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Abstract

Combining multiple biomarkers to improve diagnosis and/or prognosis accuracy is a common
practice in clinical medicine. Both parametric and non-parametric methods have been developed
for finding the optimal linear combination of biomarkers to maximize the area under the receiver
operating characteristic curve (AUC), primarily focusing on the setting with a small number of
well-defined biomarkers. This problem becomes more challenging when the number of
observations is not order of magnitude greater than the number of variables, especially when the
involved biomarkers are relatively weak. Such settings are not uncommon in certain applied fields.
The first aim of this paper is to empirically evaluate the performance of existing linear
combination methods under such settings. The second aim is to propose a new combination
method, namely, the pairwise approach, to maximize AUC. Our simulation studies demonstrated
that the performance of several existing methods can become unsatisfactory as the number of
markers becomes large, while the newly proposed pairwise method performs reasonably well.
Furthermore, we apply all the combination methods to real datasets used for the development and
validation of MammaPrint. The implication of our study for the design of optimal linear
combination methods is discussed.
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1. Introduction

The receiver operating characteristic (ROC) curve is a very useful tool in diagnostics/
prognostics for the purpose of evaluating the discriminatory ability of biomarkers or
diagnostic/prognostic tests. For a continuous-scaled marker, the ROC curve graphically
depicts the marker’s diagnostic/prognostic ability for all threshold values in a unit square by
plotting proportion of true positives (sensitivity) versus proportion of false positives (1-
specificity). Extensive statistical research has been carried out in this field [1-5]. For
excellent reviews of statistical methods involving ROC curves, see [6,7] and [8]. The area
under the ROC curve (AUC) is the most popular overall discrimination accuracy index, and
it has been extensively used by many researchers for biomarker evaluation and selection.
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Greater AUC value indicates greater discriminatory ability of a diagnostic/prognostic test or
biomarker over all threshold values.

In clinical medical practices, single biomarker may not possess desired sensitivity and/or
specificity for disease classification and outcome prediction. Multiple biomarkers are often
combined in a linear fashion to form a single more powerful composite score that achieves
better diagnostic/prognostic accuracy. An optimal linear combination of biomarkers is
defined as the one for which the composite score would achieve the maximum AUC over all
possible linear combinations. A number of parametric or nonparametric methods had been
described in literature to find the optimal linear combination to maximize the AUC[9-12].
These methods generally only target the settings with a small number (up to five) of well-
defined clinical biomarkers (AUC > 0.7). The performance of these methods for large
number of biomarkers has not been explored.

For diagnostic/prognostic assay developed from the new generation of biotechniques, we
often encounter the scenarios with large number of relatively weak biomarkers (0.5 < AUC <
0.7). More details can be found in Section 2, which presents some details of MammaPrint®,
an Food and Drug Administration-approved breast cancer prognostic test. Given the rapid
development of personalized medicine where new diagnostic/prognostic tests developed
under such setting are becoming increasingly common, combining large number of weak
biomarkers to achieve the best possible diagnostic accuracy is of paramount importance in
practice. Therefore, in this article, we not only empirically evaluated and investigated the
performance of the existing linear combination methods but also presented a new method,
namely, the pairwise approach, specifically targeting the setting described earlier.

The rest of the paper is organized as follows. In Section 2, MammaPrint® is illustrated. In
Sections 3.1 and 3.2, notations and brief review of existing methods are presented. Section
3.3 presents the newly proposed pairwise combination method. In Section 3.4, the approach
of independent validation is discussed. Simulation studies to comprehensively evaluate and
investigate the performance of the methods discussed are given in Section 4. In Section 5,
application of the illustrative example is presented. Section 6 contains a summary and
discussion.

2. A motivating example

Breast cancer is the second leading cause of cancer deaths in women in the USA, with
approximately 39,620 US women expected to die from breast cancer in 2013. MammaPrint®
is the first Food and Drug Administration-cleared prognostic test for breast cancer. It
combines the expression levels of 70 genes to provide patient binary prediction of likelihood
of distant recurrence in the first 5 years following diagnosis [13,14]. A recent report from the
Institute of Medicine showed that MammaPrint® test has been used in 14,000 patients as of
mid-2011 [15].

MammaPrint® represents an illustrative example of the setting for which we will focus in
this study. First, unlike the conventional setting where only a few (usually 2—4) markers are
combined, it consists of 70 markers. Second, the number of samples used to establish
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MammaPrint® is 78, and the number of samples for independent validation of
MammaPrint® ranges from 84 to 307 [16-19]. Third, most of the 70 markers involved have
relatively weak discriminatory ability. As shown in Figure 1a, the AUCs of the 70 markers
havev the maximum value of 0.694 (95% CI: 0.634—-0.753 estimated by bootstrapping), and
the median of 0.581 (mean 0.583), with most of them in the range of 0.50-0.65, based on the
463 samples pooled from different studies [16-19]. A closer look reveals that for 29 of the
70 biomarkers (41%), the AUCs are not significantly larger than 0.5 based on the 95% ClI
calculated by bootstrapping. In addition, the overall correlation among the markers involved
are relatively weak. As shown in Figure 1b, the estimated size (absolute value) of correlation
coefficient among the 70 markers ranges from 0 to 0.768, with a median of 0.128 (mean
0.161).

While a number of methods had been described in literature [9-12] to find the optimal linear
combination of markers in order to maximize the AUC, generally they are not developed and
evaluated for the setting illustrated by MammaPrint®. Therefore, the goal of this work is to
investigate the performance of existing linear combination methods as well as a newly
proposed one, namely, the pairwise approach, for yielding the maximum AUC under such
setting.

3. Preliminaries

3.1. Notations

Consider the scenario where 7 patient was classified to two groups (g =0, 1) of healthy (Jp;
=0;/=1, ..., m) and diseased (J4;=1; /=1, ..., m). With pcontinuous biomarkers x, let
X0i= (Xoi, ---» Xojp) T and x1;= (X, ..., X1jp) " represent the measurements of the different
groups, where xpjx and x j are the Kh(k=1, ..., p) biomarker’s value for the /7 (i=1, ...,
o) healthy and /77 (j=1, ..., m) diseased subject, respectively. Note that the biomarkers
may have different distributions in the healthy and diseased groups. The /7y x p matrix

Xo=(01, T2, ..., Ton, )" and the m x pmatrix X,=(z1,, x1,...,x1,,)" represent the
observed measurements for the healthy and diseased group, respectively.

A linearly combined biomarker could be created in the form of z= Ax, where A = (14, A5,
..., Ap) is the combination coefficients, that is, risk coefficients. We denote zo and z; as the
calculated vectors of the combined marker for the healthy and diseased groups, respectively:

zg:)\XgT for g=0, 1. o)

It is worth pointing out that the optimal combinations are not unique, as applying scalar
multiplier could produce equivalence results.

3.2. The existing methods
3.2.1. Parametric methods

Su and Liu’s method based on multinormality assumption: Assume biomarkers in both
healthy and diseased population follow multivariate normal distributions, that is, Xo ~ NV(Ho,
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Zp) and X3 ~ Nj(My, Zy), respectively. The classification problems under such assumption
had been studied early on [20], and the result was extended by Su and Liu [9], who showed
that the risk coefficients of the optimal linear combinations that yield largest AUCto be the
Fisher’s discriminant coefficients:

-1
)\Tz(zl—i-zo) m ()

where = 1n — . Subsequently the optimal combined AUC is

AUC=9 (\/#T(Z#Zo)l#) . .

Su and Liu [9] had shown that the AUC is maximized among all possible linear
combinations under the multinormality assumption, and the sample means and sample
covariance matrices can be used to consistently estimate the aforementioned parameters.

The applicability of Su and Liu’s method is restricted by the normality assumption.
Furthermore, the estimation of population parameters become unstable when the number of
biomarkers becomes close to sample size [21-23]. It is also worth to point out that as the
number of markers increases, the estimated sample covariance matrices may be less than full
rank. The Moore—Penrose generalized inverse of the matrices was then used.

Logistic regression method: The logistic regression yields a linear combination of markers
that intuitively discriminates non-diseased subjects from the diseased. To be specific,

logit(PlYi=1|z])=Bxi=Po+ rzi+ - +Bpzip; i=1,...n, (4)

where X;is the p-dim vector of biomarker measurements for the ~th patient, and Y;being the

disease status, 1 for diseased and 0 for healthy. The logistic regression coefficients 3 can be
used as the maximum likelihood estimation of the model, which yields an intuitively
appealing quantity for discriminating the two groups [24-26]. The risk coefficients can be

calculated based on 3:

A=(1,B2/B1,- - Bp/B1)-  (5)

Of course, the vector coefficient 3 is chosen to maximize the logistic likelihood function
rather than to maximize the AUC.

Reqgularized logistic regression: ridge and LASSO: Regularization methods have been
used to prevent overfitting when large number of covariates are presented in the model. By
imposing a penalty on the size of regression parameters, smaller prediction errors for new
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data might be achieved by reducing the overfitting through the bias—variance tradeoff [27].
The most common variants in regression are £q and L, regularization, usually refer to as
LASSO (Least Absolute Shrinkage and Selection Operator) [28] and ridge regression [29],
respectively. They are very similar to least squares regression except that the addition of
predictors were penalized with L; or L, norm of the parameter vector. For example, in the
linear model, the ridge regression coefficient estimates are

B :argﬂmin(y - XB)"(y - XB)+BB" B,

and the LASSO coefficient estimates are

B"=argmin(y — XB)"(y — XB)+BY 8,1,
s j )

where a = 0 is a tuning parameter that controls the amount of regularization and the size of
the coefficients. The increase of a will shrink the coefficients closer to each other and to
zero. In practice, it is usually determined by cross-validation. Of these two methods, ridge
regression shrinks coefficients more smoothly, while LASSO may reduce some of them to
exact zero and result in variable selection. The linear models can be extended to binary-
dependent variables through logistic transformation as logistic ridge regression [30] and
logistic LASSO regression [31], which will be used in this study. The risk coefficients will
be calculated in the same way as described in the previous section of logistic regression
method.

3.2.2. Non-parametric methods—Without normality assumptions, empirical AUC has
been proposed as an alternative non-parametric objective function by Pepe and Thompson
[10]. It is equivalent to obtain risk coefficients by maximizing Mann—Whitney statistics:

ng ni

ZZI()\1I1J'1+ c AT > M Toin+ - A pToip),
noniy

1=175=1 (8)

argmaxW(\)=
A

where /is the indicator function. Without any assumptions about the distributions of xg and
X1, this non-parametric method is robust against distribution assumptions and had been
shown to be superior than parametric approaches in some settings. Closely related to rank
statistics, it had been recognized as a special case of the maximum rank correlation estimator
[32] and had been shown to be consistent and asymptotically normal if at least one
component of x is continuous and /ogif{ Ay = 1|x]) follows a generalized linear model [33].

One limitation embedded in this method is related to its computational complexity as usually
a search algorithm must be used [10]. With larger number of biomarkers involved, this
empirical optimization process becomes computationally formidable, which calls for the
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development of methods with efficient search reduction strategies to make the search
computationally tractable [24,34].

Min-max method: Liu et al. [11] proposed a non-parametric approach that linearly

combines the minimum and maximum values of the observed biomarkers of each subjects.
That is, they optimized the Mann-Whitney statistics:

argmaxW ()=
A

n n
1 0 1

Zzl(xlj,mam+/\$lj,min >$Oi,maz+)\$0i,min)7
LEULLE S g 9)

where for the ith healthy subject

I()i,mawillglaéix 0il> T Oi,minzllgligpw 0il 5

(10)

and for the jth diseased subject

:L'lj,malengllagxpxljl: L1j,min= 1011 T14].

=iy 1)

Only one risk coefficient is needed in this method, so the computational complexity is only
related to the sample size, regardless of the number of biomarkers involved. They had shown
that the maximum (minimum) levels yield larger sensitivity (specificity) than any individual
biomarker, may yield larger partial or full AUC in certain scenarios, and is more robust
against distributional assumptions.

However, as pointed out by the author, the feasibility might be an issue when not all
biomarkers are measured on the same scale and are comparable.

Stepwise method: To side-step some of the drawbacks observed in min-max method, a

different nonparametric algorithm to lower the computational complexity was implemented
by Kang et al. [12], combining biomarkers using a stepwise fashion. The algorithm can be
summarized as follows:

1.
2.

5.

Calculate empirical AUC (or the Mann—-Whitney statistics) of each biomarker.
Order the empirical AUC, from largest to smallest.

Combine the first two biomarkers using the method suggested by Pepe and
Thompson [10].

Create a combined marker based on risk coefficients in the aforementioned step,
combine it with the next biomarker.

Follow the aforementioned two steps until all biomarkers were included.

The procedure was referred to as ‘step-down’ combination method as it combines
biomarkers ‘downward’ in the aforementioned step 2. It may also be desirable to combine
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the biomarkers ‘upward’ by sorting them from smallest to largest in step 2, for a ‘step-up’
combination method. It had been argued that any other stepwise approach selecting different
preceding order would perform somewhere in between [35]. It had been demonstrated that
this non-parametric method may outperform other methods under some scenarios and can be
extended to three ordinal categories [12,34].

These existing methods generally focus on the combination of a few well-defined clinical
markers. The applicability of the these methods has not been investigated systematically for
the scenarios with large number of weak markers.

3.3. The proposed method

Targeting the settings with large number of weak markers, we propose a new non-parametric
method to estimate the combination coefficients by pairing one marker with the rest
separately, hereafter referred to as ‘pairwise’ methods. Given the fact that majority of
involved markers are weak in our setting, it is important to focus on one marker that
contributes the most information to classification. Preferably, this marker is chosen based on
clinical verification. We refer this marker as ‘anchor marker’ hereafter. When clinical
justification is not available, the one with the largest AUC can be used as the anchor marker.
Most likely, given the anchor marker, any additional contribution from other markers highly
depends on their correlation with the anchor markers, while the relationships among them
play a secondary role. For demonstration purposes, we use the marker with the largest AUC
as anchor marker in this paper.

We use empirical AUC as objective function and the grid search [10] as optimization
method. The implementation of the algorithm can be summarized as follows:
1. Calculate empirical AUC of each marker.

2. Choose the one with largest empirical AUC as the anchor marker My).

3. Combine the Ath biomarkers My with the anchor biomarker A1), and estimate
the combination coefficients with grid search method using empirical AUC as
objective function. That is, to find the maximum in:

ng ni

W( A > nOmZZI( 11 +)‘k$11k>)\1(c)3707( )+)\kl'0ik)~,

where combination coefficients )\,({1), A, will take equally spaced values (201
steps each by default) in two-dimensional grid space bounded by [-1, 1], similar
to that used in [10] and [12]. This will produce a wide range of standardized
combination coefficients for the next step.

4, Standardize the combination coefficients against the anchor marker:

Ap=Ap/ A0
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5. The overall linear combination coefficients are obtained by combining the linear
combination coefficients obtained in the previous step:

)\:il*( ’{,...,)\(1):1,...,/\2,...,A;), 12)

where we choose A(;) = 1 if the median of the combined marker in the diseased
population is larger than that of the healthy one, otherwise, —1 for identifiability.

This new pairwise approach has several advantages. First, it is distribution-free and therefore
more robust than parametric methods. Second, it tries to utilize all available markers
regardless of marginal marker performance. As pointed out by some researchers [36], even
extremely weak markers may enhance the performance of combination in certain
circumstances. Third, when the number of observations is not order of magnitude greater
than the number of variables, as illustrated in our motivating example, over-fitting and
multicollinearity can severely impact the consistency and stability of combination coefficient
estimation [21,22]. Unlike the stepwise method that employs iterative fitting of combination
coefficients in the training dataset, the pairwise method estimates each coefficients in a
single optimization step, and thus it offers a relief from the potential overfitting risk in the
empirical search of combination coefficients. Fourth, it greatly reduces computational
complexity, making the non-parametric grid search method feasible for cases with more than
a handful markers. In addition, the framework of the proposed approach is flexible and
expandable. For example, the objective function in step 3 is not limited to the empirical
AUC. Other quantities, such as accuracy or Youden index, can be used depending on the
need. The maximizing procedure can be also adapted to other parametric or non-parametric
methods, such as logistic regression, depending on the nature of the markers.

3.4. Independent validation

Accurate estimation of the performances is essential for comparing the aforementioned
methods. Usually, re-substitution method was used as presented in some of the existing
methods [9-11,24]. In such process, the linear combination coefficients were first estimated,
and the composite scores for each sample were calculated using the estimated coefficients on
the same dataset. The AUCS were then estimated based on the combined scores, and
superiority of a certain method was concluded if the associated AUC is the largest. However,
the estimated AUC by re-substitution method was usually over optimistic for future
observations, as pointed out by many researchers [12, 37-39]. This is the well-known effect
of ‘testing hypotheses suggested by the data’ [40].

Cross-validation is a widely used method to adjust such upward bias from the estimation by
re-substitution. By partitioning a given dataset into ‘training’ and ‘testing’ datasets for
separate estimation and validation, the upward bias might be statistically controlled.
Commonly used methods include K-fold cross-validation, leave-one-out cross-validation
(Jack-knife), repeated random sub-sampling validation, and others [39,41-43].

In clinical practice, independent validation is the key and most stringent standard for marker
performance evaluation, where the ‘training” and ‘testing” datasets are obtained
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independently. The aforementioned cross-validation is only necessary when the validation
dataset is not available, and thus one dataset must be used in both estimation and evaluation
by re-sampling techniques [44]. To achieve the same stringency standard in our simulation, a
dataset was first generated (‘training’ dataset) and based on which the linear combination
coefficients were derived for each methods. The coefficients were then applied to a dataset
independently generated with the same parameters (‘testing’ dataset) to create composite
scores by different methods. The performances of the different combination methods were
then compared based on the empirical AUCs calculated from the composite scores in this
independently generated test set.

4. Simulation study

This section contains two parts: (1) comparing the performances of the aforementioned
combination methods under different marginal distribution and covariance structure,
presented in Section 4.1; and (2) investigating the bias in estimating AUC and overfitting
issues in the combination methods, presented in Section 4.2.

4.1. Comparison of the performance of different combination methods

We performed simulation studies to assess the performance of the aforementioned
combination methods, that is, Su and Liu’s multivariate normal based on Fisher’s linear
discriminant (MVN) [9], logistic regression (LR) [10], hon-parametric min—-max (MM) [11],
non-parametric stepwise with downward direction (SW) [34], two regularized regression
methods (logistic ridge [30] and LASSO [28, 31]), and the newly proposed non-parametric
pairwise using grid search method (PW).

Extensive simulations were carried out, with a wide range of joint distributions and effect
sizes of markers: (1) multivariate normal distributions with equal and unequal covariance,
where one marker possesses moderate discriminatory ability (marginal AUC = 0.738), and
the others are weaker (marginal AUC = 0.611); (2) multivariate normal distributions with
equal and unequal covariance, where the markers are characterized by weak discriminatory
ability (marginal AUCs range evenly from 0.528 to 0.664); (3) multivariate gamma
distributions with equal and unequal covariance, and the effect sizes of markers are the same
as scenario 2; and (4) multivariate beta distributions with equal and unequal covariance, and
the effect sizes of markers are the same as scenario 2. We choose markers with moderate-to-
weak discriminatory ability in order to simulate the targeted settings as illustrated by
MammaPrint (Section 2). In all settings, we considered sample sizes of (i, m) = (25, 25),
(100, 100) for healthy and diseased groups. For each setting, two independent sets, that is,
one as ‘training set” and another the ‘testing set’, of observations were generated from the
same underlying distribution with given parameter set and sample size. Each combination
method was applied to the training set, and the estimated combination coefficients (1) were
obtained. The combination coefficients A are then applied to the independently simulated
testing set from the same underlying joint distribution to obtain the combined markers, of
which the ROCs and AUCS will be calculated. The AUC for each combination method is
estimated by the mean of AUC over the 1000 simulations, and its 95% Cls by the 2.5 and
97.5 quantiles. The results were summarized in Tables I-1V.
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4.1.1. Multivariate normal distributions with one moderate and multiple weak
markers—Without loss of generality, we assume diseased and healthy samples are from
multivariate normal distributions with marginal mean vector pg = (0, ..., 0)7 for healthy
group. We set the marginal mean vector of the markers for diseased group as p; = (0.4, ...,
0.9) 7 with marginal variances of all markers as 1. Consequently, it represents multiple weak
markers (marginal AUCs equal to 0.611) combining with a moderate one (marginal AUC
equals to 0.738). The covariance in diseased and healthy populations were assumed to be
with exchangeable correlation. In the cases of equal covariances, we assume: X3 = %o = (1 -
Mlpxp+ ¥ pxpWhere I is the identity matrix and J is a matrix of all 1s. Correlation
parameter y is set to be 0.15, similar to the median value of the correlation size observed in
Section 2. In the cases of unequal covariances, we assume the covariance in diseased
population unchanged, with a different covariance Zy = 0.91 5« + 0.1J o in healthy
population. The simulation results were listed in Table I.

In both equal and unequal covariance scenarios, we observe the following: first, when the
number of markers are relatively small (o ~ 2 — 6), the mean of estimated AUC and its CI
are generally comparable for all combination methods; second, when the number of markers
increases to the level that the sample size is no longer order of magnitude greater than the
number of markers, the PW and Ridge methods perform comparably, where PW method
produces slightly greater AUC means with larger sample size iy = m = 100, and Ridge
method is slightly better at smaller sample size iy = m = 25. Although the estimated AUC
means are similar to that from PW and Ridge methods, LASSO produces noticeably larger
Cls at smaller sample size. MM and SW methods produce only slightly smaller AUC mean;
third, when the number of markers continues to grow, there is noticeable decrease in the
AUC means for MVN and LR methods. This observation of decreased performance will be
further investigated in Section 4.2. There is also a drop of performance for SW method,
although it is less obvious than that of MVN and LR methods. On the other hand, we do not
observe such performance drop for PW, ridge, LASSO, and MM methods, with PW/ridge/
LASSO performing consistently better than MM method.

4.1.2. Multivariate normal distributions with multiple weak markers—The
simulation is similar to that in the previous section, except that we set the marginal mean
vector of the markers for diseased group as py = (0.1, ..., 0.6) 7 with even spacing based on
the number of such markers. Consequently, the marginal AUCs are all different and range
from 0.528 to 0.664. The simulation results were listed in Table 11. Overall, similar
performances are observed as in the previous simulation, that is, PW, ridge, and LASSO
produce larger AUCs than the rest when the number of markers increases. However, in this
case, the ridge method tend to be universally better than PW and LASSO.

The settings of these two simulations only differ in the markers’ mean vectors. However, this
small difference has led to noticeable changes in performance among PW, ridge, and
LASSO methods. This observation demonstrated that the comparison among these three
methods is complicated and depend intrinsically on the effect sizes and covariance structures
of the markers.
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4.1.3. Multivariate gamma distributions with multiple weak markers—To
investigate the performance of the combination methods under skewed distributions, we
simulated data from gamma distribution. The density function of gamma distribution can be
parametrized by shape parameter a and rate parameter g

ﬂozl,a—le—ﬂm

S Gamma (T30, B)= I'(«) '

where I is the gamma function.

In this simulation study, we assume the shape parameter ag = a; = 10 for both populations.
For the healthy group, the rate parameter is set to be Gy = 5 for all markers and for the
diseased group, distributed evenly within g; € (4.8, ..., 4.2), corresponding to marginal
AUC ~ (0.536, ..., 0.648). For another setting, shape parameters are set as ag = 10 and a; €
(10.2, ..., 11.8) and rate parameter By = B1 = 4 for both populations, corresponding to
marginal AUC ~ (0.523, ..., 0.651) (results not shown). The covariate matrices were
generated using normal copula with exchangeable correlation as Zg = Z; = 0.851 5xp

+0.15J 5, for both populations in scenarios with equal covariances and Z; = 0.851 xp
+0.15J 5 for the diseased population in scenarios with unequal covariances. The simulation
results were presented in Table III.

In both equal and unequal covariance scenarios, the simulation results showed similar trend
as that observed for normal distribution in the previous section. This suggests that for
skewed distributions such as the multivariate gamma distribution, PW, ridge, and LASSO
perform generally better than other combination methods when the sample size is not order
of magnitude greater than the number of markers and generally yields the larger mean of
AUCs.

4.1.4. Multivariate beta distribution with multiple weak markers—Beta
distribution is another widely used distribution for modeling random variables with limiting
interval including percentages and proportions. In this simulation, our goal is to investigate
the performance of the methods when markers are not unimodal. This can be achieved by
choosing the marginal distributions parameters such that the distributions are bimodal. The
density function of beta distribution can be parametrized by shape parameters a and g:

, a—l(l _ :L.)Ig—l

chm(x;avﬁ):J: B(a 6) )

where B is the beta function.

Assume the healthy sample is from multivariate beta distribution with parameters ag = 0.4,
Bo = 0.6, and the diseased sample from multivariate beta distribution with parameters a; =
(0.45, ..., 0.6), B1 = 1-a;, corresponding to marginal AUC ~ (0.543, ..., 0.668). Both equal
and unequal covariance matrices were generated using normal copula with exchangeable
correlation, with Xg = Zg = 0.851 x5 + 0.15J 5, for both healthy and diseased populations in
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scenarios with equal covariance, and Z; = 0.851 5, + 0.15J 5, for the diseased population in
scenarios with unequal covariance. The simulation results were listed in Table V. For
multivariate beta distribution, we observed a similar trend as that in multivariate gamma
distributions for both equal and unequal covariances.

In summary, the performance of all the methods are generally comparable when only a few
markers are combined. When the number of markers increases, the PW, ridge, and LASSO
methods start to dominate over other combination methods. When the number of markers
involved continues to grow, there are different levels of performance drop for MVN, LR, and
SW methods; on the other hand, such performance drop is not observed for PW, ridge,
LASSO, and MM methods, with MM method producing smaller AUCs. The performance
differences among PW, ridge, and LASSO methods seem to be intrinsically depending on
the effect sizes and covariance structures of the markers.

4.2. Investigation of the overfitting and estimation of bias

The remarkably different performances of these combination methods warrant further
investigation. For this purpose, it is of interest to compare the performances of these
combination methods with respect to the theoretical values. As described in Section 3.4, we
evaluate the methods using independent validation scheme, that is, training set and testing
set were independently generated from the same underlying distribution with a given
parameter set and sample size. Here, we focused on scenarios of multivariate normal with
common covariance as presented in the first simulation. Under such scenarios, the
theoretical likelihood ratio is the universally optimal combination that has the highest
sensitivity for any given specificity among all possible combinations [9]. In addition, the
likelihood ratio, the Fisher’s linear discrimination, and the logistic regression are
theoretically equivalent, guaranteed by the Neyman—Pearson Lemma as pointed out in [11].
The theoretical AUC of the optimal linear marker combination can be calculated based on
the covariance matrices as in Equation (3). The details for computing the inverse of matrix
under exchangeable correlation structure are presented in the Appendix.

Figure 2a presents the estimated AUC of the optimally combined markers by different
combination methods in comparison with the theoretic values (presented as black dots) for
the training set. The AUGCS by each combination method was calculated by applying the
combination coefficients estimated from training set to the same dataset. From the plot, we
can see that when the number of markers involved are relatively small (< 10), all methods
produce AUGs close to, but slightly larger than, theoretical values, except those by MM
method. When the number of markers increases, all methods have different levels of
increases in AUCs. Among them, MVN and LR methods generate much larger AUC than
theoretical values, which are clearly over-optimistic (e.g., AUC = 1). The AUCs generated
by SW method are smaller than those by MVN and LR. Ridge and LASSO are closer, but
the AUCS are still larger than the theoretical values. PM method gives smaller AUCs that are
closest to (albeit still above) the theoretical values. Among them, the MM method produces
the smallest AUGs, which are below the theoretical ones.

This apparent superiority of estimated value over the theoretical optimal value is the result of
estimation bias because of the fact that we estimated the performance of the classifier (the
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AUC of the combined marker) using the same data that created the classification rule (the
combination coefficients). Such bias is not significant with large sample size when only a
small number of markers were involved. However, it becomes significant when the number
of markers grow. It is well-known that using re-substitution methods to estimate AUC for the
purpose of comparing between combination methods might be misleading [12]. The
independent validation approach in our simulation study makes it possible to assess this
effect.

Figure 2b compares the estimated optimal AUCs obtained using independent validation
approach with respect to the theoretic values. To be specific, the AUC of each combination
method is calculated by applying the combination coefficients estimated from training set to
the independently generated testing set. We can see all estimated AUCs are smaller than the
theoretical value. When only a few markers are involved, the combination methods generally
produce AUCS close to the theoretical values, consistent with previous observations [11, 12,
34]. When the number of markers increases, the difference becomes larger, but the level of
deviation differs. Among them, severe decline in the AUCs are observed for MVN and LR
methods, indicating their combination coefficients estimated from the training set are likely
overfitted. The AUCs generated by PW, ridge, and LASSO methods were closest to (albeit
still smaller than) the theoretical values. The MM method produces the smallest AUCs and
the SW method is in the middle.

In theory, the AUCs from LR and MVN should be identical to the true value (black dots)
under the scenarios presented here (multivariate normal with common covariance). Although
asymptotically true, any natural fluctuations in finite sample might produce bias to the real
value in the coefficient estimation. As observed in Figure 2b, any such bias could result in
loss of efficiency in reaching the optimal AUC by the combined marker. Overfitting could
significantly aggregate this effect, which is in line with the previous observations [11, 12,
34]. As a side note, the observed differences between LR and MVVN methods are direct
results of the different procedures used in estimation. In MVVN method, the sample variance—
covariance matrices were calculated separately for the two groups. The Moore—Penrose
generalized inverse of their sum, together with the difference of the sample means, are used
to produce estimated coefficients. This will produce coefficients different from those
through logistic regression, which estimates the coefficients based on generalized least
square regression. While the difference is subtle with few markers and larger sample sizes, it
will become more noticeable when the number of markers increases.

The size of bias in estimated AUC between training set and future observation can be seen
more clearly in Figure 2c. From the plot, we can see that when the number of markers
involved are relatively small, all methods are capable to produce relatively small estimation
difference. When the sample size is not magnitude greater than the number of markers, the
estimation difference increased drastically for MVN, LR, and SW methods, up to ~ 0.4 in
LR and MVN methods and ~ 0.2 in SW method. On the other hand, much less increases of
estimation difference were observed in PW, ridge, LASSO, and MM methods (~ 0.1). While
the MM method has the least estimation difference in all scenarios, its performance is
generally less favorable. Such a consistent underestimation of AUC might be due to the fact
that MM method exploited less marker information than the other methods. Similar trend of
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estimation difference between training and testing for each method was also observed under
other joint distributions of markers (data not shown).

Finally, it is important to evaluate the bias of estimated coefficients to its theoretical value.
Generally, this is difficult as different theoretical values may exist for markers with different
marginal AUCs. However, under the scenarios presented here (one moderate marker and
multiple weak markers with equal marginal AUCs and equal covariance matrices), the
theoretical value of the risk coefficients are the same for all markers except the moderate one
(which has a theoretical value of 1). Another difficulty lies in the fact that the optimal
coefficients are not unique, in the sense that any sets differing by a scalar multiplier would
be equivalent in creating a combined marker that produce the same AUC. To overcome this
complexity, we scaled the estimated coefficient vector by the top marker to make the
estimated and theoretical values comparable for the other selected marker. A scenario with
number of markers p =50 and sample size /=100 in each group is shown in Figure 2d. The
dashed line indicates the theoretical value (0.06). It is worth to point out that in MM method
the coefficients do not belong to fixed markers. Instead, they belong to the minimum and
maximum observed values of each subject. Therefore, it cannot be compared with the rest
directly. Nevertheless, we include it here for completeness. From the figure, we can see that
SW and LASSO methods have smaller ranges between the first and third quartiles, with
medians smaller than the theoretical value and a large number of outliers. While MVN and
LR methods have their medians very close to the expected value, their ranges are notably
larger. The PW and ridge methods lay somewhat in the middle, with smaller variation but
larger bias. This is consistent with the bias—variance tradeoff observed in statistical method
comparisons.

In summary, at the settings with small number of markers, the estimation of AUC by the
combination methods are generally comparable between training set and testing set, and
close to the theoretic values. When the number of markers increases, the PW, ridge, and
LASSO methods provide estimation closest to the theoretical optimal value in the testing
dataset. Compared with MVN, LR, and SW methods, these three methods have much
smaller estimation difference between training set and testing set. While the estimation
difference by MM method is smallest, its performance is less favorable. Therefore,
compared with other methods, the PW, ridge, and LASSO methods have a better balance in
yielding a combined marker with better AUC while maintaining a smaller estimation
difference. Among them, PW method is a non-parametric one and does not rely on
regression, which may become favorable under certain circumstances.

5. The example: revisited

In this section, we applied the existing and newly proposed parametric and non-parametric
methods to the datasets used to develop and validate MammaPrint® custom assay. These
include the data from 78 patients used to establish the 70-gene signature [16], 84 samples
used in the clinical validation by Glas et a/. [18], and 307 patients used for independent
validation by Buyse et al. [19]. We present the details of these datasets in Table V. For each
of the three datasets, we applied each combination method and obtained the estimated
combination coefficients (1). The combination coefficients A are then applied to the other
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independent datasets to obtain the ROCs and calculate the AUCs of the combined markers.
In order to investigate the estimation difference, we also apply the combination coefficients
estimated from training set to the same dataset. The 95% Cls of AUC were estimated based
on 2000 bootstrapping sampling methods.

The results were summarized in Table VI. It can be seen that, for the independent testing
datasets, PW, ridge, and LASSO methods produce the highest AUC among the methods. The
combined AUGCs based on PW method are comparable or better than ridge and LASSO in
most cases. It is also the only one with AUC consistently higher than 0.55 at 95% significant
level. Furthermore, compared with SW, MVN, and LR methods, we can see that PW, ridge,
and LASSO generally has smaller estimation difference between testing set and training set.
Over-optimistic estimation (AUC = 1) were observed for MVN and LR methods in some
training sets. While MM method is relatively stable between testing set and training set, it
yields a smaller AUC than PW, ridge, and LASSO in all cases. These observations are
largely consistent with the results we have obtained in the simulation studies.

6. Summary and discussion

In this paper, we empirically studied the performances of a newly proposed pairwise
combination method, together with several existing parametric and non-parametric
combination methods, for finding the optimal linear combination of biomarkers to maximize
AUC under the new settings where more than a few biomarkers were involved, the involved
biomarkers are relatively weak, and the sample sizes are not order of magnitude greater than
the number of biomarkers. Such settings are not uncommon in the diagnostic/prognostic
assays developed from the new generation of biotechniques (for a most recent example, see
[45]), and it has brought new statistical challenges that need to be addressed. Through
simulation and real data, we demonstrated that the existing methods have different
drawbacks under the new settings. For MVVN, LR, and, to a lesser extent, SW methods,
overfitting becomes a major challenge in proper estimation of the risk coefficients and may
produce over-optimistic estimation of the combined AUC in the training dataset and poorer
performance in the future observations (independently generated testing dataset). On the
other hand, the min—-max method may underestimate the AUC without fully utilizing
potentially important information existing in all biomarkers. The ridge, LASSO, and newly
proposed PW combination methods strike a better balance between potential overfitting risks
and insufficient utilization of marker information and has been shown to produce improved
performance in both simulated scenarios and real data example when the estimated
coefficients were applied to future observations. The PW method is computationally
efficient and robust as a non-parametric method and has been shown to produce comparable
results with the ridge and LASSO methods in certain scenarios. However, it should be
pointed out that no single method examined here showed universal superiority and reached
theoretic optimal value in the testing set, highlighting the difficulty and the complexity of
biomarker combination under such settings.

For the PW method described in this paper, we have used empirical AUC as the optimization
objective function and grid search method for finding the optimal linear combination of
biomarkers. There exists a variety of alternative statistical measurements of diagnosis/

Stat Med. Author manuscript; available in PMC 2018 February 22.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Yan et al.

Page 16

prognosis accuracy and combination optimization methods other than the one shown here.
Depending on the need, partial AUC, accuracy, Youden index, and many other quantities can
also be used as objective function [46]. In addition, different optimization methods other
than grid search, such as logistic regression, may be used depending on the nature of the
biomarkers. Marker selection can also be achieved through the PW method. After the anchor
marker was chosen, combination coefficients corresponding to some additional markers can
be set to zero if certain criteria were not met, resulting in the elimination of these markers.
For example when the coefficient is not statistically different to zero, or when the AUC of
the combined marker is not statistically larger than that by the anchor marker alone. By
design, the pairwise method reduced the overall computational complexity and can be easily
parallelized. Hence, it is computationally tractable in the case of higher dimension of
biomarkers and larger sample sizes, especially in the cases where bootstrapping method are
used for parameter estimation. These potential expandability and flexibility of the proposed
method is available to the users in our implemented R package.

The choice of alternative objective functions and maximization procedures in PW method
would certainly have an impact on the selection of anchor marker. It is even possible that
pre-existing knowledge would dictate the choice of the anchor marker. In addition, cross-
validation methods may be used to improve the robustness of the anchor marker selection. In
fact, in our implemented R package, we make it possible for the user to define the method
for anchor marker selection or to dictate any given marker as the anchor marker.

In this paper, we did not discuss another very important group of scenarios when the true
signals are sparse among the combined markers. In other words, some of the markers might
be non-discriminatory with the theoretical marginal AUC = 0.5. However, our primary focus
in the current work is on clinically established marker arrays that presumably consist of only
real markers, and no further marker selection is needed. On the other hand, we recognize
that such sparse-signal signals are not uncommon in biomarker development and discovery
researches, and will investigate the performance of combination methods under such
scenarios in follow-up studies.

To conclude, although re-substitution method has been widely used in traditional settings, it
may produce an overly optimistic estimation when applied to new data. It is critical to
control such bias, ideally by utilizing independent dataset for validation. On the other hand,
overfitting in statistical model is a well-known phenomenon, yet less of a concern in both
parameter estimation and performance evaluation under more traditional clinical statistics
settings, where only a few strong markers were involved. Existing methods such as MVN
and LR developed under such settings may not be most suitable when directly applied to the
new setting, where the data presented new challenges including higher dimension of
biomarkers with weak discriminatory power and limited sample sizes. Depending on the
nature of markers and their covariance structure, regularized regression methods such as
ridge and LASSO may be applied to ease the impact of overfitting and provide more
satisfactory results. The proposed pairwise combination method, owing to its non-parametric
nature, its simplicity, and flexibility, may also be a potentially useful methods in certain
cases. As indicated by the complexity of conclusions under different scenarios, further in-
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depth investigation is needed for a better understanding of the tradeoff between model
fitting, computational complexity, and information extraction.

R package is available upon request from L. Y. (li.yan@roswellpark.org).
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Appendix A: the optimal AUC under multivariate normal distribution with
compound symmetry

In order to derive theoretical optimal AUC in Equation (3), first we introduce the following

lemma:
Lemma 1
(Inverse of matrix with compound symmetry)
Let I, be the p-dim identity matrix and J,,; matrix of ones. The inverse of a matrix in the
1 p
form of al ;+B8J , if it exists, is aIm - 7a(a+mﬁ) I,
Proof

1 B
(adp+BTm) - (afm - m«]m)

_ p p B

- BB mp -
X =Tt (‘ atmp a(a+m6)> =l

Onotice Jy; X Jg = My,

Theorem 1

(Inverse of covariance matrix with compound symmetry correlation)

The inverse of a covariance matrix  with marginal variance of a%, e af) and compound
symmetry correlation R = (1 = »)l,+ yJ, y € (-1, 1) is

1 ~ 1& -1
——DDT - N (o?) J,
1—v (1—“/)(1—“/+m)pi§( L> (A1)
where D = a’iag(fff17 . 70;1) is a p-dim diagonal matrix.
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Proof
R — 2
By definition "=, so R = DID T=prDasD =D’ Thus,Z=D'R(D7)t=D"RD
-1
It is easy to see that Z(DR™ID) = (D"IRD™1)(DR™1D) = I when R exists.
Therefore,
-1 _1
> =DR'D
1 Y ) T
=D ( I— J ) D
=y (=71 —=7+py)
-1 ppr
1—7
2 T
- DJD
1= =y+p)
_ 1 DD
1—7
Y 1 T
— —(DJ)(DJ
(1-m1- 7+p7)p( /(D)
- ppr
1—v
)
(1= —y+py) P
O
To reach the conclusion, first we noticed that J = J7 and JJ = pJ; thus, (DJ)(DJ) 7 =
DJI'D7 = pDJD’.
In addition, we noticed that DJ is a matrix that consists of pidentical rows of vector
_ _ —1
(01 Lo »Op 1); it is easy to see that (DJ)(DJ) 7 have identical elements of Z;(U?) ,
hence, the last step in the proof.
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Figure 1.
Characteristics of MammaPrint® test dataset. AUC, area under the receiver operating

characteristic curve.
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Figure 2.
Overfitting and estimation bias. Simulated data with multivariate normal distribution with p

=(0.4, ..., 0.9)"and equal covariance of ; = Iy = 0.851 pxp + 0.15J px p- Samples size is 100
in each group, and the number of markers p ranges from 2 to 200. Black dots in (a) and (b)
indicate the theoretical optimal AUC value based on Su and Liu’s theorem (Appendix). The
boxplot in (d) shows the estimated coefficients when the number of markers = 50 and the
number of samples = 100 in each group.
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Sample sizes of the MammaPrint® datasets.

Metastatic event

Source  Dataset False True All
Glas Glas78 44 34 78

Glas84 72 12 84
Buyse Buyse307 260 47 307
All 376 93 469
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