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In this article, a general geometric singular
perturbation framework is developed to study
the impact of strong, spatially localized, nonlinear
impurities on the existence, stability and bifurcations
of localized structures in systems of linear reaction—
diffusion equations. By taking advantage of the
multiple-scale nature of the problem, we derive
algebraic conditions determining the existence and
stability of pinned single- and multi-pulse solutions.
Our methods enable us to explicitly control the
spectrum associated with a (multi-)pulse solution. In
the scalar case, we show how eigenvalues may move
in and out of the essential spectrum and that Hopf
bifurcations cannot occur. By contrast, even a pinned
1-pulse solution can undergo a Hopf bifurcation in a
two-component system of linear reaction—diffusion
equations with (only) one impurity.

This article is part of the theme issue ‘Stability of
nonlinear waves and patterns and related topics’.

1. Introduction

The analysis of the impact of spatial defects on
systems of partial differential equations has received
a great deal of attention over the past few decades
([1-20], e.g.). A large part of this research centred
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around heterogeneous Schrodinger-type equations ([5,6,9,10,12,18], e.g.) and typical defects
considered are Dirac delta-function-like defects ([5,10,12,14,18], e.g.) and step-function-like
defects ([7,8], e.g.). It has, for instance, been shown that spatial defects are able to pin travelling
waves in nonlinear wave equations [2,3,11].

In this manuscript, we are interested in the impact of large, spatially localized, nonlinear
defects on the pattern formation process for linear systems of reaction—diffusion equations
(RDEs). In particular, we are interested in strongly localized impurities that have the structure of
Dirac delta-function-type perturbations in the singular limit ¢ — 0,

521 (x gz"O) Gy, (1.1)

where 0 < ¢ « 1 is a sufficiently small parameter, « € R is a parameter measuring the strength
of the impurity and G is a sufficiently smooth nonlinear function (of the state variable U) that
satisfies G(0) # 0. The Dirac delta-type impurity I is centred around &j := xo/¢* and is assumed to
decay exponentially fast. Without loss of generality, we furthermore assume that

f ©de=1, &= (12)

A typical example of such a Dirac delta-type impurity is Ip(§o) = (1/+/7) e Hence, for & — 0,
(1.1) is locally (near xp) asymptotically large and effectively negligible otherwise.

We analyse the impact several of these strongly localized impurities of the form (1.1) can
have on the existence, stability and bifurcations of stationary, or pinned, single- and multi-pulse
solutions for systems of RDEs in one spatial dimension. More specifically, we study

aaf -au ALH—Z ( )G(U) (1.3)

where (x,t) € R x RY, U(x, t): R x Rt — RN are the state variables, D is a diagonal diffusion N x
N-matrix with positive entries, i.e. D = diag(dy, . .., dn) with d; > 0. The constant N x N-matrix A
is chosen such that the trivial state U = 0 of the unperturbed system

2
e (1.4)
is stable. Note that U=0 is not a solution to the perturbed problem (1.3) since G;(0) #0 by
assumption. In addition, 0 < ¢ < 1 and all other parameters are assumed to be O(1) with respect
to e. The strongly localized impurities (o; JeD)L((x — x;)/62)G;(U) are all of the form (1.1) and
they are centred around the well-separated locations x; in the sense that 0 < x;1 — x; = O4(1) for
i=1,...,n—1.Thatis, x;11 —x;=0O(1) and xj;1 — x; € 1.

The unperturbed system (1.4) does not possess stationary pulse solutions since it is linear
and the addition of strongly localized impurities (potentially) creates stationary /pinned—or even
oscillatory—pulse solutions that asymptote to the background state U =0. This is similar to
paradigmatic singularly perturbed slow-fast RDEs with linear slow flow, such as the Gray—-Scott
and Gierer-Meinhardt models, where a fast V-component can be interpreted as being added to the
linear RDE for the slow U-component ([21-23], e.g.). In other words, adding the strongly localized
impurities of the form (1.1) to (1.4) to create localized solutions can be seen as a simplifying
alternative to adding fast components to (1.4). Adding strongly localized impurities to (1.4) is
a very controllable way to make a linear system locally nonlinear and it is not unrealistic from an
applied point of view as the linearity of the model breaks down under strong perturbations. Also,
as we will show, (1.3) is very amendable for analysis while its localized structures exhibit rich and
fully controlled behaviour. For instance, the leading order parts of the eigenvalues determining
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the stability of the pinned pulse solutions can be computed explicitly and the computations are
drastically simpler than the technical Evans function computations for slow—fast RDEs ([24],
e.g.). 5o, (1.3) could, for instance, easily be used as a starting point—and organizing centre—for
understanding complex, or maybe even chaotic, pulse dynamics ([25,26], e.g.).

Remark 1.1. The present work distinguishes itself in two ways from the existing literature on
the impact of strongly localized impurities on the dynamics of evolutionary PDEs ([5,10,12,14,18],
e.g.). Firstly, our approach is developed in the setting of a general class of RDEs, while all the
literature we are aware of is focused on specific models (see also the discussion in §4). Secondly,
the present analysis is valid for ¢ > 0 (but sufficiently small), i.e. for (more) realistic impurities
of the type (1.1) that only become of Dirac delta-functions in the singular limit ¢ — 0. In other
words, the current analysis extends the singular limit approach—with Dirac delta-function-
type impurities—of the large majority of the literature (see, however, also [17,18]). In fact, our
approach may serve as a (geometric) framework by which results presented in the literature may
be rigorously validated and extended beyond the Dirac delta-function limit to impurities of the
type (1.1).

(@) Results and outlook

The strong localization of the nonlinearities in (1.3) allows us to develop a general geometrical
singular perturbation framework to study the existence, stability and bifurcations of these pinned
pulse solutions supported by (1.3). More specifically, (1.3) is to leading order linear away from
the impurities and it can thus be solved—to leading order—explicitly in these slow regions. The
nonlinearities G; of the strongly localized impurities are then used to construct pinned pulse
solutions by appropriately concatenating the different slow parts over the fast regions. Also, by
the linearity of the slow problem (i.e. (1.4)) it directly follows that n impurities are needed to
be able to construct a pinned n-pulse solution. Observe that the construction of the pinned
pulse solutions is similar to—but algebraically simpler than—the construction of pulse solutions
in, for example, the Gray—Scott and Gierer—-Meinhardt models with linear slow components
([21-23], e.g.).

To determine the spectral—and nonlinear [27]—stability of such a constructed pinned pulse
solution, we linearize (1.3) around the pinned pulse solution. The spectrum of the linearized
stability problem naturally falls into two parts: the essential spectrum oess and the point spectrum
opt containing the associated eigenvalues ([27], e.g.). The former deals with instabilities arising
from +oo, while the latter deals with instabilities arising near the pulses, or interfaces, of the
associated pinned pulse solution. By the particulars of the model, the essential spectrum of a
pinned pulse solution supported by (1.3) coincides, to leading order, with the spectrum of the
trivial state U =0 of the unperturbed problem (1.4). Since we require the latter to be stable,
the essential spectrum of a pinned pulse solution is—by assumption—always fully contained
in the open left-half plane and thus does not yield instabilities. Consequently, the stability of a
pinned pulse solution supported by (1.3) is fully determined by the location of its eigenvalues.
In sharp contrast to typical RDEs, it is relatively straightforward to determine the leading order
parts of these eigenvalues as we can directly relate the associated linear stability problem to the
existence problem in the different slow and fast regions. However, see also remark 1.4. Hence, we
have explicit control over the eigenvalues—and thus the stability—of the pinned pulse solutions
supported by (1.3). This allows us, for example, to directly search for Hopf, and other types of
more complex, bifurcations.

For the scalar case, the diffusion matrix D = d; can be scaled to one, and the requirement that
the trivial state U =0 of the unperturbed problem (1.4) is stable implies that A (which is a scalar
in this case) is negative. Therefore, we define 1 := —A and we prove the following result.

Theorem 1.2. Fix N=1,di =1 and 0> A:=—p and let & be small enough. Then, (1.3) with n
impurities supports pinned n-pulse solutions (with the ith pulse centred at x;) if there exist non-degenerate
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Figure 1. (a) Numerically obtained stable pinned 1-pulse solution U;r supported by the scalar version of (1.3) with one impurity
located at the origin. In particular, n = 1and x; = 01in (1.3). In addition, D=1, uli=—A)=08,a1=1,e=01hE&) =
(1//7) e=¢ and GU) = =12 +4U —1. (b) Close-up of (a) around the impurity. The dots indicate the numerically
obtained pinned 1-pulse solution, while the solid curve represents the asymptotically constructed leading order pinned 1-pulse
solution. (c) The leading order magnitude i of the pinned 1-pulse solutions supported by the model as function of the system
parameter 1. obtained from the existence condition (1.5) of theorem 1.2. The solid curve represents stable pulse solutions U™ as
obtained from the stability condition related to (1.6) of theorem 1.2. The dashed curve represents unstable pulse solutions U,"
also supported by the model. The dot on the stable curveat u = u* = % indicates the emergence/disappearance of a point
eigenvalue out of/into the essential spectrum, see remark 2.1and §2a(i) for more details.

{i;YiL, solving the system of equations

n i—1
2/miti= | Y oGy e VI | eV 4 | 3Gy eV | e VI, i=1,...,n. (15)
fr j=1
The amplitude of the ith pulse of such a pinned n-pulse solution is to leading order given by u;.

All eigenvalues X of such a pinned n-pulse solution are real-valued and the n-pulse solution is stable if
all A > —p for which the matrix M()) :=

a1 Gy(in) =2V + 7 aaGh(iig) e VI3 o, G (ity) e VIHHE )
a1 Gy (i) e VIHHRT0) 0y Gh(in) — 2/ A e anGy(ity) e VITHE ) w6
a1 Gl (i) e VAT gy Gl (ip) e VIFAEX) 0, Gl (i) — 24/ + A

is non-invertible, necessarily have R(1) < 0—see also remark 1.5.

See figure 1 for an example of a numerically obtained stable pinned 1-pulse solution supported
by the scalar version of (1.3). The fact that all eigenvalues of a pinned n-pulse solution of the
scalar version of (1.3) are real-valued stems from the fact that the associated stability problem is
a Sturm-Liouville problem ([27], e.g.). A direct consequence is that, unlike their counterparts in
two-component slow-fast RDEs ([24], e.g.), pinned n-pulse solutions of the scalar version of (1.3)
cannot undergo Hopf bifurcations. A straightforward computation also shows that the matrix
M(0) (1.6) is non-invertible if and only if {i1}}_, is a degenerate solution of (1.5). So, upon changing
a system parameter, a stable pinned n-pulse solution and unstable pinned n-pulse solution
generically merge and disappear in a saddle-node bifurcation when A =0 is an eigenvalue (of
both pinned 1-pulse solutions), see, for example, §2a(i) and figure 1. Or, alternatively, a stable
pinned n-pulse solution and unstable pinned n-pulse solution merge and exchange stability via
a transcritical bifurcation when A =0 is an eigenvalue. In §2, we first introduce the geometrical
singular perturbation framework to study the existence and stability of pulse solutions supported
by (1.3) for N=1 and n=1. As it turns out, the linearity of (1.3) away from the localized
impurities significantly simplifies the stability analysis and the stability condition follows, in
essence, directly from the existence analysis. However, see also remark 1.4. Next, we use this
general framework to prove theorem 1.2.
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In contrast to the scalar case, pinned pulse solutions can undergo a Hopf bifurcation for
systems of RDEs with strongly localized impurities—even when there is only one impurity. To
show this, we study the simplest system of RDEs of the form (1.3) in §3. That is, we study (1.3)
with N =2 and n=1. However, see also remark 1.6. Without loss of generality, we can assume
that the impurity is located at the origin and that the diffusion coefficient of the U;-component is
scaled to 1, i.e. d; = 1. That is, we study

oy 32LI1 o X
—= Ui +blr+ <L | = ) Gi(Ug, U
o = a2 Tttt 1(52) 1(Uy, Up)
) (1.7)
ol 0-U> B x
and W =D 92 + Cul + dUz + 8712 (;) G2(u1, Uz),

with G1(0,0) # 0+ G2(0,0) to ensure that U=0 is not a solution to (1.7). The requirement that
the trivial state U = 0 of the unperturbed problem (1.4) is stable implies thata +d < 0,ad — bc > 0
and a + d/D < 0—which is the standard condition that prevents Turing instabilities ([28], e.g.).
We prove the following result by generalizing the geometric singular perturbation framework for
the scalar case.

Theorem 1.3. Let a,b,c,d, D be such that a+d <0,a+d/D <0 and ad — bc > 0 and let ¢ be small
enough. Then, (1.7) supports pinned 1-pulse solutions (Uyp, Ua,p) centred around O if there exist non-
degenerate (v}, v3) € R? solving

+ - + - + -
2(vivy, +vovy ) =aGi(viuy  +vouy vty + 2ty )

. B B . B . B (1.8)
and 2(v1 v+ v2v2,+) = ﬁGz(v1u1,+ +vauy vty |+ v2u2’+).

Here, vle 4 and ”1i,2, 4 are explicitly known quantities depending on the system parameters and the
particulars of the impurity. The amplitudes (i11, ii2) of the (U1, Uy)-coordinates of a pinned 1-pulse solution
are to leading order given by (V1MT,+ +voug vluz+ + iy ).

A pinned 1-pulse solution (Ul,p, U2,p) is stable if all . € C \ oess s0lving

_ AR) - BN _
det(N(1)) = det (C(A) D(A)) =0, (1.9)

have R(A) < 0. Here, oess and A(A), B(1),C(1), D(A) : C\ cess — C are explicitly known and depend on
the system parameters and the impurities.

We refer to §3 for the details regarding vfz o ufz 4 and the matrix N'(%). Observe that, as
for the scalar case, A =0 being an eigenvalue is again related to the solution (vj,v3) of (1.8)
being degenerate. It is now straightforward to derive conditions on the system parameters and
impurities such that a pinned pulse solution of (1.7) can undergo a Hopf bifurcation, see §3b(i).

We end the manuscript with a discussion and outlook of future projects related to systems
with strong localized impurities.

Remark 1.4. In principle, we could have used an Evans function framework ([29], e.g.) to obtain
the stability results of theorems 1.2 and 1.3. In fact, (1.6) and (1.9) can be directly related to a
condition of the form £(A) =0, where £(A) is a—remarkably simple and very explicit—Evans-
function associated with the spectral stability problem. We decided not to pursue this direction
for the brevity and readability of the manuscript.

Remark 1.5. In this manuscript, we use the convention that :(/x) > 0 for x € C \ (—o0,0].

Remark 1.6. While theorem 1.3 only entails pinned 1-pulse solutions of (1.7) (i.e. (1.3) with
N =2 and n =1), the geometrical singular perturbation framework presented in this manuscript
can also be used to study linear systems of RDEs of arbitrary size and with an arbitrary number
of impurities, i.e. (1.3) for arbitrary N and n. However, for algebraic simplicity and brevity, we
decided to focus on only the scalar case (i.e. N = 1) and the two-component case with one impurity
(i.e. N=2and n = 1) in this manuscript.
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2. Scalar linear reaction—diffusion equations with impurities

We start by analysing the scalar version of (1.3)

ol 32U i o X —X;
o = am kUt 21: i ( = ) Gi(U), 2.1)
1=

with U(x, t): R x RT — R and where, without loss of generality, the diffusion constant D =d; has
been scaled to 1, —A := > 0—to ensure that trivial state U = 0 of the unperturbed problem (1.4)
is stable—and the impurities are as described in (1.1).

(a) Pulse solutions with one impurity

To introduce the methodology, we first focus on the impact of one impurity, i.e. we take n=1.
Without loss of generality, we centre this impurity at the origin, i.e. we set x; =0. Hence, pinned
pulse solutions correspond to homoclinic solutions governed by the following second-order
ordinary differential equation (ODE)
d?u a (x
O0=—5 —uu+ I = )Guw). 2.2
ot 51(5 ) 6w 22

The strong spatial localization of the impurity imposes two different spatial scales, x versus
£ :=x/e?, on (2.2). Consequently, we can study (2.2) using geometric singular perturbation theory
(GPST) [30,31]. More specifically, we split our spatial domain into three regions I :=(—o0, —¢),
Ii:=[—¢,¢] and I} := (g, 0), and we use the two different spatial scales to study (2.2) in the
different regions. Note that the boundaries +¢ of these regions are asymptotically small compared
to x, while they are asymptotically large compared with &. In the slow regions IF, the impurity
is exponentially small and the slow flow of (2.2) is approximated by the following system of
first-order ODEs

du

= _

dx 2.3)
and @ =uu

dx M

The origin is a saddle point with stable manifold [* := {(u, v) | v = —,/uu} and unstable manifold
I":={(u,v) |v=/pu}. So, for a fixed u, the distance between the stable manifold and unstable
manifold is Agv(u) = —2,/nu.

In the fast, or defect, region It near the origin, the impurity is dominating the dynamics of (2.2)
and to describe this fast flow we use the fast spatial time scale £ :=x/ 2. This transforms (2.2) to

d?u

0= @ + 2al(€)Gu) — e* pu. (2.4)
Note that (2.2) and (2.4) are equivalent as long as ¢ # 0. To leading order, the flow of (2.4) is
governed by d2u/de? + e2al(£)G(u) = 0, which we equivalently write as

e
ds (2.5)
d v  are)Gw)
an dE = .

Note that w = v = eu, and that since ug = O(e) in (2.5), u is to leading order constant in the fast
region I;. In other words u =it + O(e) in I;. Consequently, the accumulated change of w during a
passage through the fast region It is

1/e
Agw(i) == —ea L I(§)G(u(§)) d§ = —ea J_l/ 1(£)G(u(®)) d& = —saG(it) + O(e?), (2.6)

since we assumed that ffg.f I(5)de =1.
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In the singular limit £ — 0, a homoclinic solution to (1, v) = (0,0) to (2.2) should follow " of
(2.3), take off from [" following the fast dynamics of (2.5) and touch down again on [°, and then
follow I° of (2.3) back to the origin ([22], e.g). Thus, Asv(u) and Afw(ir) should be the same up to a
factor ¢ (since w = ev) and we get that ii—the leading order component of 1 over the fast field—is
determined by the solutions  of the nonlinear algebraic expression

2 /pu = aG(u). (2.7)
In addition, a homoclinic solution to (2.2) is in the singular limit ¢ — 0 given by
nevihs,  xelg,

xelg, (2.8)
e VEY, xelf,

\E |

up(x) =

=

where i solves (2.7) and observes that the magnitude of the homoclinic solution uy, is given by
u. This homoclinic solution uy, corresponds to a pinned 1-pulse solution Up(x) of (2.1) with one
impurity (i.e. n =1). As long as the solution u to (2.7) is non-degenerate, i.e. as long as the curves
of (2.7) intersect transversally, then this pinned 1-pulse solution persists, and is to leading order
given by (2.8), for e # 0 small [30,31]. Note that this in essence establishes the existence part of
theorem 1.2 for n =1, for more details see the proof of theorem 1.2 below.

To determine the spectral (and nonlinear) stability of a pinned 1-pulse solution Uy (x), which is
to leading order given by (2.8), we linearize (2.1) around Uy (x). As alluded to in the Introduction,
the linearized operator has no essential spectrum [27] in the right-half plane. Hence, we focus on
the point spectrum of the linearized operator. The associated eigenvalue problem determining
the point spectrum op is obtained by substituting the ansatz U(x, ) = Up(x) + e *p(x), with
L € C\ Oess With oegs = (—00, —u], into (2.1) and linearizing the resulting expression. This gives

d’p

dx?
The spatial localization of the impurity and the fact that Up, is to leading order constant in the
fast field I allows us to treat (2.9) in a similar fashion as (2.2). In fact, in the slow regions I3 the
impurity is exponentially small and the slow flow of (2.9) is approximated by

—wu+mp+gﬂ<§>cm%m=o. 2.9)

dp
5. =4
jx 2.10)
a9 _
and - (1 + A)p.

Hence, the leading order slow flow of (2.9) in the slow regions can be obtained from the leading
order slow flow of (2.3) by replacing 1 with u + A. In particular, Asq(p) = =24/ + Ap. In the fast
region near the origin, the impurity is dominating the dynamics of (2.9). Moreover, since U, =1
to leading order in the fast field, the fast flow of (2.9) is approximated by

dp

E =€&r

q (2.11)
and d—; = —eal(£)G ()p,

with & := 8% We can directly relate (2.11) to (2.5) by replacing G'(it)p with G(u). Hence, p is to
leading order constant in It and A¢r(p) = —eaG'(ii)p + O(e?). Consequently, the eigenvalue of a
non-trivial eigenfunction p related to a pinned 1-pulse solution U, is, to leading order, determined
by the solution of

21+ 2 =aG/ (i), 2.12)

see also (2.7).
Since M(v/1 + 1) >0, (2.12) has no solutions for «G/(it) < 0. Consequently, a pinned 1-pulse
solution U}, for which aG/(i1) < 0 only has essential spectrum and is thus stable. For aG'(it) > 0,
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the eigenvalue of a pinned 1-pulse solution Up can be determined explicitly from (2.12) and is
given by

0[2
A= Z(;’(51)2 - . (2.13)

Hence, for aG'(it) > 0, the pinned 1-pulse solution U, is stable if u > («?/4)G/(i1)? > 0 and unstable
if 0 < u < (2 /4)G/(i1)2.

Remark 2.1. At p=p* such that «G/'(1) =0, an eigenvalue disappears into the essential
spectrum oegs = (—00, —u] to form a resonance pole ([27], e.g.). Note that this provides a
remarkably simple explicit example of an eigenvalue moving into the essential spectrum oegs.
See also figure 1c.

Remark 2.2. While the trivial state U = 0 of the scalar RDE without impurities, i.e. (1.4), looses
stability as u becomes negative, a pinned 1-pulse solution Up(x) of the scalar RDE with one
impurity ceases to exist or looses stability at = («2/4)G/(i1)? > 0. That is, a pinned 1-pulse
solution Up(x) of the heterogeneous system becomes unstable before the trivial solution U =0
of the associated homogeneous system becomes unstable. This can be interpreted as that the
impurity generates an instability within the defect region for 0 < u < («?/4)G/(i)?, but that the
equation wants to remain near its trivial state in the slow regions away from the impurity. Hence,
for 0 < u < (a2/4)G/(i1)? we expect that the solution blows-up in the defect region or evolves to
another stable pinned 1-pulse solution. This is confirmed by numerical simulations.

(i) Example 1: scalar pinned 1-pulse solutions

To further illustrate the theoretical results discussed above, we consider the following scalar linear
RDE with one impurity

ou 92U 1 x 2
ol U+ LS ) Ut rau—, 2.14
at  9x2 pEA g2 0(82)( + ) 214)

where ¢ > 0 is small enough, 1 > 0 and Ip(§) = (1//7) e~%". The existence criterion (2.7) implies
that, for ¢ small enough, (2.14) supports a pinned 1-pulse solution with leading order magnitude
u if u solves 2, /pu = (=12 + 4u — 1). This gives

r=2—n+/Q2-Jm?-1. (2.15)

Hence, (2.14) has two positive pinned 1-pulse solutions U with leading order magnitude i#* > 0
(2.15) for 0 < i < 1. These two solutions merge and disappear in a saddle-node bifurcation for u =
1. Note that (2.14) also has two negative 1-pinned pulse solutions for i > 9, we will not consider
these solutions here.

The eigenvalue expression (2.12) is only well defined for «G'(i1) >0, and while oG'(ii™)
is always positive for 0 < u <1, «G'(i") is only positive for % < u < 1. In other words, the
eigenvalue of i disappears into the essential spectrum oess = (—00, —] upon decreasing p (from
Dtopu=p*= 1%, see also remark 2.1. For aG'(iit) > 0, the eigenvalue expression (2.13) for (2.14)
reduces to

W= (20 44 - u=(2 - V)P =) F 2y 2 - )2 - 1. (2.16)

So, 2~ >0 for 0 < <1, while At <0 for 1% < u < 1. Consequently, the pinned 1-pulse solution
Uy, is unstable for 0 < u <1, while the pinned 1-pulse solution U;,r is stable for 0 < u < 1. See also
figure 1.
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Figure 2. (a) Sketch of a pinned 3-pulse solution U;(x). (b) The associated phase portrait in the slow (u, v)-coordinates. The
transitions through the three fast fields induced by the three impurities centred around x, , ; are indicated by the double arrows.

(b) Proof of theorem 1.2

In this section, we study the impact of n impurities on the scalar RDE (2.1) and we prove
theorem 1.2. A pinned n-pulse solution U (x), see figure 2 for a typical sketch of a pinned 3-pulse
solution Ug(x), corresponds to a homoclinic solution of

d%u L X — X;
0=-— —uu+ § iy ( ') Gi(u). (2.17)
2 2 2
dx € &

We proceed as in §2a to construct these pinned n-pulse solutions, but now we split the
spatial domain in n 41 slow regions away from the impurities and n fast regions around
the impurities. That is, Ig = (—00,x1 — &), Ié"'l = +¢,x41—¢), for i=1,...,n-1, I’s“‘1 =
(xn + €,00) and I}' ==[xj—e,x;+¢], fori=1,...,n. All the impurities are exponentially small in
the n+ 1 slow regions since the centres of the impurities are by assumption well-separated.
Hence, the slow flow of (2.17) in the slow regions is still to leading order given by the linear
equation (2.3), and

u(x) = A; eV 4 Bie VA in Ié fori=1,...,n+1, (2.18)

where A, 1 = B; =0 to ensure that the n-pulse solution approaches the background state U =0 as
x — 00, while the other remaining 21 integration constants A; and B; still need to be determined.

In the ith fast region Ii, the ith impurity is dominating the dynamics of (2.17). Therefore, we
introduce 1 new fast variables & := (x — x;)/e2 fori=1, ..., n, and the flow of (2.17) in the ith fast
region I;' is to leading order governed by

du_
dé; (2.19)
d 0 ewl(€)Giw)
an déi = i (VA

fori=1,...,n,seealso (2.5). Equivalently to (2.6), we get that the u-component is to leading order
constant, say 1, in the ith fast region I} fori=1,...,n. By contrast, the accumulated change of w
during a passage through the ith fast region I is, to leading order, given by

Alw(il;) == —ea;Gi(il;) (2.20)

Combining (2.18) and (2.20), with the observation that u is to leading order constant over the
fast fields, allows us—after a tedious, but straightforward, algebraic computation—to determine
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the remaining 2n unknown integration constants. They are given by
1 n 1 i—1
Aj=— Y aiGj(i)e V™, Bi=-— " a;Gj(ity) eV, (2.21)
N N

where we adapted the convention that an empty sum is zero, i.e. B =A; 1 =0. By (2.18)
evaluated at x;—so that u = u;—it follows that the ;s are indeed determined by the existence
condition (1.5). The constructed homoclinic solution corresponds to a pinned n-pulse solution of
(2.1) in the singular limit ¢ — 0. It follows from a direct application of GPST [30,31] that such a
pinned n-pulse solution persists—and is to leading order given by (2.18) and (3.10)—for 0 < ¢ « 1,
as long as the solution set of (1.5) is non-degenerate. This proves the first part of theorem 1.2.

To determine the stability of a pinned n-pulse solution Ug (x), we linearize (2.17) around Ug (x).
Again, by construction, the resulting linearized operator has no essential spectrum in the right-
half plane and we can focus on the point spectrum. The associated eigenvalue problem is given

by

d? "o (x—x\ .,
dTZ — (et ap+ 3 Sl (7’) Gi(Upp =0, (2.22)
i~1

where we recall that A € C \ 0ess, With oess = (—00, —i]. All eigenvalues A of (2.22) are real-valued
since (2.22) is a Sturm-Liouville problem ([27], e.g.). In a similar fashion as for the stability
problem for the scalar equation with one impurity (2.9), we can relate (2.22) to (2.17) to explicitly
determine the leading order parts of the eigenvalues. In particular, the leading order slow flow of
(2.22) in the slow fields can be obtained from the leading order slow flow of (2.17) in the slow fields
by replacing u with i + X. In addition, the leading order fast flow of (2.22) in the fast field Ié can be
obtained from the leading order fast flow of (2.17) in the fast field I}, i.e. (2.19), by replacing G;(u)
with G;(Ug)p. Since both the pinned n-pulse solution Uy and the eigenfunction p are to leading
order constant in the fast field Ié, we get that the eigenvalues of a non-trivial eigenfunction are
determined by the solutions of

n
2= S ) o
j=i

i—1
+ (Z o G (i) e‘/“+)“x/) eTVATM =1, ., (2.23)
=1

vyhere pi,i=1,...,n,is the leading order constant value of the eigenfunction p in the ith fast field
I;. Since (2.23) is equivalent to M(1)p =0, with M(2) as in (1.6), (2.23) has non-trivial solutions if
and only if det M(A) = 0. This completes the second part of theorem 1.2.

(i) Example 2: scalar pinned 3-pulse solutions

As an example, we further study the existence condition (1.5) and stability condition (2.23) for
pinned 3-pulse solutions in the scalar linear RDE (2.1) with three impurities. See figure 2 for a
typical sketch of a pinned 3-pulse solution and its associated slow phase portait. For n =3, the
existence condition (1.5), respectively, stability condition (2.22), reduces to

2/ = 1 Gi (i) + 0aGa(itg) e V™) 4 a3 Gy (itz) e VIS ™),

2 /ity = axGaf(itz) + a3Ga(its) € VI o+ o Gy ity e~ VI =) (2.24)
and 2ﬁﬁ3 = 0[3G3(17[3) + 061G1 (ﬁl) e_\/ﬁ(XS—Jﬂ) + 0[2(;2(1712) e—ﬁ(xg—xz)’
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(a) Ly,small (b) L, intermediate (c¢) Ly,large (d)

Figure 3. (a—c): Typical sketches of f(A) and g(A; Ly, [;) for 0 < 11 < 3, < y3 with both Ly, respectively, small,
intermediate and large. Equation (2.27) has, respectively, one, two and three positive solutions. (d): The first, respectively
second, rootof f(A) = g(A; Ly, L) emerges from the essential spectrum at A = 0 (forincreasing ;) at the curves Ly, L)
where g(0; Ly, L) = f”(0). In other words, g(0; Ly, L) < f”(0) inthe grey areas and (2.27) has one, respectively, three, positive
solutions, while g(0; Ly, ;) > f”(0) in the intermediate white area and (2.27) has two positive solutions.

respectively,
2/i+ a1 = a1 G (@)1 + axGh(iia)p e VEFH2—1)
+ a3Gy(i3)pz e VETHE—x),
21+ Ay = axGh(ii)pa + a3 Gl (ii)ps e~V ATHEs—x2)
(2.25)
+ a1 G} (itg)py e VEFHER =)
and 23/ + A3 = a3 G133 + a1 Gy (i Jp e VI Hs =)
+ azG’Z(ﬂz)ﬁz e~ VIFAMxz—x2)

Upon introducing the short-hand notation y; := «;G(i1;),i=1,2,3,L1 :=xp — x1, L2 :=x3 — x2 and
A:=2/u+ L (with R(A) > 0), (2.25) can be rewritten as

v — A " e—AL1/2 3 e—A(L1+L2)/2 r—Jl 0
y e~ Ak/2 y2— A yzeAl2/2 p21=10 (2.26)
yre-Alit)2 ) e=AL/2 v — A p3 0
For the determinant of the above matrix to be zero we get
f(A):=(n1 — A2 — Ays — A)=rivae (s — A) + yipze AEHR(, — 4)
+ e M2 (y — A) = 2y g e AT
=:8(A; Ly, Lp). (2.27)

Since the stability problem from which (2.22) originated is a Sturm-Liouville problem, we know—
surprisingly—that the above equation (2.27) cannot have any complex-valued roots with i(A) >
0. Hence, upon changing the system parameters, roots of (2.27) can only emerge from or enter into
the essential spectrum at A =0, see also remark 2.1.

For example, for 0 < y1 < y2 < y3 a direct computation shows that f(0) = g(0; L1, L2) = y112y3 >
0 and f'(0)=g'(0;L1,L2) = —»1y2 — v1¥3 — v2v3 < 0. By contrast, f"(0)=2(y1 + 72 + y3) >0 and
§"(0;L1, Ly) =2L1y1(y2 + v3) + 2Loys(y1 + v2) — 2L1Loy1yoys. For large Lyip, g7(0;L1,Ly) < —1.
Furthermore, for A#0, g(A;L1,Ly) — 0 for L1 large, while g(A;L1,L2) — go(A):=y112y3 —
A(y1y2 + v1v3 + v2v3) for Lio small. In other words, (2.27) has three real-valued solutions, one
near each y;, for L1, large, while (2.27) has only one real-valued solution, near y; + y» + y3, for
L1, small, see also (a) and (c) of figure 3. Upon decreasing L1, the real-valued roots near y; >
move sequentially towards zero and enter into the essential spectrum. For example, in figure 3b
one of the roots of (2.27) for L1 ; large already disappeared into the essential spectrum and (2.27)
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has only two real-valued roots left. This sequentially (dis)appearing of the solutions of (2.27) from
the essential spectrum can be determined explicitly by comparing the relative magnitudes of f”'(0)
and ¢"(0; L1, Ly) as function of L1 and Ly, see figure 3d. Similar results can be obtained for y; 73
with different parities.

3. Linear two-component reaction—diffusion equations with one localized
impurity

While pinned pulse solutions to the scalar version of (1.3) cannot undergo Hopf bifurcations,
pinned pulse solutions supported by a system of linear RDEs of the form (1.3) can potentially
undergo Hopf bifurcations. To show this we study the simplest system of linear RDEs of the form
(1.3), that is, a linear two-component system of RDEs with one localized impurity (1.7), i.e. (1.3)
with N =2 and n = 1. However, see also remark 1.6.

(@) Proof of theorem 1.3

We prove theorem 1.3 by deriving the conditions for the existence and stability of pinned 1-pulse
solutions in system (1.7). Pinned 1-pulse solutions of (1.7) correspond to homoclinic solutions of

82u
0= "5 +auy +buy + - 11 Gi(u1, u2)
@3.1)

and 0= Da— + cuq + dup + p Iz < ) Go(uq, up).

Recall that we assumed that G1(0, 0) # 0 # G2(0, 0) and—since we want the background state (0, 0)
of the unperturbed problem (1.4) (i.e. (1.7) with @ = 8 =0) to be stable—we require that a +d <
0,a+d/D <0and ad — bc > 0.

As before, we split our spatial domain into three regions Iy :=(—o0, —¢), I :=[—¢, ¢] and Ij =
(g,00). In the slow regions I¥ away from x =0, the impurity is exponentially small and the slow
flow of (3.1) can be approximated by

du1
Ay,
dx !
v _ —(auq + bup),
dx )
duy _ 1 o2
d /D2
dvy 1
and o —ﬁ(cul + duy).

The characteristic equation of (3.2) associated with the equilibrium point at the origin (0,0, 0, 0) is
4 4 22(a+d/D) + (ad — bc)/D = 0. This gives AT = v AF and AT = -~V AF, with

At = 2%(—(11D +d)+£+vA) and A:=a’D? +2DQ2bc — ad) + d>. (3.3)

By assumption At A~ = (ad — bc)/D >0 and AT + A~ = —(a +d/D) > 0. Consequently, %(AF) >
0and, for A>0,2feRand AT <2~ <0<y <Al with A% = —)\i whilekie(Cand)\+_i__
—2~ =-11, with ‘R(Ai) >0 and \s()\ )>0, for A <0. So, in all cases we get that the origin has
a two-dimensional unstable manifold W" spanned by the eigenvectors V associated with Ai
and a two-dimensional stable manifold W* spanned by eigenvectors v associated with 2%, For
A >0 the origin is of (degenerate) saddle-type, while trajectories are spiralling for A <0. In the
remaining part of this proof we, for simplicity and brevity, assume that A > 0. The proof in the
other two cases goes in exactly the same fashion and will be omitted. The eigenvectors Vi are
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: + o+ o+ d . e
glven by (ul,i, Vi Uy 4 vz/i) such that wi=ugu, = and v = =y, for
i=1,2. In particular,
+ —
u Up4 Uy 4
+ —
U1 v v
Wu — = £:+ + vy 17,+
U u?ﬁ U
v v v,
2,+ 2,4+
(3.4)
u ul u;
1 1+ 1+
v —v —v;
and WS — 1 =1y _&ri‘ + v3 _1/+ ,
uz ”2,r Uyt
v2 U2 U4

with v12 34 € R. Consequently, the distance between a point on the stable manifold and another
point on the unstable manifold is

As(ull vy, Uz, UZ) = ((V4 - Vl)u;rﬂL + (U3 - Vz)ul_ﬂL/ —(l)l + U4)Ui’:+ - (VZ + V3)Ul_,+,
(vg — vy, + (3 — )iy, —(1 +va)vy = (V2 +v3)vy ).

In the fast region I near x = 0, the impurity is dominating the dynamics of (3.1). Therefore, we
write (3.1) in its equivalent fast form in the fast variable & = x/ &2

82
0="2L 4 2al (§)G1 (w1, u2) + e (aur + buz)
9§
) (3.5)
9“u
and 0= Dﬁ + &2 BL(£)Go(ur, u2) + *(cur + dup).
The fast flow of (3.5) can to leading order be approximated by
din _
dg - 8 1/
dw
CT; = —ealy(§)G1(uy, up),
3.6
ao_ e (3.6)
¢~ Vb’
de &
and —= = ———BL(£)Ga(u1, u).
& @ﬁ 2(5)Ga(uy, u2)

As for the scalar problem, this implies that the u-components are only slowly varying near the
fast field If. Consequently, they are to leading order constant in I, that is uj » =112 + O(e) in If.
As a result, the accumulated change of w; during a passage through the fast region I is to leading
order given by Agw1 (i1, ilp) := —ea Gy (i1, up) and similarly Agwo(itq, 1p) := —(¢/vD)BGa(ii1, it2).
The fact that the u-components are to leading order constant over the fast field If implies that
the u-components of the stable manifold W*® and unstable manifold W" (3.4) need to match at
x=0. This gives v = v4 and v, = v3 and consequently (i1, itp) = (vluf:Jr + vouy o, ”1”z+ + vzu£+).
In addition, to account for the change of wj », or vy 2, over the fast region It, we get
2(vq vﬂ_ + vy, )= ozGl(vluL_ +vouy ., vluL_ + vauly )
+ - B + - + - (37)
and 2(\11v2/+ + v2v2’+) = ﬁGz(vluL+ +vouy ity + v2u2’+).
Each equation determines a (collection of) curve(s) in the (v, v2)-plane that, typically, intersect
(transversally) several times, say at (vf 1, v;’] ),j=1,...,]. In the singular limit ¢ — 0, this yields
J homoclinic solutions corresponding to | pinned 1-pulse solutions (U]Lp, U]zlp) of (1.7) with

leading order amplitude (1:!]1, ﬁjz) = (v;"]uﬁ_ + v;']u;+, vr']u;_,_ + v;’]u£+). For 0 < & « 1, standard
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GPST arguments show that these pinned 1-pulse solution (UJLP, Ué,p) persist as long as its

corresponding solution (vik I, v; 4 ) of (3.7) is non-degenerate [30,31]. This completes the first part of
the proof of theorem 1.3.

To determine the stability of such a pinned 1-pulse solution (U p, Uz,p) (where we dropped
the superscript j), we linearize (1.7) around (Ujp, Uzp). Again, by assumption, the resulting
linearized operator has no essential spectrum in the right-half plane and we can focus on the
point spectrum. The associated eigenvalue problem for A € C \ oess is given by

d2
0="F +@—np1+p2

o X aG G

+ =h (7) (71 (Up, Uzplp1 + =1 (Usp, u2,p)l72>
& £ ap1 ap2
2 (3.8)

and o:Dafz2+cp1+(d—A)pz

B X Gy Gy
En(=) (32 &2 .

+3h (82> <8p1 (Ur,p, Uz p)p1 + o (Us,p, Uz,p)P2>

As for the scalar equations studied in the previous section, we can relate the stability problem (3.8)
to the existence problem (3.1). Specifically, the leading order slow flow of (3.8) in the slow fields
can be obtained from the leading order slow flow of (3.1) in the slow fields by replacing (a,d) in
(3.1) with (a — A, d — 1). In addition, the leading order fast flow of (3.8) in the fast field It can be
obtained from the leading order fast flow of (3.1) in the fast field It by replacing Gy 2(u1, ) in (3.1)
with (9 G1,2/3p1)(U1/p, u2,p)p1 + (361,2/3;72)(1,[1,13, UQ,p)pz. Since both (ul,p, u2,p) and (pl,pz) are to
leading order constant in the fast field I, we get that the eigenvalues of a non-trivial eigenfunction
(p1,p2) are to leading order determined by the (w1, w;)-solutions of

_ Gy ,_ _ —
2Aw1qi, + gy ) =a (ﬁ(ulf i)(@1py , +wopy )

Gy _ _ + _
+ ot o], + o))

B

- (3.9)
2, - _
/D (a(“lfuz)(wlpf_s_ + w2py )

and 2(&)qu+ + w2q£+) =

0Gy _ _ _
+E(u1’ ii2)(@1p3 , + w2P2,+)> ,

where pli/ +,p2i/ +,qf 4 and qét/ 4 are related to the stable and unstable manifolds of the slow flow
of (3.8) in a similar fashion as (3.4) of the existence problem. In particular, pf o pf +, qli’ 4 and qf +
depend on the system parameters, and thus on a — A and d — A. The system of equations (3.9) is
linear in (w1, w2) and is non-trivially solvable if det(NM (1)) =0 (1.9), with the entries of the matrix
N() (1.9) given by

oG, _ . oG - _ 4
<7ap1 (i1, u2)py 4 + o (M1/M2)P2,+) ’
) 0Gi - _ aG .
BO) =247, —a (—1<u1,u2>p1 ot é(ul,uz)pﬂ) ,
' e S ' (3.10)
B

and D(A)=2q,, — —=

Gy _ _ 0Gy _ _
COy=203, — (ﬁf(ul,uz)pa + ﬁj(ul,uz)pa)

Gy _ _ . _ 0Gy _ _ . _
Tm(ulf u)py 4 + %(m, Hz)P2,+> ,
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and where we suppressed the explicit dependence of A, 3,C and D on the system parameters
and 11 5. From (1.9) with (3.10) we get

F() = AND() — BL)C() =0. (3.11)

In other words, the solutions of (3.11) determine the leading order parts of the eigenvalues, and
hence the stability, of a pinned 1-pulse solution (U1, Uz p) supported by (1.7). This completes the
second part of the proof of theorem 1.3.

(b) A Hopf bifurcation

We further analyse the existence condition (3.7) and stability condition (3.11) to confirm that
a pinned pulse solution of theorem 1.3 can indeed undergo a Hopf bifurcation. To make the
analysis manageable, we further simplify (1.7) by assuming that b =0, G1(U1, U) = G1(U2) and
Go(Uy, Up) = Go(Uy). Since b=0, we require that both 2 and d are negative to ensure that the
background state (0, 0) of the unperturbed problem (1.4) is stable. Therefore, we set w1 := —a and

w2 = —d and assume that both u1 and up are positive. So, we study
ol 92 U1 X
ot a2 M 051 + <:2) G1(Ua)
(3.12)
au, 92U
and 8—t2=D Py 2+CU1 ualy + ﬂlz( )Gz(ul)

Since A > 0 (3.3) for b =0, the characteristic equation related to the slow flow has two real-valued
negative roots and two real-valued positive roots. More precisely, AL = £, /fi1 and A5 = £/u2/D.
So, if we in addition assume that 1 # u2/D, then these roots do not coincide. A straightforward
computation shows that the associated stable manifold W* and unstable manifold W" are given
by 3.4) with uf | =1,v{, = /j1,u3 , =c/(u2 — D), vy | = c/1u1D/(u2 — mD), uy , =0,v7 , =
0,u; , =1and v, , = .,/u2. Since the u-components are to leading order constant in the fast field
I, we—as before—have that v; = vy and vy = v3 in (3.4) and the existence condition (3.7) becomes

c
2 v=oG| ———v +v>
Vi1 1(#«2—,U«1D 1+ v2
(3.13)

c/u1D B
and Z(MZ—M D 1+«/7V2> ﬁcﬂvl)-

So, as long as (3.13) has a non-degenerate real-valued solution (v1, v2), (3.12) supports a pinned
1-pulse solution (Us , Uz p) with leading order amplitudes (i1, ii2) = (v1, (¢/ 12 — 1 D)v1 + v3) for
e small enough.

To determine the stability of such a pinned pulse solution (U, Uy p), we have to explicitly
compute A(A; i1, u2), B(A; ti1, u12), C(A; 111, up) and D(A; i1, uip) (3.10) and solve (3.11). Therefore, we
analyse the eigenvalue problem associated with (3.12)

2
o= 4P

dG
=gz wtApt 11( ) 1( Uz p)p2

(3.14)
92 dG
and 0= DWP; +cp1 — (2 + Mp2 -‘r p Iz ( ) 2 —— (Urp)p1,

with A € C \ 0ess Where 0esg = (—00, — min{u1, up}]. The associated stable and unstable manifold
associated with (3.14) can directly be obtained from the stable and unstable manifold of the
existence problem by replacing 1112 by p1, + A. In the end, the stability condition (3.9) becomes

dGy c
211 + oy = @ ——(iip) ( w1 + wz)
dp2 M2 —

w1D —A(D —1)

v/ A)D
and 2 ( v +2) a)1 +Vu2 + )»a)2>

#2 — 1D —A(D —

22 ().

fd
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This system has non-trivial (w1, w;)-solutions if

iy AD—1) _Ta( 2)7( 1)=0, (3.15)

which is the stability condition (3.11) for a pinned 1-pulse solution (Uy,p, Uz,p) of (3.12).

\/ ([L] + )\.)D V2 +A (Xﬁ dG] dG2
4\/ + Vv MK + + ZOlC

(i) Example 3: pinned 1-pulse solutions in a system of reaction—diffusion equations with a Hopf bifurcation

To further simplify the existence condition (3.13) and stability condition (3.15), we assume that
u1 = 2 = 1> 0 (and we thus also assume that D # 1). The two conditions reduce to

Cc
2/pv1 =aGy (‘mvl + V2>

(3.16)
Nm»)
and 2 (- + iin ) = S=Gat),
respectively,
4(1t + ) — 20cGp, (i) vD-1 B dG1 7 y462 4y o, (3.17)

JetAD-1) JDdp dm

If we assume that (3.16) has a non-degenerate solution (v,v2), then (3.12) with pu; =pux =
w > 0 supports a pinned 1-pulse solution (U ,p, Uz p) with leading order amplitudes (i1, 1) =
(11, —v1(c/u(D — 1)) + vp) for & small enough. Upon defining A:=./u+ A, with %(A)>0 to
ensure that A ¢ oess, @ := 3o, f:= 3, B:=acGy,(ix)(v'D — 1) and C:=(af/vD)(dG1/dpy)(ii)
(dGadp1)(it1), we rewrite the stability condition (3.17) as

H(A):=A*—-CA-B=0, (3.18)

For C > 0, this cubic polynomial H(A) has a minimum —B — (2/3«@)@\/6 at A=,/C/3>0.If,
in addition, —(2/3\/§)Cx/E < B <0, then (3.18) has two real-valued positive solutions. These two

real-valued solutions merge and become complex-valued at A=,/C/3>0forB= —(2/3«/5)@\/6
Thus, there exist system parameters and impurities such that (3.18) has complex-valued solutions
A =mn, + nji, with n, > 0. This gives A = (n% — nlz — u) & 2n,n;i, and we can tune p such that R(1) =
0,ie. set u=n2 — ”12 Hence, pinned 1-pulse solutions supported by (3.12) with 1 = up = u can
undergo a Hopf bifurcation.

For instance, for (3.12) witha = 8 =2,¢c = —+/3/3,D =4, G1(U) = Uy + 1 and Gy(Uq) = Uy + 2,
we have that the existence condition, respectively, stability condition, is given by

3
2/ =2 ([W + 1 +1>

Iu
(3.19)
2/
and 2 ( 92M v + ﬁ]}z) =v; +2,
respectively,
4

4u+2)+ -3 —2=0. 3.20
(1 2)+ 53— (320)

The existence condition is solved by

18(1 + /1) 18 /it + 9 — 43,/ — 24/3
(vi,v2)= ’
By —9v/r+2v3" /(18 /it — 9/t +2V3)
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(a) (b)

U, (x, 100)

=20 TS0 \'""f/;(x 100) 20

Figure 4. (a) Numerically obtained evolution of the U;-component to a stable pinned 1-pulse solution for (3.12) with the system
parameters as in Example 3, thatis, « = 8 =2,c = —«/§/3, D=4,G(U)=U6L+1,6U)=U4+2 xy=u,=
u=02> [i(3.21) and & = 0.1. (b) We observe excellent agreement between the numerical obtained profiles of both the
Uh-component and the U,-component at £ = 100 (solid black curved) and the predicted asymptotic profiles (coloured dotted
curves). (Online version in colour.)

P

Figure5. (a) Numerically obtained evolution of the U;-componentof 3.12) wither = B = 2,c = —+/3/3,0 = 4,Gy(l) =
U +1,6Uh)=U +2, =y = =01 < 1 (3.21) and & = 0.1. We observe that the profile—as expected since
i < [t—blows-up, see also remark 2.2. (b) Numerically obtained evolution of the U;-component for the same system and
with the same initial condition, except that G,(Uh, Up) = U, + 1 — 83U13. The added small nonlinearity —83U13 to G prevents
the profile from blowing-up (while it does not alter the leading order asymptotic results) and we observe the evolution of the
profile to a breathing pinned 1-pulse solution. (Online version in colour.)

and hence there exist a unique pinned 1-pulse solution for the given system parameters and
impurity. By the linearity of G1 and Gy, the stability condition (3.20) is independent of the profile
of this pinned 1-pulse solution. Moreover, (3.20) can be solved explicitly and the roots with
positive real-valued part are given by

=0

WA A= %(4 —(3+2v2)13 — (3 -2v2)1/3) ig((fi +2v2)13 — (3 — 2v/2)173)i. (3.21)
Hence, setting u=/~0.137 (3.21) yields a pair of purely imaginary eigenvalues A=
+(v/3/12)((3 4+ 2v/2)1/3 — (3 — 24/2)1/3)i ~ £0.180i. Note that for u=/, the solution to the
existence condition (3.19) becomes (v1, v2) = (8.73, —10.0) and (i1, i) ~ (8.73,2.26). Hence, a Hopf
bifurcation is expected for the given system parameters and impurity upon decreasing u through
fL. See also figures 4 and 5.
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4. Results and outlook

The class of N-component systems of RDEs (1.3) proposed in this paper provides a very promising
combination of tractable analysis, complex dynamics and applied relevance. The systems
are linear, except for asymptotically small regions in space in which the system experiences
asymptotically strong nonlinear impurities (and these are the only sources of nonlinearities). We
have shown that these systems typically exhibit (multi) pulse-type solutions that are localized
around the impurities. Owing to the asymptotic nature of the heterogeneities, the existence of
these patterns can be established by the methods of GPST in a manner that is very similar to the
construction of pulse-type patterns in singularly perturbed slow-fast RDEs ([21,23], e.g) (Where
the fast component plays the role of the impurities in the present systems). In recent years, the
stability analysis of pulse-patterns in these singularly perturbed slow-fast RDEs (on unbounded
domains) has evolved into an established approach, based on Evans function theory [29] and
NLEP (non-local eigenvalue problem) methods [24,32], see [33] and references therein. Although
the spectral stability thus is largely under control, the technical effort is—in general—formidable.
As a consequence, the analysis of the bifurcations of these patterns is strongly limited [25], since
the necessary centre manifold analysis is largely based on explicit calculations on (inverting) the
spectral operator [34,35]. The systems introduced here do not suffer from this obstruction: we
have shown—again by the methods of GPST—that the spectral stability problem associated with
an impurity-induced pulse pattern reduces to linear algebra and it is based on solving linear
constant coefficient equations, see our main theorems 1.2 and 1.3 and their proofs. Moreover,
due to the spatial heterogeneities, the trivial translational eigenvalue A =0 is removed from the
system, which also strongly simplifies the centre manifold analysis [25,34]. Thus, the systems
presented here are ideal candidates to enter deeper into the realm of bifurcations of localized
pulse patterns in singularly perturbed RDEs on unbounded domains. The three explicit examples
worked out in the text show that it is relatively simple to cook up explicit spectral configurations.
Hence, we indeed may use systems of the type (1.3) to perform a centre manifold analysis near
spectral configurations of co-dimension one and higher. Natural next analytical steps may be a
detailed unfolding of a Bogdanov—Takens bifurcation [35] of a localized pinned pulse solution
in (1.3), or a hunt for controllable chaotic pulse dynamics by unfolding a (specific) co-dimension
three bifurcation [36]. In turn, this may serve as a first analytical step towards understanding the
(numerical) observations in [26].

Another fundamental aspect of pulse dynamics in RDEs that is significantly limited by the
technical effort it takes to control the spectral problem, is that of the interactions of pulses, or,
more general, of localized structures, beyond the weak interaction limit [37]. Especially, the impact
of essential spectrum near the imaginary axis on these interactions is yet not at all understood
[38,39]. The literature on localized patterns with oscillating tails is very limited—see however
[40,41]—while it is natural to expect that especially in these situations the impact of marginally
stable essential spectrum on the interaction dynamics will be significant. As shown here, these
types of patterns can be constructed along the very same lines as the more classical pulse solutions
with monotonic tails, see the proof of theorem 1.3 (and note the sign of A (3.3) does not impact
the approach). Therefore, fundamental novel insights can be expected by studying (1.3) with two
or more impurities for parameter combinations that make the essential spectrum approach the
unstable right-half plane, especially for pulse patterns that have oscillating tails.

Finally, it should be remarked that the systems considered here are of a slowly linear nature
according to the terminology introduced in [23,26] for two-component singularly perturbed slow-
fast RDEs (which was generalized to N > 2-component models in [33]). The extended class of
singularly perturbed slowly nonlinear RDEs introduced in these papers corresponds to allowing
the U-equation outside the impurities, i.e. (1.4), to be nonlinear. At present, it is not clear how
strong the fraditional restriction to slowly linear systems effects the dynamics of the system
(note that all paradigmatic models considered in the literature—FitzHugh—-Nagumo, Gierer—
Meinhardt, Gray—Scott, Schnakenberg, etc.—are of this slowly linear type). Once again, simplified
models of type (1.3), but now with a general nonlinear structure outside the impurities, may help
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to understand this distinction: even if the unperturbed model (1.4) is nonlinear, the analysis of
the class of models introduced here is drastically more simple than that of the corresponding
singularly perturbed model.
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