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Abstract

Steady-state kinetic isotope effects on enzyme catalyzed reactions are often interpreted in terms of
the microscopic rate constants associated with the elementary reactions of interest. Unfortunately,
this approach can lead to confusion, especially when more than one elementary reaction is
isotopically sensitive, because it forces one to consider the full catalytic cycle one step at a time
rather than as a complete whole. Herein we argue that shifting focus from intrinsic effects to net
rate constants and enzyme intermediate concentrations provides a more natural and holistic
interpretation by which the effects of partial rate-limitation are more easily understood. In doing
s0, we demonstrate how the experimental determination of isotope effects on enzyme intermediate
concentrations allows a direct determination of isotope effects on net rate constants. The chapter is
divided into three main sections. The first outlines the basic theory and its interpretation. The
second discusses an application of the theory in the study of the radical SAM enzyme Desll. The
final section then provides the complete mathematical treatment.
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1. Introduction

When studying enzymatic reaction mechanisms, a common experimental approach is to
introduce a perturbation that affects the values of the microscopic (or intrinsic) rate constants
in a predictable manner without altering the set of elementary reactions hypothesized to
make up the catalytic cycle. This is a defining feature in the measurement of steady-state
kinetic isotope effects (our focus here); however, it may also be applied to the study of
viscosity effects, substrate specificity, and so on. In these studies, the perturbation effectis
observed as the ratio of the parameter of interest measured in the absence of the
perturbation, say y; to that measured in its presence, say )/, or in the reigning notation
(Cook and Cleland, 2007)
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The difficulty with a such an experimental design, however, is that its interpretation requires
compression of an entire kinetic model for the reaction into a single number. This can lead to
ambiguity as well as qualitative, vague notions of rate-limiting reaction steps (Northrop,
1981b). Furthermore, the situation is made only more confusing when an emphasis is placed
on intrinsic effects rather than parameters more representative of the steady-state condition.

In this chapter, we discuss a method of conceptualizing steady-state perturbation effects
using kinetic isotope effects as the example. The approach focuses not on the elementary
reactions but rather the related concepts of enzyme intermediate concentrations and net rate
constants. It is general for models of steady-state enzymatic reactions that may be regarded
as serifal (i.e., unbranched with a clear forward direction of reaction flux) and suggests an
experimental design by which useful information may be extracted from the measurement of
steady-state isotope effects despite partially rate-limiting steps. This chapter is divided into
three sections. The first is an informal discussion of the theory and its interpretation. The
second describes an example of how the approach has been applied in a real experimental
context. The final section then provides the mathematics behind the theory that is necessary
for its rigorous justification.

2. Modeling steady-state isotope effects

2.1. Serial steady-state models

In modeling an enzymatic reaction, we make a distinction between enzyme species, denoted
Ey,E,..., which are composed of the enzyme, and peripheral species, denoted Xq,.X, ...,
which are not. Peripheral species may thus be substrates, products, cofactors, and so on,
between which we make no distinction. The fixed, steady-state concentrations! of the
peripheral species will be denoted by corresponding lowercase letters (e.g., x;would
represent the concentration of X)). Finally, the pseudo-first-order rate constant for the
elementary reaction converting £;to £;will be denoted &j;. Each pseudo-first-order rate
constant is a function of the fixed peripheral species concentrations and proportional to the
microscopic rate constant for the associated elementary reaction (see Def. 4.1 in Sec. 4.3). If
there is no elementary reaction connecting £;to £;in the model, then the corresponding
microscopic rate constant is 0, and thus so too is the pseudo-first-order rate constant for all
peripheral species concentrations.

For example, an enzymatic reaction modeled by

+X1 _ +Xo —X3
Fi=F =F<=F — FE — F,
-X1 —X2 2

IFor simplicity, the concentrations of enzyme and peripheral species will be considered equivalent to their respective chemical

activities.
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has five enzyme species (£, to £g), three peripheral species (X7, Xo & X3) and eight
elementary reactions. The “irreversibility” of the £5 — £; elementary reaction suggests that
Xz plays no part in the kinetics being modeled. Therefore, we really only need to be
concerned with X3 and X5, thereby reducing the number of peripheral species /in the model
to just two. This model also has four key properties:

1. There are no interactions between the enzyme species.
The peripheral species interconvert only via the catalytic cycle.

There is one and only one connected cycle of a//the enzyme species.2

A LN

The only other connected cycles contain just two enzyme species.

We call any steady-state kinetic model having these properties serial, which we can also
define formally using graph theory (see Def. 4.4 in Sec. 4.4).

Serial models are /n general unbranched and have at least one “irreversible” reaction by
which a unique forward direction of reaction flux can be unambiguously identified (see Sec.
4.4) 3 1f all the peripheral species included in a serial model have steady-state concentrations
greater than 0 (however small), then we can show (see Prp. 4.2) that a// of the modeled
steady-state enzyme species concentrations must also be greater than 0. It follows that given
any set of nonzero peripheral species concentrations, we can always assign a honzero,
steady-state velocity to the serial model according to the flux through one of the irreversible
elementary reactions (see Def. 4.6). Moreover, it can be demonstrated (see Prp. 4.3) that the
steady-state velocity will be uniguely defined in this way regardless of how many
irreversible reactions there may be in the serial model.4 This means that the velocity as well
as the steady-state concentrations of each enzyme species are well-defined functions of the
set of peripheral species concentrations.

In order to simplify the discussion of different sets of peripheral species concentrations, we
will collect them together as the coordinates of a vector x. For example, in the case of (2) we
would have

[z
2 3)

The condition that all of the steady-state peripheral species concentrations are greater than 0
will then be expressed as x > 0. Therefore, if the velocity function is vand the concentration
function for £;is e;, then the discussion in the preceding paragraph implies that a net rate

2That is, starting at any enzyme species £j, one can go through a//the remaining enzyme species just once via the available
elementary reactions and arrive back at £;.

This is strictly true only for serial models with more than two enzyme species. In the case that there are only two enzyme species in
the model, it is necessary to impose a forward direction as described in Sec. 4.10.

This result is not as obvious as it may seem. For example, it is easy to construct steady-state branched models that can be
characterized by more than one steady-state velocity.
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function k; for each enzyme species £;can be defined according to the ratio (see also Def.
4.7)

The evaluation of kz at a given peripheral species concentration vector x is thus equivalent to
the net rate constant for E;jthat has been previously studied by Cleland (1975) and Noyes
(1964). Furthermore, we can use the theory developed by King and Altman (1956) to derive
(see Prp. 4.5) the familiar recursive expression,®

)= ki,i+1(X)k;+1(X)
ki(x) Ki1,i(x)+ki 4 (x)’ (5)

that was discovered by Cleland (1975) in his original work on net rate constants.

It is worth pointing out that up to this point we have not done anything particularly new. In
fact, the uniqueness of the steady-state velocity as a function of the peripheral species
concentrations will be familiar to anyone who has analyzed specific instances of serial
models. What we have done, however, is outline a general framework for approaching serial
kinetic models regardless of the number of elementary reactions and peripheral species it

entails. We have also identified conditions where nonzero values of 1X), ¢{x) and k;(x) for
all £;associated with the steady-state serial model are guaranteed to exist in general sense,
namely whenever x > 0. These results, which are justified rigorously in Sec. 4, are central to
the validity of the following analysis of isotope effects.

2.2. Isotope effects on the steady-state velocity

Suppose we have two serial models that are equivalent in all respects except for the values of
the nonzero microscopic rate constants. Recognizing one of the models as an unperturbed
reference, we can then designate the steady-state velocity, enzyme species concentrations
and net rate functions for the second, perturbed model with a post-superscript “*” (e.g., V',

el k;* etc.). When the perturbation is understood to be induced by altering the isotopic
composition of the reacting species, it corresponds to an isotope effect.

In Sec. 4.7 we refer to such models as being 7isomorphic, because there exists an invertible
mapping between them that preserves structure and thus defines a pairing between the
enzyme species of the first model (i.e., £1,£,,...) and those of the second (i.e., £} E3, ...).
Consequently, given our definition (4) of a net rate function, we can express the isotope
effect on the steady-state velocity at x according to the function v, where®

SHere and throughout the discussion of serial models we use modular indexing, which is described in Sec. 4.4.
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i) U i) kX)L
v(x)fv*(x)*e;f(x) k¥ (x) i)hi(), (6)

whenever x > 0. Note that this relationship is true for a//pairs of corresponding enzyme
species (i.e., F;& E;) described by the models. Since the total enzyme concentration is a
constant and the same for both the reference and perturbed reaction systems, we can also
write

w(x)="f,(x)"k;(x), (7)

where f{x) is the fractional steady-state concentration of enzyme species £jat x, and “£{(x) is
the corresponding isotope effect.

Unfortunately, Eqgn. (7) alone does not offer much intuition regarding the underlying
kinetics. Nevertheless, a more insightful equation can be obtained by rearranging Eqn. (7) to
obtain (see Sec. 4.8 for derivation)

where nis the total number of enzyme species in the model. In other words, the isotope
effect on the modeled steady-state velocity at x can be expressed as a weighted average of
the isotope effects on each net rate constant, and the weighting terms are just the fractional
concentrations of the enzyme species in the reference model.

Equations (7) & (8) are our first two key results. As one might expect, the latter
demonstrates that if for some X the majority of the enzyme is piled-up in one enzyme
species, then the isotope effect on the corresponding net rate constant will dominate the
isotope effect on the observable steady-state velocity. The isotope effects on all other net rate
constants will be obfuscated. Equation (7), however, provides a potential solution to this
problem, because it can also be rearranged to provide

“ki(x)="v(x)/" fi(%).  (9)

In other words, the isotope effect on a net rate constant is obtained immediately from a
measure of the isotope effects on both the steady-state velocity and the enzyme intermediate

BNote that the isomorphism extends to the domain of the steady-state velocig, enzyme species concentration and net rate functions for
both models. Therefore, we make no distinction between the vectors x and x ', which are nothing more than elements of this domain.
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concentration of interest. Section 3 will illustrate an example where this useful property of
steady-state kinetic isotope effects was used in practice to study the mechanism of a radical
SAM enzyme.

2.3. Isotope effects on V/IK and V

We are typically not interested in isotope effects on the steady-state velocity but rather the
steady-state kinetic parameters /K and V. However, the corresponding isotope effects
*(V/K) and * Vare just limiting values of " 1{x) as the coordinates of x each approach 07 (i.e.,
0 along the positive reals), increase without bound or approach some well-defined positive
value (Northrop, 1981a). For example, the Visotope effect often refers to the limit of *1(x)
as all peripheral species concentrations increase without bound. Likewise, a V/K isotope
effect often refers to the limit of " 1{x) as one peripheral species concentration approaches 0*
while all the remaining concentrations increase without bound. For models with multiple
peripheral species, however, these isotope effects may also be defined according to limits
where only one concentration approaches 0* or co and the remaining approach some set of
finite, positive values.

It should be emphasized that these limits and hence isotope effects are not always
guaranteed to exist for any serial model.” Therefore, some care must be taken in the
construction of a serial model if it is to be useful in the study of a real enzymatic reaction.
However, if a limit for *vdoes exist for all positive intrinsic isotope effects in the model,
then we can show (see Prps. 4.11 & 4.12) that the corresponding limit of each fractional

enzyme concentration (i.e., 7)) and isotope effect on each net rate function (i.e., *k7) either

exists or their product function (i.e., f; - *k,) approaches 0. As previously suggested by
Northrop (1981a) this is an important result, because it means that we may interpret isotope
effects on the steady-state parameters in exactly the same way that we interpret isotope
effects on the steady-state velocity despite the two being different mathematical constructs.

For example, suppose we continue with the model in (2) treating X7 and X5 as substrates for
the reaction. The isotope effect on V/would then correspond to the limit of *1{(x) as both x;
and x; increase without bound. In this case, both £ (x) and A(x) approach 0, and we have

* V=Ff, * kgv + ’ k4v +fsv : ksv '+ (10)

TFor example, the steady-state velocity of the serial model

F1 +—X1) Es5 +—X2) FEi1+X3,

where X3 may be considered a product species with steady-state concentration 0, does not converge to a unique value as x1 and x2
both increase without bound. Furthermore, if the microscopic rate constants for the two elementary reactions are not always equal,
then the model does not necessarily even have a Visotope effect under the same limit.
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where f;,and *kV denote the limiting values of 7{x) and *k:;-(x)), respectively, as (x1, Xo) —
(00, o). Likewise, if we define "(V/K); as the limit of "(X) as (xq, Xp) — (0, ©0), then we
expect that all the enzyme will pile-up in the £ species such that f(x) — 1, and indeed we
find that

V/K)=  lim k(%)
(L’l*>0+

To — 00 (1)

where evaluation of this limit is discussed in the next section. Finally, if we define *(V/K),
as the limit of ") as (X, X;) — (o0, 0"), then we get

(V/K)y= lim  *ky(x).
T — 00
r9 — 0T (12)

These latter two results should look familiar, since specificity constants (i.e., V/K), are
generally understood (Cook and Cleland, 2007) to be equal to the normalized net rate
function for the enzyme species that binds with the vanishing substrate. More complicated
serial models and limiting conditions can be analyzed in exactly the same way so long as the
limits that define the isotope effects on the kinetic parameters exist.

2.4. Isotope effects on net rate functions

The decomposition (8) of a steady-state isotope effect into a weighted average of isotope
effects on the net rate functions naturally leads to the question as to how the latter should be
interpretted. It is widely recognized that a net rate function for some enzyme species £;only
depends on the elementary reactions following £;up to and including the first downstream
reaction modeled as irreversible (Cleland, 1975; Cook and Cleland, 2007), and this can be
proven from the definition in (4) (see Cor. 4.7.1). Thus, each net rate function is associated
with a subsequence of the serial model that can be depicted graphically using an
appropriately scaled (Ray, 1983) energy diagram.8 For example, the subsequence for £, that

determines k1 for the reaction in (2) corresponds to

+X1 _ +Xo
Ei = FEy= FE3=FE4— FEs,
—X1 —Xo

and a hypothetical energy diagram for this subsequence is shown in Fig. 1A.

8Wwithin the context of transition state theory, this would correspond to a free energy diagram with the peaks and valleys corresponding
to transition states and stable intermediates, respectively.
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Along the energy diagram for each subsequence, we can identify an activation energy

Aij (x) between the first enzyme species £;in the subsequence and the jth downstream
activated complex (see Fig. 1A). This activation energy depends on the peripheral species
concentration vector x and is therefore a heuristic rather than a fixed thermokinetic
parameter. We can then associate what Noyes (1964) has labeled an equilibrated first-order

rate constant x;(x) with the activation energy Aij (x) such that (Stein, 1981; Murdoch,
1981; Ray, 1983; Tian, 1992)

ki (x)=Kij (x)kjj41(x),  (13)

where &j ;+1(x) is the pseudo-first-order rate constant given x for the £;— £, elementary
reaction, and Kj{x) is the equilibrium constant between £;and £;constructed from the
pseudo-first-order rate constants of the model and equal to unity if £;= £; From the
definition of a pseudo-first-order rate constant (see Def. 4.1), the isotope effect on x;;is a
constant function for all x > 0, and therefore we may simply refer to it as the constant *x,-j
independent of x. These isotope effects reflect progression from E; to each activated
complex downstream and in general do not represent the intrinsic isotope effects associated
with each individual elementary reaction (Stein, 1981; Ruszczycky and Anderson, 2006;
Tian, 1992; Lewis and Schramm, 2006; Cleland, 1982).

As already pointed out by Schowen and Stein in their discussions of virtual transition states
(Schowen, 1978; Stein, 1981; Alvarez et al., 1991), the isotope effect on the net rate function

k;; is itself a weighted average of the *x,-j isotope effects along the subsequence for £; More
specifically, it can be shown (see Secs. 4.7 & 4.8) that this isotope effect takes the form

*k;(x):ZSij(X)*H;jj, x>0,
Iz (14)

where the sum extends over all elementary reactions in the subsequence for £;. Each
weighting term Sj; which is also a function of x, is equal to the sensitivity index of the #th
net rate function versus the jth elementary reaction in the reference system (see Sec. 4.6 for
the derivation). Sensitivity indices were defined by Ray (1983) to reflect the degree to which
a steady-state parameter is affected by a change in the energy of an activated complex, all
else being equal. For this reason, they may be regarded as a guantitative measure of rate-
limitation for each elementary reaction with respect to VVand V/K parameters (Murdoch,
1981; Ray, 1983). In agreement with this definition of rate-limitation, we extend this
interpretation to sensitivity indices for the net rate functions.

Sensitivity indices for net rate functions can be expressed (Ray, 1983; Ruszczycky and

Anderson, 2006) in terms of the familiar concepts (Northrop, 1981b,a; Cleland, 1982) of
catalytic commitments; however, it can also be shown (Alvarez et al., 1991; Stein, 1981,
Murdoch, 1981; Ray, 1983) that they are related to the reciprocals of the x;;according to
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ki (%)
Sii(x)=—2L—— x>0,
B S N (15)

where the sum in the denominator again extends over all elementary reactions in the
subsequence for £, This result follows immediately from Prps. 4.8 & 4.7 discussed in Secs.

4.5 & 4.6. Furthermore, the activation energy Aij (x) is affinely dependent on the
logarithm of ﬁ[jl(X) (Noyes, 1964; Stein, 1981; Ray, 1983). Therefore, the relative

contribution of each isotope effect *x,-/- to* k; (x) can readily be inferred from the difference
in energy between each activated complex and the first enzyme species along the
subsequence as shown in Fig. 1A (Ruszczycky and Anderson, 2006). Moreover, limits of the
sensitivity indices follow the same rules as do the limits of perturbation effects on net rate
functions (see Prp. 4.13) so that their interpretation remains the same with respect to the
steady-state parameters Vand V/K.

For example, returning to the model in (2), we have the following expression for *k’l(x):

—1 —1 —1 —1
’ Kq7 (X Kis (X K13 (X K4 (X
*k1<X): - 11 (71) *K11+ - 12 ( 1) *I{12+ - 13 (71) *K13+ - 14 (71) *h‘14,
j=1F1; (x) j=1K1;5 (x) =115 (x) j=111; (x)

which is shown diagramatically in Fig. 1. Furthermore, since

. zy, 3:17
r1;(x) o { r1x2, j=2,3,4,

we find that
1, j=1
lim  Sy(x)= { ’ ’
21— 0F 0, j=2,3,4
To — OO
and thus

(V/K),="Fk,

which is just the Kinetic isotope effect on the £1 — £, elementary reaction. This is what we
expect, because binding of the limiting substrate (i.e., .X;) should dominate the *(V/K);
isotope effect as the second substrate (i.e., X>) becomes saturating and thus introduces a
large forward commitment on all subsequent steps as shown in Fig. 1B.
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In contrast, when we consider klz(X) for the example in (2), we have the subsequence
+X2
FEy = F3=FE; — E5,
—Xo

and it follows that
Koj(X) X xa,

for all values of jbetween 2 and 4, inclusive. Therefore, the sensitivity indices are all
constant values independent of x, because the x> just cancel out of the ratios in Eqn. (15).

Consequently, *kz (x) and by extension *(V/K), are fixed averages of the four different *sz
isotope effects, and we can write

(V) K)y=52" koo +S23" ka3 +S24" o4,

treating the S,;as constants.

Now, suppose that the £3 — £4 reaction alone happens to be isotopically sensitive in the
model. Equation (13) then implies that * x>, will be unity, *x»3 will be equal to the intrinsic
kinetic isotope effect on the £53 — £, elementary reaction, and *x»4 will be equal to the
equilibrium isotope effect on this reaction as shown in Fig. 2. Therefore, if Sy, is close to
unity so that Sy3 and Sy4 are close to 0, then *(V/K), ~ “xy, = 1, which corresponds to a
large forward commitment on the the £3 — £, reaction (see Fig. 2A). In contrast, if Sy3 is
close to unity, then £3 — £ is “rate-limiting” for the net rate constant and “(V/K), ~ *x3
(see Fig. 2B). Finally, if Sy4 is close to unity, then *(V/K), is dominated by the equilibrium
isotope effect *x»4, Which corresponds to a large reverse commitment on the £3 — £,
reaction as shown in Fig. 2C. Additional examples using this graphical approach to
interpreting isotope effects on net rate constants as shown in Fig. 2 have been previously
discussed (Ruszczycky and Anderson, 2006; Tian, 1992).

The previous sections have attempted to show that an intuitive and general framework for
the interpretation of steady-state isotope effects is available by shifting the focus from
intrinsic effects to parameters more representative of the steady-state, namely, net rate
functions and their limits. Furthermore, the fundamental equations (8) and (14) along with
their limits are completely general to all serial models and do not require that only one step
be regarded as isotopically sensitive. Therefore, they permit one to reason holistically about
steady-state isotope effects in terms of activation energy diagrams and the distribution of
enzyme species at steady-state without the need to write out the full kinetic equations or
focus on individual elementary reactions.
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3. An example: Desll

3.1. Background

The theory outlined in the previous sections not only provides a framework for thinking
about steady-state isotope effects (and perturbation effects in general) but also suggests an
approach to their measurement, which is exemplified by studies on the radical SAM enzyme
Desll. Radical SAM enzymes are characterized by an active site [4Fe-4S]1* cluster that
serves to reductively homolyze S-adenosyl-L-methionine (SAM) to produce L-methionine
and a 5”-deoxyadenosyl radical (Frey and Magnusson, 2003; Wang and Frey, 2007;
Duschene et al., 2009; Frey, 2014). The 5’-deoxyadenosy! radical can then act as a radical
initiator for a broad range chemical reactions catalyzed by this enzyme superfamily
(Broderick et al., 2014; Frey, 2014; Mehta et al., 2015; Landgraf et al., 2016).

In the case of Desll, reductive homolysis of SAM results in abstraction of the hydrogen
atom from the C3 carbon of its substrate TDP-4-amino-4,6-dideoxy-D-glucose thereby
initiating a radical-mediated deamination reaction (1 — 2, see Fig. 3) (Szu et al., 2009;
Ruszczycky et al., 2012; Ruszczycky and Liu, 2015). Desll can also accept TDP-D-
quinovose (3), which has a hydroxy! rather than an amino group at C4, as a substrate with
relatively little change in its kinetic profile (Szu et al., 2009; Ruszczycky et al., 2010;
Ruszczycky and Liu, 2015). However, this small structural change converts Desll from a
lyase into a radical-mediated dehydrogenase whereby the substrate radical reduces the
[4Fe-4S]2* cluster back to the [4Fe-4S]1* state with each turnover yielding the product 4
(see Fig. 3) (Ruszczycky et al., 2010). DeslI has thus attracted attention as a model system
for understanding how the fate of a radical intermediate is controlled in an enzyme active
site (Ko et al., 2015).

3.2. Question and modeling

An initial electron paramagnetic resonance (EPR) investigation of the de-hydrogenation
steady-state intermediates indicated that the substrate radical is an a-hydroxyalkyl radical
(5, see Fig. 4) (Ruszczycky et al., 2011). This raised the question as to whether
deprotonation of the a-hydroxyalkyl radical precedes (model A), follows (model B) or
occurs concerted (model C) with electron transfer to the [4Fe-4S]2* cluster. These three
models, which are shown in Fig. 4, also take into account the observed pH-dependence of
the DeslI catalyzed dehydrogenation reaction that implicated titratable forms of the enzyme
with decreasing activity as the pH is lowered (Ruszczycky et al., 2013).

While these models are clearly not serial due to the acid-base equilibria, they can be
converted to serial form by treating the acid-base equilibra as rapid and applying Cha’s
method (Cha, 1968). Furthermore, since the steady-state velocity exists and is nonzero in the
limit as the concentrations of both SAM and 3 increase without bound, so too does the limit
corresponding to the Visotope effect. Therefore, the discussion in Sec. 2.3 implies that we
can consider these models under saturating conditions more simply as
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4 . arp

£ k k
ESH & ES*H < ES*~ ~*T, EP =2 ESH,
Ko Fan »)
k%’é’ ° kg + Eyp kp
ESH:‘_*ESH%EPH —— FP — ESH,
ko (B)
k:apf k@:UP k
ESH & ES*H ~%, EP -2 ESH,
Fiia (@)

Here, the rate constants for radical generation ( %{2"), quenching ( %) and hydron transfer

(kPP &k TIT) elementary reactions are apparent due to the acid-base equilbiria such that,

owp (x):KLMk(x), 15)

where Kis the acid dissociation constant, and /# is the fixed concentration of H30". The
radical generation step (i.e., ESH=" ES H) is considered pH-dependent to account for the
possibility that the active site needs to be in the correct ionization state to properly orient
SAM and 3 for reductive homolysis and H-atom abstraction.

3.3. Experimental design

The three models can be distinguished experimentally if the solvent deuterium isotope effect

’

on the net rate constant for £5'H (i.e., the limit of ”*“k ___as 3 and SAM become
saturating) can be measured as shown in Fig. 5. If proton abstraction precedes electron
transfer (i.e., model A), then this isotope effect is given by the limiting weighted average

(see Eqn. (14))

!
D20, _.. D20 . D20 .
AES.H_SHT Kgr+Spr Kgr) an

where Syrand Sgrare the sensitivity indices for the hydron transfer and electron transfer

’

steps, respectively, for k. as the enzyme becomes saturated. After correction of the
apparent rate constants for differences due to the acidbase equilibria (see below), the isotope
effect 229k, rreflects bonding changes between £S Hand the activated complex for hydron
transfer and thus represents a primary deuterium kinetic isotope effect. In contrast, the
isotope effect 229y reflects bonding changes between the subsequent activated complex
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for electron transfer and £S5 H and thus largely represents the equilibrium isotope effect on

the ESH= ES reaction (see Egn. (13)). In other words, DQOk/ES.H should be large and
normal if Syr= 1.

In model B, where electron transfer occurs before proton transfer, the isotope effect on the
net rate constant for £S’ His given by

D204, D20
kFJS-H: Kers (18)

where the sensitivity index is 1, because electron transfer is the only step contributing to

k/ES.H in this model. In this case, 2297 should be essentially unity, because there is neither
a solvent hydron in flight in the corresponding activated complex nor is there a preceding

reaction to introduce an equilibrium isotope effect with respect to £S5 H. Hence, model B

always predicts UQOk:ES.H ~ 1. In contrast, a concerted process (i.e., model C) predicts

Dzok’ __D20

ESeH K

ae (19)

Here, 220x,, after correcting for acid-base equilibria (see below), reflects bonding changes
between £S5 H and the activated complex for concerted electronhydron transfer. Thus, the
concerted model always predicts a normal primary deuterium Kinetic isotope effect on

!

k

ESeH"

The solvent deuterium isotope effect 229V on the Desll-catalyed dehydrogenation of 3 was
measured by direct comparison and found to be 2.7 £ 0.4 at the suboptimal pH 8.0 Hepes
buffer ratio,? where the a-hydroxylalkyl substrate radical could be observed by EPR
(Ruszczycky et al., 2013). This isotope effect seemed to suggest that there was indeed a
hydron transfer reaction taking place during the catalytic cycle. However, the full expression
for 220V/is given by

DQOV:fESHDQOkESH+fESOHD2OkFJS-H+f P20k +fEPD20kEP7 (20)

EPH EPH+

for model B with similar expressions for models A and C as per the limit of Eqgn. (8). While
proton transfer from the protonated ketone in £PH" should be fast and thus 7=z low, there
is no gaurantee that other steps (e.g., £°P— ESH) would not involve transfer of solvent

91n other words, the ratio of ionized forms of Hepes in H20 at pH 8.0. As discussed by Schowen and Schowen (1982), this helps to
ensure experimentally that solvent deuterium isotope effects are measured at equivalent values of the pH and pD as opposed to simply
setting the pH egualto the pD, which can lead to mismatches in enzyme activity. The approach is not perfect, however, and additional
corrections may be necessary as discussed in the text.
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exchangeable hydrons. In other words, the modest, normal 229V isotope effect alone did not
convincingly rule out model B.

What one really wants to do is to increase the value of fzs, closer to unity so that 229V is
more representative of Dzok,ES.H. In the case of Desl|, it was possible to reauce the value of
fes by running the reaction at the more optimal pH of 10 where the substrate radical could
no longer be observed by EPR (Ruszczycky et al., 2013). Consequently, the value of 220V
decreased to 1.8+0.2 at this pH, thereby further supporting models A and C. This approach
is identical to that first proposed by Cook and Cleland (1981a,b), whereby the degree to
which an elementary reaction is rate-limiting can be modulated by examining the isotope
effect at suboptimal pH. However, if the isotope effect on the steady-state concentration of

ES Hunder saturating conditions can be determined (i.e., 229fzs1), then Eqn. (9) implies

that ”*“k __ . can be computed from the ratio

D20
D207, 14

FJS-H:DQOfES.H ! (21)

Note that this expression is independent of the exact form of the serial model. This was the
approach taken with Desll, where 229f-«,,was measured by integrating the EPR signal
intensities for the £S5’ H enzyme species in both H,O and D,0O buffers and then taking their
ratio.

In order to do this experiment with reasonable precision and minimal bias, a number of
controls need to be in place in addition to proper replication. First, the enzyme must have the
same specific activity in each sample preparation so that the concentration ratio reflects the
isotope effect and not differences in total active enzyme. In the case of Desll, comparable
H,0 and D,0O EPR samples were prepared from the same batch of enzyme at the same time.
Furthermore, the same buffer exchange protocol was applied to the preparation of both the
D,0 andH,0 reaction samples, and small aliquots of each enzyme preparation were
extracted to determine the specific activity following buffer exchange. It is also important to
make sure that the enzyme intermediate is trapped under the same conditions for both
reaction systems. For example, if the reaction in H,O buffer is significantly faster than in
D,0 buffer, then the intermediate concentration differences could represent different levels
of enzyme saturation and not the isotope effect. This was controlled for by both measuring
the ratio at different freeze-quench times and also examining control quenches by HPLC to
determine the extent of reaction in each system. The Desll enzyme also had a number of
additional peculiarities requiring attention such as substrate inhibition and ensuring proper
integration of the EPR signals, and these aspects are carefully addressed in the original work
(Ruszczycky et al., 2013).

The final value of 229f-¢,,was thus 0.22 + 0.03 measured at the pH 8.0 Hepes buffer ratio
indicating approximately 4-5 times more enzyme in the £5 H state in D,0 versus H,O
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(Ruszczycky et al., 2013). Consequently, Dzok:é)f)H was found to be 12 + 3 prior to

correction for acid-base equilibria. In the case of model B, kz7and thus the net rate constant
do not depend on the protonation state of the enzyme, such that10

DQOkf _D20k,/app 1943 22)

ESeH ESeH

This is inconsistent with the model B prediction that this isotope effect be near unity. In
contrast, the net rate constant for models A and C does depend on the protonation state of

ES Hvia the apparent rate constants :”7 and k7*”, respectively. In both cases, the
dependence manifests as

D20 p D20y <D20K/(h/d)+K/h>
ESeH ESeH 1+K/h (23)

where d'is the concentration of D3O at the pH 8.0 Hepes buffer ratio. In the original work,
the correction factor on the right-hand-side was estimated to be approximately 1.6 + 0.5,

such that the corrected isotope effect on ”*“k __

of these models.

., was 8 £ 3, which is consistent with either

Collectively, these results ruled out model B indicating that proton transfer occurs either
prior to or concerted with electron transfer during the Desll catalyzed dehydrogenation of
TDP-D-quinovose. From a mechanistic perspective, the result implied that deprotonation of
the a-hydroxyalkyl radical may be necessary to increase its oxidation potential to at least
match the reduction potential of the active site [4Fe-4S]2* cluster (Rao and Hayon, 1974;
Hayon and Simic, 1974; Daley and Holm, 2003; Rao and Holm, 2004; Hinckley and Frey,
2006; Duschene et al., 2009). This would then facilitate what is presumably an outer-sphere
electron transfer to yield the dehydrogenated product (4) and regenerate the active
[4Fe-4S]1* form of the enzyme.

When investigating the steady-state of an enyzmatic reaction, the arguably most useful and
experimentally accessible kinetic parameters are not the hypothesized microscopic rate
constants but rather the net rate functions and enzyme intermediate concentrations. Hence,
the study and manipulation of net rate functions and enzyme intermediate concentrations in
their own right represent an important feature for developing and testing steady-state kinetic
models of real enzymatic reactions. This thesis has been previously recognized in the works
of Tittmann, Hubner and coworkers (Schiitz et al., 2005; Tittmann et al., 2005b,a, 2003),
who have studied intermediate concentrations directly, as well as those of Bollinger, Krebs

1011 the original report, this number was reported as 13 + 4. The discrepancy is not meaningful but is real. It arises due to an
approximation that was used at the time to simplify some of the arithmetic when comparing the result between the competing models.
The details of that approximation are provided in the Supporting Information of the original work.
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and coworkers (Price et al., 2003; Hoffart et al., 2006; Xing et al., 2006; Tamanaha et al.,
2016; Peck et al., 2017), who have also used isotope effects to manipulate the relative
populations of intermediates observable by EPR. This conceptualization extends naturally to
the general study of perturbation effects themselves providing well-defined, quantatitve
concepts of partial rate-limitation that can be easily represented with activation energy
diagrams.

4. Theory

4.1. Overview

This section provides a rigorous justification of the theory discussed informally in Sec. 2. As
such, we take a completely mathematical approach and use the language of graph theory and
vector calculus with no reliance on chemical intuition, despite some suggestive naming
conventions. The section begins by establishing careful definitions of the mathematical
constructs and then deriving their properties. A model that meets these definitions for any
perturbation effect (whether it be an isotope effect, viscosity effect, etc.) will then have the
derived properties. We first provide proofs that can be applied to steady-state serial models
with more than two enzyme species and then show how this can be extended to models with
only two enzyme species.

4.2. Basic terminology and notation

We use standard notation, with bold symbols representing real vectors and matrices or their
functions. One exception is the use of the prime to denote a net rate function rather than
single-variable differentiation. The sets R, R” and R correspond to the sets of all real
numbers, all vectors of n7real numbers and all 7 x nmatrices of real numbers, respectively.
Standard notation is used to define functions and build sets. We use the basic definition of a
digraph (i.e., a directed graph) that does not include multigraphs so that directed edges can
only be represented once and there are no self-loops. Finally, if x is an element of R”, then
we will continue with the notation x > 0 from Sec. 2 to indicate that a// n coordinates of the
vector x are greater than 0.

4.3. Preliminary definitions and results
Definition 4.1 (Rate Function)—A rate function k parameterized in terms of a set of m
nonnegative integer constants B={b;};, and a nonnegative real number 3 is a function

ER™ — R,
k(x;3, B)=/8ﬁw?",
i=1 (24)

where x; is the i-th coordinate of the real column vectorx in R".
In the context of an elementary enzymatic reaction, a rate function is nothing more than a

generalized pseudo-first-order rate constant that accounts for all possible peripheral species
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concentrations. The parameter S may then be regarded as the associated microscopic rate
constant and the integer constant &, as the molecularity of the elementary reaction with

respect to peripheral species X; Note that if kis independent of x; then ;= 0, and ;¥ is
defined to be 1 for all x;€ R such that kis a continuous function.

Definition 4.2 (Steady-State Model)—A steady-state model is an ordered triple (D,
A", &) wheren >1 and

D, Is a digraph with n vertices labeled Eq, E, ..., Ep,
A™ Is a set of m(n — 1) rate functions { Ky} jz; defined on R™,
& Is a positive real number,

such that for each rate function kif-; Bj;, By) in A", Bjj >0 if the ordered pair of
vertices (E;, E)) exists in Dy, and Bjj= 0 if(E;, Ej) does not exist in Dy,

Note that the ordered pairs (£, £)) in a steady-state model represent the directed edges in the
graphical representation of D, Therefore, the steady-state kinetics of an enzymatic reaction
can be represented using a steady-state model by assigning each enzyme species to a vertex
and defining x as a vector of m peripheral species concentrations. Note that this definition of
a steady-state model establishes the first two conditions discussed in Sec. 2.1. The next
definition follows the analysis of King and Altman (1956), which is built upon that by
Matsen and Franklin (1950).

Definition 4.3 (King-Altman Function)— 7he King-Altman function A is defined for a

steady-state moadel (Dp,, AT, &) as

AR™ — R™,

. k'i(x)v i# ],
[A(X)]ij_{ _Jz;tjkw—(x), i=J, (25)

where [A(X)]j; Is the element in the j-column of the iI-th row of A(X), and the kj; are the

elements of A™".
Given a steady state model (D, A", &), if the rank of A(X) is 7- 1, then there is an 7+
dimensional column vector e(x) that solves the linear system of equations given by

A(x)e(x)=0, (26a)

1e(x)=€o, (26h)
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where 1 is a column vector of 7-ones, 0 is a column vector of 7+zeros and T denotes vector/
matrix transposition. We can therefore treat e as an /~dimensional vector-valued function of
X. Furthermore, if we denote the /th coordinate of e(x) as e/(x), then ¢;is a real-valued
function of x.

King and Altman (1956) have provided a detailed theoretical analysis of the solutions to
Eqn. (26). In particular they have shown that if a solution e(x) exists, then it is given
according to Cramer’s Rule as

eodet A4 (x) ci<n

e(X)=———7———, 1<:1<
( ) Z}LzldCtAj(X) (27)

where A (x) is A(x) with the /th row replaced by ones, the /th column replaced by zeros,
and [A{x)];;= 1. The notation det A{x) refers to the determinant of A {x). A defining
achievement of King and Altman’s analysis is the theorem they proved for determining det
A/(x) from direct inspection of the digraph D,,. We will refer to this as the King-Altman
theorem and state it here without proof. Note that this theorem along with Eqgn. (27) also
establishes a one-to-one correspondence (£; <> ¢)) between the vertices of D, and the
elements of e.

Theorem 4.1 (King-Altman)—/f(Dy, A", &) is a steady-state model, then the
determinant of A{X) is given by

detA;(x)=(—1)"">a(x, P),
P (28)

where the sum is over all products of n— 1 rate functions evaluated at x
a(x, P)=kap(x)kpe (%) - - kuw () ki (%), (29)
such that
P=E.EE.... E,E,E;, (30)

is a connected (n - 1)-path with no cycles in Dy,. Furthermore, if no such path exists, then
the determinant is 0.
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4.4, Serial models

Definition 4.4 (Serial Model)—A steady-state model (D, A!", ) is called serfal if D,
has one and only one n-cycle C,, and no p-cycle where2 <p <n.

We can label the vertices of a serial model such that the unique 7-cycle is represented by any
circular shift of the path

Cn=E1E3E;... B, 1Ep By, (31)

or written in terms of a sequence of edges,

Cn:(El, EQ)(EQ, Eg) e (Enfl, En)(En, El). (32)

Since how we choose to index the vertices of a graph is arbitrary, we will always use an
indexing such that C, can be written according to Eqns. (31) and (32). This will allow us to
use modular arithmetic when writing indices given a serial kinetic model, namely index 7in
k;represents the least positive residual of 7/modulo n. For example, if 7=5, then £, = £, £
= Es5, E.p = Ezand £7 = £p. Two other properties of a serial model are worth emphasizing.
First, there are no “branches” as this would otherwise introduce a cycle with more than 2
vertices. Second, if 7> 2, then C, defines an orientation for the model, which corresponds to
the forward direction when applied to an enzymatic reaction.

Definition 4.5 (Irreversible Edge)—Given a directed graph D, if the ordered pair (E;, E))
exists in D and (E;, Ej) does not exist in D, then (E;, E)) is called an irreversible eage of D.

Proposition 4.1—/f a steadly-state model (D, Al", é) Is serfal and n >2, then there is at
least one irreversible edge in D,,

Proof: Since the model is serial, there exists a sequence of edges forming the r-cycle C,as
in Eqn. (32). If there are no irreversible edges in Dj, then for every edge (£;, £)) in Djthe
reverse edge (£, £)) is also in Dy, The existence of C, (see Eqn. (32)) then implies that all 7
edges in the set

{(E27 El): (ESa E2)a MR (Em E’n—l)a (E17 En)}: (33)
exist in Dy, and thus D, also contains the 7-cycle given by the sequence

Co=(Er, En)(En, En-) ... (B3, Es)(Ey, Er).  (34)
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However, if 7> 2, then there is no permutation such that the sequences in Eqgn. (32) and (34)

become equal, hence !, # (,, and there must be two different /~cycles in D,,. This
contradicts the hypothesis that the model is serial. Hence, there must be at least one
irreversible edge in D,

Proposition 4.2—Given a serial model (Dp, A", &), ifx >0, then e{x) and k; j+1(x) are
both positive for all vertices Ej in Dp,

Proof: The definition of a rate function implies that k;(x) > 0 whenever x > 0 and (£&;, £))
exists in Dy, Thus, &; j+1(x) > 0. From the King-Altman theorem, the determinants det A {(x)
are all composed of sums of products of rate functions, and for every vertex there is a
connected 71 path corresponding to a subsequence of C,. Therefore, for all £}, det A{x)
cannot be 0 when x > 0. Furthermore, the King-Altman theorem asserts that all of these
determinants have the same sign; hence, Egn. (26) implies e{(x) > 0.

Proposition 4.3—Given a serial model (Dp,, A}, &), if(Ej, Ejv1) and (Ej, Ejq) are both
irreversible edges in Dy, andx > 0, then
€i(x)kiir1(x)=€;(x)kjj+1(x).  (35)

Proof: Recognizing our use of modular indexing, the King-Altman theorem implies

detA;(x)=(—1)"""kis 1,i+2(x) - kiz2,i—1(x)ki1,4(x), (36a)

detAj(x)=(=1)""kjr1gr2(x) - kjoz 1 (x)kj1;(%). (36h)

Since every factor of the form &), 5+1(x) is found in each product except j z1(X) in the first
and j +1(X) in the second, we have

det A;(x)k;iy1(x)=detA;(x)kjj11(x), (37)
and it follows immediately from Eqn. (26) that

€i(%) ki1 (x)=€;(x)kjj+1(x).  (38)
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4.5. Steady-state velocity and net rate functions

Propositions 4.1, 4.2 and 4.3 are of particular importance for two reasons. First, they provide
conditions under which e{x) # 0 so that 1/2/x) exists. Second, they provide a mechanism for

1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

unambiguously defining a property of a serial model that we may equate with the steady-
state velocity of an enzymatic reaction.

Definition 4.6 (Velocity)—/f(D,, Al", &) Is a serial model with n >2, and (Ej, Ej1) Is

any irreversible edge in Dy, then the velocity v of the model is the function

vi{x € R™:x>0} = R,
v(x)=e;(x)kiit1(x).  (39)

Definition 4.7 (Net Rate Function)—/f(Dp, A", ) Is a serial model with n >2
vertices, then the net rate function for the i-th vertex is defined as the function

ki {x € R"™:x>0} - R,
K=o/t o)

Proposition 4.4—/f(D, A™

n’

&) Is a serial model with n >2 and (Ej, Ej1) Is an

irreversible eage in Dy, then k;(x)=Fk; 11 (x) wheneverx >0.

Proof: Since x >0 we have e{(x) >0 by Prp. 4.2. Therefore, k;(x) exists and according to
Prp. 4.3 is given by

/ U(X) _ei(x)k’i,i—}l(X) o N
‘ ei(x) ei(x) =kiit1(x). 1)

We are now in a position to prove the recursive expression for net rate constants first
identified by Cleland (1975).
Proposition 4.5 (Cleland)—Given a serial model with n >?2 vertices, ifx >0, then the

net rate function at x for the I-th vertex E; is given by

b= S 0Okip (9
' ki1, (%) +kiy (%) (42)
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Proof: Let 7be any integer greater than 2. Prp. 4.1 asserts that there is at least one
irreversible edge in the digraph D, of the serial model. We permute the indices of the
vertices such that (£, £7) is an irreversible edge. Therefore, D, must contain the edges (£,
E), (Ep, E1) and possibly (£;, £7) but not (£1, £5). No other edges in Dy include £;. Thus,

—k12(x), =1,
[A(X)]; =1 Fka(x), 1=2,n,
0, otherwise, (43)

and and it follows from Eqn. (26) that

ka1 (x)e2(x)+kn1 (x)en(x)—ki2(x)e1(x)=0.  (44)

Since x >0, Prp. 4.2 implies that the net rate functions for £;, £, and £, are all positive at X,
and we may write

060 TR T g

Prp. 4.4 implies that k;l(x):knl (x), S0 Eqn. (45) rearranges to

= F1a (%) Fey (x)
MO GG ey

since UX) >0. This proves the result for /= 1.

If 1 </<n, then D, must contain the edges (£4-1,£), (E;,Ej+1) and possibly the reverse of
either. No other edges in D, include £;so that

—(kiic1(x)+kiig1(x)), Jj=i,
[A(X)]ij: kji(x), J=tx1,
0, otherwise. (47)

We now make the inductive hypothesis that Egn. (42) holds for some vertex £;where 1 </ <
=1 and consider the vertex £;1. Since 1 < A1 <n, we may use (47) to write Eqn. (26) for
ei1(x) as
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ki1 (x)€i(x) = (Fig1,i (%) +his1i2) (X)€ir1 (%) +hivair1 (X)eira(x)=0.  (48)

Since x > 0, Prp. 4.2 implies that the net rate functions for £;, E;1 and £ evaluated at X
are all positive, and we may write

ki,z’+1(X)ﬁ_(ki+1,i(x)+ki+l,i+2(x)) ,U(X) +kitoiv1(x) /U(X) =0.
k;(x) ki1 (x) kito (%) (49)
However, the inductive hypothesis implies that
Kiv1i(X)+k;
ki,i+1 (X) ’U,(X) _ +1, (),()+ L+1(X) )
ki (%) ki1 (x) (50)

Combining Eqns. (49) and (50) and rearranging we get

Ky (x)= ki ira(x)kio(x)
o Kiyoir1(X)+ki o (x) (51)

Therefore, it follows inductively that Egn. (42) holds for all 7 < n. All that is left is to show
that it holds for 7= n. Now, since (£, £7) is an irreversible edge, the definition of a model
implies that & (x) = 0 for all x. Therefore, by Prp. 4.4 we have

L (o) Fm R () E (%) (%)
BT =00 bt (s

Thus Eqn. (42) holds for all /< n. Furthermore, since our choice of 7 >2 was arbitrary, the
result holds for all serial models with 7 >2.

Definition 4.8 (Equilibrium Function)—Given a serial model with n vertices, the
subgraph defined by the sequence of edges along C,, given by

(Eis Eis1)(Bivt, Biva) - (Ej2, Ej—1)(Ej-1, Ej), - (53)

where 1 < i <j< n has an associated equilibrium function given by
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Kji{x € R™kp pr1(x) # 0 for alli < p<j},

/_1
g ka,p(X)

Kj; = ’
J (X) i kp,p+1 (X) (54)

and Ki(x) := 1 for all x.

Proposition 4.6—Given a serial model (Dp,, P, &) withn>2, ifx >0, then Kj{x) = 0 for
any two vertices Ejand Ej where 1 < i< j< n. Furthermore, if i < j and the sequence

(Ei, Eiv1)(Eitr, Eig2) ... (Ej-1,Ej),  (55)

does not contain any irreversible eages in Dy, then Kj{x) >0.

Proof: Index the vertices such that (£, £7) is irreversible. By definition,

_ eodetAn(x)jf 1(x)

0<v(x):=€y,(x)kn1 (X) 7-leetA-n(x) ) (56)

and therefore since x >0, we have by the King-Altman theorem

()<det€&n (x)kp1(x), mnisodd,
0>detAy,(x)kni(x), niseven,

which implies
0<k‘12 (X)k‘gg (X) s knfl,n(x)knl (X)7

SO Kp p+1(x) >0 for all 1 < p< n, and thus Kj{x) exists. The hypothesis that x >0 also
implies Ap+1 4(X) = 0 for all pso that Kj{x) = 0. If the sequence in (55) does not contain any
irreversible edges, then &y (x) >0 for all /< p <jand Kj{x) >0.

The next proposition provides a nonrecursive expression for net rate functions. It was this
form that Noyes (1964) discussed in his analysis of reaction kinetics under a uniform flux
(i.e., steady-state) approximation. Our proof follows from the recursive expression provided
by Prp. 4.5.

Proposition 4.7—Let (D, AT, ) be a serial model with n >2 and indexed such that
(En E1) is an irreversible edge. Ifx >0, then
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1 o " Kji(X)
K

k])j-*—l (X) 7 (57)

j=i

Proof: By hypothesis, Prp. 4.2 implies that k;—(x)>0 for all / so the reciprocals 1/k:; (x) exist
for all /. Suppose first that /= n, then Prp. 4.4 asserts that

1 1 _ Knn(x) o - Knj(x)
Fn (%) Kn1(x) _kn,n+1 (x) _jzn kjj+1(x)’ (58)

such that Eqn. (57) holds for /= . Now, assume the inductive hypothesis that expression
(57) holds for some enzyme species £;where 1 <7< nand consider the species £.4. Since

/{;;71 (x)>0 we may write (see Prp. 4.5)

1 ki,i—l (X) 1 1

K00 Fn() Koo Rt (se)

Applying the inductive hypothesis, we get

1 k?,"i_l(x) " Kji(X) 1

k1 (x) Fi—1i(x)

ki (x) kio14(x) (60)

However, according to the definition of the equilibrium function,

i1 i1
,kivifl(x)] kpr1p(x) g kpt1,p(x)

kii—1(x)
: K (x)= = =K;i1(x).
0) hie1i(%) o bpp1 (%) 20 k() 1(x)

kifl,i (X)

(61)
Substitution of this expression into Egn. (60), we get

1 Kiia®) 1 ~ Kjio1(x)

k() 2 kg0 k() S kg (X)) g

Thereby proving the inductive case. Since our choice of 7 >2 was arbitrary, the result is true
for all serial models where 17 >2.
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Corollary 4.7.1—Ifi< g <nand (EgEg1) IS an irreversible edge, then

1~ Ki(x)

ki) kim0 (gg)

Proof: By definition, kg1 ((x) = 0 for all x, because (£g4+1,£,) does not exist in Dp,
Therefore, Kj{(x) =0 forall j>gq.

4.6. Sensitivity indices

In the previous development, we have treated net rate functions as functions of x. However,
they depend on X via the rate functions alone. Therefore, we can treat the rate functions as
independent, parametric variables in their own right when analyzing the net rate functions.
Following the example of Ray (1983), we can then consider the sensitivity index Sj;of the

net rate function kz with respect to the rate function ;1 where /< jas

o). MR (x) o(1/k;) N
5= L1 ( ” /kjw(x))) S

where the partial derivative holds K1 () as well as all evaluations of the rate functions
other than &j z1(X) and &jq (X) as constant values.
Proposition 4.8—Let (D, A", éy) be a serial model with n >2. Ifx >0, then the

sensitivity index of the i-th net rate function with respect to rate function kj i, where i< j Is
given by

k) Ki(x)

S = T e (65)

Proof: In order to evaluate the derivative in Eqn. (64), we replace the parametrically defined
variable kz1 (x) in Egn. (57) with

ki (x)=kj 11 (%) Kj415(x),  (66)

noting that K1 (X) exists by Prp. 4.6 and is to be treated as a constant when taking the
partial derivative, to get
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1 it

Kp() | Kn() | 3 Kubo)

p=i kp,erl (x) kj,jJrl (x) p=j+1 kp,erl (x) (67)

where the Kj{x) depend only on &z (x) and &; z1(X) only via the constant ratio K1 (X).
Therefore, the first and third terms on the right-hand-side of (67) are 0 when evaluating the
derivative, and it follows that

8(17/]6;) X )= (X
<a(1/k:j,j+1<><))> =Kale) (68)

Substituting this result into the definition Eqn. (64), we get for all x >0,

1y o) = OO)
kijri®)  (69)
Corollary 4.8.1—/fx >0, then0 < Si{x) <1 for all j= i, and

ZSU (X) =1.
j=i (70)

Proof: The result that Sj(x) = 0 follows immediately from the result that kz (x), KjAx) and
k; j+1(x) are all non-negative. If we consider the sum of Sj(x) over all /= /, then

J=i

s o0 (S0 )
ZS”( ) (;kj,j-‘rl(x)) e (71)

However, using the result from Prp. 4.7, we find that

38350 (iifﬁ(x) ) / (i—fﬁ(x))) 1.
(72

j=i j=i J»j+1(X) =i j,j+1(X

Corollary 4.8.2—/fi< g <nand (EgEg1) IS an irreversible eage in Dy, then Sj= 0 for all

q
j>q, hence iji Sij=1,
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Proof: The proof follows from Cor. 4.8.1 and is essentially identical to that for Cor. 4.7.1.

4.7. Isomorphic models

Definition 4.9 (Isomorphic Models)—Suppose M =(D,,, A", eq) and
M*=(D}, A" e) are steady-state models where ¢,=c. We say that M and M are
isomorphic if there exists a set of m(n - 1) positive real numbers{*k:; }..; and an
isomorphism g between Dy, and D, such that whenever (Ej E)) is an edge in Dy and

9(E;)=E, and g(E;)=E,, we have k;(x)="ki;k,,(x) for allx € R™.

Note that if two steady-state models are isomorphic, there may be more than one
isomorphism between the two digraphs where the condition on A and A*™ is fulfilled.
When working with isomorphic steady-state models, we will always assume an indexing
that follows one of these isomorphisms g so that ( £;)=E; for all indices / Furthermore, it
is straightforward to show that if models 1 and 2 are isomorphic, and models 2 and 3 are
isomorphic, then models 1 and 3 are isomorphic. In other words, the relation is transitive.

Proposition 4.9—Suppose (Dy,, AL, &) and ( D}, A", é) are isomorphic serial models.
If(E; Ejr1) Is an irreversible edge in Dy, then

’
L
¥ i+l

ki 73)
and if there are no irreversible edges in the sequence
(Ei, Eit1)(Eiy1; Eiya) - (Eg-1, Ey),  (78)

with (Eg Eq1) being an irreversible eage in Dy, then

k/ q Jj—1 *Io .
k/z* =Sii kit > | Sii kjjn H*kL 7
i j=i+1 p=i PTLP (75)

where the ratio function i, /1. is defined for all x >0.

Proof: Let x be any vector in R such that x >0. Proposition 4.8 implies

Sa= Rl _ k() k() Si(x)
U ki () Rkl () kR (x) TR (7g)
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However, if (£;,E;1) is irreversible, Cor. 4.8.2 implies

Sii (X) :SZ- (X): 1,

for all x >0 and therefore

kF(x) tkiga T (77)

which rearranges immediately to Eqgn. (73). If, however, (£, Ej1) is not irreversible, then for
any / </< gin sequence (74), Prp. 4.8 asserts

Sij(x)= b () Ki(x) = Ki() T hpr1p(x)
Y kj7j+1 (x) kj7j+1 (x) p=i kP7P+1 (x) . (78)

Therefore, it follows that

, 1 2R () 1 g
Sij(x):ki(x) k* H - *L H*kPJrl)P :
5,7 +1 (x) r=i T.,r+1 (x) 73+ p=i PP+l (79)

Applying the results of Prp. 4.8 for ( D}, A*™, ), we find that

k(%) 1 Tk
Si'(x): /Z* S:‘(X) * ¥ e )
! ki(x) ¥ kj,jﬂg Epp+1 (80)

which we can rearrange to get

:’Z*((XX)) ( ) SU X) ( ]]+1H*kj ,p—f—l) , 1<3<q. (81)

i p=i pTLp

Summing (81) over all jfor / <j< gand adding Eqgn. (76), we have
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/ q q
kfi(X) D SHE)=84(x) kit Y | Si(x) JJ+1H gt ;
hi* (%) 82)

j=i j=i+1 p=i kpt1p

and use of Cor. 4.8.2 yields Eqn. (75).

4.8. Perturbation effects

Prp. 4.9 is our key result, and while the notation is useful for ensuring that all of the ratios
exist (i.e., there is no division by zero), it is rather ungainly. Having established this result,
however, we can simplify the notation considerably to match that in Sec. 2.4 by defining the
constants *x,-j (where j= /) such that

*

. .
Kiji= ]fu‘+1, J=t,

Pl .
hiji= A77]+1H*k B J>1.
=3 p+1,p (83)

This will allow us to write both Eqns. (73) and (75) together using the more compact
expression

_ZS’L] Rij,

j>i (84)

where the sum is understood to extend from /to g for the first irreversible edge (£g, Eg+1). It
is also worth pointing out for the sake of clarity that we have defined the *x,-jin Eqgn. (83)
differently than we did in Sec. 2.4, though the results are equivalent. In Sec. 2.4, they
represented constant-valued functions defined informally based on chemical intuition. Here
they are constants defined rigorously with respect to two isomorphic serial models.

The definition of a net rate function also implies that whenever x >0, we can write for any
pair of isomorphic serial models

v(x) _ E; (%) ) ei(x)
v(x) k(x) ef(x) (gs)

for any vertex £j since Prp. 4.2 asserts that {x) and /() are both positive. We can
rearrange this expression to also get
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U(X) *( ) ki(x)

v*(x)ei X)=— e;i(x),

and summing over all the vertices, we have

Sk(x) SR o(x)
Z k.’* (X) el(x)_izzlv* (X)

i=1"

20 S v)
ei(x)_v*(X); () vi(x) (87)

which rearranges immediately to provide

This defines a function on all x >0 that we can write

*vi{x € R™:x>0} — R,

“o(x)=v(x) /0" (x). (89)

This function is thus defined for any pair of isomorphic serial models.

The expression for “(x) can be simplified if we introduce the notation
fi(x)=ei(x)/e0,  (90)

so that for all x >0, we have

“o(x)=D_ fi(x)ki (%) k7 (x)=3" D fi(x) S5 (%) kij.
i=1 i=1j>i (91)

Proposition 4.2 implies 0 < f{x) <1 for all x >0, and from Eqn. (26b),

fi x)=1.
; > (92)
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Combining this result with Cor. 4.8.2, it follows that

DY fix)Si(x)=1.

i=1j>i (93)

Hence, “(x) is a weighted average of the constant values *x,-j.

We now want to consider limits of the function “vas discussed in Sec. 2.3. Since the entire
vector X is to be considered in the limit, we will express limits using the compact notation

X = y=[y1,y2,-+ ,ym] »  (94)

where each y;represents 0%, a positive real number or co. As discussed in Sec. 2.3, it is not
always guaranteed that such a limit exists for *v given any pair of isomorphic serial models.
Nevertheless, results useful for the interpretation of the limits of “vare given by the
following propositions.

Proposition 4.10—Let v, be the velocity function for a serial model (D,,, A, eq), and let
v, be the velocity function for an isomorphic model (D,, A}, eq). If

no

Jim 01 ()/07(0) g

exists for all models ( D}, A", &) isomorphic to(D,,, A}, e),, then
lim e2(0/0" (%) g

exists for all models ( D}, A:™, &) isomorphic to(D,,, A}, eq).

Proof: Since (D,,, A}, eg), is isomorphic to (D,,, A}, e),, the limit

Jim v (x)/v2(x), (97)

exists by hypothesis. Furthermore, Prp. 4.9 and Eqgns. (91) and (93) imply that the ratio
1 (X)/\»(X) is bounded below on x >0 by a positive value such that the limit must also be
positive. Therefore, the limit
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Jim v2(x)/v1(x) (98)

also exists. If ( D, AX™, &) is any model isomorphic to (D,,, A}", eg),, then it is also
isomorphic to (D,,, A}, e ), and the existence of the limit in Eqn. (96) follows from

im v2(x) =lim
iﬂyv*(x) iﬂym(x)v (x)

S () (23) g

Proposition 4.11—Let(Dp, AT, &) be a serial model with n >2. If the limitlimy_.y "UX)
exists for some conditiony and all isomorphic models, then the limitlimy_.y f{(X) exists for
all i.

Proof: Let ( D}, A*™, &) be a serial model isomorphic to (D, A", &) such that all
elements of {",,;} are unity except “k; z1 = “kj 1 = 2, and thus
* e { 1, u#1,
up— -
2, U=1. (100)
Equations (91) and (93) then imply that for all x >0,
*u(x)=2f; (x)+Zqu(x)Sup(x),
UELP>U
=2fi(x)+(1-fi(x)),
=fi(x)+1. (101)

Hence, the existence of limy_., 7{(x) follows from

Proposition 4.12—Let (Dp, A!", &) be a serial model with n >2. If the limit limy_.y "UX)
exists for some conditiony and all isomorphic models, then for any isomorphic serial model

and any i, limy .y k; (x) /k;* (x) exists or
lim_ fi(x)k;(x)/ k7" (x)=0.

(103)
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Proof: From Eqgn. (84) and Cor. 4.8.2, we have
filx) min {*ri;} < fi(0k; (%) /K] (x) < fi(x) max "y} (104)

If limy_y 7(x) = 0, then Eqn. (103) follows from the Squeeze Theorem. Furthermore, Egn.
(86) and Prps. 4.10 & 4.11 imply the existence of

T (0K (/7" (x)=Jim £ () 0(x).

(105)

Therefore, if limy .y 7(X) # 0, then lim,_,, k;(x)/k;* (x)exists according to

Xy k'z_* (X) x=y f; (X) k;* (x) limxﬁy fi (X) ’ (106)

Proposition 4.13—Let (Dp, Al", ey) be a serial model with n >2 and suppose the limit
limy .y “WUX) exists for some conditiony and all isomorphic models. If limy .y f{(x) # 0,
thenlimy_.y Si(X) exists for all j= i.

Proof: Choose an isomorphic model such that all elements of {*kup} are unity except for
“kj 1= "k1,j= 2. It then follows from Eqn. (84) that
i (%) /(%) =283 ()4 (1= 55 (x)) =555 (x)+1. (107)

Therefore, the existence of limy—.y Sj(X) is implied by Prp. 4.12, because

Jim, i3 (0)=Jimn (KG)/K" 0. 000

4.10. Two-vertex models

The development in Secs. 4.5-4.9 only considered serial mechanisms where 77 > 2, because
directed graphs with only two vertices are unoriented. Nevertheless, it is easy to show that
the preceding results are also applicable to two-vertex serial models of the form
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To do so, a forward direction to the model must be imposed by splitting the £, — £
reaction into reverse and forward components governed by rate functions & and k&,
respectively, where &, # 0 such that

ko1 (x)=kr (x)+ko(x).  (110)

Next, we construct a three-vertex model of the form

2k, (x) "

It is straightforward to show that the solutions to Eqn. (26) for the models in (109) and (111)
are related according to

e1(x)=¢€1(x), (112a)

ea(x)=€2(x)+e3(x), (112b)

and that #(X) = UX) = kAX)&(X). It follows then that the net rate function for £, is equal to
that for £, and we have

’

k) k()
_fl( )k/l*(x) +f2( )k;j*(x)’ (113)

since the factor of two cancels in the ratio functions 4.
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Figure 1.

Graphical interpretation of rate-limiting steps with respect to the net rate function k/l for the
example in (2). In each plot the abscissa corresponds the subsegeunce of enzyme species and

elementary reactions that contribute to kl (i.e., the reaction-coordinate). The ordinate
represents the scaled energy of each enzyme species and the activated complexes that
connect them. (A) Hypothetical plot for the £; subsequence given some well-defined x. In
this case, the £3 — £, elementary reaction has the largest activation energy with respect to
E1. Hence, the sensitivity index for the £3 — £, reaction (i.e., S13(X)) is closest to 1 making

it the most rate-limiting with respect to k‘1 (x)- (B) Graphical heuristic of how the £, — £,

elementary reaction alone becomes rate-limiting with respect to k’l as the concentration of
X1 decreases and X, becomes saturating.

Method's Enzymol. Author manuscript; available in PMC 2018 March 05.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Ruszczycky and Liu

Page 40

A S(x) ~ 1 Sr(x) ~ 1 C
= *ky>1 E3>E,
T KIE

E.
P k(X) & Frpy > 1 Ko(X) ~ #icyy > 1
E; — E;: KIE E; — E; EIE

Es Es

Figure 2.

Graphical interpretation of isotope effects on £, for the example in (2). Plots are drawn as in
Fig. 1. The solid line corresponds to the reference model and the broken line to a model
where there is a normal isotope effect on the £3 — £, elementary reaction alone. (A) The
E, — Egactivated complex is highest in energy versus £, making this reaction most rate-

limiting with respect to kz This introduces large forward commitments on both the £53 — £4
and £4 — Egreactions. (B) The £3 — £4 reaction is rate-limiting for k2 and the £3 — £,

kinetic isotope effect is strongly reflected in *AQ because there is a unit equilibrium isotope
effect on £, = E3. This places a large reverse commitment on £, — £z and a large forward
commitment on £4 — £Es. (C) The £4 — Egreaction is most rate limiting, and the isotope
effect reflects the bonding changes established in the £5 — £, reaction, which is the £3 =
E4 equilibrium isotope effect. This corresponds to large reverse commitments on the £, —
Ezand £3 — Ey reactions.
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Figure 3.
Reactions catalyzed by Desl|I.
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Figure 4.

Models of catalysis for the DesllI catalyzed dehydrogenation of TDP-D-quinovose (4). L-
Methionine and 5’-deoxyadenosine are abbreviated Met and 5" dAdo, respectively.
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Figure 5.
Energy diagrams of the £S H subsegence for each model of the DeslI reaction. The solid

curve denotes the reaction in H,O and the broken curve in D,O. The energy levels of the

ES Hintermediate in H,O and D,O are aligned to make it easier to see the origin of the
D20y isotope effects. The deprotonation reaction is modeled with a near unit equilibrium
isotope effect and a kinetic isotope of ca. 8 based on the experimental observations discussed
in the text. Both the electron transfer and proton transfer steps are shown for model B for the
sake of clarity; however, the electron transfer is treated as essentially irreversible. This is
reflected in the values of the sensitivity indices.
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