)

else, solve with the three-step BDF scheme

(414:M+ZK) UM=F"—(A(B U™ +C U 24D U ) +(By0" T +G0" +D,0" )M

+4 ((2)"1) K (U iU 0"

T To

+Z ( > w D1 ltn=DAi=b)y Ja)y[b a 'yj)]((n 1)A1‘)>) .

j=—L Ty Q+('y‘§-1))

(2.40)

2. Approximate U” and U following the Newmark scheme (2.10) or the
three-step BDF scheme (2.11).

3. Update the inner integral approximations )/’ following (2.37).
. Go to time step 77 +1.

The estimated integrals in (2.34) and (2.35) introduce an O(A#) error each, which
accumulatively give an O(AR) error from the fast convolution method. Therefore, while
using the fast convolution method, the fractional derivative estimation would only bring an
error which is smaller than the errors from the Newmark scheme (2.10) and the three-step
BDF scheme (2.11). Regarding the efficiency, with V= 7/A¢tnumbers of total time steps,
this resultant algorithm requires O(N/log N) operations and O(log ) memory.

2.3. Fluid—structure interaction

In the arterial simulations, we use the partitioned fluid—structure interaction approach to
study the blood flow and arterial wall physics numerically. We employ the fractional order
model for the structure part in order to investigate the performance of the viscoelastic
models in simulating the arterial wall motion. At the fluid structure interface, the Neumann
boundary condition

Sn=—[—pl+pss(Vut(Va) lng, on (1) (2,41
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is applied to ensure the continuity of normal stresses, where p, u, ¢, prand nrare the fluid
pressure, velocity, viscosity, density and the normal vector of fluid subdomain pointing
outward on the interface, respectively. The fluid part is assumed to be incompressible and
Newtonian, hence, it can be described by the incompressible Navier—Stokes equation in the
arbitrary Lagrangian—Eulerian (ALE) framework,

8{—u+(u—w) . VU:—@—ngZu, 1HQf(t),
ot os (2.422)

Vou=0, in€(t),  (2.42h)
combined with the initial condition
u(x, t=0)=uo(x), mQs(0), (2.43)
and the Dirichlet boundary conditions on the interface, i.e.,

_on
=7 o2 (), (2.44)

which enforces the continuity of velocities. Here, w stands for the mesh velocity. On the
fluid side the parallel Navier—Stokes solver NEKTAR [33] is employed, which is based on
unstructured spectral elements (polymorphic shapes) and corresponding Jacobi polynomial
expansions as trail and test basis in the mixed Galerkin formulation.

When the mass ratio between the structure and the fluid parts is around one as in our case,
the partitioned fluid—structure solver suffers from the so-called added-mass effect [40,41],
which causes divergence of the subiterations. To resolve the added-mass effect which
appears in the hemodynamic FSI simulations, we adopt the fictitious mass method with
optimal coefficients suggested by the analysis. In these simulations, subiterations are
employed on each time step to guarantee continuity at the interface. For more details of our
fluid-structure interaction solver, we refer the interested readers to [35].

3. Numerical results

3.1. First convergence test

In this section, we investigate the time accuracy of the Griiwald-Letnikov formula as well as
the fast convolution method. We first consider the deformation of a cubic solid occupying
the domain 0 < X< 1,0< Y<1land0< Z< 1discretized by eight hexahedral elements as
illustrated in Fig. 2. For the test example, we use two fabricated problems with parameters as
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listed in Table 1, then compare the simulation results against analytical fabricated solutions.
For the material properties, we use Young’s modulus £ and the Poisson ratio v, which are
related to the material constants A and yin (2.2) by

E o vE
2(1+v)” 7 (4+v)(1-2v)" (3.2)

M:

In cases FS1 and FS2, the face X'= 0 is clamped, and a traction force field T = (71, 7>, 73)
is applied on the rest of the faces, which is given by

Ti=ns(\+2u)t°, To=n, ™0, Ty=n. X%, (39)
where n = (15, 11y, 11,) is the outward-pointing unit vector normal to the surface. A body
force field f = (A, %, %) is applied on the subject with components:
fi=z((34+a)(2+a)t" T 72T (44a)t),  fa=f3=0. (3.3)

When #=0, the displacement and velocity fields vanish. This problem has the following
analytical solution for the displacement of the object:

T (4+a)
=z (3ol 2T t3>7 -
m=x < + 6 N2="3 (3.4)

To study the convergence behavior at time 7= 0.4, we vary the time step size A¢from
0.00015625 to 0.02, as in the left plot of Fig. 3. To compare the computational errors with
respect to the exact solution, for Atwe calculate the errors in the relative energy norm. Here
the relative energy norm is defined as

Hna_n(’”
Il =
RE gl (3.5)

where

lall ,:==p[e(a):e(a)d+A [div(a) div(a)dS2,
Q Q

1), 1s the analytic solution for displacement, and 7, is the result from computation. Here all
the simulations are performed with polynomial order 4 elements. In the left plot of Fig. 3 we
plot these errors in logarithmic scale as a function of time step size, which is also in
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logarithmic scale. Red solid lines show the results from the Griiwald-Letnikov formula,
while the results plotted in blue dashed lines are obtained with the fast convolution method,
with (6, 6,) = (5/3, 5/3), which corresponds to a second-order three-step BDF scheme.
Different symbols show the results from different cases. One could observe that for both
methods, the numerical errors decrease almost along a straight line as the time step size
decreases, indicating a polynomial order convergence rate in time. To be specific, a second-
order convergence rate in time is achieved for the proposed fast convolution method, while
the Griiwald-Letnikov formula is of first-order convergence.

In the right plot of Fig. 3, we compare the efficiency of the Griiwald-Letnikov formula with
that of the fast convolution method for time step numbers A/= 7/A¢from 1280 to 40960, by
showing the CPU time required for evaluating the memory effects at step . To be specific,
for the Griiwald-Letnikov formula, we show the CPU time in calculating the HIS load in
(2.25), while for the fast convolution method we calculate the CPU time for approximating

the convolution integral [ 7(t—r)U(r)dr. The results are plotted in linear scale as a function
of the total number of times, which is in logarithmic scale. The red solid line shows the
results from the Gruwald—Letnikov formula while the blue dashed line gives the results from
the fast convolution method. We observe that the CPU time required by the fast convolution
method is increasing linearly with the increase of time steps, which indicates an O(log(/M\V))
computational cost for calculating the memory effect at each time step. On the other hand,
the CPU time for the Gruwald-Letnikov formula is of O(N) and therefore it grows much
faster as shown by the red line. Both accuracy and efficiency for the two methods are
therefore validated: The Griwald-Letnikov formula is of first order convergence in time and
requires O(/V) operations in calculating the memory effect at each time step. The fast
convolution method converges with a second-order accuracy in time, and it requires only
O(log(N)) operations for evaluating the memory effect at each time step.

To further investigate the high accuracy of the fast convolution method, we now employ a
third-order BDF scheme in the case “FS2”. Here we vary the time step size A¢from 0.0125
to 0.2, and integrate until time 7= 2.0 for each At. The errors in logarithmic scale are plotted
in Fig. 4 as a function of time step size, which is also in logarithmic scale. One can see that
the fast convolution method with third-order BDF scheme achieves a third-order
convergence in time, which verifies our error analysis in Section 2.2.2.

3.2. Second convergence test

We now consider a simple but realistic example for a two-dimensional structure which has
been employed in [42], to show that the model accurately captures the mechanical response
and to investigate the accuracy of the fast convolution method when z, # 0. The geometry
and mesh are illustrated in Fig. 5: we consider an object with length 1.5 m in the xand y
direction, and with a thickness 0.3 m in the zdirection. The face x= 0 is clamped, and on x
= 1.5 a traction force field is applied following the negative y direction;

I'=T3=0, To=—1. (3.6)
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Here we employ a 3D code to obtain a 2D solution and hence we impose on z=0and z=
—0.3 periodic boundary conditions, i.e., 7|0 = 7| ~=-0.3. We assume no volume load f for
this object, and the model parameters are taken as

E=2Mpa, v=0.3, p,=7000kg/m?.

To compare the viscoelastic behavior of the material, three sets of fractional parameters are
considered:

(1) a= 033 7.=2.0, 7,=0.25;

)
(2) a=0.5. 7.=1.0, 7,=0.25;
(3)a= 1 0, 7.=2.0, 7,=0.25.

All tests are performed with the fast convolution method using polynomial order 4 elements,
and this structure problem is simulated from #= 0 to #= 20. In the right plot of Fig. 6, we
show the vertical displacement for the case with the first set of fractional parameter at time
20. The computed vertical displacements at the point (x, y; 2) = (1.5, 1.5, 0.0) for different
fractional parameters are shown in the left plot of Fig. 6, from which one could notice that
smaller fractional order a generally yields less damping, which is consistent with the claims
in [42].

To study the convergence behavior in time, in Fig. 7 we present the errors for displacement
at the point (x, y; 2) = (1.5, 1.5, 0.0) when taking the first and the second sets of fractional
parameters, as a function of the time step size Az Due to the lack of an explicit solution, the
numerical solutions are compared with the results obtained from polynomial order 6
elements and finer time step size Az= 0.0001. Both the errors and the time step sizes are in
the logarithmic scale. We see that the results from the fast convolution method with second-
order BDF scheme are approximately on a straight line with the time step size decreasing.
To be specific, a second-order convergence rate in time is obtained when a = 0.33, and when
a = 0.5 we can see that the method converges slightly faster than second order in time.

3.3. Fluid—structure interaction: blood flow in a compliant artery

We now consider a straight tube with pulsatile inflow as an idealization of arterial flow-
structure interactions, and investigate the performance of fractional order wall models with
different parameterizations. To further assess the need for 3D simulations, the simulation
results are compared with those obtained from 1D models in [1]. The fluid subdomain is
taken as a cylinder with radius 1 mm and length 4 mm, and the structure subdomain is the
thin-layered arterial wall with a thickness 0.105 mm, which covers the fluid subdomain
uniformly. The computational mesh for both subdomains is illustrated in Fig. 8. In all tests
we take the fluid density as o= 1060 kg/m?3, and the structure density ps= 1.2p£ On the
fluid solver, a Womersley velocity profile with 8 Fourier coefficients is imposed at the inlet
boundary, while at the outlet the pressure gis flow-dependent and is determined from the
flow rate Q (9, given the resistant &, and the capacitance Cas [43]
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50+ RCPD _ )R,

dt (3.7)

Here we take /= 2.8 x 102 dyn - s/cm® and C= 3.4 x 10~/ cm®/dyn for all tests in this
section, and the arterial outlet is assumed to be undeformed when the outlet pressure (%)
reaches its lowest point at #= 0.0151 s. At the inlet we clamp the arterial wall, while a no-
traction load is applied at the external surface as well as at the outlet. All the other physical
and numerical parameters are summarized in Table 2, and all results shown here are
generated using spectral elements of polynomial order 3.

3.3.1. Comparison between different models—We have considered a purely elastic
model for the arterial wall, and in Fig. 9 we show the distribution of structural displacements

at four time instants: =27, 75:2? t:2? and t:2%, where Tis a cardiac cycle.
Similarly as in [1], four viscoelastic models are studied for the arterial wall. In Table 3 we
summarize the viscoelastic parameters employed in these models, and we compare the
results against simulation results from the pure elastic model. In Fig. 10 we present the
displacement distributions from the pure elastic wall model at the systolic peak +—o o and
compare with the results from the integer-order/fractional-order viscoelastic wall models.
We observe that at the systolic peak, the radial deformations in all models reach the
maximum. On the other hand, in the viscoelastic models the viscous dissipation decreases
the deformation to different extent: the FOV-SLS2 case gives results which are the closest to
that from the pure elastic model, and in cases SLS2 and FOV-SLS1 the new models greatly
decrease the predicted deformation. To see the temporal changes of arterial wall deformation
more clearly, we present in Fig. 11 the time traces for displacement at a sample point (1, 0,
2), with the pressure-radial displacement hysteresis loop shown in Fig. 12. Note that in the
left plot of Fig. 11, the black solid lines mark four time instants in the cardiac cycle, which
correspond to the time instants for the displacement magnitudes shown in Fig. 9. We see that
although the elastic response dominates in all models, the varying viscoelastic parameters
result a significant change in displacement magnitudes. Among all models, the SLS2 and
FOV-SLS1 models produce relatively stiffer responses, and therefore predict much smaller
arterial wall deformations. Moreover, it is shown in Fig. 12 that the viscoelastic dissipation
can be clearly observed from SLS1 model, but not that much from the SLS2 model. This
finding highlights that the integer order SLS model is very sensitive to the relaxation
parameters. On the other hand, although the fractional order model appears to be overall less
sensitive to the parameters, an increased sensitivity is observed when we switch from 1D to
3D simulations. Comparing the two fractional order model cases FOV-SLS1 and FOV-SLS2,
the maximum radial displacement varies by 50%, which is opposite to the observations in
[1], where these two models predicted very close results. This discrepancy motivates the
investigation presented in the next section that aims to identify whether the increased
sensitivity is due to the relaxation parameters z,. and z, or the fractional order a.

3.3.2. Sensitivity to viscoelastic coefficients—To further evaluate the sensitivity of
the 3D viscoelastic arterial wall models, we study the behavior of fractional order arterial
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wall models by varying the viscoelastic parameters a, z,.and t,. We first vary the fractional
order a between 0 < a < 1 while keeping the same relaxation times of SLS1 model: z, =
0.050 s, 7, = 0.025 s. The displacement time traces at the middle of the tube are compared in
Fig. 13, for a = 0.0, 0.2, 0.4 and 1.0. Note that for a = 0 the pure elastic model is recovered,
while a = 1.0 yields the solution of the integer-order SLS1 model. Although the
displacement time trace results in Fig. 13 do not vary much, from the pressure-radial
displacement hysteresis loop in Fig. 14 we can see that when a increases the viscous
dissipation becomes more important. This is consistent with the discussions in [1], except
that comparing with the 1D cases, varying the fractional order a in the 3D cases changes
more in both the displacement traces and the hysteresis loops. Next, now we investigate how
sensitive the solution is to the choice of relaxation parameters z,and z.. In Figs. 15-16, we
present results for fixed a = 0.2 with various relaxation time parameters, and the solutions
for a = 1.0 are displayed in Figs. 17-18. When a = 1.0, a more noticeable viscous response
can be observed, and the arterial wall deformation is more sensitive to the relaxation
spectrum used. This means that when the fractional order a is relatively small, the effect of
the fractional order SLS model (2.1) has low sensitivity on the relaxation parameters.
Therefore, it overcomes the uncertainty for using the integer order SLS model in simulating
arterial networks, where a is typically less than 0.3, since we can only hope to get accurate
estimates of z,and zat limited anatomic locations. In fact, we have also numerically
verified that as the fractional order a approaches 1, the simulation results from the
fractional-order model converges to the results from the integer order SLS model, and
therefore increasingly more sensitive to the parameters (also shown in [1]).

3.3.3. Comparison between 1D and 3D simulations—The above findings reveal
differences between 1D and 3D simulations, i.e., the 3D solutions seem more sensitive to the
fractional order a. Now we compare the 1D and 3D computed solutions in terms of radial
displacement and the pressure waveform at the middle point of the artery (with the
coordinate (1, 0, 2)). In Figs. 19-20 we present the results from the pure elastic model and
one of the fractional-order viscoelastic models. Generally, the 1D models provide good
prediction on the trend of radial displacement/pressure time traces for this simple tube-shape
geometry. However, when accurate predictions are needed, the 1D simulations tend to
underestimate the arterial wall deformations by as large as 20%. Therefore, to get more
reliable predictions and to enable the possibility of simulating on complicated geometries,
the 3D models are recommended.

3.4. Fluid—structure interaction: patient-specific aneurysm

The authors in [7-10,44] have demonstrated that fractional orders would be able to properly
predict the different mechanical behavior of the smooth muscle cell activities. Since the
smooth muscle decrease plays a crucial role in the change of cerebral aneurysm walls [45-
48], in this section we investigate the fractional order models on a patient-specific aneurysm
geometry [24,43]. This aneurysm is located at the eye level, in the cavernous segment of the
right internal carotid artery. We perform our simulations on the meshes as shown in Fig. 21,
where the fluid subdomain has finer elements near the vessel wall to resolve the boundary
layers, and the solid subdomain is composed of two layers of prismatic elements on the
vessel wall. A Womersley velocity profile with 8 harmonics is imposed at the inlet boundary
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of the fluid solver, and a zero Neumann boundary condition for velocity is employed at the
outlet. The outlet pressure gis determined by (3.7), with proper resistant and capacitance
coefficients. The arterial outlet is assumed to be undeformed when the outlet pressure g (%)
reaches its lowest point at = 0.0571 s. We start the FSI simulations from the resultant flow
field of rigid wall simulations on the fluid subdomain (where we set = 0 as the starting time
of FSI). The structure is considered undeformed at £= 0. To integrate in time, we employed
the second-order splitting scheme for the fluid solver. On the structure side, the fast
convolution method introduced in 2.2.2 is used, with fictitious mass method [24,43] applied
to stabilize the FSI partitioned procedure. All the simulations are done with the physical and
numerical parameters summarized in Table 4.

3.4.1. Comparison between different models—To compare the computed evolution
of the aneurysm deformation from different models, we first display the displacement time
traces of three points on the interface. The locations of these points are shown in Fig. 22.
The computed inlet pressure and the time traces for displacements at these three points are
shown in Fig. 23, for the pure elastic model, the FOV-SLS1 and the FOV-SLS2 models.
Similar to what we have observed in section 3.3, the FOV-SLS1 model predicts a much
smaller deformation compared with that from the other two models, which results in a larger
blood pressure drop in each cardiac cycle. A minor phase shift could be observed while
comparing the location of the maximum displacement for each model: while the maximum
displacements were achieved after the systolic peak in all cases, the case using the FOV-
SLS1 model reaches its maximum deformation firstly, then the case using the elastic arterial
wall model, and finally the case with the FOV-SLS2 model. To investigate the displacement
distribution on the whole aneurysm, we take four time instants in a cardiac cycle:

T 2T a7 5T (as marked by black solid lines in the inlet pressure plot of Fig. 23), and display
their corresponding displacement amplitudes from the pure elastic, FOV-SLS1 and FOV-
SLS2 arterial wall models in Figs. 24, 25 and 26, respectively. It can be observed that
although the displacement magnitudes vary for different arterial wall models, the
displacement magnitude distribution pattern does not change much.

4. Summary

In this paper, we have developed an accurate and efficient numerical method for the 3D
fractional-order standard linear solid (SLS) model (2.1) by combining a fast convolution
method with the spectral element discretization based on a general Jacobi polynomial basis
that can be used to generate 3D polymaorphic high-order elements. To sustain the high-order
accuracy of the backward differentiation formula (BDF), we designed a high-order fast
convolution method and verified its third-order convergence rate in time using the third-
order three-step BDF method on problems with fabricated analytical solutions. The A log(N)
operation count was also verified.

In numerical tests, we investigated the ability of fractional-order model to capture the
viscoelastic behavior of arterial walls under fluid—structure interactions. On an idealized
artery geometry, we compared several models with the same elasticity parameters and
different viscoelastic parameters. This comparison study indicates that for the integer-order
SLS models, the viscous behavior strongly depends on the relaxation parameters z,and z,,
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while the fractional order models are less sensitive. Especially when the fractional order a
—0, the viscous response is less pronounced, and the fractional model is tuned by a single
parameter, the fractional order a. This finding is overall consistent with what has been
observed for 1D models [1], although model parametrization appears to be relatively more
sensitive in the 3D setting. As an example of /ong-term large-scale simulations, we have also
investigated the performance of this fractional aneurysm model on a complex patient-
specific geometry.

In ongoing work, we are now investigating the proper fractional parameters specifically for
the aneurysm sac using patient-specific data. Since the fractional order is related with the
loss of smooth muscle cells, this aneurysm-specific model as well as the numerical tools
developed here may help to understand the structural integrity of the aneurysm wall, and
therefore contribute in studying the subclasses of unruptured aneurysm walls [49,50].
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Decomposition for integral ranges (&, 4) in the fast convolution method of [29].
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Mesh for the first convergence test.
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Results from the first convergence test. Left: errors as a function of the time step size. Right:
CPU time (Sec) in evaluating the memory effect at the last time step. (For interpretation of
the colors in this figure, the reader is referred to the web version of this article.)
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Mesh for the second convergence test.
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Fig. 6.

Si?nulation results for the second convergence test. Left: time traces of the displacement at
the right end of the object (x =1.5). Right: displacement distribution in ) direction when a =
0.33, .= 2.0, = 0.25 and time = 20 (for interpretation of the colors in this figure, the
reader is referred to the web version of this article).

J Comput Phys. Author manuscript; available in PMC 2017 November 03.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Yu et al. Page 33

-
o
A

-6-a=0.33, T€=2.0, ’I‘J=0.25
—B8-a=0.5, 7'€=1.0, 7'0=0.25

—h
o
&
T
1

placement in y direction
—r
o
&

—t

o

'
-
o

0.01 0.02 0.04 0.08
At

Errors of dis

Fig. 7.
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Fig. 8.
Meshes for blood flow in an artery. Left: structure mesh; right: fluid mesh.
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Fig. 9.
Displacements (in millimeters) for the pure elastic model in the idealized artery simulations:

at £= 27 (upper left), ;—o T (upper right), =24 (lower left), =25 (lower right). (For
interpretation of the colors in this figure, the reader is referred to the web version of this
article.)
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Fig. 10.
Displacements (in millimeters) for the viscoelastic models in the idealized artery simulations

at systolic peak t=21. From left to right are obtained with: model SLS1; model SLS2;
model FOV-SLS1 and model FOV-SLS2. (For interpretation of the colors in this figure, the
reader is referred to the web version of this article.)
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Time traces at point (1, 0, 2) in the idealized artery simulations, from varying viscoelastic

models. Left: radial displacement; right: axial displacement.
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Pressure-radial displacement hysteresis loop at point (1, 0, 2) in the idealized artery
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simulations, from varying viscoelastic models.
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Time traces at point (1, 0, 2) in the idealized artery simulations, from fixed z, = 0.05, z,=
0.025 and varying a. Left: radial displacement; right: axial displacement.
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Fig. 14.
Pressure-radial displacement hysteresis loops at point (1, 0, 2) in the idealized artery

simulations, from fixed z, = 0.05, z,=0.025 and varying a.
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Fig. 16.
Pressure-radial displacement hysteresis loops at point (1, 0, 2) in the idealized artery

simulations, from fixed a = 0.2 and varying relaxation parameters.
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Pressure-radial displacement hysteresis loops at point (1, 0, 2) in the idealized artery
simulations, from fixed a = 1.0 and varying relaxation parameters.
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loop. (For interpretation of the colors in this figure, the reader is referred to the web version

of this article.)
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1D-3D comparison at point (1, 0, 2) in the idealized artery simulations, from FOV-SLS2
model. Left: radial displacement time trace; Right: pressure-radial displacement hysteresis
loop. (For interpretation of the colors in this figure, the reader is referred to the web version

of this article.)
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Positions of the history points in patient-specific aneurysm test | at £=3777. (For
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interpretation of the colors in this figure, the reader is referred to the web version of this

article.)
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Fig. 23.
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upper right, bottom left: displacement profiles for corresponding points; bottom right:
pressure imposed at the inlet.
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Time traces in patient-specific aneurysm with viscoelastic arterial wall models. Upper left,
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(b)

displacement

0.65

Fig. 24.
Displacements (in mm) for patient-specific aneurysm with pure elastic arterial wall model,

at z (upper left), e (upper right), sz (bottom left) and sz (bottom right). (For interpretation of
the colors in this figure, the reader is referred to the web version of this article.)
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(@) v (b) (d)

displacement

0.65

Fig. 25.
Displacements (in mm) for patient-specific aneurysm with FOV-SLS1 model, at z (upper

left), r (upper right), ar (bottom left) and sz (bottom right). (For interpretation of the colors
in this figure, the reader is referred to the web version of this article.)
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(b)

displacement
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0.05

Fig. 26.
Displacements (in mm) for patient-specific aneurysm with FOV-SLS2 model, at z (upper

left), 2w (upper right), sz (bottom left) and sz (bottom right). (For interpretation of the colors
in this figure, the reader is referred to the web version of this article.)
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Table 2

Parameters used in the idealized artery model simulations.

Parameter Value

Young’s Modulus 0.3 Mpa

Poisson ratio 0.3

Blood density 1.06 g/cm?®
Wall thickness 0.0105 cm
Inlet radius 0.1cm
Kinematic viscosity 3.8x1072 cm?/s
Average flow rate 20 ml/min
Time step size 9.4x107°s
Polynomial order 3

Fictitious mass coefficient  2.16
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Parameters employed in fractional-order SLS models for the idealized artery simulations.

Table 3

() 7(5)

a
SLS1 N/A  0.05 0.025
SLS2 N/A 293 169
FOV-SLS1 029 184 0.076
FOV-SLS2 020 11.74 761
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Parameters used in the patient-specific aneurysm simulations with fractional order models.

Parameter Value
Young’s Modulus 3 Mpa
Poisson ratio 0.3

Blood density 1.06 g/cm?®
Avrterial wall density 2.12 glem®
Wall thickness 0.01cm
Inlet radius 0.224 cm

Kinematic viscosity
Womersley Number
Average flow rate

Time step size

Mass damping parameter

Stiffness damping parameter

Resistant parameter

Capacitance parameter

Polynomial order

Fictitious mass coefficient

3.8x1072 cm?/s

4.2

70 ml/min

6.3x107*s

0st

0s

7.844x102 dyn - s/cm®
7.285x107% cm®/dyn
2

2.08

Table 4
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