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Spin chirality induced skew scattering and anomalous
Hall effect in chiral magnets
Hiroaki Ishizuka1* and Naoto Nagaosa1,2

Noncoplanar magnetic orders in magnetic metals give rise to an anomalous Hall effect of unconventional origin,
which, by the spin Berry phase effect, is known as the topological Hall effect. This effect is pronounced in the low-
temperature limit, where the fluctuation of spins is suppressed. In contrast, we here discuss that the fluctuating but
locally correlated spins close to the phase boundary give rise to another anomalous Hall effect, that with the opposite
sign to the topological Hall effect. Using the Born approximation,we show that the anomalousHall effect is attributed
to the skew scattering induced by the local correlation of spins. The relation of the scalar spin chirality to the skew
scattering amplitude is given, and the explicit formula for the Hall conductivity is derived using a semiclassical
Boltzmann transport theory. Our theory potentially accounts for the sign change of the anomalous Hall effect
observed in chiral magnets in the vicinity of the phase boundary.
INTRODUCTION
Magnetic metals with noncoplanar magnetic orders host rich physics
related to magnetic scattering, Berry phase, and topology. One of the
key concepts in the noncoplanar magnetism is the scalar spin chirality
defined by S1⋅ S2 × S3, where Si = ðSxi ; Syi ; Szi Þ (i = 1, 2, 3) is the spins. In
magnetism, the scalar spin chirality is a quantity that characterizes the
noncoplanar structures of spins, such as in antiferromagnets (1–4) and
spin glasses (5, 6), and when themagnetic moments form a long-period
magnetic structure, it is related to a topological number that charac-
terizes the spin texture (7–9).

When itinerant electrons are coupled to these noncoplanarmagnetic
orders, it leads to nontrivial consequences in the electron properties. For
instance, when the electrons hop between the magnetic atoms with a
noncoplanar magnetic texture, it acquires a finite Berry phase that acts
as an effective magnetic field. Such a feature of quantum physics is re-
flected in the transport properties of the system, in particular, in anom-
alous Hall effect (AHE) (2, 10). In this mechanism, because of the
noncoplanar spin structures, theAHEappears even in antiferromagnets
(2, 11–13). The sign and the magnitude of the Hall conductivity are of-
ten related to the scalar spin chirality, not to the magnetization. This
mechanism has been initially discussed for the AHE observed in pyro-
chlore oxides (3) and is considered as a smoking gun experiment to de-
tect the noncoplanar states (13, 14). A similar physics is also known for
long-length magnetic structures, such as skyrmions (15–22), in which
the slowly varying moments give rise to the Berry phase in real space
(23–27). In these systems, the Berry phase acts as an emergent
electromagnetic field, modifying the dynamics of the electrons. This
is also experimentally investigated for skyrmions in chiral magnets
(28–31). Note that an AHE related to the spin chirality is also known
to appear in the weak coupling limit (32, 33), although it is the opposite
limit of the Berry phase argument above.

Althoughmost of these pioneering works focus on the ground state,
where the spins are considered as a static vector field, there are several
studies suggesting rich physics related to spin chirality at a finite tem-
perature where spins are thermally fluctuating. For instance, in
frustrated systems, the locally correlated spins due to geometrical frus-
tration can lead to nontrivial electronic properties, such as a Chern in-
sulator (34, 35) and the spin Hall effect (36). Thermal creation of
skyrmions in metallic ferromagnets and enhancement of AHE around
the magnetic transition temperature in ferromagnetic metals are also
studied (24). On the other hand, recent experiments on a chiral magnet
found a sign change of AHE close to the critical field (29). The results
imply rich physics related to the interplay of thermal fluctuation and
magnetic scattering beyond the Berry-phase description.

Motivated by the recent experiments, we theoretically study the
AHE in chiral magnets in this paper, focusing on the finite temperature
region around and above the magnetic transition temperature. We the-
oretically show that, in this temperature region, the magnetic scattering
gives rise to a skew scattering (37, 38), which is proportional to the
thermal average of the scalar spin chirality (or skyrmion number);
the skew scattering is a consequence of the quantum phase interference
in the three-spin scattering process. From the viewpoint of scattering
channels, in this mechanism, a scattering channel with large momen-
tum transfer becomes the dominant source of scattering, in contrast to
the small-angle scattering induced by the skyrmion-related Berry phase.
These differences show that the two mechanisms are of completely dif-
ferent origin.Whenwe consider the simplest quadraticHamiltonian for
itinerant electrons, we find that theHall effect by the skew scattering has
the opposite sign to that by the topological Hall effect. Our result poten-
tially accounts for the sign change of theHall conductivity found in chi-
ral magnets (29).
RESULTS
To theoretically study the AHE induced by the spin scattering, in the
first half of this section, we study the transport properties of a classical-
spin Kondo lattice model. The details of the model we used are de-
scribed in the subsequent section. In the “Skew scattering” section, we
show how scattering by noncoplanar magnetic texture leads to skew
scattering. An explicit formula for Hall conductivity is given in the
“Boltzmann theory” section using the result we obtained in the “Skew
scattering” section. In the latter half of this section, we study the
transport properties at a finite temperature by combining the above
results with Monte Carlo (MC) simulation. In this section, we reveal
the magnetic phase diagram of a classical-spinmodel relevant for chiral
magnets. The field and temperature dependence of AHE are discussed
in the “Anomalous Hall effect” section with particular emphasis on
comparison with the experiment on MnGe.
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Model
Here, we focus on a Kondo lattice model with classical localized spins.
The Hamiltonian reads

H ¼ H0 þHK ð1Þ
Here,

H0 ¼ ∑
k;s

ekscsðkÞ†csðkÞ ð2Þ

is theHamiltonian for free fermions; ek,s = k
2/(2m) is the eigenenergy of

an electron with wave number k and spin s = ±, and cs(k) [cs(k)
†] is the

annihilation (creation) operator for the electron with wave number k
and spin s. In Eq. 1, the second term

HK ¼ J∑
i
Si ⋅ csðRiÞ†sss′cs′ðRiÞ ð3Þ

is the Kondo coupling between the spins and itinerant electrons. Here,
Si = ðSxi ; Syi ; Szi Þ is the spin at the ith site, Ri is the position of the ith site,
and J is the exchange coupling between the itinerant electrons and the
localized moment.

Skew scattering
To study the AHE induced by the magnetic scattering, we first analyze
how multiple-spin scattering contributes to the AHE. In particular, we
here focus on how the spin texture gives rise to a skew scattering. For
this purpose, we calculate the scattering rate of electrons by the localized
moments using the Born approximation. A summary of the approxi-
mation is elaborated in Materials and Methods.

In the study of AHE in ferromagnets, it is known that the leading
order of the skew scattering by impurities appears as the interference
between the first- and second-order terms in the second Born ap-
proximation (39, 40). Similarly, we find that the skew scattering due
to the spin chirality also appears in the interference terms as the
antisymmetric scattering term. Because our focus is on the skew
scattering terms, we first define the symmetric ðwþ

k′b→kaÞ and
antisymmetric ðw�

k′b→kaÞ terms of the scattering rate by

w±
kb→ ka ¼ 1

2
ðWka→ k′b ±Wk′b→ kaÞ ð4Þ

Here, Wka→ k′b is the scattering rate from the electron state with mo-
mentum k and spin a (|ka〉) to that with momentum k′ and spin b. Be-
cause the skew scattering appears as an antisymmetric scattering term,
in the rest of this section, we focus on w�

k′b→ka . The leading order of
w�
k′b→ka in J is given by the asymmetric part of

pðFð1Þ
ba ðk′;kÞ½Fð2Þ

ba ðk′;kÞ�*� Fð1Þ
ab ðk;k′Þ½Fð2Þ

ab ðk;k′Þ�*þ h:c:Þ�
dðeka � ek′ bÞ ð5Þ

where

Fð1Þ
ba ðk′;kÞ ¼ � J

ð2pÞ3∑i Si ⋅sbae
iðk�k′Þ⋅Ri ð6AÞ

Fð2Þ
ba ðk′;kÞ ¼ �i

J2m

ð2pÞ4∑i≠jsba ⋅ Si � Sj
eikdij

dij
eik⋅Rj�ik′⋅Ri ð6BÞ
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Here, dij = Ri − Rj, dij = |dij|, and F
ð1Þ
ba and Fð2Þ

ba are the scattering ampli-
tudes for the first- and second-order terms in the Born approximation,
respectively. Intuitively, these terms correspond to the interference be-
tween the one- and two-spin scattering processes as shown in Fig. 1A;
the precise definition is in Eq. 29 inMaterials andMethods. Substituting
Eq. 6 into Eq. 5, we obtain the asymmetric part

w�
ka→k′b ¼ � J3m

ð2pLÞ3 ∑l;i≠jðSl ⋅sabÞðsba ⋅Si � SjÞ ie
�ikdij

2dij
½ cos ðk′ ⋅dil�

k ⋅djlÞ � cos ðk ⋅dil � k′ ⋅djlÞ� þ h:c: ð7Þ

Here, we note that, in Eq. 7, the scattering rate is proportional to a three-
spin correlation (Sl ⋅ sab)(sba ⋅ Si × Sj), which resembles scalar spin
chirality Sl ⋅ Si × Sj.

To illustrate how the antisymmetric scattering in Eq. 7 contributes
to the AHE, we first consider a simple model: itinerant electrons
coupled to three magnetic moments. We assume the spins are at
R1 = (0, 0, 0), R2 = (a, 0, 0), and R3 = ð a2 ;

ffiffi
3

p
a

2 ; 0Þ. The situation is
illustrated in Fig. 1B. Assuming the typical momentum of electrons
to be small (that is, ka ≪ 1), we can expand the exponential and
trigonometric functions; the result reads

w�
ka→k′b ¼ ~V ba ⋅

k � k′
k2

dðeka � ek′bÞ ð8Þ

where

~V abðkÞ ¼ 3
ffiffiffi
3

p

4
J3ma2

ðpLÞ3 vabk
3ẑ ð9Þ

Here, vab =ℜ〈(Sl ⋅ sab)(sba ⋅ Si × Sj)〉 =ℜ〈(Sj ⋅ sab)(sba ⋅ Sl × Si)〉 =
ℜ〈(Si ⋅ sab)(sba ⋅ Sj × Sl)〉, ẑ is the unit vector along the z axis, and
Sl

Si

Sj

|kα

|k'β

F(2)
βα

F(1)
βα

A

B

a

C

δ1

δ2

δ3

δ4

a

Fig. 1. Configuration of spins and skew scattering. (A) Schematic picture of the
scattering process in the second Born approximation in Eq. 5, which contributes to the
skew scattering. The blue arrows are the localized spins, and the dotted lines ½Fð1Þba and
Fð2Þba �, indicate scattering processes from the first- and second-order terms in the Born
approximation, respectively. The skew scattering arises from the interference be-
tween the two processes. (B) A schematic figure of the triangular configuration of
spins considered in the main text. (C) The square lattice model considered in MC
simulation. The arrows show di vectors in Eq. 20, where a is the lattice constant
(distance between the localized moments).
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〈 ⋯ 〉 is the thermal average of ⋯; for simplicity, we assumed here
that vab does not depend on the order of sites i, j, and l. We also
note that, in Eq. 9, there is another term that is proportional to
IfðSl ⋅ sabÞðsba ⋅ Si � SjÞg. However, we ignored the term in Eq. 9, be-
cause this termdoes not contribute to theHall current. For further details,
see the “Details of Boltzmann theory” section in Materials andMethods.
From Eq. 8, we see that the spin texture gives rise to an antisymmetric
scattering, which resembles the skew scattering by nonmagnetic impuri-
ties (40). This result suggests that the skew scattering appears in theweak J
limit when we have three spins with the finite scalar spin chirality. This
phenomenon is fundamentally different from the skew scattering mech-
anisms studied so far, which is essentially a scattering problem by single
impurity (37, 38, 41). In contrast, in this mechanism, the scattering pro-
cesses that involve multiple spins are essential. In addition, it is distinct
from the conventionalmechanism in ferromagnets that requires the spin-
orbit interaction in the bulk or at the impurity; in our theory, no spin-
orbit interaction appears in the scattering process or in the electronic
state. Note that, although the purpose of considering the three-spin
model is to demonstrate how the skew scattering is related to multiple-
spin scattering, the result may directly apply to kagome and pyro-
chlore magnets (42), because these lattices consist of a tiling of the
triangle units.

We next turn to a cubic lattice ferromagnet and consider a case in
which the neighboring spins are almost ferromagnetically aligned; that
is, only a small difference exists between the direction of two spins. This
situation is expected to be realized in chiral magnets under the external
field (15–21) and, possibly, in colossal magnetoresistivemanganese oxi-
des close to themagnetic transition temperature (24). In this case, Si can
be approximated as Si ~ Sl + (dil ⋅ ∇)Sl because it is close to Sl. To make
an evaluation of the scattering rate, we assume that the contribution
from themultispin scattering due to nearest-neighbor sites is dominant;
that is, we limit i and j in Eq. 7 to the nearest-neighbor sites of l. By
replacing Si and Sj by the differentials, we obtain

w�
ka→k′b ¼

J3m

ð2pLÞ3∑l ℜ〈ðSl ⋅sabÞðsba ⋅∂mSl � ∂nSlÞ〉�

∑
i≠j

Dmnl
4

ðdil � djlÞlk½ðk′ ⋅dil � k ⋅djlÞ2 � ðk ⋅dil � k′ ⋅djlÞ2�

ð10Þ

Here, (⋯)l is the l component of the vector in the bracket, and the
sum ∑i ≠ j is for all sets of i and j that are nearest-neighbor sites of l. In the
samemanner as the argument above, we expanded the exponential and
trigonometric function by kdil and kdjl, assuming kdil, kdjl≪ 1. For the
cubic lattice, if we focus on the scattering in the xy plane, the scattering
amplitude reads

w�
ka→k′b ¼

J3ma4

ð2pLÞ3 4kDmnzðk � k′Þz∑
l
ℜ Sl⋅sab

� �½sba⋅ ∂mSl � ∂nSl�
� �

ð11Þ

e J3mka

ðpLÞ3 ðk � k′Þzℜ∫d3x 〈ðSðxÞ ⋅sabÞ sba ⋅∂xSðxÞ � ∂ySðxÞÞ〉
� ð12Þ

where a is the lattice constant; in the second line, we replaced the
sum by an integral. Note that, in Eq. 12, the integrand resembles the
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skyrmion number defined by 1
4p ∫dx

2 SðxÞ⋅ ∂xSðxÞ � ∂ySðxÞ. As we
will see in the subsequent section, the anomalous Hall conduc-
tivity due to the skew scattering is proportional to the skyrmion
number. A difference to the intrinsic mechanism by the Berry phase
is that the scattering probability is proportional to k � k′j jº sinqkk ′,
where qkk ′ is the angle between the two wave numbers. Therefore,
the skew scattering mechanism induces large-angle scattering of the
electrons, in contrast to the small-angle scattering induced by the emer-
gent magnetic field. This indicates that the skew scattering contributes
to a distinct scattering channel from that by the emergent magnetic
field.

Boltzmann theory
We next investigate how the skew scattering affects the transport prop-
erty of the system. For this purpose, we calculate the transverse conduc-
tivity induced by the spin chirality using a semiclassical Boltzmann
theory (39, 43, 44). In the Boltzmann theory, the effect of Wka→k′b
(the scattering term that scatters the electron in |ka〉 to |k′b〉) and
wþ
k′b→ka

(the symmetric scattering term of the opposite scattering pro-
cess) is taken into account using the relaxation time approximation.
Here, we assume that the relaxation time for |ka〉 is tka = t, that is,
the relaxation time to be independent of k. The resultant Boltzmann
equation reads

qvk ⋅Ef0′ðekÞ ¼ � gka
t

þ∑
b
∫df′dq′ sin q′

rðkÞ
4p

w�
k′b→kagk′b ð13Þ

where q is the charge of the carriers, vk = ∇kek,s is the velocity of elec-
trons withmomentum k, E is the uniform electric field, r(k) =mk/(2p2)
is the density of states for itinerant electrons, and f0 (e) and f0′ðeÞare the
Fermi-Dirac distribution function and its energy derivative, respective-
ly. Here, we assumed that the electron occupation fka = f0(ek,a) + gka is
close to that of the Fermi-Dirac distribution and expanded the equation
up to leading order in E, assuming gka ¼ OðEÞ. Because we are in-
terested in the scattering terms discussed in the previous section, we
further assume

w�
k′b→ka ¼ ~V abðkÞ ⋅ k�k′

k2
ð14Þ

where ~V
abðkÞ ¼ �

~V 0ðkÞsab0 þ ~V 1ðkÞsabx þ i~V 2ðkÞsaby
�
n. Here, n is a

unit vector that defines the direction of ~V , s0 is the 2 × 2 unit matrix,
andsa (a= x, y) are the Paulimatrices. Equation 14 is a generalization of
the skew scattering term in Eq. 7.

In general, solving the Boltzmann transport equation is a difficult
task. However, the Boltzmann equation in Eq. 13 can be solved analyt-
ically (45); the details on the solution are elaborated in Materials and
Methods. The result for Hall conductivity reads

sxy ¼ 2neq2t2

m
rðkFÞ ~V 0ðkFÞ þ ~V 1ðkFÞ

	 � ð15Þ

where kF is the Fermi velocity and ne is the electron density per spin.
Therefore, the antisymmetric scattering gives rise to anAHE once we
have ~V 0(k) or ~V 1(k). However, ~V 2(k) does not affect the Hall con-
ductivity to the leading order in J; this is the reason we ignored
IfðSl⋅sabÞðsba⋅ Si � SjÞg in the “Skew scattering” section.
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For the case of three spins forming a triangle, ~V0(k) and ~V1(k) are
calculated from Eq. 9. Using Eq. 33 in Materials and Methods, it reads

~V 0ðkFÞ þ ~V 1ðkFÞ ¼ 3
ffiffiffi
3

p

2
J3ma2

ðpLÞ3 k
3
F〈S1⋅ S2 � S3〉 ð16Þ

This result explicitly shows that the Hall conductivity is proportional
to the scalar spin chirality.

We next consider the case of chiral magnets, where the generation
of skyrmions gives rise to chirality. To be concrete, we consider the
cubic lattice model we discussed in Eq. 12. With a similar calculation
in Eq. 16, we find

~V 0ðkFÞ þ ~V 1ðkFÞ ¼


JkF
pL

�3

ma∫d3x½SðxÞ ⋅ ∂xSðxÞ � ∂yS ðxÞ� ð17Þ

This result indicates that the skew scattering induced by the spin tex-
ture is proportional to the skyrmion density.

At a glance, this resembles the topological Hall effect in the strong
coupling limit where the intrinsicHall effect occurs because of the Berry
phase induced by the noncoplanar spin textures (3, 10, 24, 29). In the
semiclassical Boltzmann theory, however, the Berry phase appears as an
effectivemagnetic field (46); that is, it is an effective Lorentz force acting
on the electrons. In contrast, the skew scattering in our theory appears
as a scattering term in the Boltzmann theory. Therefore, these two are
distinct mechanisms. This difference in the mechanism appears in the
sign of theHall effect; for the free electronswe considered above, the sign
of the Hall conductivity in our theory is opposite to that of the topolog-
ical Hall effect. For ferromagnetic Kondo interaction J < 0, the sign of the
intrinsic Hall effect is sgn½sðTHEÞxy � ¼ sgnðS ⋅ ∂xS� ∂ySÞ, whereas that
of the skew scattering issgn½sðskÞxy � ¼ �sgnðS ⋅ ∂xS� ∂ySÞas in Eq. 17.

MC simulation
In this section, we study the competition between the topological Hall
effect and the AHE by skew scattering. In particular, we study how the
anomalous Hall conductivity behaves as a function of temperature and
magnetic field in chiral magnets, with particular emphasis on the exper-
iment in MnGe. To estimate the magnitude of the Hall effect that ap-
pears from the skew scattering, we evaluate the magnitude of the scalar
chirality in the chiral magnets above the magnetic transition tempera-
ture. For this, we consider a two-dimensional (2D) classical spin model
with Heisenberg and Dzyaloshinskii-Moriya (DM) interaction (47)

HS ¼ �JH∑
r
SðrÞ ⋅ Sðr þ x̂Þ þ SðrÞ ⋅ Sðr þ ŷÞ

�K∑
r
½x̂ ⋅SðrÞ � Sðr þ x̂Þ þ ŷ ⋅ SðrÞ � Sðr þ ŷÞ�

�mh∑
r
SzðrÞ

ð18Þ

Here, S(r) is the localized moment at r, and x̂ and ŷ are the unit vectors
along x and y axes, respectively. The first term is the Heisenberg inter-
action between the nearest-neighbor spins and the second term is the
DM interaction. The third term is the Zeeman coupling between the spins
and the magnetic field h perpendicular to the plane; m is the size of the
magnetic moment. This model is a discretized variant of a continuum
model used to study the low-temperature behavior of chiralmagnets (21).
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Figure 2A shows the phase diagram obtained by MC simulation
calculated using system size N = 302. The details of the calculation are
elaborated in Materials and Methods. This model shows three phases
at zero temperature: helical, skyrmion crystal, and paramagnetic
phases. The helical phase appears in the low field, 0 ≤ h/JH ≲ 1.5,
whereas the skyrmion crystal phase becomes the ground state for
1.5 ≲ h/JH ≲ 2.8, which is taken over by the field-induced ferro-
magnetic phase at h/JH ≳ 2.8. The results are consistent with what
has been reported in previous studies (21, 47).

At a finite temperature, the helical and skyrmion crystal phases are
characterized by the growth of spin structure factor

SðqÞ ¼ 1
N
∑
i
Si exp fiq ⋅Rig ð19Þ

withnonzero |q| (20). In Fig. 2B,we show the results of SðqÞj j12 forh/JH=
0.2, calculated with N = 302 and 602. For N = 302, the result shows
growth of the structure factor belowT/JH~0.4, indicating the formation
of a skyrmion crystal. The phase boundary between the ferromagnetic
and skyrmion crystal phases is determined from the peak of the derivative
of |S(q)| with respect to temperature and magnetic field. In Fig. 2A, the
T/JH

µ
h/

J H
A

Helical

FM

Skyrmion

crystal

B

|S(q)|1/2
[/60]

N = 302

N = 60
2

PM

χ

χ

T/JH

Fig. 2. Classical Monte Carlo simulation of two-dimensional chiral magnet.
(A) The phase diagram of the 2D chiral magnet in Eq. 18; the transverse axis is the
temperature T and the longitudinal axis is the magnetic field h perpendicular to the
plane. The squares (circles) are the phase boundary estimated from spin structure
factor S(q) using the gradient of S(q) along the T/JH (mh/JH) axis. Open (solid) symbols
indicate thephase boundary for the helical (skyrmion crystal) order. The lines aremere-
ly a guide for the eyes. The contour plot in the paramagnetic (PM)/ferromagnetic (FM)
phase shows the thermal average of the scalar spin chirality c. The low-temperature
region shaded in gray is the region where the MC simulation freezes because of low
temperature. See the text for details. (B) Temperature dependence of spin structure
factor S(q) and chirality c for h/JH = 2.0; the two curves are for N = 302 and 602.
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squares (circles) indicate the temperature (magnetic field) at which the
derivative shows the largest negative value. We note that the result of
S(q) for a larger size (N = 602) shows the same qualitative behavior
but with a slightly shifted phase boundary toward the lower tempera-
ture. Therefore, the phase boundary in Fig. 2A should be understood
as the upper limit for the phase boundary.

The contour plot shown in the background of Fig. 2A is the
thermal average of chirality for the nearest-neighbor spins

c ¼ 1
4
∑
r;i
〈SðrÞ ⋅ Sðr þ diÞ � Sðr þ diþ1Þ〉 ð20Þ

where di (i = 1,⋯ , 4) are the vector connecting nearest-neighbor sites

d1 ¼ ð1; 0Þ; d2 ¼ ð0; 1Þ ð21Þ

d3 ¼ ð�1; 0Þ; d4 ¼ ð0;�1Þ ð22Þ

and d5 = d1 (Fig. 1C). In the phase diagram, c remains small in the weak
field region where the ground state is the helical order. With increasing
field, finite c is induced by themagnetic field hwith amaximumaround
h/JH ~ 2.0, where the ground state is the skyrmion crystal state. In Fig.
2B, we show the result of c for N = 302 and 602. The two results al-
most overlap each other, showing a very small finite size effect. Our
results indicate a gradual increase of c with decreasing temperature
with no structure at the transition. The dotted line is the linear fitting
of c forN = 302 in betweenT/JH ∈ [0.2, 0.6]; it is used to evaluate the c
at the ground state.

An important feature of the results is that c is already about 78% of
the ground state value above the critical temperature Tc ≳ 0.4; c does
not show a rapid increase at themagnetic transition temperature. This is
due to the fact that the finite scalar spin chirality is a consequence of the
lattice symmetry and not the spontaneous symmetry breaking, that is,
the magnetic phase transition to the skyrmion crystal phase. Therefore,
at h≳ 2.0 and above the magnetic ordering temperature, the spins are
in a locally correlated state with finite spin chirality. Because the spins
are not ordered in this region, it is expected that the effect of spins on
the transport phenomena can be well approximated by the scattering
theory discussed in the above sections. Therefore, we expect that the
AHE at and around the critical temperature is dominated by the skew
scattering.

Anomalous Hall effect
In the previous section, we discussed the competition of the topological
Hall effect and skew scattering in chiral magnets. In the Boltzmann
transport theory, the Berry phase that gives rise to the topological Hall
effect is taken into account as an effective magnetic field in Eq. 13 by
replacing qE→ qE + vk × b, where b= (1/2)S ⋅ ∂xS× ∂yS (46). Assuming
that b (= |b|) and rðkÞw�

k′b→ka
in the Boltzmann equation are small, we

approximate gk′b ¼ gðbÞk′b þ gðwÞk′b þ dgk′b e gðbÞk′b þ gðwÞk′b . Here, g
ðbÞ
k′b is the

deviation of electron occupation in the linear order of b and gðwÞk′b is that

in the linear order of rðkÞw�
k′b→ka given by Eq. 39 in Materials and

Methods. Using this approximation, the current reads

j e∑a ∫ dk3

ð2pÞ3 vk gðbÞka þ gðwÞka

� 
ð23Þ
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Therefore, the anomalous Hall conductivity readssxy e sðTHEÞxy þ sðskÞxy ;
that is, it is given by the sum of the two contributions.

In the Boltzmann theory, the Hall conductivity due to the
topological Hall effect is estimated as sðTHEÞxy eneq2t2b′z=m2, where b′z
is the renormalized emergentmagnetic field and 2ne is the electron den-
sity; from dimensional analysis, we here assumeb′z eðJm=aÞ3bz. On the
other hand, the anomalous Hall conductivity due to the skew scattering
mechanism is given by Eq. 15 [that is, sðskÞxy eneq2t2rðkFÞ ~V 0 þ ~V 1Þ

�
];

using Eq. 17, we obtain ~V 0 þ ~V 1eðJkFÞ3mceb′zðkFaÞ3=m2. Here,
on the basis of the above observation onMCsimulation, we assume that
c close to Tc is in the same order as bz in the ground state. From these
relations, the ratio of the two Hall conductivities reads

sðskÞxy

sðTHEÞxy
e rðkFÞm

~V 0 þ ~V 1

bz′ e ðkFaÞ4 ð24Þ

Because the chiral magnets aremetal, we expect kFa ~ 1. Hence, the fluc-
tuating spins at the vicinity of the phase boundary should bring about the
skew scattering AHE of similar magnitude to that by the Berry-phase
mechanism close to zero temperature.

From the above arguments, we expect sðskÞxy to be proportional to
the spin fluctuation part of scalar spin chirality c − bz, where bz is
that for the order parameter; we estimate bz by

bz ¼ 1
4
∑
r;i
〈SðrÞ〉 ⋅ 〈Sðr þ diÞ〉� 〈Sðr þ diþ1Þ〉 ð25Þ

On the other hand, the intrinsic Hall conductivity issðTHEÞxy ºbz. There-
fore, we expect the anomalous Hall conductivity to be

sxy ¼ sðTHEÞxy þ sðskÞxy º c� ð1þ gÞbz ð26Þ

where g is a parameter that defines the ratio of topological Hall con-
ductivity and skew scattering. Because sðskÞxy =sðTHEÞxy e1, we expect g to
be in the order of 1.

At zero temperature, because ourmodel is a classical spinmodel, the
skew scattering does not contribute to the AHE because no thermal
fluctuation exists. Therefore, we expect to see only the topological Hall
effect. On the other hand, at a finite temperature, we expect to see the
contribution from the skew scattering, at least in the vicinity of the phase
boundary. In Fig. 3, we plot the field dependence of c, bz, and ~sxy ¼
c� ð1þ gÞbz (º sxy), with g = 2; Fig. 3A is for T/JH = 0.1 and Fig.
3B is for T/JH = 0.5. The blue and yellow shading in Fig. 3A indicates
the helical and skyrmion crystal phases, respectively. In the skyrmion
crystal phase, bz becomenonzero due to the formation of the long-range
order. On the other hand, finite c exists for a much broader region
outside the ordered phase. Reflecting this feature, we find the sign
change of ~sxy in the ordered phase. On the other hand, the result for
T/JH = 0.5 shows a large positive Hall conductivity comparable to the
ordered phase, although it is above the magnetic transition tempera-
ture to the skyrmion crystal phase. The positive sign shows that the
Hall effect comes from the skew scattering mechanism. This implies
that, due to theDM interaction, the skew scatteringmechanismwe dis-
cussed in this paper can give rise to a large AHE even above the mag-
netic transition temperature.

This may explain the sign change of Hall conductivity in MnGe
(29). In MnGe, the ground-state magnetic configuration at zero field
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is proposed to be a 3D magnetic monopole crystal, different from the
spiral phase in ourmodel.With an appliedmagnetic field, however, the
strings of skyrmions are expected to develop along the magnetic field
(48). Therefore, a similar transition from a skyrmion crystal–like phase
to field-induced ferromagnetism is expected in the high field. At low
temperatures (≲30 K), MnGe shows a topological Hall effect with a
negative sign. On the other hand, at higher temperatures, the result
shows unusual behaviors compared to the other chiral magnets.
Ishizuka and Nagaosa, Sci. Adv. 2018;4 : eaap9962 9 February 2018
In Fig. 3C, we show the field dependence of the topological Hall
resistivity rT measured in MnGe; the figure is reproduced using the
data published by Kanazawa et al. (29). The 50 K result shows a non-
monotonic behavior with a sign change in the Hall resistivity and a
peak around the transition to the ferromagnetic phase. The sign
change of the Hall conductivity is found in the intermediate tempera-
ture 50 K ≲ T ≲ 100 K. In contrast, at 100 K, the result only shows
positive Hall resistivity in the intermediate field region, which vanishes
in the high field. This behavior persists up to 200 K. The 50 and 100 K
results in Fig. 3C should be compared with that of Fig. 3 (A and B,
respectively). Assuming that the zero-field critical temperature of our
model coincides with that of the MnGe (Tc ~ 170 K), the temperature
of Fig. 3A corresponds to 20 K, whereas that of Fig. 3A is 100 K. These
numbers match the experiment semiquantitatively.
DISCUSSION
Here, we theoretically studied the AHE induced by fluctuating spins.
Using the second Born approximation, we showed that the scalar spin
chirality induces skew scattering similar to that by the nonmagnetic im-
purities with spin-orbit interactions (37, 38). However, this mechanism
is distinct from the Berry-phasemechanism; the skew scattering leads to
an asymmetric scattering term in the Boltzmann equation, whereas the
Berry phase acts as an effective Lorentz force. Combining this result
with a semiclassical Boltzmann transport theory, we obtained the expli-
cit formula for the Hall conductivity. The sign of the AHE by the skew
scattering mechanism is opposite to that by the Berry-phase one.

In the latter half of the paper, we study a 2D chiral magnet that is
relevant for chiral-magnet thin films using MC simulation. We found
that, in this model, the thermal average of scalar spin chirality remains
in the same order even in the ferromagnetic phase above the skyrmion
crystal phase. The MC results, together with the scattering theory, sug-
gest that the AHE induced by the skew scattering mechanism appears
around and above the phase boundary between the skyrmion crystal
and the ferromagnetic phases.

On the other hand, at a temperature much lower than that during
magnetic transition, the electronic structure is expected to change
abruptly due to the nonperturbative effect of the formation of magnetic
superlattice (49). Because of this effect, the scattering theory discussed in
this paper is expected to fail in the low-temperature region. Meanwhile,
in the low-temperature region, it is discussed that the emergent
magnetic field induced by the skyrmions is responsible for the AHE
(25, 26, 50). Therefore, with decreasing temperature, we expect to see
a crossover of the AHE, from that by the skew scattering mechanism
to the one by the emergent magnetic field. Because the sign of the Hall
conductivity differs between the two mechanisms, a sign change of the
Hall conductivity is expected; this is demonstrated in Fig. 3 and resem-
bles the experimentally observed anomalous Hall resistivity in MnGe
(29). In contrast, in Mn1−xFexSi, no sign change of AHE is observed
to date (28, 30, 31). Presumably, this difference is due to the difference
in the strength of the electron correlation and spin-orbit interaction. In
Mn1−xFexSi, we expect a relatively weak electron correlation compared
to MnGe. Therefore, the chiral spin fluctuation is suppressed above the
magnetic transition temperature.

In the previous section, we discussed the relation of our work to an
earlier work on AHE due to scalar spin chirality. In the study of Tatara
and Kawamura (32), using a Green function formalism, it is shown
that an AHE proportional to the scalar spin chirality appears in the
weak coupling regime. In our work, using the Boltzmann transport
A

B
σxy

χ

σxy

χ
bz

~

~

C

bz

Magnetic field (T)

50 K

100 K

μh/JH  [h (T)]

μh/JH  [h (T)]

ρT
xy

 (
μ

Ω
 c

m
)

Fig. 3. Field dependence of c, bz, and s̃xy (a quantity that is proportional to the
anomalousHall conductivity) calculatedbyMC simulation. The numbers in square
brackets are the magnetic field in Tesla, assuming the upper critical field to be 12 T,
which is the case forMnGe. The temperatures are at (A) T/JH= 0.1 (~20 K) and (B) T/JH=
0.5 (~100 K) with g = 2. The definition and description of ~sxy are given in Eq. 26 and
the paragraphs above it. In the figure, the blue and yellow shading indicates helical
and skyrmion crystal phases, respectively. See the main text for details. (C) Exper-
imental measurement of Hall conductivity in MnGe at 50 and 100 K. Reproduced
from data from the work of Kanazawa et al. (29).
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theory, we show that the spin chirality contributes to AHE in two
ways, that is, as the effectivemagnetic field that appears in the drift term
and as the scatterer in the collision term; we show that the contributions
from these two terms have opposite signs.

Regarding the scaling property, in the study of Tatara and Kawamura
(32), the anomalous Hall conductivity is quadratically proportional to
the quasi-particle lifetime t′, implying thatsxyºs2xy [here, we use t′ in
place of t from the work of Tatara and Kawamura (32), because the
definition is somewhat different from t used in this paper]. We essen-
tially obtain the same result as shown in Eq. 15. However, there is one
remark on the mechanism of scattering that contributes to t. When the
scattering by impurities and phonons is dominant, 1/t is essentially
independent of the density of localized moments and the strength of
Kondo coupling. In this limit, we expect sxyºt2ºs2xx . In contrast,
when the scattering by the localizedmoments is dominant, we expect
1/t to be linearly proportional to the density of localized moments. In
this case, because ~ViðkFÞ is proportional to the density of localized
moments, we expect a relation, ~ViðkFÞº1=t. Therefore, the resulting
scaling relation becomes sxyº tº sxx, restoring the scaling relation
expected in the skew scattering mechanism (40).
MATERIALS AND METHODS
Born approximation
The scattering rate of electrons was evaluated by the scattering the-
ory using a Born approximation. For the elastic scattering, the rate
of scattering an electron with momentum k and spin a to that of k′
and b is

Wka→k′b ¼ 2pjFbaðk′; kÞj2dðeka � ek′ bÞ ð27Þ

where Fba(k′, k) is the scattering amplitude from ka to k′b. In the Born
approximation, the scattering amplitude was estimated by perturba-
tively expanding the wave functions. In our work, we treated the Kondo
coupling termHK as the perturbation and expanded the wave function
up to the second order in J (second Born approximation). The resultant
scattering amplitude reads

Fbaðk′; kÞ ¼ Fð1Þ
ba ðk′; kÞ þ Fð2Þ

ba ðk′; kÞ ð28Þ

where

Fð1Þ
ba ðk′; kÞ ¼ 〈k′bjHK jka〉 ð29AÞ

Fð2Þ
ba ðk′; kÞ ¼ 〈k′bjHKGðekÞHK jka〉 ð29BÞ

Here, jka〉 ¼ exp ðik⋅rÞ=ð2pÞ32 is the eigenstate ofH0 with momentum
k and spin a, and G(w) = (w − H0)

−1 is the Green function of H0.

Details of Boltzmann theory
Earlier, we calculated the Hall conductivity using the semiclassical
Boltzmann theory. This method is useful for studying AHE, provid-
ing not only a microscopic evaluation of the conductivities but also
an intuitive understanding of the physical mechanism (39, 43, 44). In
the Boltzmann theory, the electron distribution was evaluated by the
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Boltzmann equation; the transport coefficients were evaluated from the
electron distribution by calculating the current. In the presence of the
uniform static electric field, the Boltzmann equation reads

qvk ⋅Ef0′ðekÞ ¼ � gka
t

þ∑
b
∫df′dq′ sin q′

rðkÞ
4p

w�
k ′b→ kagk ′b ð30Þ

where q is the charge of carriers, vk = ∇kek is the velocity of electrons
with momentum k, ek = k2/2m is the eigenenergy for the electron, E is
the uniform electric field, and f0(e) and f0′ðeÞ are the Fermi-Dirac
distribution function and its energy derivative, respectively. Here, we
assumed that the electron occupation fka = f0(ek) + gka is close to that
of the Fermi-Dirac distribution and expanded to the equation up to
leading order in E, assuming gka ¼ OðEÞ. For the scattering terms in
the right-hand side of Eq. 30, we separated the scattering rate wka→k ′b

into symmetric ½wþ
ka→k ′b ¼ ðwka→k′b þ wk′b→kaÞ=2� and antisym-

metric ½w�
ka→k ′b ¼ ðwka→k ′b � wk ′b→kaÞ=2� terms; wþ

ka→k ′b was taken
into account by the relaxation time approximation using relaxation
time t, that is, the first term in the right-hand side of Eq. 30. The integral
in Eq. 30 is forw�

ka→k′b.We here used the polar coordinate k′ = (k′ sin q′
cos f′, k′ sin q′ sin f′, k′ cos q′); the length of k′was fixed to k′= k due to
the delta function inw�

k′b→ka, because we only consider elastic scattering
by the classical moments.

In general, solving Eq. 30 is difficult; it is often solved approximately
by using a variationalmethod (39). Here, however, we took an alternative
approach (45); we assumed the antisymmetric scattering to be

w�
k′b→ ka ¼ ~V abðkÞ ⋅ k� k′

k2
ð31Þ

where

~V
abðkÞ ¼ ~V 0ðkÞsab0 þ ~V 1ðkÞsabx þ i~V 2ðkÞsaby

� 
n ð32Þ

Here, n is a unit vector, s0 is the 2 × 2 unit matrix, and sx and sy are the
Pauli matrices; we assumed that Vi(k) (i = 0, 1, 2) are functions of the
length of wave number vector k; that is, Vi(k) has no angular depen-
dence. Using relations

ðv ⋅ sabÞðsba ⋅ v′Þ
¼

�
vzvz′ ðif a ¼ bÞ
ðvxvx′þ vyvy′Þ þ sgnðaÞiðvxvy′� vyvx′Þ ðif a ≠ bÞ ð33Þ

we see that the scattering probability in Eqs. 8 and 12 is a special form
of Eq. 31.

Equation 30 is solvable if we have the above form for antiscatter-
ing terms. To solve the Boltzmann equation, we used a self-consistent
approach (45); we introduced a parameter Pa(k) defined by

PaðkÞ ¼ ∫df′dq′ sin q′k′gak′ ð34Þ

In the integral on the right-hand side, the length of k′ is fixed to k′ = k.
Using Pa(k), the Boltzmann equation becomes

gak ¼ �tqvk ⋅Ef0′ðekÞ þ
rðkÞt
4pk2

∑
b

~V
ab
⋅ k � PbðkÞ ð35Þ
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Equation 35 can be diagonalized with respect to the spin indices a and
b by the following transformation for gak and Pa(k)

g±k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2h

p

2
g↑k ± e�hg↓k

� 
ð36AÞ

P±ðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2h

p

2
P↑ðkÞ ± e�hP↓ðkÞ	 � ð36BÞ

where

e�h ¼
~V 1 þ ~V 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~V
2
1 � ~V

2
2

q
Using these parameters, we rewrite Eq. 35 as

g±k ¼ �tqvk ⋅ Ef ±0 ′ðekÞ
þ rðkÞt

4pk2
~V
±
n ⋅ k � P±ðkÞ ð37Þ

where ~V
± ¼ ~V0 ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~V
2
1 � ~V

2
2

q
and f ±0 ¼

ffiffiffiffiffiffiffiffiffi
1þe2h

p
2 ð1 ± e�hÞf0. When n is

perpendicular to E, the explicit form of P±(k) is obtained by substituting
Eq. 37 into Eq. 34 using Eq. 36A; it reads

P±ðkÞ ¼ �tq
2pk2

m
f ′0ðekÞ

E þ t
2 rðkÞ~V

±ðkÞE � n

1þ ft2 rðkÞ~V
±ðkÞg2

ð38Þ

Hence, by substituting Eq. 38 into Eq. 37, to the leading order in E, g±k
reads

g±k ¼ �tq f ′0ðekÞvk ⋅ E � t
2
rðkÞ~V ±ðkÞn� E

� 
ð39Þ

Using the above results, the electric conductivity can be calculated
by using the current formula

j ¼ q∑
s
∫ d3k

ð2pÞ3 vkfks ð40Þ

After some calculations, we find that theHall conductivity is given by

sxy ¼ 2neq2t
m

rðkFÞt
2

~V
0ðkFÞ þ ~V

1ðkFÞ
� 

ð41Þ

where kF is the Fermi wave number and ne ¼ k3F=ð6p2Þ is the average
density of charges per a spin. Here, we assumed that n is the unit vector
along the z axis and that the electric field and the current are in the xy
plane. We note that, although we have ~V 2 in the scattering rate defined
in Eq. 32, it does not affect the transverse conductance, as seen in Eq. 41.

Details of MC simulation
To calculate the phase diagram in Fig. 2, we used a classical MC
method with a local update using heat bath algorithm. The calcula-
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tions were carried out on a model with N = 302 and 602 spins with
the periodic boundary condition. To calculate the thermodynamic
quantities and its statistical errors, we took an average over five bins
for each temperature and magnetic field; in each bin, 2.4 × 106 MC
steps were used for calculation after 6 × 105 MC steps for thermaliza-
tion. Here, one MC step consisted of N local updates using the heat
bathmethod.We also kept track of the acceptance rate and confirmed
that the averaged acceptance rate was above 1% for all field when the
temperature was above T = 0.2J.
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