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Abstract

Switching systems use piecewise constant nonlinearities to model gene regulatory networks. This
choice provides advantages in the analysis of behavior and allows the global description of
dynamics in terms of Morse graphs associated to nodes of a parameter graph. The parameter graph
captures spatial characteristics of a decomposition of parameter space into domains with identical
Morse graphs. However, there are many cellular processes that do not exhibit threshold-like
behavior and thus are not well described by a switching system. We consider a class of extensions
of switching systems formed by a mixture of switching interactions and chains of variables
governed by linear differential equations. We show that the parameter graphs associated to the
switching system and any of its extensions are identical. For each parameter graph node, there is
an order-preserving map from the Morse graph of the switching system to the Morse graph of any
of its extensions. We provide counterexamples that show why possible stronger relationships
between the Morse graphs are not valid.
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1 Introduction

While the last twenty years have brought unprecedented advances in experimental
techniques allowing us to gather data on many cellular processes, the development of
methods to combine this data into informative models is lagging behind [2, 33, 32]. Models
of dynamic cellular processes based on ordinary differential equations require a choice of
nonlinearities, parameters and initial conditions, and most of these are difficult to measure
experimentally. Moreover, since the nonlinearities of multi-scale cellular processes are by
necessity phenomenological, the measurement of the parameters depends on the model with
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which the data is interpreted. Changing the model leads to re-interpretation of the
measurements, and often the need to remeasure all the parameters in the new model.

In this situation it is important to develop methods that compare the outcomes of models of
different acuity and at different scales. It also calls for new approaches to modeling, which
de-emphasizes comparison of individual trajectories of dynamical models with data. Instead,
we should look for global coarse structures in dynamical systems, that are robust under
perturbations, can be refined when more information becomes available, and that are
computable.

Switching systems, also known as Glass systems, were developed [23, 24, 12, 6, 2] as an
attempt to combine the advantages of ordinary differential equation models with Boolean
rules, that are often used to represent the logic of gene regulation [3, 9, 8]. These models
have the form

)}j: _?/j)’j+Mj(5i(yi)) (1)

where o{y;) are piecewise constant functions whose values represent expression of the gene
yiin its “on” state and its “off” state, and M is a multi-linear function that prescribes how
different inputs into gene jare combined.

The piecewise constant character of ojhas its advantages and disadvantages. The
disadvantages are mostly mathematical, and involve difficulties with interpreting the
interaction of trajectories with thresholds, which are places where variables switch between
the on state and the off state. Many papers have been devoted to making sense of
continuation of solutions in switching systems [36, 31, 13, 1, 7]. A key biological objection
to switching models is that in the majority of the cellular networks it is not reasonable to
assume that all variables are switch-like in their behavior. For instance, while (1) can be a
reasonable model for a network of mutually regulating proteins, including mRNA
concentration for one of the proteins as an additional variable brings up a modeling
difficulty since the rate of protein production usually depends linearly on the concentration
of its mRNA. Such interaction cannot be modeled in a switching system. To address this
challenge, in this paper we consider systems of the form

i = —a]x1+b1yi 2)
)'ck=—akxk+bkxk_l, k=2,3,...,n,

)}j =TV + Mj(al.(x"))

and compare their dynamics to that of system (1). Here a direct influence from variable y;on
variable y;in (1) is mediated in (2) by a chain of variables y;— X — £ — ... —> x"—
yjthat depend linearly on the previous variable in the chain. The nonlinear interaction is in
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the dependence of y;on x” which is mediated by a piecewise constant (i.e. switching)
function.

The advantages of model (1) have been recognized since its inception [24, 25]. In each
domain bounded by thresholds in the phase space the equations (1) are decoupled and linear.
Their readily computable solutions can be organized in a state transition diagram (STD)
which is a graph whose vertices are these domains and whose directed edges unambiguously
represent flow between the domains [25, 18, 35]. The state transition diagram
combinatorializes the dynamics of (1), and there are several results on the correspondence
between paths in STD and invariant sets of (1) [25, 14, 15]. Another interesting approach
that uses decomposition of phase space into rectangles in the context of multi-affine vector
fields to address questions of control of trajectories into specific region is discussed in [5,
26, 27, 28].

The recent results in [11] have gone a step further. A Morse graph collects strongly
connected components of the STD as vertices, and edges represent reachability between
these components. This is a coarse version of a fundamental concept of a Morse
decomposition of a dynamical system [10] and represents a summary of global dynamics of
(1). In[21] it is shown that the Morse graph of (1) provides information about a Morse
decomposition of nearby smooth perturbations of (1). Since Morse graphs are readily
computable, the system (1) can now be viewed as a computational tool to compute coarse
descriptions of the global dynamics of smooth systems.

The second insight that has come from changing the perspective from considering
trajectories to looking at Morse graphs, is that Morse graphs are locally constant in the
parameter space of (1). Furthermore, the boundaries of the constancy regions are given by
readily computable inequalities in parameters [11, 31]. We represent each region as a node
of a parameter graph and connect two nodes by an edge when they share a codimension 1
boundary in the parameter space. The parameter graph, together with a Morse graph
attached to each of its nodes, form a DSGRN database [29, 11]. This database encodes
global dynamics over the parameter space of the system (1). As such, it can be readily
searched for particular dynamic signatures (stable equilibria, periodic patterns), and their
robustness in the parameter space can be readily assessed [4].

In this paper we study the relationship between the Morse graphs and the parameter graphs
of the switching system (1) and the corresponding extended system (2). The motivation
comes from several sources. In [20], the correspondence between the dynamics of a network
of proteins and a network with included mRNA for each protein is studied. The additional
equations for mRNA are linear. The authors assumed arbitrary monotone nonlinearities and
showed that while there is a correspondence between the equilibria in the two systems, their
stability can differ.

In a series of papers, Edwards and collaborators [16, 30] studied the same question in the
context of switching system (1) with appended linear equations, or appended switching
equations [17]. The key insight that we take from [16, 30] is that there is a natural way to
define domain boundaries in the new linear variables and use these new domains to define a
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state transition diagram for the extended system. In a generalization of the approach in [16,
30], each interaction in the switching system (1), corresponds in the extended system (2) to a
chain of new variables, each depending on the previous one in a linear fashion. We call any
such system an chain linear extension (or simply an extension) of (1).

Our central result is that the parameter graph of the original system (1) and any of its
extensions are the same. Since the parameter graph tracks the changes in the Morse graphs
and is therefore an analog of a bifurcation diagram in classical theory of dynamical systems,
this shows that the structure of changes in dynamics in parameter space is the same. While
the parameter graphs of the two systems are the same, this does not necessarily imply that
the Morse graphs describing the phase space dynamics at the same parameter node are the
same. In fact, since the dimension of the phase space of the switching system and its
extension can be vastly different, we would expect the dynamics of the extension to be
richer, and hence the Morse graphs larger.

We prove two positive results about the relationship between the Morse graphs of the two
systems. We first show that each fixed point attractor in the Morse graph of the switching
system corresponds to a unique fixed point attractor in the Morse graph of the extended
system. Second, for every node of the parameter graph, we construct an order preserving
map ¢ that maps the Morse graph (viewed as a partially ordered set) of the switching system
into the Morse graph of its extension.

We close our results by three examples that show that ¢ is not injective in general and that in
general there is no surjection from the Morse graph of the switching system onto the Morse
graph of its extension. While these examples rule out certain natural stronger relationships
between the corresponding Morse graphs of the two systems, there is a possibility that there
exists a stronger relationship between a Morse graph computed from a properly formulated
extension of the state transition graph of the switching system and the Morse graph of its
chain linear extension. Switching systems with variables that affect their own dynamics, i.e.
self-feedback, always contain pairs of neighboring domains where flows in both either point
toward, or away, from their common boundary. These boundaries are known as black (white)
walls and present mathematical challenges to extending the solutions entering these walls. In
our perspective of global dynamics, the Morse graphs of the switching systems do not reflect
the potential existence of invariant sets in these walls. However, there will be Morse nodes in
a Morse graph for any smooth system that is a small perturbation of a switching system, that
correspond to these invariant sets. We conjecture that there is a surjection from any Morse
graph that captures invariant sets of nearby smooth approximations of the switching system
to a coarsened Morse graph of the extended system (2).

2 Chain linear extension of the switching system

This paper relies on concepts developed in [11] for switching systems. In this section, as we
recall these concepts, we generalize them to the extended system (2).
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2.1 Network and equations

Definition 2.1: A regulatory network RN = (V/E) is a directed graph with A/ distinct network
nodes V= {B, B, ..., Bn} and signed edges £C V xV x {—, —}. Edges of sign —
represent positive regulation or activation and those of sign — represent negative regulation
or repression. \We will use the notation (B;, ) € £'to describe a directed edge from g;to B;
of either sign, and B;— B;or B;— B;to denote signed directed edges. We require that at
most one edge exists from g;to B;.

Let

be the sourcesand targets of B;, respectively.

Definition 2.2: Let RN = (V/E) be a regulatory network. Then an extension of RN is a
directed annotated graph EX = (VU X Ex). The vertex set X and the edge set £y are
constructed in the following way. To edge (8, 8) € £ we associate a set of nodes Xj ;
disjoint from V(X ;= & is permitted). Each nonempty set X; ;admits a linear ordering of its
1o ...,a;j;"}. Then a chainfrom B;to Bjis a subgraph G;;= (X;,;U {B;

B}, Cj ) where the set of edges C;; C (X;,;U {B})x(Xj;U {B}) x {—, -} is

vertices X ; ;: = (a!

o 1 1 2
Cj’i. = {(ﬁi,aj’i),(aj’i,aj’i),...,(a

k  k+1

n. .
Il i
j,i’aj,i )”(a],l’ﬁj)}lij,l$é @, or

Cj,i: = {(ﬂl’ﬂj)}lij,l =0,

and the signs of the edges may take either value in {—, —}. We require that X ;and X;sare
disjoint for each (8;, ) # (Bs By in E. Then we define

X: = U X. . EX:= U C. ..
Bpp)eE )i (Bp)eE i

We refer to al;’l. €X;,as the k7 intermediary between g;and Bj. We define a canonical

extension of RN to be an extension that fulfills the additional conditions:
1. The vertex set Xis nonempty.
2. X; jis nonempty whenever (8;, 8) € E,

3. if X;jis nonempty with 7;; >0 elements, then

a. 1
B — a; ;€ Cj,i and
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— o k k+1
b. fork-1,2,...,/7/,, 1’aj,i_)aj,i ECJ.’[.,

if Bi— ;€ E, then “j,JZl—’/"je Ci i
if Bi— B; € E then ajj;’ 4p,€C;

Whenever we will be considering a single chain and the context is clear, we will simplify the
notation from a];. ;to ak to improve readability.

As we introduce new concepts, we will illustrate them on a pair of simple networks in
Figure 1.

Definition 2.3: A switching system associated to RN is a set of ordinary differential
equations in variables V':= Yyl /=1, ..., N}, with piecewise constant nonlinearities of the
form

}.’j: —ijj-i-/\j(y) (€))
Aj = Mjo o;
0;=00py530;1),00)30; 96305 3 -

Here y;is a decay rate, Mj;is a multilinear function, and 6, ;are regulatory thresfiolds. The
functions a~(y/ Vi, 6;,) are step functions of the form

l;; ifp;—pB;€Eandy, <0,
orfj; ;€ Eandy; >0, ;
or f; = ﬁj € Eandy,; < 9,-,-

undefined if (B; ﬂj) ¢E

We will say that ;;exists if and only if (B; B)) € £. In order for the step function oto
correspond to positive or negative regulation, we require that /; ;< v; jfor every (B; ) € E,
with /; ;= uj jbeing the degenerate case. We also assume strictly positive parameters, so that
0 <y i uj 6forall /.

In an abuse of notation we define
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to be the sources and targets of variable yj, respectively. It should be clear from the context
whether we work with nodes of the graph, or the corresponding variables.

We now define an analog of the switching system (3), in which we introduce intermediate
variables x that are governed by linear equations.

Definition 2.4: The extended system associated to EX is a set of ordinary differential
equations in variables V' U X', where X': = {x’j‘. i (1];. ; € X}. The equations take the form

yi==ry;+AN.x), i=12,..,N 5)
. —
X, =AX . +b, i€FC{1,2,..,N)

where W:= {7/ .Xj;# = & for some y;€ T(y)}. The matrix A;is block diagonal and X;and Z,
are block vectors, each containing a unique block A; ; )?j, and b; ;, respectively, for each y;
€ T(y). In particular, if C;;is a chain {(8; a?), (al, @?), ..., (a”, B)} C Ex; these blocks
take the form

o o 0
b —a® o 0
A= 303

X by;

— x2 -
X . .= , b..=|0
Il : J1 .
Xn 0

k

- aj,i’

where we have written XX, &, and £Xin lieu of xI;. l

and b’]‘. ; for brevity. In non-matrix

form, this becomes

).’,'= _7,'yi+Ai(y,x) (6)

= —aly blyl. (7)

K= —dF ek k=23, 0 8)

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Huttinga et al.

Page 8

The function A ;= M, - oj, where M;is the same multilinear function as in the switching
system in (3), and o, defined in Definition 2.7, is a step function similar to &;in (4). The
new parameters * ( = a’]‘. pand bF (= b’]‘. ) denote a decay rate and a production rate for

k k ; L
(= X P and are strictly positive. We take

k k
a; ;= {aj’i|k= 1""’”j,i}’ bj,i= {bj’i|k= 1""’”j,i}' 9

Note that g;,= ;= & whenever X; ;= &.

For the examples in Figure 1 both single loop RN networks give rise to a single differential
equation

5’1 =N +A1(y1),

the only difference between the positive and negative self-loop is reflected in the function

TE.
AT

ll,l ify1<6?1’1 N ul’lifyl<6?1’1

Aop= Aop=

ul’lify1>91’1 ll,l ify1>01’1

The extended system for EX in both cases has the form

. + 1
N=-"mN +A1_(y1,x )

)'cl = —alx1 +b1y]

We describe functions Ali(yl,xl) below in Definition 2.7.

2.2 Parameters

A parameter of the switching system (3) is z= (/, ¢, 6, y), where /={/; }, u={u;}, and 6=
{6} are indexed by edges (B; B) € Ein RN, and y = {y;} is indexed by nodes ;€ V; or
equivalently y; € V. The parameter zis an element of (0,00)? where D= /V//+ 3/E/= N

+ 3/E/.

An extended parameter or a parameterfor EX isatuple h=(z, 4 b)=(/, u, 6, y, a b) € (0,
OO)D', where aand bare vectors of length /X/(a s the union of sets a;;and & is the union of
sets 4;;in (9)). Moreover z= r(/), where r is the projection from R? to RZ. The new
parameter length D’ is then
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D'=D+2|X| =N+3|E| +2|X]| .

2.3 Phase space

The phase space of a switching system admits a natural decomposition into domains.

Definition 2.5: Fix a parameter z= (/, u, 6, ) for the switching system (3). We will use the
convention that for each y;€ V', 6.0 s= 0 and Beo 5= 0. Let Oyssand 6y, s be consecutive
threshold values. Then a domain is a subset of the phase space (0,90)"V of the switching
system at z, given by

We denote the collection of domains in (0, 20)V by 7 (2).

A face of xis a subset of the boundary of « given by

?::HI(evs Ws)X{e j H vs ws mi¢{i°°}
= s =

on which y;j= 6, jis constant.

Let z be a face of x on which y;= 6, The pair (z, «) is called a wall. We say that zis a
left face (right face) of xif y;> Om;i Vi< Om; i) everywhere in x. We say the sign of the wall
(7, x)is 1, sgn(z, x) = 1, if zis a left face of «. Similarly, sgn(z, x) = -1 when zis a right
face of .

We would like to define domains for the extended system. A naive solution would be to
define them as products x x (0, 00)/X/ for each x € #(2). However, the key ingredient in
describing the dynamics in terms of a partition of phase space has been the fact that the
solutions to (3) cross each face 7 in one direction. This is not true under extended flow for
extended walls (7 x (0, 00)X/, x x (0, 00)/X}). To resolve this problem we follow [16, 30] and
define new domain boundaries in the x variables to further partition phase space. The choice
of these values is not arbitrary, as shall be demonstrated later in Theorem 2.15. We give a
geometric reason for their definition in Appendix A.

Definition 2.6: Consider a chain Cj;={(8; a%), (a, a?), ..., (a”, B)} € Ex, where X;,#
. Fix a parameter h=(/, 1, 6, v, a b) € (O,OO)D/. Define values ¥ associated to edges in
Cj jas follows.

1. Let 0:= 6, jbe associated to the edge (B, al) € Cii
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k
— b - .
For k=1,2, ..., n let 9 = ?9" !'be associated to edge (a¥, a¥*1) or (a”, B)

when k= n.

Because the values ¥ are defined recursively, we can rewrite X associated to edges in Cji
in terms of the threshold 6; ;

bf
9k = ( II —)ej’l., k=1,2,...,n. (10)

f=14a

When dealing with multiple chains, we denote the value associated to the edge (o5 a5 )

by the triple indexing scheme 19’]‘. 1T Xj = &, then we say these thresholds 8’]‘. ; do not exist.

We now explicitly define the vector of step functions o= (oj1, ..., ;) associated to
variable y; € V/, which is based on Definition 2.3 for the step function in the switching
system.

Definition 2.7: Let C;;C Exbe a chain from B;to B;and y;, y;the associated variables. If
Xji=, then

;i =6(yj,yi;0j’l-),

referring back to the step function in (4). If Xj ;is nonempty, denote the last intermediate
variable by x” with associated value #’. Then

L~ n, o
Gj,i' —O'(yj,x ;9.

In other words, the number and form of the step functions in the extended system is the same
as the original switching system, except that the inputs into the step function will change in
each chain.

Since the value ##" plays a role of a threshold in the function o ;we will refer to the values
¥ also as thresholds. However, we want to emphasize that they are constructed with the
sole purpose of defining domains for the extended system, and do not have the same role in
the dynamics of system (5) as thresholds &; ;have in the dynamics of (3).

According to Definition 2.7 the extended systems for the positive (left) and negative (right)
self loop have the form
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1
).’1 = "N +
1,1

it <ol up ifxl <!
)"1 = _71y1+ ’
I

1,1

1 1

ifx> >38 1 1

11if)c >3

)'cl = —a]x1+b1y1 )&1 = —al)c1+hly1
1
where 9! = b—lel |- The phase space of these extended systems is depicted in Figures 2b and
JL

2d.

Definition 2.8: Let RN be a regulatory network and EX an extension of RN. Let the
associated switching and extended systems be parameterized with z=(/, 4, 6, y) and h=(z,
a, b), respectively. For a domain x € #(2) of the switching system, we define an extended
domain x € 2 (h) to be a choice

k=Rx [] 20y
sE S

where recall from Definition 2.4 that @ = {/| X;;# & for some y; € T(y)}. Here each E(y)
is a product

n
1,8
E(ys)z H H ('95 s’gvf; s)
tefs)f=1 ¢ r

where 7 (s):={t/¥+€ T(yg) and X;s# &} and for each t€ 7 (s) either (v; w) = (-0, §) or
(¢ 00). Note that Z(y) represents the values of all of the chain variables xfs in each chain
with initial vertex B, As in the switching system, we will use the convention that for each
¥ ex, 9ol =oand sl = co.Weillustrate this on Figure 2. In both cases the phase

space of the switching system contains two domains (0, &; 1) and (& 1, ©), which share the
face {&; 1} on which )1 is constant. The phase spaces of both extensions contain four
domains, which are Cartesian products of both domain of the switching system with both (0,
#1) and (41, o). Both of (0, ) and (1, o) are themselves products of the form M

B(yg with @ = {1}, £(1) = {1}, and m 1 = 1.

Let 7 be a face of the domain x. A y-face of an extended domain « is given by

ry: =7 X H E(ys)
sE S
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Clearly this is a subset of one of the y~hyperplanes bounding «. In Figure 2 each extended
domain has a y~face equal to either {6} 1} x (O, ) or {611} % (#, ). An x-face of the
extended domain xis

n, .
1,1
~ - ¢ oL ..
eo =% 1 =opx I T 6f o pxvasb
sE S, te f(s), /=1 1 t
S#EI t#j
where
=t k i £ o
YGJ. k)= H (8\/.,1"19w.,i)><{8}',1'}>< Gy i -
F=1 J J £=k+1 J J

Note that the last index kin T(/, j, K) is the index of the variable xi.(j which is at threshold.
Therefore z,is a subset of the hyperplane { xl; ;= ,9’; .} In Figure 2, each extended domain x
has an x-face equal to x x (0, %) or x x (L, 00).

We use the terms /eftand right x-faces and y~faces analogously to Definition 2.5, and (z,,

x), (7, x) will denote x-wallsand y-walls, respectively. As before, we say that sgn(z, x) = 1
if zis a left x- or y~face of xand that sgn(z, x) = -1 if zis a right x- or y~face of «.

2.4 Generic parameters

The following corollary is an immediate consequence of the definition of domains and the
piecewise constant form of A

Corollary 2.9: Fix a domain x. Then the values A{p), i=1, ..., N are constant over p € «.

We denote these constants

/N\l.(f): = /N\l.(p) forany p € X .

Definition 2.10: The parameter space Z associated to RN is the set of all (/, v, 6, y) € RP
suchthat 0 < ;0 < g;;and 0 < /;;< u; ;. A parameter z= (/, u, 6, y) € Zis reqularif, in
addition,

1. all of these inequalities are strict,
2. for each y; € V/, the thresholds {8; j} are distinct, and
3. forany x € #(2), -6;;+ A{x) # 0 for each hyperplane {;= 6; } bordering «.

We denote the set of regular parameters of RN by 2
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Remark 2.11: Note that at any parameter z € Z, the range of A is a finite set for each ), € V/
. As a consequence, the property that —y;6;;+ A{x) # 0 is generic.

The following fact will be important in proofs in future sections.

Corollary 2.12: Let 7€ Z. Let x, ¥ be two domains separated by a face t on which y;=
ij Wll‘hli_/ 7'/76'/7/{,(7?) = A~,(;;7) = ANI(,O) foranype .;

Proof: Since the thresholds of y;are distinct, the threshold 6 ;is associated to the unique
edge (B; B)) € E. Therefore, only the switching function associated to y;;may change across
T A(x) 2 A(«). Since i# j, A;is constant across .

Definition 2.13: We define the parameter space H associated to an extended system to be the
set of all 1= (2, a b) € R/P'/such that zE€ Zand 0 < a’J‘. ;and 0 < b’J‘.  forall x’j‘. [EX.A

parameter 1= (z, a, b) € His regqularif z € Zis regular. We denote the set of regular
parameters by H.

Note as in Remark 2.11 for the switching system that A is generic in H.

2.5 Wall-labeling function

We now explain how to assign a uniform direction of flow across each face in the phase
space of a canonical extension at a regular parameter.

Lemma 2.14: LetEX be a canonical extension of RN with extended system (5) and regular
parameter h=(z, a, b). Let x, ' € X () be extended domains such that there exists 7,C
i= 6} with(zy, x) a left y-face and (, x’) a right y-face. Then,

Afx) = A(p) = A(x') forall p € Ty (1)

Proof: First consider an edge (8; B) € £ such that X; ;= &. From Definition 2.8, we know
N
that there exists a fixed E: = H E(y,) such that

s=1

[

for some domains x, ¥ € .#(2) that share the face z. Since /# jin a canonical extension
when X; ;= J and since zis regular by Definition 2.13 then Corollary 2.12 tells us

A(K) = A p) = A(KHforallpe 7. (12)
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We note that A () is not guaranteed to equal A {x). However, in =, there are no xf.‘s at

threshold. In other words, y;cannot be regulated by any ypor xf.‘ ,onxU z,U x’. Therefore
(12) implies (11).

Now we consider an edge (8; B) € £ with X;;# & with a corresponding chain C; ;= {(8;
al), (al, a?), ..., (a”, B)}. Then on z,where y;= 6;; only the variable x* is regulated
because #is regular; in particular we use condition (2) of Definition 2.10. Therefore A{x) =
Adp) = A{x") forall p€ 7yand forall s=1, ..., A, a stronger result than required.

Theorem 2.15: LetEX be a canonical extension where the associated extended system has a
regular parameter h= (z, a, b) € H. Let t be a face on whichu € V' U X' is constant. Then
sgn(4) is constant and nonzero on .

Proof: Let #€ V/, so that = y;and p/, = 6, jfor some /, j. Let x be such that (z, x) is a
wall. Combining Lemma 2.14 with (6) evaluated on z, we have

filo= =1 A,

In other words, £/, exists and is constant. Since # € H, Yi6;i# A{x)and so [1is also nonzero
onz

Now let # € X', so that y = x’j‘. jand u | = &’J‘.  for some 7, j; k. If k=1, then from (7)

evaluated on t,
sen (i) . = sen (—ab 08 46} y)= sen ()| = sen(v.— 0. )
en (W) 1, g 7,i%j,i j,iyi gn (W) 1, gn (y; i

using Definition 2.6. We have zN{y;= 6; } = & by Definition 2.8, which states that exactly
one variable is at threshold on each face. Thus y;remains strictly on one side of 8;0n z, so
that sgn(x) = sgn(y;— — &) is constant and nonzero on .

If k> 1, then from (8) evaluated on z,

k k k 1

. _ k -1 . _ k— k—1
sgn (s1) |z' = sgn(— aj’ ilgj,i+ bj, & )= sgn (i) |T = sgn (xj,i .

—% )

Similarly, zn {x];l_. I= 19’;.17 1y = @ implies that sgn(y) is constant and nonzero on .

Theorem 2.15 allows us to introduce a well-defined wall labeling scheme that indicates a
direction of flow on either side of each face.

Definition 2.16: Let 7€ Zand let #/(2) be the set of walls in the phase space associated to z
Then the wall-labeling functiont W (2) — {-1,0, 1} is
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;(?, K): = sgn (7, K)- sgn (— Vigj, i + KI(?))’

where zC {y;= 6;}.

Definition 2.17: Let 4 € H for the extended system of a canonical extension EX and let %
(/) be the set of walls in phase space. We define the wall-labeling function & (h) — {-1,
0,1} by

£(z.x): = sgn (z,x) - sgn (i) | .

where yis constant on zand

sgn (— yiaj,i+Ai(K)) if u= yiandz c {yl. = ej,i}

. | 1 _ ol
sgn () IT _ Isgn (yl.—Hj’ i) lr ifu= xj’l.andr C {xj,i = 19].,1.}

. k=1 _gk—1 ook k _ ok
sgn(xj’i _Sj,i )lr 1f;4_xj’l.andk>landrc{xj,l._sj’i}

Awall (z, x) is an outgoing wall if { z, x) = -1, an incoming wall if {z, x) = 1, and a
tangential wall if {z, x¥) = 0. A domain x is an attracting domain if every (z, ) is an
incoming wall.

Observe that Definition 2.17 for an extended system reduces to Definition 2.16 for a
switching system, when X; ;= & for all (8, B) € E.

Remark 2.18: Note that Definitions 2.10 and 2.16 imply that there are no tangential walls
for any regular parameter z € Zin the switching system. Theorem 2.15 says that sgn(x)/; # 0
for h€ Haregular parameter and EX a canonical extension, so there are no tangential walls
in the extended system either.

A canonical extension has an important additional property that every face is an outgoing
wall on one side and an incoming wall on the other, as we now prove. Existence of white
and black walls in the switching system shows that this result is not true for the switching
system.

Corollary 2.19: Let h € H be a regular parameter for the extended system of a canonical
extension EX. Then for any x- or y-face t between adjacent domains x, ' € A (h), we have
that

£(t,k) - C(r,k") = — 1.
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Proof: Let #€ VU Xbe constant on z. If (z, ) is a right face, it is necessary that (z, ') is
a left face, so that sgn(z, x) = —sgn(z, «’). Since sgn(4) is constant and nonzero on z by
Theorem 2.15, we have that {7, x) - {7, ¥’) = -1.

The consequence of Corollary 2.19 is that flow is transverse across all faces in a canonical
extension, as can be seen in phase space in Figures 2b and 2d.

2.6 Domain graph and Morse graph

We now construct graphs that represent the coarse dynamics of (3) and (5). We first build a
state transition diagram, which we call a domain graph, and take the strongly connected
components (recurrent components) as a Morse decomposition to build a Morse graph.

Definition 2.20: For each parameter z € Z, we construct a domain graph (7, & ;) with vertex
set ¥~ which is in one-to-one correspondence with the domains .#'(2) via a bijection 7. 2/ (2)
— . The edges (u, V) € & are defined via a multivalued map

gzz73W

where v € & A(d) if and only if there is a directed edge #— vin the domain graph, (v, V) €
& The map & is defined as follows

L ifu=vthen vE FAu)if and only if ¥ = f7 @) is attracting, or
2. if u# v, then vE€ &L4) if and only if there exists a face z such that (z, fz_l(u)) is
an outgoing wall and (z, /') is an incoming wall.

Using the wall-labeling function £ we can now construct a domain graph associated to the
extended system analogous to the domain graph (¥, &) for the switching system of
Definition 2.20.

Definition 2.21: Recall that there is a bijection £: 7 (2) — 7 between the set of domains 7
(2) and the vertices 7~ of the domain graph for the switching system. Each extended domain
x € (/) has the form

for some x € .#(2), where /= (z, a, b). We define a set of vertices for the domain graph of
the extended system as

X =7x{-1131 Xl
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Then there is bijection 7 # (/) — X defined by

®) = (£ ®).D)

where D € {-1, 1}¥/ satisfies

R ok k
DG, j, k) = _llij,i<‘9j,i°m<

Sy ok k
D@, j, k) = +11ij,i>19j,i0nk'

We define the domain graph (X, &) induced by the wall-labeling £ at the regular parameter /
€ Hvia a multivalued map

9h:x:¢x,

where an edge from v € X to v € X exists, (¢, V) € &, if and only if vE€ & 4(4). To define
the multivalued map 75, we let x, ¥ € #(#) and (&, D):= f(x), (&', D'):= f(x)
respectively. We say (¢, D) € #4(£', D)) if and only if one of the following holds:

. x =« is an attracting extended domain, or
. x# x and there exists a y~ or x-face zsuch that {z, ) =1 and {z, ") = -1.

Figure 3(a) and (c) show domain graphs for extended systems in Figure 2.

K

Definition 2.22: A recurrent component of a directed graph ¢ is a maximal subgraph % of
such that for any vertices v, VE &, there exists a nonempty path in ¢ from vto v.

We refer to a recurrent component of (7, &) as a Morse setof (7', E). Consider the
collection of all Morse sets of (7, &). Observe that there exists a partial order on (7, &)
arising from the reachability relation on (¥, € ). We define an indexing set P for the
elements of (7', &), respecting this partial order. In particular, for any p, g€ P, g< pif and
only if there exists a path in (77, &) from an element of ¢, to an element of #';. The
collection of Morse sets of (7', &) together with this partial order is called a Morse
decomposition of (¥, & ;), which we denote by (MD((7, &)),<), or when the order is clear,
by MD((7", &2).

The Morse graph of (7, E,), denoted MG((7, &)), is the Hasse diagram of the poset
(MD((7, &,)),<). For this reason we also call the elements of MD((¥", &) Morse nodes of
(7, &).

Using the map &, we define the Morse decomposition and Morse graph of (X, &), MD((X,
&) and MG((X, Ep)) respectively, exactly as in Definition 2.22 by replacing (¥, &) by (X,

Ep.
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The Morse graph is a compact representation of the dynamics in phase space. The nodes of
the graph represent the recurrent-like dynamics and the directed edges represent the
gradient-like dynamics. Figures 3f and 3h show Morse graphs for the extended phase spaces
in Figures 2b and 2d. The labels on these nodes are explained in Definition 4.1.

2.7 Combinatorial parameter graph

2.7.1 Switching system—~For each parameter z € Z, there is a Morse graph representing
the coarse dynamics of the switching system (3). Furthermore, there is a finite partition of
the parameter space z € Zinto semi-algebraic sets such that within each component the
Morse graph is constant [11]. This decomposition can be represented in the form of a
geometric parameter graph and its combinatorial representation, a combinatorial parameter

graph.

For clarity of presentation, we reproduce the construction of the latter from [11].

Definition 2.23: Define the /input combinations of 3;€ V'to be the Cartesian product

In.: {off,on} .

RE
B ESB)

Define the valuation function vj; In;— RISB) via

l whenever Ai = off

Jii
v. (A)=1u. . whenever A. = on
Joi Joi i

undefined otherwise.
Now define the output combinations of the node S;to be the set

Outj: = {i | (6. 5) € E}.

Definition 2.24: A logic parameteris a function

N
L: .Hl(Inl. X Out) — { —1,1}.
1=

We denote the restriction of L onto In;xQut;as L; An order parameter O s a collection of
total orderings O;of Out;for each y; € V. A combinatorial parameteris a pair ¢ = (L,0)
where L is a logic parameter and Ois an order parameter. We denote the collection of
combinatorial parameters as ®. The combinatorial assignment function w: Z— @ is given
by w(2):= (L,0) where O= O(2) is the total order of thresholds given by zand
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L(A,B)= sgn (M,;°v(A) - 71“93, pJforalll <i< N, (13)

where M;is the multilinear function from (3). For all z€ Z, we say that w(2) is the
combinatorial parameter associated to the parameter z. A combinatorial parameter ¢ € @ is
realizable in Z if there exists z€ Zsuch that ¢ = w(2).

We impose an adjacency relation between combinatorial parameters to arrange them into a
graph.

Definition 2.25: Let ¢ = (L,0) and ¢’ = (L’,0") be two distinct combinatorial parameters in
®. Denote the domain of the logic parameters by &: = ]_[ﬁv= 1 (In; x Out). Then gand ¢

are adjacent if and only if one of the following holds.
1. O= O and there exists d € 2 such that L and L” are equal on all of 7 except at
a
2. L=1L',0,=0,fori=1,2, ...,/ =1,/ +1, ..., Nand the total orders O and

o', differ only by a single swap of the ordering of consecutive thresholds.
1

The combinatorial parameter graph CPG ~is the undirected graph on the realizable
combinatorial parameters with an edge between two parameter nodes ¢ and ¢* if and only if
they are adjacent.

We now show that given a combinatorial parameter ¢ = (L,0), every zin its preimage w™1(¢)
is associated to the same domain graph and Morse graph. We start by defining a vector-
valued /ndicator function yj (0,00)V — In;such that the A1 component of yis given by

off if f;— fpjandy; <0, ;orif ;4 f;andy, > 0, ;

;?(yj,yi; Hj’i) = lon ifﬂi—>ﬁjandyi > Qj’iorifﬂl. — ﬁjandyl. < Qj’ (14)

i

undefined otherwise

Note that with this definition, we have

So the valuation function v;uses binary inputs provided by ;Ejto define the values of Jj. The
binary inputs describe the relative position of y;with respect to the thresholds ;. Notice
that y;is constant across a domain , so that y(x) is well-defined, and we can associate to
each xand /the value
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L(Z (R, j)= sgn (AR) =706, ) (15)

Definition 2.26: For € Zwith w(2) = gand (z, x) € #/(2) with zC {y;= 6; }, define the
combinatorial wall labeling £: W (2) — {-1, 0, 1} for ¢ by

DER) = sen F.R) - LT R ).

With this definition, the following is immediate:

Theorem 2.27: Let z€ Z with w(z) = ¢ and (z, x) € W (2) with T C {y; = 6; ;. Then{z, x)
=&£.(z, x). That is, the wall-labeling functions for a parameter and its associated
combinatorial parameter are identical over phase space.

2.7.2 Extended system—We define a combinatorial parameter graph for EX in a way
analogous to that of RN. The results of this section are a consequence of an observation that
the parameters aand bin h=(z a b) do not affect the combinatorial parameter associated to
Z. This is because every x];.’l. has only a single threshold 19’]‘.’1. and no associated values l’]‘.’i and
L

Note that In;jand v;only depend on the number of sources of the node 8;, and Out;only
depends on the number of targets of 8;. Therefore In; Out;and v;are the same in the original
and the extended system for every ;. It follows that the set of combinatorial parameters @ is
the same in the original and the extended system.

Definition 2.28: We define the combinatorial assignment function y. H— @ for EX by
y:=wor (16)

where . H— Zis the projection (2, &, b) — z and w: Z— @ is the combinatorial
assignment function for the original system. Again we say a combinatorial parameter ¢ is
realizable in Hif there exists /€ Hsuch that ¢ = (/).

The combinatorial parameter graph for EX, denoted CPG 4 (as opposed to CPG ), is the
undirected graph on the combinatorial parameters realizable in EX with an edge between
two combinatorial parameters ¢, ¢° € @ if and only if gand ¢* are adjacent as in Definition
2.25.

Lemma 2.29: A combinatorial parameter ¢ € ® [s realizable in Z if and only if it is
realizable in H.
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Proof: Let ¢ € ® be realizable in Z Then there exists z€ Zsuch that ¢ = w(2). Let 1= (z, 1,
1), by which we mean that we set a];. ;= b’]‘. ;= 1forall j j, kwhere X;;# &. Clearly, h€ H

is regular. By (16),
yh) =w(z)=4¢.

Therefore ¢ is realizable in H.

Let ¢ € @ be realizable in H. Then there exists /= (/, 4, 6, y, a, b) such that ¢ = (/). Let
z=(/, u, 6, y). By Definition 2.13, zis regular. By (16),

w@Z)=wenh)y=wyh)=ped.

Therefore ¢ is realizable in Z.
Theorem 2.30: CPGyz and CPGy are isomorphic.

Proof: Recall that CPG »and CPG 4 are undirected graphs on the same realizable subset of
® by Lemma 2.29. The rules of adjacency are identical and depend only on the
combinatorial parameter (see Definition 2.25).

We illustrate Theorem 2.30 on our running examples in Figure 1: the combinatorial
parameter graphs are identical for the switching systems and their canonical extensions in
Figure 1. This parameter graph is depicted in Figure 4. All three combinatorial parameters in
Figure 4 are realizable. For example, if we take 1 =1, 4 1 =2 and uy 1 = 4, then the choices
611=5, 611 =3, and 6y 1 = 1 define regular realizations of the combinatorial parameters for
vertices from left to right in Figure 4.

The phase spaces in Figure 2 and the domain and Morse graphs in Figure 3 correspond to
the middle combinatorial parameter in Figure 4.

Remark 2.31: We emphasize that although the combinatorial parameter graphs are
isomorphic, the associated Morse graphs of the switching and extended systems are not in
general isomorphic. That is, given a parameter node in CPG ~and the corresponding node in
CPG 4 under isomorphism, the coarse dynamics of the systems can differ at this parameter
node. This means that choosing to use the extended system over the switching system may
result in nontrivial changes in the long term dynamics. See for example the difference
between Figures 3c, 3d and Figures 3g, 3h.

It remains to show that if (/) = ¢, then we can recover the wall labeling associated to the
parameter /€ Husing only ¢ € CPG 4 in the same way that we recovered this information
from ¢ € CPG~in Theorem 2.27. This implies that the combinatorial parameters obtained
from y-are sufficient to recover all information necessary to construct a domain graph for
the extended system.
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We begin by defining an indicator function for the extension, as in (14).

Definition 2.32: Let C;;C Exbe a chain from g;to B;, and let x;= (x;1, xj2, ---» xjn) be
the extended indlicator function, which we define here. If X ;= &, then

’Yj,l': =){(yj,yl-;9j,i),

referring back to (14). If Xj ;is non-empty, denote the last intermediary by x” with artificial
threshold ##. Then

S n, o
Xj,i‘ —)((yj,x ;9.

If there is no edge (B;, B) € £, then y;;is undefined.

As in (15), we note that y/,is constant over any x € .7 (/), and
Ll'()(i(’()aj) = sgn (Ai(K) - 7,‘9]" i) N Y))

Using this fact, we define a new wall labeling function similar to that in Definition 2.26.

Definition 2.33: Let (L,0) € @ be realizable by #€ Hsuch that O(/) = O. Let (z, x) € #' (/)
be such that zis a face of xon which #€ V' U X’ is constant.

)

i
1 1 1

P(x,0): sgn (7,6 sgn (yi - Gj’ i) l‘r if u= xj,l.andr C {xj,i =4,

1

Li<xi(K)’ J) lfﬂ = yi andt C {yl = 9]’

J,i}

k

k—1 P k
_8j,i )|T 1f;4—x]

.andk > landz C {xk =9 .}
i Joi T i

>

S n(xk_
g i

Then by (17), the following is immediate.
Theorem 2.34: Let h€ H and let ¢ = w(h). Then if(z, x) € ¥ (h), we have lz, x¥) = £(z, %).

2.8 Conclusion

Using the wall-labeling function £ we constructed a domain graph (X, &) as in Definition
2.20, substituting a parameter /# € H, and extended walls and domains for switching walls
and domains (see Definition 2.21). From this domain graph we can extract Morse graphs as
in Definition 2.22. Each node in the isomorphic combinatorial parameter graphs is
associated to a Morse graph. Therefore we can compare Morse graphs between isomorphic
nodes in CPG ~and CPG. In Section 3, we will explore the relationship between the Morse
graphs of the original and extended system in detail.

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Huttinga et al. Page 23

3 Morse Graph Theorems

Throughout the section, we will fix a regular parameter z € Zfor a switching system and /=
(2, a, b) € Hfor the associated canonical extension. We will explore the relationship between
the Morse decompositions of (7", &) and (X, &p). Our main result is the existence of an
order preserving map of (MD((7", &,)),<) into (MD((X, &)),<). In Section 4, we will
provide several counterexamples to potential stronger relationships between the Morse
decompositions.

Definition 3.1: For each node in the domain graph of the switching system, £ € 77, we
define the fiber over £ to be the set

enpei-1,13!¥hcx.

For the two self-loops (Figures 1a and 1c) there are two domains, (0, &; 1) and (64 1,90) in
phase space, as can be seen in Figures 2a and 2c. Therefore two nodes, & and &, in the
respective domain graphs (Figures 3a and 3c. Hence in Figures 3e and 3g the fibers over &

and & are {(&1, 1), (§1,-1)} and {(£2, 1), (£2,-1)}, respectively.

Definition 3.2: For each £ € 7/, we define the *-element (£,D") of the fiber over &in the
following way. Pick O° € {-1, 1}/X such that for each x]; JEX

. —1 k k -1 *
1fyi < 9}.’1‘0r1fZ (&), thenx i < 19j’l.onfh ((&,D7))

J
. -1 k k -1 *
1fyl. > Gj’ ;on fz (&), thenx’; . > 19].’ l.onfh ((&,D7))

Joi
Note that this is equivalent to the following by Definition 2.21.

. —1 LT
1fyi< 9}.’1‘0r1fZ (&), thenD" (i, j,k) = — 1

ify,; >0, jon fz‘l(g), then D*(i, j,k) = + 1

In our canonical examples in Figures 3e and 3g, the *-elements over & and &, are
respectively (£1,-1) and (&, 1).

We now prove that the wall-labeling of f;l((.f, D™)) is preserved from fz‘l(g) in the switching

system.

Lemma 3.3: Let EE€E Y WithR = fz‘l(g) and letx = [} (&.D*) =% x & for some E. Let t=

X B where t is a face of x. Then
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2(3,%) = £(1.5).

Proof: By Definitions 2.5 and 2.8, there exist y,€ V' and ¥, € T(y)) such that y;= 6;;on T
and 7. By Definitions 2.16 and 2.17, it suffices to show that sgn(z, ) = sgn(z, x) and A {x)
= A[x).

It is clear from Definition 2.8 that zis a left face of «if and only if zis a left y-face of «,
and zis a right face of xif and only if zis a right y-face of x. Thus sgn(z, x) = sgn(z, x).

For each y; € Sy, if Xjs= &, recall that A{x) = A{x). If Xjsis nonempty denote the final
intermediary in the chain C;;by x”sand the associated threshold by 7. By Definition 3.2,
if y5< 6;50n xthen x’s< #’son xand if y;> 6;50n xthen x’s> ¥’son «x. Recalling the
definitions of A and A, it is now clear that A {x) = A {x).

Although in the above proof we only use the fact that the terminal signs match (sgn(ys— 6;)
= sgn(x’s — 1#%)), the proof of Lemma 3.6 requires that all signs match in the *-element.

Lemma 3.3 implies that the labelings of the set of y~walls of ¥ x E = f;l((f, D)) are fully
determined by the labelings of the set of walls of ¥ = fz‘l(g). Lemma 3.4 relies on similar
reasoning.

Recall the multi-valued map &4 X =X where the edge v € X to v € X exists if and only if

vE F4(u). In what follows, we will use the notation (v — V) € &, when we want to
emphasize the graph theoretic point of view of the dynamics.

Lemma 3.4: If(E— £ € &,and (£,D") is the > -element of the fiber over &, then &,
contains the edge

(D) — (E,D").

Proof: Let : =f;1(§) and %’ =f;1(a§’). Because (6 — £ € &, xand x “share a face ¢
such that {z, ) = -1. If x: = £, '(&, D*) and x’: = f; (&', D*)), then xand x “share a y-face
=7 xZ, and by Lemma 3.3, {7, x) = —1. Now, by Corollary 2.19, {z, ) = 1, so the result

follows.

The assumption of Lemma 3.4 is not satisfied in our ongoing switching system examples
from Figures 1a and 1c, since the single face {6} 1} in the phase space does not admit a
transverse flow, as can be seen by the inward and outward pointing arrows in the phase lines
in Figures 2a and 2c. This results in a domain graph with no edges, as can be seen in Figure
3c.

Having established properties of the y~walls of the *-element, we now address the x-walls.
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Definition 3.5: We say (&,D) € X is attracting in the fiber if every x-wall (z,, x) is an
incoming wall for «: =f;1((§,D)).

Lemma 3.6: 7he*-element of the fiber is attracting in the fiber.

Proof: It is sufficient to show the following: let £ € 7" and D € {-1, 1} be such that
k' = £ (& D)) shares an x-face z,with x: = £, (&, D). Then (&0°) € F{(&,D)). Our

hypotheses imply there exist /, j, k'such that e X’ ; With associated threshold ¥ satisfying

either x¥< ¥ on xand xXX> ¥ on «” or vice versa. Assume the first case for now. Then z,
is a right face of xand a left face of x’, so sgn(z,, x) = -1 and sgn(zy, «’) = 1.

Now, by Definition 3.2, since x¥ < ¥ on «, we also have ;< 6;;0n . If k> 1, then xf"1 <
%1 on xas well. Observe that because xand x” share an x-face, all variables in (V" UX')\
{x*} are fixed between the same respective pair of consecutive thresholds on x” as on «.
Thus on both xand «’, sgn(y;— 6;) = -1 and if X1 exists, then sgn(x¥"1 - 4°1) = -1, By
Definition 2.17, this means f z, ¥) = 1 and £ (z,, x") = —1. The result now follows from
Definition 2.21.

If instead xX > X on xand xK< ¥ on «’, the argument is analogous.

Recall that in Figures 3e and 3g the *-elements of the domain graphs are given by (£1,-1)
and (&, 1), respectively. As predicted by Lemma 3.6, we see the edges (&1, 1) — (&1,-1)
and (&,-1) — (&, 1), showing attractiveness in the fiber.

We will now state another property of the *-element in the fiber over a particular £ € 7,
namely that this element is reachable from every other element of the same fiber via a path
contained in that fiber. The proof of Lemma 3.7 is given in Appendix B.

Lemma 3.7: Let £ € V. For each element (&,D) in the fiber over &, there exists a path from
(D) to(£,D") such that for each (€,D"Y in the path, we have £ = £,

Lemma 3.7 investigates how the domains in the fiber over a single domain & are connected.
Clearly, in addition to connections within the fiber, there are additional connections between
these and domains in neighboring fibers that differ in a y~coordinate.

Lemmas 3.3, 3.4, 3.6, and 3.7 establish key properties of the *-element of each fiber. It will
become important that the *-element is the unique element of the fiber with the latter two
properties (see Theorem 3.12 below). The next two results show that this is indeed the case.

Corollary 3.8: The*-element is the unique element in the fiber satisfying Lemma 3.7

Proof: By Lemma 3.6, the *-element is attracting in the fiber. Therefore there is no path
restricted to the fiber from (& 0") to any other element (&,D).

Corollary 3.9: The*-element is the unigue element in the fiber that is attracting in the fiber.
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Proof: Because every element (&,0) # (£,0") has a path to (£,0°) by Lemma 3.7, each such
(&,D) must have an outgoing x-wall. Hence it is not attracting in the fiber.

Definition 3.10: A recurrent component % in (MD(G),<), where Gis either (7, &) or (X,
&), is called a fixed point if it contains a single node £. A recurrent component is an
attractor if there is no ° € MD(G) such that " is reachable from #.

Lemma 3.11: Every fixed point in (MD(G),<), where G is either (', 87 or(X, Ep), isan
attractor.

Proof: This is immediate from Definitions 2.20 and 2.21, because {¢} a recurrent
component in MD(G) is equivalent to v € &(u), where & is either &, or &4 This in turn is
equivalent to £1(¢) attracting, where fis either £, or 7,

Theorem 3.12: There exists a fixed point¢ = {£} € MD((7, &) if and only if6 =
{(£,0°)} € MD((X, &) is a fixed point. If there exists a fixed point% = {(&,D)} in any
fiber, it is the unigue fixed point in that fiber.

Proof: Let £ be the sole element of # € MD((7, E,)) and let: = fz‘l(g) and

K: = j;l(f, D*). Then £ € &4 &), and therefore xis an attracting domain. Therefore, for any

face 7 of x, {7, ¥) = 1. Then by Lemma 3.3, for each y~face z of «, {z, x) = 1. Furthermore,
Lemma 3.6 implies that for each x-face z, of «, {z,, x) = 1. Thus x is an attracting extended
domain, so (£,0) € FK(&,0Y).

Now conversely let @ € MD((X, &j)) have a single element (£,0). By Lemma 3.9, the *-
element is the only element in the fiber that is attracting in the fiber. Therefore since s
MD((X, &) has a single element (& D), we have D= D", giving uniqueness. Let

K = j;l(:, D and X = fz‘l(g). We have that « is an attracting extended domain by

Definition 2.21 and so { z, x) = 1 for every face zof . In particular, this holds for each y-
face of x. Then by Lemma 3.3, for each face zof x, {7, x) = 1, 50 « is an attracting domain.
Thus & € & A£), so the result follows.

Definition 3.13: Consider domain graphs (7, &) and (X, &5). Recall that X = 7" x {-1, 1}/
X, Let

mnmx-7

be a projection on the first component. Let.7 be collection of all directed edges on vertex
set 7. 11" induces a projection between edges

”. o
11 .%h—n/
via
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(H/(él’Dl)’ H/(‘fza Dz)) if'):l * 5201'(61, Dl) = (52, D2)

(¢, D)), (6, D,)): =
51 1 52 2 %] otherwise

Let.7 (G) denote the collection of subgraphs of G. Then I1" and I1” induce a projection

L:S((X,8)) = S(7.9)
via
(X, E)) = (II'(X), IT"(E))

for G = (X E) a subgraph of (X, &p).

Consider # € MD((7, &))), a recurrent component of (¥, & ). By Lemma 3.4, for each edge
E— £ in%, (X, &) contains the edge (£,07) — (&',D"). Furthermore, by Lemma 3.7,
there exists a path from (&',0%) to (£',D0"") in (X, &), contained in the fiber over £". Denote
the set of such paths from (£',0% to (¢',0°™) by 2(&, '), where an element of 2(&, £') is
given by:

5 ) ’ ’ _ g ¥
(€, D) =&, D)) = (€, D)) =+ — (€, D, )= (&,D™)

Definition 3.14: If ¢ = (V'¢, &z) € MD((7, &) is a recurrent component of (7, &), then
the *-subgraph over is the subgraph €*: = (X, &) of (X, &) defined by

*

% .= U ’D*’ ”D* UQ,/
% (535,)65%{((6 ). (. D NUAE. &)

XL = {(ED) | (&.D),(£,D) € Eor (&, D), (£, D)) € &g forsome &' and D'}

We now prove our first main result. We will show that for the *-subgraphs ™ C (X, &), the
projection TI(#™) is contained in #((*, &) and not just #((¥", 7)). That is, the projection
of each edge in #” is an edge in the set &,. Moreover, ™ is a strongly connected subgraph
that projects onto a Morse set of the switching domain graph.

Theorem 3.15: Let% = (V'¢, ) € MD((7', &)). Then the*-subgraph ¢* = (X, &) over
% Is a strongly connected subgraph of (X, &) such that

& =2.
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Proof: By Definitions 3.13 and 3.14

MEg = Y (&)
4

mEH=_u (&
v
€

so that ™ projects onto %, TI(¢™) = ¢.

It remains to be shown that ™ is strongly connected. Let &, vE€ #”. Because % is a recurrent
component, there exists a path in ¢ from 11" () to T (V). Let & :=T"(¢) and &,,:=T1"(V)
and denote this path by & — & — - — &, Because this path is contained in ¢, ”

contains the edge (gp, D;) — (& D;) forp=1,2, ..., m—1by Lemma 3.4 and Definition

p+1
3.14. By Lemma 3.7, there exists a path in the fiber over &5, (and therefore in #™) from (&p
+1 D;) to (§pe1s D; +1)- By our assumptions, vis in the fiber over £, so %" also contains a
path from wto (&1, DY), and likewise there exists a path from (&, D), _ ) to v

Concatenating these paths together, we see that #” contains a path

U— o= (§[. D)) = (€, D)) = v+ = (£, D) = - = (. D) )= e =y

Remark 3.16: Note that Theorem 3.15 does not imply the stronger result that if there exists a
recurrent component ¢ € MD((7", &)), then there exists a recurrent com,oonr;’m‘%2 €
MD((X, &) that projects onto #. The subgraph #” in Theorem 3.15 may not be a maximal
strongly connected component, as Definition 2.22 of recurrent component requires. We
present in Example 4.4 a case where disjoint components ¢1, ¢, € MD((7", &)) have *-

subgraphs %T, %3 that are subgraphs of a single strongly connected component.

Theorem 3.17: Let%p, % o € MD((7', &) be two recurrent components of (7', & ;) and let
%/"; and %j]‘ be the *-subgraphs over® p and o, respectively. If there exists a path in (7", &)

from an element of ¢ , to an element of ¢ , then there exists a path in (X, &) from an
element of %; to an element of %2.

Proof: Let & € % pand £y, € ¢ gand assume that (77, €) contains apath & — & — - —
& By Definition 3.14, %; and %Z contain (&1, DY) and (&, D)) as vertices, respectively.

By Lemmas 3.4 and 3.7, (X, &) contains a path
(€:D]) = (&g, D)) = = (€3, D5) = e = (&, . Dy )= = (€, D))

using a similar concatenation technique to that used in the proof of Theorem 3.15.
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Definition 3.18: We define the component map ¢ : MD((7, &)) — MD((X, &p)) such that
for each @ € MD((7, &), (%) is the Morse node of (X, &) containing the *-subgraph ¢~
over %.

Theorem 3.19: ¢: MD((7, E,)) — MD((X, &p)) /s an order-preserving map.

Proof: First we show that ¢ is well-defined. Let € MD((7, &)). Then ¢~ is a strongly
connected component of (X, &5). Therefore, ™ is contained in a unique recurrent
component of (X, &p).

Now let &, # 5 € (MD((7, E)),<) be such that g< p. Then there exist elements £ € ¢, and
& €% andapathin (7, &,) from £to & by Definition 2.22. If %; and %; are the *-
subgraphs over these two components, then by Theorem 3.17, there exists a path from an
element of 7 to an element of €. Let @ pand €, be the Morse nodes of (X, &) containing

these *-subgraphs. Then this same path is from an element of ??p to one of %?q. Thus g< pin
(MD((X, &p)).S).

Theorem 3.19 shows the existence of an order-preserving map ¢ : MD((7, E,)) — MD((%,
&x). A natural question is whether there is a stronger relationship between MD((7", &) and
MD((X, &p)). We show in the following section that ¢ is not in general either injective or
surjective. In particular, we give an example where MD((7, &)) consists of a single element
and MD((X, &j)) contains more than one element; and we give another example where two
elements of MD((7", &) map to a single element of MD((X, &/)).

4 Examples

In this section we provide three examples that demonstrate that, in general, a few natural
candidates for a stronger Theorem 3.19 are not valid.

1. In general, there does not exist a surjection, order preserving or otherwise, from
MD((7, &) onto MD((X, &p)). As a consequence MG((7, &) and MG((X,
&) are not isomorphic. We provide two examples. In the first example, there are
two Morse sets %1, ¥ € MD((X, &p)), but only one Morse set # € MD((7, &))).
Clearly, since the cardinality of MD((¥", &)) is less than the cardinality of
MD((X, &p)), there can be no surjection from the first to the second. However,
we also show that II(#1) = % and II(%) € .7 (%,.7 I&)). In other words, the
vertices of ¢, project onto vertices of ¢, but none of the edges in TI(%,) appear in
the domain graph (7, &)).

In the second example, we likewise show the lack of a surjection in which there
is a Morse set ¥1 € MD((X, &)) that does not project onto any Morse set of
MD((7, &)). In this case, there are vertices in ¢4 that do not project onto
vertices of any Morse set in MD((7, €))

2. The map ¢ is not, in general, injective. In the third example, we show that two
Morse sets in MD((7, &) have *-subgraphs that embed into the same recurrent
component of (X, &p).
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We will make the following annotations to the Morse sets when displaying the Morse graphs
for the parameterized ODE systems of a regulatory network RN and its canonical extension
EX.

Definition 4.1: Let ¢ be a recurrent component of either (7, &) or (X, &,). Recall from
Definition 3.10 that ¢ is a fixed point if and only if ¢ contains a single node. In this case we
annotate % by FP. Otherwise we say % is a cycle and annotate it by C.

Example 4.2: The first example will show that in general there is no surjection from
MD((7, &) onto MD((X, &y)) and therefore no isomorphism between MD((7", &) and
MD((X, &p)).

Let RN = (VE) where V={g, o} and E= {8, 1 B, o — B1}, as shown in Figure 5a.
The associated switching system is on the left below (on the right is the extended system
associated to a canonical extension defined below).

).’1 =N +A1(Y) }-’1 =N +A1(y,X)
01T "9 21t
y2: _72y2+A2(}’) y2= _72)’24‘/\2(%1')

X 0= map o ot by oY)

Note that there exist four domains in the phase space of the switching system, as seen in
Figure 5b.

We must make a choice of combinatorial parameter in order to construct the domain graph
(7, &,). By Defintion 2.24, a combinatorial parameter choice in this example is equivalent
to a choice of order between each 16 1 and the values of A4, a choice of order between
7261 » and the values of A5, and a choice of order on the set of thresholds associated to each
Y€ V. We will pick the combinatorial parameter (L,0) such that /4 » <161 <ty pand b1
< 261 2 < b 1. This results in the domain graph (7, &) in Figure 5c. Clearly the entire
domain graph comprises a recurrent component. The result is the Morse graph MG((7, &)
with a single component C, as shown in Figure 5d.

Let EX= (VU X, Ex) where X={ay 1, aj 2} and Exis the union of two chains C, 1 := {1
— azj, ax1 1 BYand G o= {{f — aiy a;r — B} as shown in Figure 6a. The
canonical extension of the regulatory network, maintaining the combinatorial parameter for
RN above, produces the domain graph seen in Figure 6b. It is relatively easy to see that the
subgraphs induced by the two vertex sets

R(Cp: =1 =1 = g = 1 = D5 = LGy = LD Ep 1D G 1D, Gy 1, = 1, 1 = D)
2CD: =G LD EL = LD = LDy = L = DG =1 = D 1 = D5 1, = 1D, G5 1 D)

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Huttinga et al.

Page 31

are recurrent components, Cg and C4 respectively, and that these are the only recurrent
components of the system. Moreover, there is a path from C4 to Cg in the domain graph,
leading to the Morse graph shown in Figure 6¢. We leave the reader to check that Cy is the *-
subgraph over the single recurrent component C of (¥, &). Since C4 cycles in the opposite
direction through the same projected nodes, IT" (X(Cg)) = " (X(C1)), we have that C1 €.7
(7, 8)T), where (7, &) Tis the transpose graph of (¥, &) where all directed edges are
reversed. Thus IT1(C4) shares no edges with (7, &).

Note that the dynamics observed in this example are consistent with results about cyclic
feedback systems [34, 22, 19]. RN is a negative cyclic feedback system with two variables
and EX is a negative cyclic feedback system with four variables.

Example 4.3: Note that by Example 4.2, not every element of MD((X, &)) projects onto an
element of MD((7", &)) via our projection map II, as the edges in the non-attracting cycle in
MD((X, &)) do not project onto the edges of the unique Morse node of MD((7, &))).
However, the vertex set of the former does project onto that of the latter. The following
example shows that there may be Morse sets of MD((X, &)) that do not even share nodes
with a Morse set of MD((7, &))).

Let RN = (V, £) where V={B, B} and E={B1 — B, fo — B1} as shown in Figure 7a.
Since the only difference between this example and Example 4.2 is the sign of the feedback
from B, to By, the domain structure of the phase space for RN is the same between these two
examples. The direction of arrows in the domain graphs will be different between these
examples. We pick the same combinatorial parameter (L, O) as in Example 4.2: < y165 1
<upand b1 < y26) 2 < th 1. The results are the domain graph and Morse graph in Figures
7b and 7c.

Let EX = (VU X, Ex) where X={ay 1, aj 2} and Exis the union of two chains C, 1 := {1
— ap1, ap1— Borand Cip :={f — aip, a1 — Bi}, asshown in Figure 8a. Again,
we maintain the combinatorial parameter for RN from above. The canonical extension gives
rise to the domain graph in Figure 8b.

Note that as predicted by Theorem 3.12, there exist exactly two one-element recurrent
components, namely the subgraphs induced by {(&1, =1, —1)} and {(&s, 1, 1)}. However,
there exists an additional recurrent component: the subgraph induced by the set

(€ = LD.ET = Doy = 1L = DGy = LD, Gy 1, = D, 1D,
€3 =1 =D, = LD, G L = D, G5 1D, (G = LD, Gy 1, = D)

Note there also exist paths, for instance, from (&1, -1, 1) to (&1, —1, —1) and from (&, 1, -1)
to (&4, 1, 1). The result is the Morse graph in Figure 8c. Note also that even the vertex set of
the cycle does not project onto that of any recurrent component of (7, &)).
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As in Example 4.2, the dynamics observed in this example are consistent with results about
cyclic feedback systems [34, 22, 19]. RN is a positive cyclic feedback system with two
variables and EX is a positive cyclic feedback system with four variables.

Example 4.4: In this final example, we show that the map ¢ is not, in general, injective.
Recall that ¢ maps a recurrent component ¢ of (7", & ) to the recurrent component of (X,
&) containing the *-subgraph #” over Z. In this example the *-subgraphs over the two
distinct Morse nodes of (7, &) are contained in the same recurrent component of (X, &p).

Let RN = (V, E) where V= {8, B, B3} and

E= {/}1 _)/317/11 _’/’)2,/}1 */}3,/}2—%/}1,/33 - /}1}

For any arbitrary regular parameter z € Z, the switching system associated to RN is as
follows

)}1 = "N +A1(y)
}.’2 = TV)y + Az(y)
Y3 = T1)3 + A3(y)

The phase space of the switching system is partitioned into sixteen domains, as shown in
Figure 9b. For clarity, we divide the domains into two “layers.” On the left are the domains
on which y3 < 6, 3, while on the right, y5 > 6; 3.

We will assume that the logic function A associated to )4 is additive; that is, Ay = My « o
= 011+ 012 + o1 3. Furthermore, we will pick the combinatorial parameter that stipulates
the following.

92’1<91 <0

,1 3,1
l

L1t atls
U th ot 3

hytu o+l 3

up ptup ot 3

<r0 1 1% 1 <l Hhatu 3<79
<r% 1 191 <l tu e 3<nf)
<101 103 <y tlatuy 3
<101 193 <y Ut

[ (7

2,1 <1%,2<Hy

l 0

3,1 <73%1,3<43 4

This parameter choice gives rise to the domain graph in Figure 9c.

It is relatively easy to find that the sets {&1, &2, &5, &6, &7, &8, &0, €13, $14, €15, S16} and
{&, &, £11, €123 both induce subgraphs that are recurrent components of (77, &), Co and

C respectively. Furthermore, there exists a path from &3 to &, resulting in the Morse graph
in Figure 9d.
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Now let EX = (VU X, Ex) where X={ay 1, a1, az1, ai 2, a3} and Exis the union of
the five chains shown in Figure 9e. The extended system for #€ His

5’1 = _71)’1 +A1(x)
1= T % thy

317 T35, b3
Yo = —Vy¥pt Az(x)

2= T4 0% b %
Y3= —¥3¥3+ A3(x)

X1 3= —ay 3¥ 310y 3)3

Consider now the *-subgraphs C’f and C("; in (X, &p) over the two Morse nodes Cq1 and Cy in

MD((7", &), respectively, while maintaining our combinatorial parameter and assuming
that all elements of the parameter sets aand & are strictly positive. Because both C’l‘ and CS

project onto a recurrent component of (7, &), each is a strongly connected graph. However,
as we now show, each fails to be a maximal strongly connected component of (X, &). We

first note that Theorem 3.17 implies that there exists a path in (X, &) from C’l‘ to CS' As we

will show now, there is also a path from CS to CT which shows that both of them are parts of

a single strongly connected component of (X, &).

First note that (5, Dz) is a node in C and that (€3, D3) is a node in C}. We will show that

there is a path
(65, D3) = (£, D) = (63, D3) = (&5, D) = -+ — (£3,D3)

in (X, &p). The first edge follows from Lemma 3.4 and the final path from (&3, D%) to (&3,

D;) follows from Lemma 3.7. We have no result in general for the second and third edges,

but we justify these edges as follows.

Letx: = f;l((gl,D;‘)), K': = f;l((gz, Dg‘)), and notice that these two domains are adjacent in

phase space separated by a y~face zwhere )4 = 6 1 (see Figure 9b). Also from Figure 9b,
we see that )3 <61 0n xand 1 > 61 0n x”, SO

sgn (7,k) = — land sgn (7,x) =1

by the definition of left and right faces. Moreover, from the definition of the *-element D§

and the location of x5 we see that on xand «”, X1 <¥1, X2 >0 and X33 < 3. Then
A(K)=A(xY=h1+ o+ 3> y1651. Hence
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sgn (— 7102’ 1 +A1(K)) = sgn(— y192’ 1+ AI(K/)) =1,
and so
£(r,k) = —land¢(r,k') =1,

This satisfies the condition for an edge from 7{x) to fy(x § in (X, &p).

We similarly show the existence of the edge (¢,. D§) - (53,02‘) by first letting
K = f,:l((fz, Dg‘)) as before, and x”: = f;l((.§3,D§)). These two domains are adjacent in phase

space separated by a face = “where )4 = 6; 1, and
sgn (7/,k’) = —land sgn (7',k") = 1.
Because no intermediaries cross their associated thresholds at z”, we have
Al(K’) = Al(K”) = ll, 1 + ul,2 + u1’3 > }/101, I
implying
£(t',k")= —landZ(z',x") =1

which gives the edge fi{x ) to 7{x ") in (X, &), and completes the path.

Let C* be the recurrent component of (X, &) which contains C(”; U CT. Then

¢(Cy) = 9(C) =C",

so that ¢ is not injective.

5 Discussion

We have explored the dynamical behavior of the extension of a nonlinear switching system
into a mixed nonlinear-linear model that allows differential modeling of protein and mRNA
in gene regulatory networks. Mathematically, the switching system permits a partition of
phase space into distinct domains with the property that neighboring domains have a well
defined direction of flow between them. This gives rise to a state transition graph, which is a
discrete representation of the flow. The strongly connected components of the state
transition diagram are the nodes of a graph called a Morse graph with edges determined by
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reachability conditions in the state transition diagram. This is a coarse representation of the
long-term dynamics of the system, in which nodes represent recurrent dynamics and edges
represent gradient-like dynamics. The lower sets of the Morse graph correspond to attracting
regions in phase space. Furthermore, the coarse description of the dynamics leads to an
explicit decomposition of the parameter space into regions that admit the same state
transition graph, and hence the same Morse graph. This decomposition is characterized by a
parameter graph, whose nodes represent the parameter regions and whose edges represent
co-dimension 1 boundaries between the regions [11].

We show that the extended system also permits the construction of a similar partition, state
transition diagram, Morse graph, and parameter graph. A surprising result is that the
parameter graph of a switching system and any of its extensions is the same. This result
shows that even though there are a different number of parameters in each system, the
partition of the parameter space into regions with the same essential dynamics is the same.
We then compare the Morse graphs of the switching system and any canonical extension for
the parameters that correspond to the same parameter node in the common parameter graph.
We show that there is an order-preserving map between the Morse graph of the switching
system and its extension, but that stronger relationships do not hold. In particular, there are
neither injections nor surjections in general from the switching Morse graph to the extended
Morse graph. We conclude that there are nontrivial changes in the long-term dynamics
between systems, and we give several examples demonstrating this fact.

There are two main barriers to proving a stronger result than Theorem 3.19. The more
technical reason is the fact that while the direction of the edge (¢, D}) — (¢,. D)) in (X, &p)

is the same as the direction of the edge & — & in (7, &), we do not have control over
edges between (£1,0) and (&,,D) in (X, ) for D # D’f. Since in principle these edges can

go in the opposite direction (&,,0) — (&1,D), there are limits on the relationship between
MD((7, &) and MD((X, &p)).

Another more intriguing reason may be the fact that the Morse decomposition MD((7", &))
is incomplete in the sense that a perturbation of a switching system to a smooth
approximation can increase the number of Morse sets. While we are not considering such
perturbations in this paper, we will illustrate this idea on Example 4.3, where the Morse
decomposition MD((7, &)) consists of two attracting fixed points A, Ay. It is easy to see
by a topological argument that any small perturbation to a smooth system will contain not
only these attracting fixed points, but also contain a saddle point whose stable manifold
separates the basins of attraction of the two attracting fixed points. If we now consider the
extension (X, &) of the system (77, &), its Morse decomposition MD((X, E)) contains two
attracting fixed points (as required by Theorem 3.12) that project to A; and A, respectively.
However, it also contains a saddle-like set C that separates their basins of attraction and
which has no corresponding Morse set in MD((7, &_)). This suggests an intriguing
conjecture that there is a stronger relationship between an appropriately defined
“completion” of the Morse decomposition MD((7", &_)) and the Morse decomposition
MD((X, &p)). Such a completion would include Morse sets of all sufficiently near smooth
perturbations of the switching system associated to RN. A closely related conjecture is that

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Huttinga et al.

Page 36

the solutions of a Filippov extension of a switching system [7], viewed as a multivalued
flow, admit a Morse decomposition with a stronger relationship to MD((X, &p)) than that
described in Theorem 3.19 between MD((7, &)) of the switching system and MD((X, &p)).

Our results indicate that explicitly modeling the translation process from mRNA to protein
may fundamentally change the prediction of the model, and that the choice of model
between switching system and extension is a nontrivial decision. Therefore experimentalists
can directly compare the outcome of a switching model versus an extension and decide on
the best model given observed data.
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Appendix A Nuliclines

In this appendix we provide some geometric motivation for our choice of thresholds in

Definition 2.6 for the intermediaries xlj‘. i This motivation revolves around the nullclines of

the extended system (5).
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Definition A.1

Remark A.2

Let EX be a canonical extension of a regulatory network RN, and let /2 be a regular
parameter for EX. By Definition 2.4 there exists an extended system associated to EX at /.
Let y;€ V. We define the y;-nullcline under Ato be the set

v =1pe© o) VX 51 =0

Let B;€ T(B) and let Xj;={al, a?, ..., a”} with associated variables {x*}. For k= 1,2, ...,
n, the xX-nullcline under Ais the set

|VUX| |k

ZXmy: = (pe©, o) ,=0)

Observe that by Definition 2.4, for each y; € V/“the ynullcline under A can be characterized
as

AP

fi

Yi={pe© o)l VX1, =

Also observe that by Definition 2.6, the xA-nullcline under # can be characterized in a
similar way for k=1,2, ..., m.
JIVUXILL =£y.|
p a’l'p
ke,
k r|

2w =1pe© «

fl"k(h):‘pe(o,oo)lvuxl|xk| k=2.3,....n.
p

a

From Remark A.2 it can be seen that the choice of thresholds %, ..., ¥ for the
intermediaries X, ..., X, respectively, is due directly to the locations of these nullclines in
phase space. In particular, we choose 1! such that the intersection of the two hyperplanes
{vi= 6;} and {xt = '} is contained in the x;-nulicline. Similarly, for k=2, ..., , the
intersection of the hyperplanes {xk"1 = %1} and {xX = ¥} is contained in the xX-nullcline.
We give a key consequence of these observations in Lemma A.3. This leads to an alternative
derivation of Theorem 2.15 and consequently Corollary 2.19, which we provide here.

Lemma A.3

Fix a reqular parameter h € H forEX and let y; € V'~ and Y€ TW). Consider the chain Cj j
={(Bi a¥), (a', @?), ..., (a”, B)}. Let T, be a y-face on which y;= 6;,. Let t, be an x-face
on which x= 9%, Then
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k
¥ W=7n2 =0

By Lemma 2.14, we note that for each p € ),

AfK) = A &) = A(p)

Because /7is a regular parameter,

and therefore at each p € ),

so we conclude that p & % (#) for any p € z,.

1
Now let p € 7, If k=1, then by Definitions 2.6 and 2.8 x! = 9! = %ej ,at p. Because p €
a

Ty, Vi € (0,1, Oy,;)) at p, for some pair of consecutive thresholds 6,,and 6, and hence y;/

1
p# 6 Therefore x! # %yi. We conclude p & 2°1(#) for any p € zy.

k
In a very similar fashion, we observe that if p€ z,and k> 1, then at p, o= %&k ~land x¥
a
k
1 2 951 This implies x* # ’kak ~latany p€ z,, and so p& 2K(h).
a

Using Lemma A.3, we can now prove Theorem 2.15 geometrically, with the theorem
restated here for reference.

LetEX be a canonical extension where the associated extended system has a regular
parameter h=(z, a, b) € H. Let t be a face on which u € VV'U X" is constant. Thensgn(u)
Is constant and nonzero on t.
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The first part of the proof of Lemma A.3 establishes that y;is constant and nonzero on any
face where y;is constant, implying that sgn(y) is constant and nonzero as well.

Consider now xX = ¥ on a wall 7, with nullcline 2'4(#). By Lemma A.3, tNZX(h) = &.
Therefore %K and therefore sgn(x*) are nonzero everywhere on z*. Suppose for a
contradiction that sgn(x¥) is nonconstant. By the continuity of %X and the Intermediate Value
Theorem, there then exists a point 7€ z, such that x/,= 0, a contradiction.

Appendix B Proof of Lemma 3.7

For reference, we repeat the lemma here:

Lemma
Let £ €. Foreach element (£, D) in the fiber over &, there exists a path from (&, D) to (&,
D") such that for each (£ ,D") in the path, we have £ = €.
The proof of this lemma is equivalent to a proof of correctness of Algorithm 1:
Algorithm 1
Path-Finding Problem
procedure PathFinder((£,Dy)) procedure OppositeSigns(7 |, «, y; 37
® < list((£,Dy)) T list()
for y,€ V'do for t€.7 do
for y;€ T(y) do X «
Identify Asuchthatx. .= 9" .ont
Il Il
k — f; 1 (Paasn) S sgn(y;— 0, gk — 95 )
h BR8N i T
T «{t ] risan xface of x} if Sis -1 then
T " < OppositeSigns(.7 , «, y; ¥) Append t0.7
for t€.7 "’ do end if
x < Neighbor(z, x) end for
Append fi(x ) to @ T« .7 sorted by increasing k
end for return.7
end for end procedure
end for procedure Neighbor(z, x)
return @ where (z, ¥ ) isawall and x "# «
end procedure return x”
end procedure
Lemma B.1

Given E€ v and any (&, Dy) in the fiber over & Algorithm 1 constructs a path

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Huttinga et al.

Proof

Page 41
*

The procedure PathFinder takes an initial starting point (&, D;) and builds an ordered list of
nodes. The key to the proof of correctness of Algorithm 1 is to show first that this list is a
path in the domain graph restricted to the fiber over & and secondly to show that the
terminal element of this list is (£, D). We note that the algorithm must terminate with a list
of some nonzero length, since it iterates over finite sets and consists at least of the initial
node (&, Dy).

The procedure PathFinder in Algorithm 1 builds a list @ starting with (£,0;) by iterating
over every variable y;and all of the targets 7{y;) of y;in RN (that is, the iteration occurs over
all of the y;such that (B;, B)) € E). For each y;, y;pair, we take the last node (£, Dp) in @
and find the corresponding domain x,;,. Then we collect all of the x-faces of «;, each of

which is a subset of a hyperplane { x’j‘.’i = 19’;.’ .} for some k. Notice that there will be exactly /
X] x-faces of «,, for every m, because xl;. ; has exactly one threshold and therefore the

hyperplane { xl;.,i = 19’]‘., .} borders every x € (/).

Subsequently, the procedure OppositeSigns finds the subset of the x-faces where
sgn (x];.’l. - 19’;.’ ) disagrees with sgn(y; = 6; ) on ;. This is returned as a list sorted in order of

increasing k. For each x-face 4 with a disagreeing sign on x, the procedure Neighbor finds
the unique neighboring domain ;1 that shares face zj with ;. The node (&1, D) =
fi( k1) then appended to the output list of PathFinder. We prove that every node in the
output list of PathFinder is necessarily in the fiber over &, that the list is a path in the domain
graph, and that the list terminates at (£, D). We now proceed to the proof of Lemma B.1.

Consider the output list @ = PathFinder((£, Dy)). We need to show that
1. every element (&, Dp) € @ is well-defined;
2. every element (&, D) € ® satisfies £, = &

3. every consecutive pair of elements (&7, D), (€1, Dme1) € ® satisfies

((gm’ Dm)’ (étm +01 Dm + 1)) € %h;

4, @ is finite and terminates in (&, D).

Statement 1

Let (£, Dyyy) € ®. We will show via induction that if D,,# D", then the subsequent element
(Eme1, D) exists. Base case: (£, Dy) € @, and by definition, «: = f,;l((é,Dl)) exists. Since
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X is nonempty, x has a collection of x-faces.7". Since Dy # D, there exists at least one triple
i, J, ksuch that z,is an x-face of xwhere x’j‘.J. = 19’]‘.,1. and

sgn (y; — 9].’ l.)sgn(x]]ii - 19]]‘.7 D |K =-1, (18)

by the definition of the *-element. This is equivalent to z, € OppositeSigns(7, x, y; ¥)). By
the definition of faces, there exists exactly one x “that shares the face z, with «; that is, ¥ "=
Neighbor(zy, ) is uniquely defined. Thus 7{x ) is uniquely defined and becomes (&,0,) €
®. If we now assume (&5, D,y € @ is well-defined with D,,,# D", then the induction follows
an identical argument.

Statement 2

Let (&, D) = i xm) and (€1, Dme1) = T xme1) be consecutive elements in @. Then 1
= Neighbor(z,, x) is a neighbor of xacross an x-face. In other words, if

N
K, = K X II =wxzE®
s=1,s#k

then

N
K41 = K X H E(s) X (k)
s=1,s#k

where Z(k) # Z(K), but all other terms are identical. Then,
fh(Km) = (fz(?)’Dm) = ('fm’Dm); fh(Km + 1) = (fz(?)’ Dm + 1) = (ém + l’Dm + 1)

so that &= Eme1, Which must be £ by induction.

Statement 3

Let (&,D) = fi(xpm) and (&, Dpe1) = Fi{ k1) be consecutive elements in @ such that
and x;;+1 are separated by a face z, where x’;’i = 19’;’ ;- Recalling the definitions of left and

right faces, we note that

sgn (rk, Km)sgn(rk, Ko+ 1) = —1.

Then we recall the wall labeling function
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f(rk, Km) = sgn (TK, Km)sgn(,u -0) lTk

f(rk’ Km + ]) = — sgn (Tk’ Km)SgIl(,M —-0) |T](’

where

So { z,, k)l s, xme1) = —1 and there is an edge going from one domain to the other. We
still require the direction of the arrow.

By necessity, 4 € OppositeSigns(7”, xp, j ¥;), which implies that

k k
sgn (yl. - 9].’ l.)sgn(xj’ i~ 19].’ l.)|K = -1
m
=1.

m+1

k k
sgn (y; = Hj’ l.)sgn(xj, i Sj, p) R

These expressions summarize the fact that if z4 € OppositeSigns(7, « /, /), then by
construction zx & OppositeSigns(7, k1, Vi ¥))- Since we cross an x-wall, it must be true
that sgn(y;j - ;) is constant on x, U xp+1, and so the change in sign occurs in

sgn (x];. - 8’]? ) across the two domains.

First suppose ;> 6; ; then x’]‘. i < 19’]‘. ; ON &y, S0 that zx s a right face of x,. By definition of

a right face,
sgn (1., ) = — 1.
If k=1, then
sgn (4 —0) Ifk= sgn (yi_ej’i)KmUKm+1:1
and

f(T,Km)= -1, f@ )y=1

K5m+1

as desired for an edge (&,0) — (£,Dme) in the domain graph.
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On the other hand, if &£ >1, then we know that

k—1_ k-1
sgn (yl. — 0].’ l.)sgn(xj’ =3

i Jsi )

=1,
K
m

either because 741 & OppositeSigns(7, x, ; V), or because the procedure OppositeSigns
returns a sorted list in increasing 4. In other words, if 74—, € OppositeSigns(7, xm, Vi V),

k—1 k—1
i >

then it is resolved before 74 Thus, for y; > 6;, 741 is a left face of x,,. Then X

on x; U xp,eq. Using that sgn(zy, x;) = —1, we have as before

f(rk,Km)= -1 f(rk,Km+l)= 1.

The argument for y; < 6; jis similar and returns the same result. So we have shown that each
consecutive pair of elements has an edge between them, and thus the list @ is a path in the
domain graph.

Statement 4

@ is necessarily finite because it is the result of iterations over finite sets. After the last
element (£ Dy) is added, it is true that OppositeSigns(7", xp, Vj ¥)) is empty for all / /. If
not, then the algorithm has not yet terminated, since if z4 € OppositeSigns(7", x5, Vi V),
then by construction there exists x1 where 7, & OppositeSigns(7, k1, Vi V). So by
Definition 3.2, D,= D".
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Highlights

We study switching systems (SS), where nonlinearities are piece-wise
constant

We characterize global structure of dynamics in parameter space by parameter
graphs

Extensions of SS replace some of direct interactions by chains of linear
equations

We show that parameter graphs of SS and their extensions are identical

We discuss relationship between Morse graphs of SS and their extensions.
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() @ Y @
OL® oRc
(a) (c)

Figure 1.
(a) RN for positive self-loop, (b) Canonical extended network EX for (a), (c) RN for

negative self-loop and (d) Canonical extended network EX for (c).

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Huttinga et al.

Y1 n
0 A
01, IR
191
Figure 2.

()

Y
1
—_— ’,’, yl_z_lx
) ro
o I I
4
/. 1
4
1
ot .
(d)

Phase space for (a) the positive self-loop RN in Figure 1a; (b) the positive feedback
extension EX in Figure 1b; (c) the negative self loop RN in Figure 1c; and (d) the negative
feedback extension EX in Figure 1d, when for all systems parameters satisfy 4 1 < y16; 1 <
t 1. The arrows represent direction of transversal flow on the interior of each face. In the
extended systems (b) and (d), the vertical arrows are determined by the switching function

1
A'f, and the horizontal arrows are a consequence of the fact that y, = ‘le
b

the second, linear equation.
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?.. > Fe
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Figure 3.
Domain graphs and Morse graphs for the phase spaces in Figure 2. (a), (b) Domain and

Morse graphs for the switching phase space in Figure 2a for the positive self-loop in Figure
1a. (c), (d) Domain and (empty) Morse graphs for the switching phase space in Figure 2c for
the negative self-loop in Figure 1c. (e), (f) Domain and Morse graphs for the extended phase
space in Figure 2b for the positive feedback in Figure 1b. (g), (h) Domain and Morse graphs
for the extended phase space in Figure 2d for the positive feedback in Figure 1d. In all cases,
& is the domain graph node corresponding to the switching domain where )4 < 64,1, and &
corresponds to )4 > 64,1.

Physica D. Author manuscript; available in PMC 2019 March 15.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Huttinga et al. Page 49

Figure 4.
Combinatorial parameter graph for all networks in Figure 1.
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K R
(a) RN 1 2 @ (d) Morse graph

hn

Y2

(c¢) Domain graph
(b) Phase space

Figure 5.

Example 4.2: (a) RN, (b) phase space of the switching system, (c) domain graph of the
switching system with the parameter in the text, and (d) Morse graph of the domain graph.
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[(€,-1,1)

) N
o 021 -~ | (&3,—-1,-1) | | (&4,—1,-1)

. —

> <
Qg2 | (61,—1,-1) | | (2,—-1,-1)
(a) EX ; — (c) Morse
| (é1,-1,1) (&2,-1,1) graph
(b) Domain graph
Figure 6.

Example 4.2: (a) EX, (b) domain graph of the extended system with the parameter in the
text, and (c) Morse graph of the domain graph.
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RN and the domain and Morse graphs of the switching system for Example 4.3. The phase
space of the associated switching system is the same as in Example 4.2 (see Figure 5b).
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Example 4.3: (a) EX, (b) domain graph of the extended system with the parameter in the
text, and (c) Morse graph of the domain graph.
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RN, the phase space of the associated switching system, the domain and Morse graphs for
the parameterized switching system, and EX in Example 4.4.
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 for brevity. In non-matrix form, this becomes(6)(7)(8)The function Λi:= Mi ∘ σi, where Mi is the same multilinear function as in the switching system in (3), and σi, defined in Definition 2.7, is a step function similar to σ̃i in (4). The new parameters 
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 denote a decay rate and a production rate for 
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The extended system for EX in both cases has the formWe describe functions 
 below in Definition 2.7.
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(z).A face of κ̃ is a subset of the boundary of κ̃ given byon which yi = θmi,i is constant.Let τ̃ be a face of κ̃ on which yi = θmi,i. The pair (τ̃, κ̃) is called a wall. We say that τ̃ is a left face (right face) of κ̃ if yi > θmi,i (yi < θmi,i) everywhere in κ̃. We say the sign of the wall (τ̃, κ̃) is 1, sgn(τ̃, κ̃) = 1, if τ̃ is a left face of κ̃. Similarly, sgn(τ̃, κ̃) = −1 when τ̃ is a right face of κ̃.We would like to define domains for the extended system. A naive solution would be to define them as products κ̃ × (0, ∞)|X| for each κ̃ ∈ 
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(z). However, the key ingredient in describing the dynamics in terms of a partition of phase space has been the fact that the solutions to (3) cross each face τ̃ in one direction. This is not true under extended flow for extended walls (τ̃ × (0, ∞)|X|, κ̃ × (0, ∞)|X|). To resolve this problem we follow [16, 30] and define new domain boundaries in the x variables to further partition phase space. The choice of these values is not arbitrary, as shall be demonstrated later in Theorem 2.15. We give a geometric reason for their definition in Appendix A.Definition 2.6: Consider a chain Cj,i = {(βi, α1), (α1, α2), …, (αn, βj)} ∈ EX, where Xj,i ≠ ∅. Fix a parameter h = (l, u, θ, γ, a, b) ∈ (0,∞)D′. Define values ϑk associated to edges in Cj,i as follows.1.Let ϑ0:= θj,i be associated to the edge (βi, α1) ∈ Cj,i.2.For k = 1, 2, …, n, let  be associated to edge (αk, αk+1) or (αn, βj) when k = n.Because the values ϑk are defined recursively, we can rewrite ϑk associated to edges in Cj,i in terms of the threshold θj,i: 
(10)When dealing with multiple chains, we denote the value associated to the edge (
) by the triple indexing scheme 
. If Xj,i = ∅, then we say these thresholds 
 do not exist.We now explicitly define the vector of step functions σj = (σj,1, …, σj,N) associated to variable yj ∈ V′, which is based on Definition 2.3 for the step function in the switching system.Definition 2.7: Let Cj,i ⊂ EX be a chain from βi to βj and yi, yj the associated variables. If Xj,i = ∅, then
 referring back to the step function in (4). If Xj,i is nonempty, denote the last intermediate variable by xn with associated value ϑn. ThenIn other words, the number and form of the step functions in the extended system is the same as the original switching system, except that the inputs into the step function will change in each chain.Since the value ϑn plays a role of a threshold in the function σj,i we will refer to the values ϑn also as thresholds. However, we want to emphasize that they are constructed with the sole purpose of defining domains for the extended system, and do not have the same role in the dynamics of system (5) as thresholds θj,i have in the dynamics of (3).According to Definition 2.7 the extended systems for the positive (left) and negative (right) self loop have the form
 where 
. The phase space of these extended systems is depicted in Figures 2b and 2d.Definition 2.8: Let RN be a regulatory network and EX an extension of RN. Let the associated switching and extended systems be parameterized with z = (l, u, θ, γ) and h = (z, a, b), respectively. For a domain κ̃ ∈ 
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(z) of the switching system, we define an extended domain κ ∈ 
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 (h) to be a choice
 where recall from Definition 2.4 that ℐ = {i | Xj,i ≠ ∅ for some yj ∈ T(yi)}. Here each Ξ(ys) is a product
 where 
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 (s):= {t | yt ∈ T(ys) and Xt,s ≠ ∅} and for each t ∈ 
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(s) either (vt, wt) = (−∞, t) or (t, ∞). Note that Ξ(ys) represents the values of all of the chain variables 
 in each chain with initial vertex βs. As in the switching system, we will use the convention that for each 
 and 
. We illustrate this on Figure 2. In both cases the phase space of the switching system contains two domains (0, θ1,1) and (θ1,1, ∞), which share the face {θ1,1} on which y1 is constant. The phase spaces of both extensions contain four domains, which are Cartesian products of both domain of the switching system with both (0, ϑ1) and (ϑ1, ∞). Both of (0, ϑ1) and (ϑ1, ∞) are themselves products of the form Πs∈ℐ Ξ(ys) with ℐ = {1}, 
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(1) = {1}, and n1,1 = 1.Let τ̃ be a face of the domain κ̃. A y-face of an extended domain κ is given byClearly this is a subset of one of the y-hyperplanes bounding κ. In Figure 2 each extended domain has a y-face equal to either {θ1,1} × (0, ϑ1) or {θ1,1} × (ϑ1, ∞). An x-face of the extended domain κ is
 whereNote that the last index k in ϒ(i, j, k) is the index of the variable 
 which is at threshold. Therefore τx is a subset of the hyperplane {
}. In Figure 2, each extended domain κ has an x-face equal to κ × (0, ϑ1) or κ × (ϑ1, ∞).We use the terms left and right x-faces and y-faces analogously to Definition 2.5, and (τx, κ), (τy, κ) will denote x-walls and y-walls, respectively. As before, we say that sgn(τ, κ) = 1 if τ is a left x- or y-face of κ and that sgn(τ, κ) = −1 if τ is a right x- or y-face of κ.
	Definition 2.5
	Definition 2.6
	Definition 2.7
	Definition 2.8


	2.4 Generic parameters
	Corollary 2.9: Fix a domain κ̃. Then the values Λ̃i(p), i = 1, …, N are constant over p ∈ κ̃.We denote these constantsDefinition 2.10: The parameter space Z̄ associated to RN is the set of all (l, u, θ, γ) ∈ ℝD such that 0 < γi,0 < θj,i and 0 < lj,i ≤ uj,i. A parameter z = (l, u, θ, γ) ∈ Z̄ is regular if, in addition,1.all of these inequalities are strict,2.for each yi ∈ V′, the thresholds {θj,i} are distinct, and3.for any κ̃ ∈ 
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(z), −γiθj,i + Λ̃i(κ̃) ≠ 0 for each hyperplane {yi = θj,i} bordering κ̃.We denote the set of regular parameters of RN by Z.Remark 2.11: Note that at any parameter z ∈ Z̄, the range of Λ̃i is a finite set for each yi ∈ V′. As a consequence, the property that −γiθj,i + Λ̃i(κ̃) ≠ 0 is generic.The following fact will be important in proofs in future sections.Corollary 2.12: Let z ∈ Z. Let κ̃, κ̃′ be two domains separated by a face τ̃ on which yi = θj,i with i ≠ j. Then Λ̃i(κ̃) = Λ̃i(κ̃′) = Λ̃i(p) for any p ∈ τ̃.Proof: Since the thresholds of yi are distinct, the threshold θj,i is associated to the unique edge (βi, βj) ∈ E. Therefore, only the switching function associated to yj may change across τ̃: Λ̃j(κ̃) ≠ Λ̃j(κ̃′). Since i ≠ j, Λ̃i is constant across τ̃.Definition 2.13: We define the parameter space H̄ associated to an extended system to be the set of all h = (z, a, b) ∈ ℝ|D′| such that z ∈ Z̄ and 
 and 
 for all 
. A parameter h = (z, a, b) ∈ H̄ is regular if z ∈ Z̄ is regular. We denote the set of regular parameters by H.Note as in Remark 2.11 for the switching system that H is generic in H̄.
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	2.5 Wall-labeling function
	Lemma 2.14: Let EX be a canonical extension of RN with extended system (5) and regular parameter h = (z, a, b). Let κ, κ′ ∈ 
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(h) be extended domains such that there exists τy ⊂ {yi = θj,i} with (τy, κ) a left y-face and (τy, κ′) a right y-face. Then,(11)Proof: First consider an edge (βi, βj) ∈ E such that Xj,i = ∅. From Definition 2.8, we know that there exists a fixed  such thatfor some domains κ̃, κ̃′ ∈ 
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(z) that share the face τ̃. Since i ≠ j in a canonical extension when Xj,i = ∅ and since z is regular by Definition 2.13 then Corollary 2.12 tells us(12)We note that Λ̃i(κ̃) is not guaranteed to equal Λi(κ). However, in Ξ̂, there are no  at threshold. In other words, yi cannot be regulated by any yℓ or  on κ ∪ τy ∪ κ′. Therefore (12) implies (11).Now we consider an edge (βi, βj) ∈ E with Xj,i ≠ ∅ with a corresponding chain Cj,i = {(βi, α1), (α1, α2), …, (αn, βj)}. Then on τy where yi = θj,i, only the variable x1 is regulated because h is regular; in particular we use condition (2) of Definition 2.10. Therefore Λs(κ) = Λs(p) = Λs(κ′) for all p ∈ τy and for all s = 1, …, N, a stronger result than required.Theorem 2.15: Let EX be a canonical extension where the associated extended system has a regular parameter h = (z, a, b) ∈ H. Let τ be a face on which μ ∈ V′ ∪ X′ is constant. Then sgn(μ̇) is constant and nonzero on τ.Proof: Let μ ∈ V′, so that μ = yi and μ|τ = θj,i for some i, j. Let κ be such that (τ, κ) is a wall. Combining Lemma 2.14 with (6) evaluated on τ, we haveIn other words, μ̇|τ exists and is constant. Since h ∈ H, γiθj,i ≠ Λi(κ) and so μ̇ is also nonzero on τ.Now let μ ∈ X′, so that 
 and 
 for some i, j, k. If k = 1, then from (7) evaluated on τ,
 using Definition 2.6. We have τ ∩{yi = θj,i} = ∅ by Definition 2.8, which states that exactly one variable is at threshold on each face. Thus yi remains strictly on one side of θj,i on τ, so that sgn(μ̇) = sgn(yi − − θj,i) is constant and nonzero on τ.If k > 1, then from (8) evaluated on τ,Similarly, 
 implies that sgn(μ̇) is constant and nonzero on τ.Theorem 2.15 allows us to introduce a well-defined wall labeling scheme that indicates a direction of flow on either side of each face.Definition 2.16: Let z ∈ Z̄ and let 
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(z) be the set of walls in the phase space associated to z. Then the wall-labeling function ℓ̃: 
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(z) → {−1, 0, 1} is
 where τ̃ ⊂ {yi = θj,i}.Definition 2.17: Let h ∈ H for the extended system of a canonical extension EX and let 
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(h) be the set of walls in phase space. We define the wall-labeling function ℓ: 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.221px" height="9.629px" viewBox="6.748 -1.39 12.221 9.629" enable-background="new 6.748 -1.39 12.221 9.629"
xml:space="preserve">
<path d="M18.969-1.043c-0.35,0.297-0.853,0.765-1.509,1.401c-0.462,0.524-1.236,1.619-2.322,3.285
c-1.51,2.332-2.825,3.863-3.943,4.596l-0.142-0.143c0.42-0.57,0.85-1.598,1.289-3.079c0.311-1.043,0.809-2.341,1.493-3.895
c-0.358,0.491-0.899,1.331-1.621,2.521c-0.665,1.095-1.213,1.919-1.643,2.471c-0.67,0.859-1.39,1.554-2.159,2.082L8.284,8.07
C8.601,7.635,8.87,7.125,9.092,6.54c0.009-0.029,0.191-0.579,0.545-1.65c0.27-0.807,0.576-1.628,0.92-2.464
c-0.462,0.416-0.818,0.623-1.068,0.623c-0.396,0-0.595-0.227-0.595-0.68c0-0.231,0.086-0.494,0.258-0.789
C9.324,1.285,9.41,1.116,9.41,1.074c0-0.142-0.106-0.212-0.318-0.212c-0.618,0-1.329,0.637-2.131,1.912L6.748,2.674
C7.536,1.291,8.327,0.6,9.12,0.6c0.217,0,0.392,0.08,0.523,0.24c0.118,0.146,0.177,0.331,0.177,0.553
c0,0.188-0.082,0.421-0.247,0.697C9.408,2.366,9.325,2.535,9.325,2.596c0,0.128,0.063,0.191,0.191,0.191
c0.227,0,0.563-0.252,1.013-0.758c0.311-0.349,0.582-0.701,0.813-1.055c0.298-0.481,0.776-1.183,1.438-2.103l0.212,0.148
c-0.457,0.646-0.896,1.612-1.316,2.896c-0.595,1.813-1.388,3.538-2.379,5.176c0.415-0.236,1.106-1.103,2.074-2.599
c0.274-0.42,0.888-1.418,1.841-2.995c0.803-1.331,1.561-2.294,2.272-2.889l0.149,0.134c-0.491,0.741-0.901,1.688-1.232,2.839
c-0.505,1.775-1.283,3.621-2.336,5.537c0.51-0.406,1.198-1.239,2.067-2.499c0.033-0.047,0.645-0.978,1.834-2.79
c0.901-1.373,1.859-2.393,2.874-3.059L18.969-1.043z"/>
</svg>
(h) → {−1, 0, 1} by
 where μ is constant on τ andA wall (τ, κ) is an outgoing wall if ℓ(τ, κ) = −1, an incoming wall if ℓ(τ, κ) = 1, and a tangential wall if ℓ(τ, κ) = 0. A domain κ is an attracting domain if every (τ, κ) is an incoming wall.Observe that Definition 2.17 for an extended system reduces to Definition 2.16 for a switching system, when Xj,i = ∅ for all (βi, βj) ∈ E.Remark 2.18: Note that Definitions 2.10 and 2.16 imply that there are no tangential walls for any regular parameter z ∈ Z in the switching system. Theorem 2.15 says that sgn(μ̇)|τ ≠ 0 for h ∈ H a regular parameter and EX a canonical extension, so there are no tangential walls in the extended system either.A canonical extension has an important additional property that every face is an outgoing wall on one side and an incoming wall on the other, as we now prove. Existence of white and black walls in the switching system shows that this result is not true for the switching system.Corollary 2.19: Let h ∈ H be a regular parameter for the extended system of a canonical extension
EX. Then for any x- or y-face τ between adjacent domains κ, κ′ ∈ 
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(h), we have thatProof: Let μ ∈ V ∪ X be constant on τ. If (τ, κ) is a right face, it is necessary that (τ, κ′) is a left face, so that sgn(τ, κ) = −sgn(τ, κ′). Since sgn(μ̇) is constant and nonzero on τ by Theorem 2.15, we have that ℓ(τ, κ) · ℓ(τ, κ′) = −1.The consequence of Corollary 2.19 is that flow is transverse across all faces in a canonical extension, as can be seen in phase space in Figures 2b and 2d.
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	2.6 Domain graph and Morse graph
	Definition 2.20: For each parameter z ∈ Z, we construct a domain graph (
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, ℰz) with vertex set 
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 which is in one-to-one correspondence with the domains 
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(z) via a bijection fz: 
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(z) → 
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. The edges (u, v) ∈ ℰz are defined via a multivalued mapwhere v ∈ ℱz(u) if and only if there is a directed edge u → v in the domain graph, (u, v) ∈ ℰz. The map ℱz is defined as follows1.if u = v, then v ∈ ℱz(u) if and only if  is attracting, or2.if u ≠ v, then v ∈ ℱz(u) if and only if there exists a face τ̃ such that (τ̃, ) is an outgoing wall and (τ̃, ) is an incoming wall.Using the wall-labeling function ℓ, we can now construct a domain graph associated to the extended system analogous to the domain graph (
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xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) for the switching system of Definition 2.20.Definition 2.21: Recall that there is a bijection fz: 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.518px" height="9.586px" viewBox="4.858 -1.39 12.518 9.586" enable-background="new 4.858 -1.39 12.518 9.586"
xml:space="preserve">
<path d="M17.375-1.171c-0.623,0.028-1.333,0.536-2.131,1.522c-0.458,0.628-0.916,1.253-1.373,1.876
c-0.501,0.67-1.063,1.23-1.686,1.678c0.151,0.246,0.227,0.458,0.227,0.637c0,0.255-0.208,0.77-0.623,1.544
c-0.415,0.773-0.623,1.293-0.623,1.557c0,0.223,0.146,0.333,0.439,0.333c0.307,0,0.727-0.217,1.26-0.651
c0.533-0.434,0.788-0.651,0.765-0.651c0.062,0,0.092,0.023,0.092,0.071c0,0.065-0.17,0.255-0.51,0.566
c-0.646,0.59-1.213,0.885-1.699,0.885c-0.547,0-0.821-0.29-0.821-0.871c0-0.75,0.295-1.595,0.885-2.534
c0.203-0.326,0.305-0.529,0.305-0.609c0-0.019-0.012-0.063-0.035-0.134c-0.118,0.062-0.229,0.092-0.333,0.092
c-0.085,0-0.2-0.045-0.347-0.135c-1.529,2.794-3.19,4.191-4.984,4.191c-0.883,0-1.324-0.342-1.324-1.026
c0-0.227,0.076-0.429,0.227-0.605c0.151-0.177,0.338-0.266,0.56-0.266c0.288,0,0.432,0.135,0.432,0.403
c0,0.321-0.153,0.481-0.46,0.481c-0.118,0-0.238-0.059-0.361-0.177C5.202,7.069,5.176,7.147,5.176,7.24
c0,0.222,0.113,0.399,0.34,0.531C5.7,7.88,5.912,7.935,6.154,7.935c0.812,0,1.556-0.388,2.23-1.161
c0.42-0.481,0.915-1.229,1.486-2.245c0.444-0.802,0.886-1.605,1.324-2.407c-0.538,0.377-0.963,0.566-1.274,0.566
c-0.368,0-0.553-0.198-0.553-0.595c0-0.137,0.071-0.341,0.213-0.612s0.213-0.45,0.213-0.535c0-0.127-0.093-0.191-0.276-0.191
c-0.586,0-1.286,0.635-2.103,1.905L7.208,2.511c0.793-1.383,1.572-2.074,2.337-2.074c0.212,0,0.396,0.062,0.552,0.184
c0.175,0.137,0.263,0.309,0.263,0.517c0,0.151-0.081,0.361-0.241,0.63S9.877,2.212,9.877,2.292c0,0.09,0.043,0.134,0.128,0.134
c0.34,0,0.81-0.309,1.409-0.927c0.146-0.151,0.547-0.656,1.203-1.515c0.52-0.675,0.944-1.119,1.274-1.331l0.12,0.191
c-0.212,0.231-0.514,0.59-0.906,1.076c-0.415,0.608-1.007,1.845-1.776,3.71c0.108-0.028,0.205-0.043,0.29-0.043
c0.108,0,0.225,0.033,0.347,0.1c0.298-0.146,0.635-0.479,1.013-0.999c0.057-0.08,0.326-0.489,0.807-1.225
c0.298-0.458,0.555-0.819,0.772-1.083c0.925-1.119,1.864-1.708,2.817-1.77V-1.171z"/>
</svg>
(z) → 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
 between the set of domains 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.518px" height="9.586px" viewBox="4.858 -1.39 12.518 9.586" enable-background="new 4.858 -1.39 12.518 9.586"
xml:space="preserve">
<path d="M17.375-1.171c-0.623,0.028-1.333,0.536-2.131,1.522c-0.458,0.628-0.916,1.253-1.373,1.876
c-0.501,0.67-1.063,1.23-1.686,1.678c0.151,0.246,0.227,0.458,0.227,0.637c0,0.255-0.208,0.77-0.623,1.544
c-0.415,0.773-0.623,1.293-0.623,1.557c0,0.223,0.146,0.333,0.439,0.333c0.307,0,0.727-0.217,1.26-0.651
c0.533-0.434,0.788-0.651,0.765-0.651c0.062,0,0.092,0.023,0.092,0.071c0,0.065-0.17,0.255-0.51,0.566
c-0.646,0.59-1.213,0.885-1.699,0.885c-0.547,0-0.821-0.29-0.821-0.871c0-0.75,0.295-1.595,0.885-2.534
c0.203-0.326,0.305-0.529,0.305-0.609c0-0.019-0.012-0.063-0.035-0.134c-0.118,0.062-0.229,0.092-0.333,0.092
c-0.085,0-0.2-0.045-0.347-0.135c-1.529,2.794-3.19,4.191-4.984,4.191c-0.883,0-1.324-0.342-1.324-1.026
c0-0.227,0.076-0.429,0.227-0.605c0.151-0.177,0.338-0.266,0.56-0.266c0.288,0,0.432,0.135,0.432,0.403
c0,0.321-0.153,0.481-0.46,0.481c-0.118,0-0.238-0.059-0.361-0.177C5.202,7.069,5.176,7.147,5.176,7.24
c0,0.222,0.113,0.399,0.34,0.531C5.7,7.88,5.912,7.935,6.154,7.935c0.812,0,1.556-0.388,2.23-1.161
c0.42-0.481,0.915-1.229,1.486-2.245c0.444-0.802,0.886-1.605,1.324-2.407c-0.538,0.377-0.963,0.566-1.274,0.566
c-0.368,0-0.553-0.198-0.553-0.595c0-0.137,0.071-0.341,0.213-0.612s0.213-0.45,0.213-0.535c0-0.127-0.093-0.191-0.276-0.191
c-0.586,0-1.286,0.635-2.103,1.905L7.208,2.511c0.793-1.383,1.572-2.074,2.337-2.074c0.212,0,0.396,0.062,0.552,0.184
c0.175,0.137,0.263,0.309,0.263,0.517c0,0.151-0.081,0.361-0.241,0.63S9.877,2.212,9.877,2.292c0,0.09,0.043,0.134,0.128,0.134
c0.34,0,0.81-0.309,1.409-0.927c0.146-0.151,0.547-0.656,1.203-1.515c0.52-0.675,0.944-1.119,1.274-1.331l0.12,0.191
c-0.212,0.231-0.514,0.59-0.906,1.076c-0.415,0.608-1.007,1.845-1.776,3.71c0.108-0.028,0.205-0.043,0.29-0.043
c0.108,0,0.225,0.033,0.347,0.1c0.298-0.146,0.635-0.479,1.013-0.999c0.057-0.08,0.326-0.489,0.807-1.225
c0.298-0.458,0.555-0.819,0.772-1.083c0.925-1.119,1.864-1.708,2.817-1.77V-1.171z"/>
</svg>
(z) and the vertices 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
 of the domain graph for the switching system. Each extended domain κ ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.518px" height="9.586px" viewBox="4.858 -1.39 12.518 9.586" enable-background="new 4.858 -1.39 12.518 9.586"
xml:space="preserve">
<path d="M17.375-1.171c-0.623,0.028-1.333,0.536-2.131,1.522c-0.458,0.628-0.916,1.253-1.373,1.876
c-0.501,0.67-1.063,1.23-1.686,1.678c0.151,0.246,0.227,0.458,0.227,0.637c0,0.255-0.208,0.77-0.623,1.544
c-0.415,0.773-0.623,1.293-0.623,1.557c0,0.223,0.146,0.333,0.439,0.333c0.307,0,0.727-0.217,1.26-0.651
c0.533-0.434,0.788-0.651,0.765-0.651c0.062,0,0.092,0.023,0.092,0.071c0,0.065-0.17,0.255-0.51,0.566
c-0.646,0.59-1.213,0.885-1.699,0.885c-0.547,0-0.821-0.29-0.821-0.871c0-0.75,0.295-1.595,0.885-2.534
c0.203-0.326,0.305-0.529,0.305-0.609c0-0.019-0.012-0.063-0.035-0.134c-0.118,0.062-0.229,0.092-0.333,0.092
c-0.085,0-0.2-0.045-0.347-0.135c-1.529,2.794-3.19,4.191-4.984,4.191c-0.883,0-1.324-0.342-1.324-1.026
c0-0.227,0.076-0.429,0.227-0.605c0.151-0.177,0.338-0.266,0.56-0.266c0.288,0,0.432,0.135,0.432,0.403
c0,0.321-0.153,0.481-0.46,0.481c-0.118,0-0.238-0.059-0.361-0.177C5.202,7.069,5.176,7.147,5.176,7.24
c0,0.222,0.113,0.399,0.34,0.531C5.7,7.88,5.912,7.935,6.154,7.935c0.812,0,1.556-0.388,2.23-1.161
c0.42-0.481,0.915-1.229,1.486-2.245c0.444-0.802,0.886-1.605,1.324-2.407c-0.538,0.377-0.963,0.566-1.274,0.566
c-0.368,0-0.553-0.198-0.553-0.595c0-0.137,0.071-0.341,0.213-0.612s0.213-0.45,0.213-0.535c0-0.127-0.093-0.191-0.276-0.191
c-0.586,0-1.286,0.635-2.103,1.905L7.208,2.511c0.793-1.383,1.572-2.074,2.337-2.074c0.212,0,0.396,0.062,0.552,0.184
c0.175,0.137,0.263,0.309,0.263,0.517c0,0.151-0.081,0.361-0.241,0.63S9.877,2.212,9.877,2.292c0,0.09,0.043,0.134,0.128,0.134
c0.34,0,0.81-0.309,1.409-0.927c0.146-0.151,0.547-0.656,1.203-1.515c0.52-0.675,0.944-1.119,1.274-1.331l0.12,0.191
c-0.212,0.231-0.514,0.59-0.906,1.076c-0.415,0.608-1.007,1.845-1.776,3.71c0.108-0.028,0.205-0.043,0.29-0.043
c0.108,0,0.225,0.033,0.347,0.1c0.298-0.146,0.635-0.479,1.013-0.999c0.057-0.08,0.326-0.489,0.807-1.225
c0.298-0.458,0.555-0.819,0.772-1.083c0.925-1.119,1.864-1.708,2.817-1.77V-1.171z"/>
</svg>
(h) has the formfor some κ̃ ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.518px" height="9.586px" viewBox="4.858 -1.39 12.518 9.586" enable-background="new 4.858 -1.39 12.518 9.586"
xml:space="preserve">
<path d="M17.375-1.171c-0.623,0.028-1.333,0.536-2.131,1.522c-0.458,0.628-0.916,1.253-1.373,1.876
c-0.501,0.67-1.063,1.23-1.686,1.678c0.151,0.246,0.227,0.458,0.227,0.637c0,0.255-0.208,0.77-0.623,1.544
c-0.415,0.773-0.623,1.293-0.623,1.557c0,0.223,0.146,0.333,0.439,0.333c0.307,0,0.727-0.217,1.26-0.651
c0.533-0.434,0.788-0.651,0.765-0.651c0.062,0,0.092,0.023,0.092,0.071c0,0.065-0.17,0.255-0.51,0.566
c-0.646,0.59-1.213,0.885-1.699,0.885c-0.547,0-0.821-0.29-0.821-0.871c0-0.75,0.295-1.595,0.885-2.534
c0.203-0.326,0.305-0.529,0.305-0.609c0-0.019-0.012-0.063-0.035-0.134c-0.118,0.062-0.229,0.092-0.333,0.092
c-0.085,0-0.2-0.045-0.347-0.135c-1.529,2.794-3.19,4.191-4.984,4.191c-0.883,0-1.324-0.342-1.324-1.026
c0-0.227,0.076-0.429,0.227-0.605c0.151-0.177,0.338-0.266,0.56-0.266c0.288,0,0.432,0.135,0.432,0.403
c0,0.321-0.153,0.481-0.46,0.481c-0.118,0-0.238-0.059-0.361-0.177C5.202,7.069,5.176,7.147,5.176,7.24
c0,0.222,0.113,0.399,0.34,0.531C5.7,7.88,5.912,7.935,6.154,7.935c0.812,0,1.556-0.388,2.23-1.161
c0.42-0.481,0.915-1.229,1.486-2.245c0.444-0.802,0.886-1.605,1.324-2.407c-0.538,0.377-0.963,0.566-1.274,0.566
c-0.368,0-0.553-0.198-0.553-0.595c0-0.137,0.071-0.341,0.213-0.612s0.213-0.45,0.213-0.535c0-0.127-0.093-0.191-0.276-0.191
c-0.586,0-1.286,0.635-2.103,1.905L7.208,2.511c0.793-1.383,1.572-2.074,2.337-2.074c0.212,0,0.396,0.062,0.552,0.184
c0.175,0.137,0.263,0.309,0.263,0.517c0,0.151-0.081,0.361-0.241,0.63S9.877,2.212,9.877,2.292c0,0.09,0.043,0.134,0.128,0.134
c0.34,0,0.81-0.309,1.409-0.927c0.146-0.151,0.547-0.656,1.203-1.515c0.52-0.675,0.944-1.119,1.274-1.331l0.12,0.191
c-0.212,0.231-0.514,0.59-0.906,1.076c-0.415,0.608-1.007,1.845-1.776,3.71c0.108-0.028,0.205-0.043,0.29-0.043
c0.108,0,0.225,0.033,0.347,0.1c0.298-0.146,0.635-0.479,1.013-0.999c0.057-0.08,0.326-0.489,0.807-1.225
c0.298-0.458,0.555-0.819,0.772-1.083c0.925-1.119,1.864-1.708,2.817-1.77V-1.171z"/>
</svg>
(z), where h = (z, a, b). We define a set of vertices for the domain graph of the extended system asThen there is bijection fh: 
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(h) → 
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 defined bywhere D ∈ {−1, 1}|X| satisfiesWe define the domain graph (
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, ℰh) induced by the wall-labeling ℓ at the regular parameter h ∈ H via a multivalued map
 where an edge from u ∈ 
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 to v ∈ 
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 exists, (u, v) ∈ ℰh, if and only if v ∈ ℱh(u). To define the multivalued map ℱh, we let κ, κ′ ∈ 
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(h) and (ξ, D):= fh(κ), (ξ′, D′):= fh(κ′) respectively. We say (ξ, D) ∈ ℱh((ξ′, D′)) if and only if one of the following holds:•κ = κ′ is an attracting extended domain, or•κ ≠ κ′ and there exists a y- or x-face τ such that ℓ(τ, κ) = 1 and ℓ(τ, κ′) = −1.Figure 3(a) and (c) show domain graphs for extended systems in Figure 2.Definition 2.22: A recurrent component of a directed graph 
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 is a maximal subgraph 
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 such that for any vertices u, v ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, there exists a nonempty path in 
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 from u to v.We refer to a recurrent component of (
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, ℰz) as a Morse set of (
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c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
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, ℰz). Consider the collection of all Morse sets of (
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz). Observe that there exists a partial order on (
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xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) arising from the reachability relation on (
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<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz). We define an indexing set P for the elements of (
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width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
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, ℰz), respecting this partial order. In particular, for any p, q ∈ P, q ≤ p if and only if there exists a path in (
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<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) from an element of 
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p to an element of 
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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q. The collection of Morse sets of (
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<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
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, ℰz) together with this partial order is called a Morse decomposition of (
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<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
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, ℰz), which we denote by (MD((
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c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
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, ℰz)),≤), or when the order is clear, by MD((
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c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
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, ℰz)).The Morse graph of (
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c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
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, ℰz), denoted MG((
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c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
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c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
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c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
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, ℰz)), is the Hasse diagram of the poset (MD((
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c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
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, ℰz)),≤). For this reason we also call the elements of MD((
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, ℰz)) Morse nodes of (
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, ℰz).Using the map ℱh, we define the Morse decomposition and Morse graph of (
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c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
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c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
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, ℰh), MD((
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, ℰh)) respectively, exactly as in Definition 2.22 by replacing (
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, ℰh).The Morse graph is a compact representation of the dynamics in phase space. The nodes of the graph represent the recurrent-like dynamics and the directed edges represent the gradient-like dynamics. Figures 3f and 3h show Morse graphs for the extended phase spaces in Figures 2b and 2d. The labels on these nodes are explained in Definition 4.1.
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, we define the fiber over ξ to be the setFor the two self-loops (Figures 1a and 1c) there are two domains, (0, θ1,1) and (θ1,1,∞) in phase space, as can be seen in Figures 2a and 2c. Therefore two nodes, ξ1 and ξ2, in the respective domain graphs (Figures 3a and 3c. Hence in Figures 3e and 3g the fibers over ξ1 and ξ2 are {(ξ1, 1), (ξ1,−1)} and {(ξ2, 1), (ξ2,−1)}, respectively.Definition 3.2: For each ξ ∈ 
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, we define the *-element (ξ,D*) of the fiber over ξ in the following way. Pick D* ∈ {−1, 1}|X| such that for each ,Note that this is equivalent to the following by Definition 2.21.In our canonical examples in Figures 3e and 3g, the *-elements over ξ1 and ξ2 are respectively (ξ1,−1) and (ξ2, 1).We now prove that the wall-labeling of  is preserved from  in the switching system.Lemma 3.3: Let ξ ∈ 
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 with  and let  for some Ξ̂. Let τ = τ̃ × Ξ̂ where τ̃ is a face of κ̃. ThenProof: By Definitions 2.5 and 2.8, there exist yi ∈ V′ and yj ∈ T(yi) such that yi = θj,i on τ̃ and τ. By Definitions 2.16 and 2.17, it suffices to show that sgn(τ̃, κ̃) = sgn(τ, κ) and Λ̃i(κ̃) = Λi(κ).It is clear from Definition 2.8 that τ̃ is a left face of κ̃ if and only if τ is a left y-face of κ, and τ̃ is a right face of κ̃ if and only if τ is a right y-face of κ. Thus sgn(τ̃, κ̃) = sgn(τ, κ).For each ys ∈ S(yi), if Xi,s = ∅, recall that Λ̃i(κ̃) = Λi(κ). If Xi,s is nonempty denote the final intermediary in the chain Ci,s by xns and the associated threshold by ϑns. By Definition 3.2, if ys < θi,s on κ̃ then xns < ϑns on κ and if ys > θi,s on κ̃ then xns > ϑns on κ. Recalling the definitions of Λ̃i and Λi, it is now clear that Λ̃i(κ̃) = Λi(κ).Although in the above proof we only use the fact that the terminal signs match (sgn(ys − θi,s) = sgn(xns − ϑns)), the proof of Lemma 3.6 requires that all signs match in the *-element.Lemma 3.3 implies that the labelings of the set of y-walls of 
 are fully determined by the labelings of the set of walls of 
. Lemma 3.4 relies on similar reasoning.Recall the multi-valued map ℱh: 
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 where the edge u ∈ 
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 to v ∈ 
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 exists if and only if v ∈ ℱh(u). In what follows, we will use the notation (u → v) ∈ ℰh when we want to emphasize the graph theoretic point of view of the dynamics.Lemma 3.4: If (ξ → ξ′) ∈ ℰz and (ξ,D*) is the *-element of the fiber over ξ, then ℰh contains the edgeProof: Let 
 and 
. Because (ξ → ξ′) ∈ ℰz, κ̃ and κ̃′ share a face τ̃ such that ℓ̃(τ̃, κ̃) = −1. If 
 and 
, then κ and κ′ share a y-face τ = τ̃ × Ξ̂, and by Lemma 3.3, ℓ(τ, κ) = −1. Now, by Corollary 2.19, ℓ(τ, κ′) = 1, so the result follows.The assumption of Lemma 3.4 is not satisfied in our ongoing switching system examples from Figures 1a and 1c, since the single face {θ1,1} in the phase space does not admit a transverse flow, as can be seen by the inward and outward pointing arrows in the phase lines in Figures 2a and 2c. This results in a domain graph with no edges, as can be seen in Figure 3c.Having established properties of the y-walls of the *-element, we now address the x-walls.Definition 3.5: We say (ξ,D) ∈ 
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 is attracting in the fiber if every x-wall (τx, κ) is an incoming wall for 
.Lemma 3.6: The *-element of the fiber is attracting in the fiber.Proof: It is sufficient to show the following: let ξ ∈ 
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 and D ∈ {−1, 1}|X| be such that 
 shares an x-face τx with 
. Then (ξ,D*) ∈ ℱh((ξ,D)). Our hypotheses imply there exist i, j, k such that 
 with associated threshold ϑk satisfying either xk < ϑk on κ and xk > ϑk on κ′ or vice versa. Assume the first case for now. Then τx is a right face of κ and a left face of κ′, so sgn(τx, κ) = −1 and sgn(τx, κ′) = 1.Now, by Definition 3.2, since xk < ϑk on κ, we also have yi < θj,i on κ. If k > 1, then xk−1 < ϑk−1 on κ as well. Observe that because κ and κ′ share an x-face, all variables in (V ′∪X′)\{xk} are fixed between the same respective pair of consecutive thresholds on κ′ as on κ. Thus on both κ and κ′, sgn(yi − θj,i) = −1 and if xk−1 exists, then sgn(xk−1 − ϑk−1) = −1. By Definition 2.17, this means ℓ(τx, κ) = 1 and ℓ (τx, κ′) = −1. The result now follows from Definition 2.21.If instead xk > ϑk on κ and xk < ϑk on κ′, the argument is analogous.Recall that in Figures 3e and 3g the *-elements of the domain graphs are given by (ξ1,−1) and (ξ2, 1), respectively. As predicted by Lemma 3.6, we see the edges (ξ1, 1) → (ξ1,−1) and (ξ2,−1) → (ξ2, 1), showing attractiveness in the fiber.We will now state another property of the *-element in the fiber over a particular ξ ∈ 
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, namely that this element is reachable from every other element of the same fiber via a path contained in that fiber. The proof of Lemma 3.7 is given in Appendix B.Lemma 3.7: Let ξ ∈ 
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. For each element (ξ,D) in the fiber over ξ, there exists a path from (ξ,D) to (ξ,D*) such that for each (ξ′,D′) in the path, we have ξ = ξ′.Lemma 3.7 investigates how the domains in the fiber over a single domain ξ are connected. Clearly, in addition to connections within the fiber, there are additional connections between these and domains in neighboring fibers that differ in a y-coordinate.Lemmas 3.3, 3.4, 3.6, and 3.7 establish key properties of the *-element of each fiber. It will become important that the *-element is the unique element of the fiber with the latter two properties (see Theorem 3.12 below). The next two results show that this is indeed the case.Corollary 3.8: The *-element is the unique element in the fiber satisfying Lemma 3.7Proof: By Lemma 3.6, the *-element is attracting in the fiber. Therefore there is no path restricted to the fiber from (ξ,D*) to any other element (ξ,D).Corollary 3.9: The *-element is the unique element in the fiber that is attracting in the fiber.Proof: Because every element (ξ,D) ≠ (ξ,D*) has a path to (ξ,D*) by Lemma 3.7, each such (ξ,D) must have an outgoing x-wall. Hence it is not attracting in the fiber.Definition 3.10: A recurrent component 
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 in (MD(G),≤), where G is either (
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, ℰz) or (
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, ℰh), is called a fixed point if it contains a single node ξ. A recurrent component is an attractor if there is no 
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′ ∈ MD(G) such that 
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′ is reachable from 
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.Lemma 3.11: Every fixed point in (MD(G),≤), where G is either (
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, ℰh), is an attractor.Proof: This is immediate from Definitions 2.20 and 2.21, because {u} a recurrent component in MD(G) is equivalent to u ∈ ℱ(u), where ℱ is either ℱz or ℱh. This in turn is equivalent to f−1(u) attracting, where f is either fz or fh.Theorem 3.12: There exists a fixed point
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 = {ξ} ∈ MD((
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, ℰz)) if and only if 𝒞̂ = {(ξ,D*)} ∈ MD((
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, ℰh)) is a fixed point. If there exists a fixed point
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 = {(ξ,D)} in any fiber, it is the unique fixed point in that fiber.Proof: Let ξ be the sole element of 
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, ℰz)) and let 
 and 
. Then ξ ∈ ℱz(ξ), and therefore κ̃ is an attracting domain. Therefore, for any face τ̃ of κ̃, ℓ̃(τ̃, κ̃) = 1. Then by Lemma 3.3, for each y-face τ of κ, ℓ(τ, κ) = 1. Furthermore, Lemma 3.6 implies that for each x-face τx of κ, ℓ(τx, κ) = 1. Thus κ is an attracting extended domain, so (ξ,D*) ∈ ℱh((ξ,D*)).Now conversely let 𝒞̂ ∈ MD((
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, ℰh)) have a single element (ξ,D). By Lemma 3.9, the *-element is the only element in the fiber that is attracting in the fiber. Therefore since 𝒞̂ ∈ MD((
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, ℰh)) has a single element (ξ,D), we have D = D*, giving uniqueness. Let 
 and 
. We have that κ is an attracting extended domain by Definition 2.21 and so ℓ(τ, κ) = 1 for every face τ of κ. In particular, this holds for each y-face of κ. Then by Lemma 3.3, for each face τ̃ of κ̃, ℓ̃(τ̃, κ̃) = 1, so κ̃ is an attracting domain. Thus ξ ∈ ℱz(ξ), so the result follows.Definition 3.13: Consider domain graphs (
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, ℰh). Recall that 
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 × {−1, 1}|X|. Let
 be a projection on the first component. Let 
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c-0.448,0.005-0.93,0.102-1.443,0.291c-0.709,0.26-1.367,0.661-1.976,1.204C8.157,1.116,7.789,1.761,7.789,2.398
c0,0.189,0.068,0.347,0.205,0.475s0.3,0.191,0.488,0.191c0.666,0,1.334-0.432,2.004-1.296c0.637-0.816,0.961-1.569,0.97-2.259h0.22
c0,1.072-0.281,1.942-0.843,2.613c-0.26,0.312-0.608,0.585-1.048,0.821C9.319,3.198,8.894,3.325,8.511,3.325
c-0.273,0-0.506-0.088-0.697-0.266C7.622,2.883,7.528,2.657,7.528,2.384c0-0.732,0.405-1.444,1.217-2.139
c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
 be collection of all directed edges on vertex set 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
. Π′ induces a projection between edges
 viaLet 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="10.818px" height="9.586px" viewBox="5.424 -1.39 10.818 9.586" enable-background="new 5.424 -1.39 10.818 9.586"
xml:space="preserve">
<path d="M16.242-0.661c0,0.524-0.312,1.131-0.935,1.82c-0.453,0.5-0.986,0.968-1.6,1.402c-0.515,0.359-1.043,0.666-1.586,0.92
c-0.496,1.048-0.93,1.832-1.303,2.35C9.692,7.408,8.381,8.197,6.89,8.197c-0.978,0-1.466-0.373-1.466-1.119
c0-0.227,0.076-0.428,0.227-0.604c0.151-0.178,0.338-0.266,0.56-0.266c0.288,0,0.432,0.137,0.432,0.41
c0,0.316-0.153,0.475-0.46,0.475c-0.123,0-0.245-0.057-0.368-0.17c-0.047,0.062-0.071,0.14-0.071,0.233
c0,0.255,0.156,0.456,0.468,0.602c0.245,0.118,0.51,0.178,0.793,0.178c1.151,0,2.197-0.836,3.137-2.507
c0.193-0.34,0.474-0.856,0.843-1.55c-0.331,0.066-0.626,0.099-0.886,0.099c-0.632,0-1.168-0.175-1.606-0.524
C8.013,3.075,7.775,2.577,7.775,1.959c0-0.878,0.433-1.641,1.296-2.287c0.723-0.543,1.563-0.897,2.521-1.062l0.042,0.234
c-0.92,0.255-1.689,0.649-2.308,1.182C8.579,0.673,8.207,1.419,8.207,2.263c0,0.486,0.21,0.859,0.63,1.119
c0.354,0.222,0.788,0.333,1.303,0.333c0.255,0,0.587-0.052,0.998-0.156c1.185-2.128,2.204-3.561,3.059-4.297
c0.486-0.416,0.937-0.623,1.353-0.623C16.011-1.362,16.242-1.128,16.242-0.661z M15.924-0.661c0-0.292-0.135-0.438-0.403-0.438
c-0.944,0-2.004,1.373-3.179,4.12c0.42-0.174,0.861-0.429,1.323-0.765c0.52-0.382,0.989-0.812,1.409-1.288
C15.641,0.326,15.924-0.217,15.924-0.661z"/>
</svg>
 (G) denote the collection of subgraphs of G. Then Π′ and Π″ induce a projection
 via
 for G = (X,E) a subgraph of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh).Consider 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)), a recurrent component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz). By Lemma 3.4, for each edge ξ → ξ′ in 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) contains the edge (ξ,D*) → (ξ′,D*). Furthermore, by Lemma 3.7, there exists a path from (ξ′,D*) to (ξ′,D′*) in (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh), contained in the fiber over ξ′. Denote the set of such paths from (ξ′,D*) to (ξ′,D′*) by 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.013px" height="9.764px" viewBox="5.226 -1.461 9.013 9.764" enable-background="new 5.226 -1.461 9.013 9.764"
xml:space="preserve">
<path d="M14.239,1.074c0,1.246-0.545,2.483-1.635,3.71c-0.911,1.02-2.014,1.857-3.307,2.513c0.831,0.25,1.468,0.376,1.912,0.376
c0.892,0,1.646-0.305,2.266-0.912c0.08-0.077,0.137-0.115,0.17-0.115c0.061,0,0.092,0.024,0.092,0.071
c0,0.148-0.173,0.355-0.518,0.622c-0.283,0.214-0.525,0.369-0.729,0.465c-0.586,0.262-1.152,0.393-1.699,0.393
c-0.614,0-1.353-0.144-2.217-0.432C7.698,8.123,7.048,8.303,6.628,8.303c-0.35,0-0.654-0.063-0.913-0.19
c-0.326-0.16-0.489-0.399-0.489-0.72c0-0.263,0.151-0.46,0.453-0.592C5.906,6.698,6.17,6.646,6.472,6.646
c0.656,0,1.468,0.189,2.436,0.566c1.086-0.462,2.11-1.411,3.073-2.846c0.42-0.623,0.781-1.291,1.083-2.004
c0.368-0.869,0.552-1.598,0.552-2.188c0-0.425-0.165-0.758-0.495-0.999c-0.298-0.212-0.668-0.319-1.111-0.319
c-0.836,0-1.681,0.321-2.535,0.963C8.7,0.402,8.098,1.091,7.668,1.888C7.371,2.45,7.223,2.967,7.223,3.439
c0,0.699,0.313,1.048,0.941,1.048c0.387,0,0.828-0.196,1.324-0.588c0.387-0.307,0.729-0.663,1.026-1.069
c0.618-0.831,0.928-1.685,0.928-2.563c0-0.146-0.01-0.288-0.028-0.425l0.262-0.071c0.057,0.434,0.085,0.772,0.085,1.012
c0,0.93-0.366,1.815-1.098,2.655c-0.76,0.873-1.598,1.31-2.513,1.31c-0.369,0-0.668-0.117-0.899-0.35
C7.02,4.164,6.905,3.864,6.905,3.495c0-1.114,0.563-2.218,1.691-3.313s2.252-1.643,3.37-1.643c0.731,0,1.301,0.243,1.706,0.729
C14.05-0.274,14.239,0.328,14.239,1.074z M8.164,7.626C7.32,7.241,6.649,7.05,6.154,7.05c-0.43,0-0.645,0.145-0.645,0.436
c0,0.173,0.135,0.307,0.403,0.4c0.194,0.065,0.399,0.098,0.616,0.098C7.001,7.984,7.546,7.865,8.164,7.626z"/>
</svg>
(ξ, ξ′), where an element of 
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.013px" height="9.764px" viewBox="5.226 -1.461 9.013 9.764" enable-background="new 5.226 -1.461 9.013 9.764"
xml:space="preserve">
<path d="M14.239,1.074c0,1.246-0.545,2.483-1.635,3.71c-0.911,1.02-2.014,1.857-3.307,2.513c0.831,0.25,1.468,0.376,1.912,0.376
c0.892,0,1.646-0.305,2.266-0.912c0.08-0.077,0.137-0.115,0.17-0.115c0.061,0,0.092,0.024,0.092,0.071
c0,0.148-0.173,0.355-0.518,0.622c-0.283,0.214-0.525,0.369-0.729,0.465c-0.586,0.262-1.152,0.393-1.699,0.393
c-0.614,0-1.353-0.144-2.217-0.432C7.698,8.123,7.048,8.303,6.628,8.303c-0.35,0-0.654-0.063-0.913-0.19
c-0.326-0.16-0.489-0.399-0.489-0.72c0-0.263,0.151-0.46,0.453-0.592C5.906,6.698,6.17,6.646,6.472,6.646
c0.656,0,1.468,0.189,2.436,0.566c1.086-0.462,2.11-1.411,3.073-2.846c0.42-0.623,0.781-1.291,1.083-2.004
c0.368-0.869,0.552-1.598,0.552-2.188c0-0.425-0.165-0.758-0.495-0.999c-0.298-0.212-0.668-0.319-1.111-0.319
c-0.836,0-1.681,0.321-2.535,0.963C8.7,0.402,8.098,1.091,7.668,1.888C7.371,2.45,7.223,2.967,7.223,3.439
c0,0.699,0.313,1.048,0.941,1.048c0.387,0,0.828-0.196,1.324-0.588c0.387-0.307,0.729-0.663,1.026-1.069
c0.618-0.831,0.928-1.685,0.928-2.563c0-0.146-0.01-0.288-0.028-0.425l0.262-0.071c0.057,0.434,0.085,0.772,0.085,1.012
c0,0.93-0.366,1.815-1.098,2.655c-0.76,0.873-1.598,1.31-2.513,1.31c-0.369,0-0.668-0.117-0.899-0.35
C7.02,4.164,6.905,3.864,6.905,3.495c0-1.114,0.563-2.218,1.691-3.313s2.252-1.643,3.37-1.643c0.731,0,1.301,0.243,1.706,0.729
C14.05-0.274,14.239,0.328,14.239,1.074z M8.164,7.626C7.32,7.241,6.649,7.05,6.154,7.05c-0.43,0-0.645,0.145-0.645,0.436
c0,0.173,0.135,0.307,0.403,0.4c0.194,0.065,0.399,0.098,0.616,0.098C7.001,7.984,7.546,7.865,8.164,7.626z"/>
</svg>
(ξ, ξ′) is given by: 
Definition 3.14: If 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 = (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, ℰ
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
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s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
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, ℰz), then the *-subgraph over
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c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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 is the subgraph 
 of (
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<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) defined byWe now prove our first main result. We will show that for the *-subgraphs 
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C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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* ⊂ (
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c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
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c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh), the projection Π(
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*) is contained in 
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c-0.496,1.048-0.93,1.832-1.303,2.35C9.692,7.408,8.381,8.197,6.89,8.197c-0.978,0-1.466-0.373-1.466-1.119
c0-0.227,0.076-0.428,0.227-0.604c0.151-0.178,0.338-0.266,0.56-0.266c0.288,0,0.432,0.137,0.432,0.41
c0,0.316-0.153,0.475-0.46,0.475c-0.123,0-0.245-0.057-0.368-0.17c-0.047,0.062-0.071,0.14-0.071,0.233
c0,0.255,0.156,0.456,0.468,0.602c0.245,0.118,0.51,0.178,0.793,0.178c1.151,0,2.197-0.836,3.137-2.507
c0.193-0.34,0.474-0.856,0.843-1.55c-0.331,0.066-0.626,0.099-0.886,0.099c-0.632,0-1.168-0.175-1.606-0.524
C8.013,3.075,7.775,2.577,7.775,1.959c0-0.878,0.433-1.641,1.296-2.287c0.723-0.543,1.563-0.897,2.521-1.062l0.042,0.234
c-0.92,0.255-1.689,0.649-2.308,1.182C8.579,0.673,8.207,1.419,8.207,2.263c0,0.486,0.21,0.859,0.63,1.119
c0.354,0.222,0.788,0.333,1.303,0.333c0.255,0,0.587-0.052,0.998-0.156c1.185-2.128,2.204-3.561,3.059-4.297
c0.486-0.416,0.937-0.623,1.353-0.623C16.011-1.362,16.242-1.128,16.242-0.661z M15.924-0.661c0-0.292-0.135-0.438-0.403-0.438
c-0.944,0-2.004,1.373-3.179,4.12c0.42-0.174,0.861-0.429,1.323-0.765c0.52-0.382,0.989-0.812,1.409-1.288
C15.641,0.326,15.924-0.217,15.924-0.661z"/>
</svg>
((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) and not just 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="10.818px" height="9.586px" viewBox="5.424 -1.39 10.818 9.586" enable-background="new 5.424 -1.39 10.818 9.586"
xml:space="preserve">
<path d="M16.242-0.661c0,0.524-0.312,1.131-0.935,1.82c-0.453,0.5-0.986,0.968-1.6,1.402c-0.515,0.359-1.043,0.666-1.586,0.92
c-0.496,1.048-0.93,1.832-1.303,2.35C9.692,7.408,8.381,8.197,6.89,8.197c-0.978,0-1.466-0.373-1.466-1.119
c0-0.227,0.076-0.428,0.227-0.604c0.151-0.178,0.338-0.266,0.56-0.266c0.288,0,0.432,0.137,0.432,0.41
c0,0.316-0.153,0.475-0.46,0.475c-0.123,0-0.245-0.057-0.368-0.17c-0.047,0.062-0.071,0.14-0.071,0.233
c0,0.255,0.156,0.456,0.468,0.602c0.245,0.118,0.51,0.178,0.793,0.178c1.151,0,2.197-0.836,3.137-2.507
c0.193-0.34,0.474-0.856,0.843-1.55c-0.331,0.066-0.626,0.099-0.886,0.099c-0.632,0-1.168-0.175-1.606-0.524
C8.013,3.075,7.775,2.577,7.775,1.959c0-0.878,0.433-1.641,1.296-2.287c0.723-0.543,1.563-0.897,2.521-1.062l0.042,0.234
c-0.92,0.255-1.689,0.649-2.308,1.182C8.579,0.673,8.207,1.419,8.207,2.263c0,0.486,0.21,0.859,0.63,1.119
c0.354,0.222,0.788,0.333,1.303,0.333c0.255,0,0.587-0.052,0.998-0.156c1.185-2.128,2.204-3.561,3.059-4.297
c0.486-0.416,0.937-0.623,1.353-0.623C16.011-1.362,16.242-1.128,16.242-0.661z M15.924-0.661c0-0.292-0.135-0.438-0.403-0.438
c-0.944,0-2.004,1.373-3.179,4.12c0.42-0.174,0.861-0.429,1.323-0.765c0.52-0.382,0.989-0.812,1.409-1.288
C15.641,0.326,15.924-0.217,15.924-0.661z"/>
</svg>
((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
,

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.481px" height="9.643px" viewBox="5.269 -1.447 12.481 9.643" enable-background="new 5.269 -1.447 12.481 9.643"
xml:space="preserve">
<path d="M14.288-0.3c-0.486,0.43-0.925,1.041-1.316,1.834c-0.303,0.698-0.604,1.397-0.906,2.096
c-0.553,1.255-1.232,2.282-2.039,3.08C9.021,7.7,7.933,8.197,6.762,8.197c-0.995,0-1.493-0.342-1.493-1.026
c0-0.227,0.074-0.429,0.223-0.605s0.334-0.266,0.556-0.266c0.293,0,0.439,0.135,0.439,0.403c0,0.321-0.156,0.481-0.468,0.481
c-0.118,0-0.238-0.059-0.36-0.177C5.611,7.069,5.587,7.147,5.587,7.24c0,0.236,0.14,0.418,0.418,0.546
c0.217,0.099,0.46,0.148,0.729,0.148c0.812,0,1.555-0.345,2.229-1.034c0.42-0.42,0.913-1.113,1.479-2.081
c0.539-0.949,1.079-1.897,1.622-2.847c0.693-1.118,1.385-1.944,2.074-2.478L14.288-0.3z M17.75-1.256
c-0.727,0.444-1.481,0.666-2.266,0.666c-0.344,0-0.859-0.073-1.547-0.22c-0.687-0.146-1.207-0.22-1.561-0.22h-0.064
c-0.448,0.005-0.93,0.102-1.443,0.291c-0.709,0.26-1.367,0.661-1.976,1.204C8.157,1.116,7.789,1.761,7.789,2.398
c0,0.189,0.068,0.347,0.205,0.475s0.3,0.191,0.488,0.191c0.666,0,1.334-0.432,2.004-1.296c0.637-0.816,0.961-1.569,0.97-2.259h0.22
c0,1.072-0.281,1.942-0.843,2.613c-0.26,0.312-0.608,0.585-1.048,0.821C9.319,3.198,8.894,3.325,8.511,3.325
c-0.273,0-0.506-0.088-0.697-0.266C7.622,2.883,7.528,2.657,7.528,2.384c0-0.732,0.405-1.444,1.217-2.139
c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
)). That is, the projection of each edge in 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is an edge in the set ℰz. Moreover, 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is a strongly connected subgraph that projects onto a Morse set of the switching domain graph.Theorem 3.15: Let

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 = (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, ℰ
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
) ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)). Then the *-subgraph

over

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>

is a strongly connected subgraph of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) such thatProof: By Definitions 3.13 and 3.14
 so that 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* projects onto 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
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.It remains to be shown that 
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* is strongly connected. Let u, v ∈ 
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 is a recurrent component, there exists a path in 
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 from Π′(u) to Π′(v). Let ξ1 := Π′(u) and ξm := Π′(v) and denote this path by ξ1 → ξ2 → ⋯ → ξm. Because this path is contained in 
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* contains the edge 
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*) from (ξp+1,
) to (ξp+1,
). By our assumptions, u is in the fiber over ξ1, so 
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* also contains a path from u to (ξ1,
), and likewise there exists a path from (ξm,
) to v. Concatenating these paths together, we see that 
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* contains a pathRemark 3.16: Note that Theorem 3.15 does not imply the stronger result that if there exists a recurrent component 
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 ∈ MD((
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, ℰz)), then there exists a recurrent component 𝒞̂ ∈ MD((
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, ℰh)) that projects onto 
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, ℰz)) have *-subgraphs 
 that are subgraphs of a single strongly connected component.Theorem 3.17: Let
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c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) and let

and

be the *-subgraphs over

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p and

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q, respectively. If there exists a path in (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) from an element of

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p to an element of

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q, then there exists a path in (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) from an element of

to an element of
.Proof: Let ξ1 ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p and ξm ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q and assume that (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) contains a path ξ1 → ξ2 → ⋯ → ξm. By Definition 3.14, 
 and 
 contain (ξ1,
) and (ξm, 
) as vertices, respectively. By Lemmas 3.4 and 3.7, (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) contains a path
 using a similar concatenation technique to that used in the proof of Theorem 3.15.Definition 3.18: We define the component map φ : MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) → MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh)) such that for each 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)), φ(
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
) is the Morse node of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) containing the *-subgraph 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* over 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
.Theorem 3.19: φ : MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) → MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh)) is an order-preserving map.Proof: First we show that φ is well-defined. Let 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)). Then 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is a strongly connected component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh). Therefore, 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is contained in a unique recurrent component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh).Now let 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p,

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q ∈ (MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)),≤) be such that q ≤ p. Then there exist elements ξ ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p and ξ′ ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
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, ℰz) from ξ to ξ′ by Definition 2.22. If 
 and 
 are the *-subgraphs over these two components, then by Theorem 3.17, there exists a path from an element of 
 to an element of 
. Let 𝒞̂p and 𝒞̂q be the Morse nodes of (
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, ℰh) containing these *-subgraphs. Then this same path is from an element of 𝒞̂p to one of 𝒞̂q. Thus q ≤ p in (MD((
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, ℰh)),≤).Theorem 3.19 shows the existence of an order-preserving map φ : MD((
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, ℰh)). A natural question is whether there is a stronger relationship between MD((
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, ℰh)). We show in the following section that φ is not in general either injective or surjective. In particular, we give an example where MD((
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, ℰz)) consists of a single element and MD((
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, ℰh)) contains more than one element; and we give another example where two elements of MD((
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, ℰz)) map to a single element of MD((
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, ℰh)).
	Definition 3.1: For each node in the domain graph of the switching system, ξ ∈ 
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, we define the fiber over ξ to be the setFor the two self-loops (Figures 1a and 1c) there are two domains, (0, θ1,1) and (θ1,1,∞) in phase space, as can be seen in Figures 2a and 2c. Therefore two nodes, ξ1 and ξ2, in the respective domain graphs (Figures 3a and 3c. Hence in Figures 3e and 3g the fibers over ξ1 and ξ2 are {(ξ1, 1), (ξ1,−1)} and {(ξ2, 1), (ξ2,−1)}, respectively.Definition 3.2: For each ξ ∈ 
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, we define the *-element (ξ,D*) of the fiber over ξ in the following way. Pick D* ∈ {−1, 1}|X| such that for each ,Note that this is equivalent to the following by Definition 2.21.In our canonical examples in Figures 3e and 3g, the *-elements over ξ1 and ξ2 are respectively (ξ1,−1) and (ξ2, 1).We now prove that the wall-labeling of  is preserved from  in the switching system.Lemma 3.3: Let ξ ∈ 
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 with  and let  for some Ξ̂. Let τ = τ̃ × Ξ̂ where τ̃ is a face of κ̃. ThenProof: By Definitions 2.5 and 2.8, there exist yi ∈ V′ and yj ∈ T(yi) such that yi = θj,i on τ̃ and τ. By Definitions 2.16 and 2.17, it suffices to show that sgn(τ̃, κ̃) = sgn(τ, κ) and Λ̃i(κ̃) = Λi(κ).It is clear from Definition 2.8 that τ̃ is a left face of κ̃ if and only if τ is a left y-face of κ, and τ̃ is a right face of κ̃ if and only if τ is a right y-face of κ. Thus sgn(τ̃, κ̃) = sgn(τ, κ).For each ys ∈ S(yi), if Xi,s = ∅, recall that Λ̃i(κ̃) = Λi(κ). If Xi,s is nonempty denote the final intermediary in the chain Ci,s by xns and the associated threshold by ϑns. By Definition 3.2, if ys < θi,s on κ̃ then xns < ϑns on κ and if ys > θi,s on κ̃ then xns > ϑns on κ. Recalling the definitions of Λ̃i and Λi, it is now clear that Λ̃i(κ̃) = Λi(κ).Although in the above proof we only use the fact that the terminal signs match (sgn(ys − θi,s) = sgn(xns − ϑns)), the proof of Lemma 3.6 requires that all signs match in the *-element.Lemma 3.3 implies that the labelings of the set of y-walls of 
 are fully determined by the labelings of the set of walls of 
. Lemma 3.4 relies on similar reasoning.Recall the multi-valued map ℱh: 
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 where the edge u ∈ 
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 to v ∈ 
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 exists if and only if v ∈ ℱh(u). In what follows, we will use the notation (u → v) ∈ ℰh when we want to emphasize the graph theoretic point of view of the dynamics.Lemma 3.4: If (ξ → ξ′) ∈ ℰz and (ξ,D*) is the *-element of the fiber over ξ, then ℰh contains the edgeProof: Let 
 and 
. Because (ξ → ξ′) ∈ ℰz, κ̃ and κ̃′ share a face τ̃ such that ℓ̃(τ̃, κ̃) = −1. If 
 and 
, then κ and κ′ share a y-face τ = τ̃ × Ξ̂, and by Lemma 3.3, ℓ(τ, κ) = −1. Now, by Corollary 2.19, ℓ(τ, κ′) = 1, so the result follows.The assumption of Lemma 3.4 is not satisfied in our ongoing switching system examples from Figures 1a and 1c, since the single face {θ1,1} in the phase space does not admit a transverse flow, as can be seen by the inward and outward pointing arrows in the phase lines in Figures 2a and 2c. This results in a domain graph with no edges, as can be seen in Figure 3c.Having established properties of the y-walls of the *-element, we now address the x-walls.Definition 3.5: We say (ξ,D) ∈ 
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 is attracting in the fiber if every x-wall (τx, κ) is an incoming wall for 
.Lemma 3.6: The *-element of the fiber is attracting in the fiber.Proof: It is sufficient to show the following: let ξ ∈ 
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 and D ∈ {−1, 1}|X| be such that 
 shares an x-face τx with 
. Then (ξ,D*) ∈ ℱh((ξ,D)). Our hypotheses imply there exist i, j, k such that 
 with associated threshold ϑk satisfying either xk < ϑk on κ and xk > ϑk on κ′ or vice versa. Assume the first case for now. Then τx is a right face of κ and a left face of κ′, so sgn(τx, κ) = −1 and sgn(τx, κ′) = 1.Now, by Definition 3.2, since xk < ϑk on κ, we also have yi < θj,i on κ. If k > 1, then xk−1 < ϑk−1 on κ as well. Observe that because κ and κ′ share an x-face, all variables in (V ′∪X′)\{xk} are fixed between the same respective pair of consecutive thresholds on κ′ as on κ. Thus on both κ and κ′, sgn(yi − θj,i) = −1 and if xk−1 exists, then sgn(xk−1 − ϑk−1) = −1. By Definition 2.17, this means ℓ(τx, κ) = 1 and ℓ (τx, κ′) = −1. The result now follows from Definition 2.21.If instead xk > ϑk on κ and xk < ϑk on κ′, the argument is analogous.Recall that in Figures 3e and 3g the *-elements of the domain graphs are given by (ξ1,−1) and (ξ2, 1), respectively. As predicted by Lemma 3.6, we see the edges (ξ1, 1) → (ξ1,−1) and (ξ2,−1) → (ξ2, 1), showing attractiveness in the fiber.We will now state another property of the *-element in the fiber over a particular ξ ∈ 
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, namely that this element is reachable from every other element of the same fiber via a path contained in that fiber. The proof of Lemma 3.7 is given in Appendix B.Lemma 3.7: Let ξ ∈ 
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. For each element (ξ,D) in the fiber over ξ, there exists a path from (ξ,D) to (ξ,D*) such that for each (ξ′,D′) in the path, we have ξ = ξ′.Lemma 3.7 investigates how the domains in the fiber over a single domain ξ are connected. Clearly, in addition to connections within the fiber, there are additional connections between these and domains in neighboring fibers that differ in a y-coordinate.Lemmas 3.3, 3.4, 3.6, and 3.7 establish key properties of the *-element of each fiber. It will become important that the *-element is the unique element of the fiber with the latter two properties (see Theorem 3.12 below). The next two results show that this is indeed the case.Corollary 3.8: The *-element is the unique element in the fiber satisfying Lemma 3.7Proof: By Lemma 3.6, the *-element is attracting in the fiber. Therefore there is no path restricted to the fiber from (ξ,D*) to any other element (ξ,D).Corollary 3.9: The *-element is the unique element in the fiber that is attracting in the fiber.Proof: Because every element (ξ,D) ≠ (ξ,D*) has a path to (ξ,D*) by Lemma 3.7, each such (ξ,D) must have an outgoing x-wall. Hence it is not attracting in the fiber.Definition 3.10: A recurrent component 
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 in (MD(G),≤), where G is either (
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, ℰz) or (
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, ℰh), is called a fixed point if it contains a single node ξ. A recurrent component is an attractor if there is no 
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′ ∈ MD(G) such that 
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′ is reachable from 
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.Lemma 3.11: Every fixed point in (MD(G),≤), where G is either (
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, ℰh), is an attractor.Proof: This is immediate from Definitions 2.20 and 2.21, because {u} a recurrent component in MD(G) is equivalent to u ∈ ℱ(u), where ℱ is either ℱz or ℱh. This in turn is equivalent to f−1(u) attracting, where f is either fz or fh.Theorem 3.12: There exists a fixed point
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, ℰz)) if and only if 𝒞̂ = {(ξ,D*)} ∈ MD((
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, ℰh)) is a fixed point. If there exists a fixed point
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 = {(ξ,D)} in any fiber, it is the unique fixed point in that fiber.Proof: Let ξ be the sole element of 
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, ℰz)) and let 
 and 
. Then ξ ∈ ℱz(ξ), and therefore κ̃ is an attracting domain. Therefore, for any face τ̃ of κ̃, ℓ̃(τ̃, κ̃) = 1. Then by Lemma 3.3, for each y-face τ of κ, ℓ(τ, κ) = 1. Furthermore, Lemma 3.6 implies that for each x-face τx of κ, ℓ(τx, κ) = 1. Thus κ is an attracting extended domain, so (ξ,D*) ∈ ℱh((ξ,D*)).Now conversely let 𝒞̂ ∈ MD((
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, ℰh)) have a single element (ξ,D). By Lemma 3.9, the *-element is the only element in the fiber that is attracting in the fiber. Therefore since 𝒞̂ ∈ MD((
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, ℰh)) has a single element (ξ,D), we have D = D*, giving uniqueness. Let 
 and 
. We have that κ is an attracting extended domain by Definition 2.21 and so ℓ(τ, κ) = 1 for every face τ of κ. In particular, this holds for each y-face of κ. Then by Lemma 3.3, for each face τ̃ of κ̃, ℓ̃(τ̃, κ̃) = 1, so κ̃ is an attracting domain. Thus ξ ∈ ℱz(ξ), so the result follows.Definition 3.13: Consider domain graphs (
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, ℰh). Recall that 
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 × {−1, 1}|X|. Let
 be a projection on the first component. Let 
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c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
 be collection of all directed edges on vertex set 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
. Π′ induces a projection between edges
 viaLet 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="10.818px" height="9.586px" viewBox="5.424 -1.39 10.818 9.586" enable-background="new 5.424 -1.39 10.818 9.586"
xml:space="preserve">
<path d="M16.242-0.661c0,0.524-0.312,1.131-0.935,1.82c-0.453,0.5-0.986,0.968-1.6,1.402c-0.515,0.359-1.043,0.666-1.586,0.92
c-0.496,1.048-0.93,1.832-1.303,2.35C9.692,7.408,8.381,8.197,6.89,8.197c-0.978,0-1.466-0.373-1.466-1.119
c0-0.227,0.076-0.428,0.227-0.604c0.151-0.178,0.338-0.266,0.56-0.266c0.288,0,0.432,0.137,0.432,0.41
c0,0.316-0.153,0.475-0.46,0.475c-0.123,0-0.245-0.057-0.368-0.17c-0.047,0.062-0.071,0.14-0.071,0.233
c0,0.255,0.156,0.456,0.468,0.602c0.245,0.118,0.51,0.178,0.793,0.178c1.151,0,2.197-0.836,3.137-2.507
c0.193-0.34,0.474-0.856,0.843-1.55c-0.331,0.066-0.626,0.099-0.886,0.099c-0.632,0-1.168-0.175-1.606-0.524
C8.013,3.075,7.775,2.577,7.775,1.959c0-0.878,0.433-1.641,1.296-2.287c0.723-0.543,1.563-0.897,2.521-1.062l0.042,0.234
c-0.92,0.255-1.689,0.649-2.308,1.182C8.579,0.673,8.207,1.419,8.207,2.263c0,0.486,0.21,0.859,0.63,1.119
c0.354,0.222,0.788,0.333,1.303,0.333c0.255,0,0.587-0.052,0.998-0.156c1.185-2.128,2.204-3.561,3.059-4.297
c0.486-0.416,0.937-0.623,1.353-0.623C16.011-1.362,16.242-1.128,16.242-0.661z M15.924-0.661c0-0.292-0.135-0.438-0.403-0.438
c-0.944,0-2.004,1.373-3.179,4.12c0.42-0.174,0.861-0.429,1.323-0.765c0.52-0.382,0.989-0.812,1.409-1.288
C15.641,0.326,15.924-0.217,15.924-0.661z"/>
</svg>
 (G) denote the collection of subgraphs of G. Then Π′ and Π″ induce a projection
 via
 for G = (X,E) a subgraph of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh).Consider 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)), a recurrent component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz). By Lemma 3.4, for each edge ξ → ξ′ in 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) contains the edge (ξ,D*) → (ξ′,D*). Furthermore, by Lemma 3.7, there exists a path from (ξ′,D*) to (ξ′,D′*) in (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh), contained in the fiber over ξ′. Denote the set of such paths from (ξ′,D*) to (ξ′,D′*) by 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.013px" height="9.764px" viewBox="5.226 -1.461 9.013 9.764" enable-background="new 5.226 -1.461 9.013 9.764"
xml:space="preserve">
<path d="M14.239,1.074c0,1.246-0.545,2.483-1.635,3.71c-0.911,1.02-2.014,1.857-3.307,2.513c0.831,0.25,1.468,0.376,1.912,0.376
c0.892,0,1.646-0.305,2.266-0.912c0.08-0.077,0.137-0.115,0.17-0.115c0.061,0,0.092,0.024,0.092,0.071
c0,0.148-0.173,0.355-0.518,0.622c-0.283,0.214-0.525,0.369-0.729,0.465c-0.586,0.262-1.152,0.393-1.699,0.393
c-0.614,0-1.353-0.144-2.217-0.432C7.698,8.123,7.048,8.303,6.628,8.303c-0.35,0-0.654-0.063-0.913-0.19
c-0.326-0.16-0.489-0.399-0.489-0.72c0-0.263,0.151-0.46,0.453-0.592C5.906,6.698,6.17,6.646,6.472,6.646
c0.656,0,1.468,0.189,2.436,0.566c1.086-0.462,2.11-1.411,3.073-2.846c0.42-0.623,0.781-1.291,1.083-2.004
c0.368-0.869,0.552-1.598,0.552-2.188c0-0.425-0.165-0.758-0.495-0.999c-0.298-0.212-0.668-0.319-1.111-0.319
c-0.836,0-1.681,0.321-2.535,0.963C8.7,0.402,8.098,1.091,7.668,1.888C7.371,2.45,7.223,2.967,7.223,3.439
c0,0.699,0.313,1.048,0.941,1.048c0.387,0,0.828-0.196,1.324-0.588c0.387-0.307,0.729-0.663,1.026-1.069
c0.618-0.831,0.928-1.685,0.928-2.563c0-0.146-0.01-0.288-0.028-0.425l0.262-0.071c0.057,0.434,0.085,0.772,0.085,1.012
c0,0.93-0.366,1.815-1.098,2.655c-0.76,0.873-1.598,1.31-2.513,1.31c-0.369,0-0.668-0.117-0.899-0.35
C7.02,4.164,6.905,3.864,6.905,3.495c0-1.114,0.563-2.218,1.691-3.313s2.252-1.643,3.37-1.643c0.731,0,1.301,0.243,1.706,0.729
C14.05-0.274,14.239,0.328,14.239,1.074z M8.164,7.626C7.32,7.241,6.649,7.05,6.154,7.05c-0.43,0-0.645,0.145-0.645,0.436
c0,0.173,0.135,0.307,0.403,0.4c0.194,0.065,0.399,0.098,0.616,0.098C7.001,7.984,7.546,7.865,8.164,7.626z"/>
</svg>
(ξ, ξ′), where an element of 
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.013px" height="9.764px" viewBox="5.226 -1.461 9.013 9.764" enable-background="new 5.226 -1.461 9.013 9.764"
xml:space="preserve">
<path d="M14.239,1.074c0,1.246-0.545,2.483-1.635,3.71c-0.911,1.02-2.014,1.857-3.307,2.513c0.831,0.25,1.468,0.376,1.912,0.376
c0.892,0,1.646-0.305,2.266-0.912c0.08-0.077,0.137-0.115,0.17-0.115c0.061,0,0.092,0.024,0.092,0.071
c0,0.148-0.173,0.355-0.518,0.622c-0.283,0.214-0.525,0.369-0.729,0.465c-0.586,0.262-1.152,0.393-1.699,0.393
c-0.614,0-1.353-0.144-2.217-0.432C7.698,8.123,7.048,8.303,6.628,8.303c-0.35,0-0.654-0.063-0.913-0.19
c-0.326-0.16-0.489-0.399-0.489-0.72c0-0.263,0.151-0.46,0.453-0.592C5.906,6.698,6.17,6.646,6.472,6.646
c0.656,0,1.468,0.189,2.436,0.566c1.086-0.462,2.11-1.411,3.073-2.846c0.42-0.623,0.781-1.291,1.083-2.004
c0.368-0.869,0.552-1.598,0.552-2.188c0-0.425-0.165-0.758-0.495-0.999c-0.298-0.212-0.668-0.319-1.111-0.319
c-0.836,0-1.681,0.321-2.535,0.963C8.7,0.402,8.098,1.091,7.668,1.888C7.371,2.45,7.223,2.967,7.223,3.439
c0,0.699,0.313,1.048,0.941,1.048c0.387,0,0.828-0.196,1.324-0.588c0.387-0.307,0.729-0.663,1.026-1.069
c0.618-0.831,0.928-1.685,0.928-2.563c0-0.146-0.01-0.288-0.028-0.425l0.262-0.071c0.057,0.434,0.085,0.772,0.085,1.012
c0,0.93-0.366,1.815-1.098,2.655c-0.76,0.873-1.598,1.31-2.513,1.31c-0.369,0-0.668-0.117-0.899-0.35
C7.02,4.164,6.905,3.864,6.905,3.495c0-1.114,0.563-2.218,1.691-3.313s2.252-1.643,3.37-1.643c0.731,0,1.301,0.243,1.706,0.729
C14.05-0.274,14.239,0.328,14.239,1.074z M8.164,7.626C7.32,7.241,6.649,7.05,6.154,7.05c-0.43,0-0.645,0.145-0.645,0.436
c0,0.173,0.135,0.307,0.403,0.4c0.194,0.065,0.399,0.098,0.616,0.098C7.001,7.984,7.546,7.865,8.164,7.626z"/>
</svg>
(ξ, ξ′) is given by: 
Definition 3.14: If 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 = (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, ℰ
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
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c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
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, ℰz), then the *-subgraph over
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C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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 is the subgraph 
 of (
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<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) defined byWe now prove our first main result. We will show that for the *-subgraphs 
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C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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* ⊂ (
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c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh), the projection Π(
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c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
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*) is contained in 
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c0.193-0.34,0.474-0.856,0.843-1.55c-0.331,0.066-0.626,0.099-0.886,0.099c-0.632,0-1.168-0.175-1.606-0.524
C8.013,3.075,7.775,2.577,7.775,1.959c0-0.878,0.433-1.641,1.296-2.287c0.723-0.543,1.563-0.897,2.521-1.062l0.042,0.234
c-0.92,0.255-1.689,0.649-2.308,1.182C8.579,0.673,8.207,1.419,8.207,2.263c0,0.486,0.21,0.859,0.63,1.119
c0.354,0.222,0.788,0.333,1.303,0.333c0.255,0,0.587-0.052,0.998-0.156c1.185-2.128,2.204-3.561,3.059-4.297
c0.486-0.416,0.937-0.623,1.353-0.623C16.011-1.362,16.242-1.128,16.242-0.661z M15.924-0.661c0-0.292-0.135-0.438-0.403-0.438
c-0.944,0-2.004,1.373-3.179,4.12c0.42-0.174,0.861-0.429,1.323-0.765c0.52-0.382,0.989-0.812,1.409-1.288
C15.641,0.326,15.924-0.217,15.924-0.661z"/>
</svg>
((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) and not just 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="10.818px" height="9.586px" viewBox="5.424 -1.39 10.818 9.586" enable-background="new 5.424 -1.39 10.818 9.586"
xml:space="preserve">
<path d="M16.242-0.661c0,0.524-0.312,1.131-0.935,1.82c-0.453,0.5-0.986,0.968-1.6,1.402c-0.515,0.359-1.043,0.666-1.586,0.92
c-0.496,1.048-0.93,1.832-1.303,2.35C9.692,7.408,8.381,8.197,6.89,8.197c-0.978,0-1.466-0.373-1.466-1.119
c0-0.227,0.076-0.428,0.227-0.604c0.151-0.178,0.338-0.266,0.56-0.266c0.288,0,0.432,0.137,0.432,0.41
c0,0.316-0.153,0.475-0.46,0.475c-0.123,0-0.245-0.057-0.368-0.17c-0.047,0.062-0.071,0.14-0.071,0.233
c0,0.255,0.156,0.456,0.468,0.602c0.245,0.118,0.51,0.178,0.793,0.178c1.151,0,2.197-0.836,3.137-2.507
c0.193-0.34,0.474-0.856,0.843-1.55c-0.331,0.066-0.626,0.099-0.886,0.099c-0.632,0-1.168-0.175-1.606-0.524
C8.013,3.075,7.775,2.577,7.775,1.959c0-0.878,0.433-1.641,1.296-2.287c0.723-0.543,1.563-0.897,2.521-1.062l0.042,0.234
c-0.92,0.255-1.689,0.649-2.308,1.182C8.579,0.673,8.207,1.419,8.207,2.263c0,0.486,0.21,0.859,0.63,1.119
c0.354,0.222,0.788,0.333,1.303,0.333c0.255,0,0.587-0.052,0.998-0.156c1.185-2.128,2.204-3.561,3.059-4.297
c0.486-0.416,0.937-0.623,1.353-0.623C16.011-1.362,16.242-1.128,16.242-0.661z M15.924-0.661c0-0.292-0.135-0.438-0.403-0.438
c-0.944,0-2.004,1.373-3.179,4.12c0.42-0.174,0.861-0.429,1.323-0.765c0.52-0.382,0.989-0.812,1.409-1.288
C15.641,0.326,15.924-0.217,15.924-0.661z"/>
</svg>
((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
,

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.481px" height="9.643px" viewBox="5.269 -1.447 12.481 9.643" enable-background="new 5.269 -1.447 12.481 9.643"
xml:space="preserve">
<path d="M14.288-0.3c-0.486,0.43-0.925,1.041-1.316,1.834c-0.303,0.698-0.604,1.397-0.906,2.096
c-0.553,1.255-1.232,2.282-2.039,3.08C9.021,7.7,7.933,8.197,6.762,8.197c-0.995,0-1.493-0.342-1.493-1.026
c0-0.227,0.074-0.429,0.223-0.605s0.334-0.266,0.556-0.266c0.293,0,0.439,0.135,0.439,0.403c0,0.321-0.156,0.481-0.468,0.481
c-0.118,0-0.238-0.059-0.36-0.177C5.611,7.069,5.587,7.147,5.587,7.24c0,0.236,0.14,0.418,0.418,0.546
c0.217,0.099,0.46,0.148,0.729,0.148c0.812,0,1.555-0.345,2.229-1.034c0.42-0.42,0.913-1.113,1.479-2.081
c0.539-0.949,1.079-1.897,1.622-2.847c0.693-1.118,1.385-1.944,2.074-2.478L14.288-0.3z M17.75-1.256
c-0.727,0.444-1.481,0.666-2.266,0.666c-0.344,0-0.859-0.073-1.547-0.22c-0.687-0.146-1.207-0.22-1.561-0.22h-0.064
c-0.448,0.005-0.93,0.102-1.443,0.291c-0.709,0.26-1.367,0.661-1.976,1.204C8.157,1.116,7.789,1.761,7.789,2.398
c0,0.189,0.068,0.347,0.205,0.475s0.3,0.191,0.488,0.191c0.666,0,1.334-0.432,2.004-1.296c0.637-0.816,0.961-1.569,0.97-2.259h0.22
c0,1.072-0.281,1.942-0.843,2.613c-0.26,0.312-0.608,0.585-1.048,0.821C9.319,3.198,8.894,3.325,8.511,3.325
c-0.273,0-0.506-0.088-0.697-0.266C7.622,2.883,7.528,2.657,7.528,2.384c0-0.732,0.405-1.444,1.217-2.139
c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
)). That is, the projection of each edge in 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is an edge in the set ℰz. Moreover, 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is a strongly connected subgraph that projects onto a Morse set of the switching domain graph.Theorem 3.15: Let

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 = (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, ℰ
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
) ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)). Then the *-subgraph

over

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>

is a strongly connected subgraph of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) such thatProof: By Definitions 3.13 and 3.14
 so that 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* projects onto 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
, Π(
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
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*) = 
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.It remains to be shown that 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is strongly connected. Let u, v ∈ 
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*. Because 
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 is a recurrent component, there exists a path in 
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 from Π′(u) to Π′(v). Let ξ1 := Π′(u) and ξm := Π′(v) and denote this path by ξ1 → ξ2 → ⋯ → ξm. Because this path is contained in 
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* contains the edge 
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*) from (ξp+1,
) to (ξp+1,
). By our assumptions, u is in the fiber over ξ1, so 
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* also contains a path from u to (ξ1,
), and likewise there exists a path from (ξm,
) to v. Concatenating these paths together, we see that 
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* contains a pathRemark 3.16: Note that Theorem 3.15 does not imply the stronger result that if there exists a recurrent component 
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 ∈ MD((
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, ℰz)), then there exists a recurrent component 𝒞̂ ∈ MD((
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, ℰh)) that projects onto 
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. The subgraph 
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c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
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c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
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c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) have *-subgraphs 
 that are subgraphs of a single strongly connected component.Theorem 3.17: Let
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c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
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, ℰz) and let

and

be the *-subgraphs over
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width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p and

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q, respectively. If there exists a path in (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) from an element of

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p to an element of

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q, then there exists a path in (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) from an element of

to an element of
.Proof: Let ξ1 ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p and ξm ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q and assume that (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) contains a path ξ1 → ξ2 → ⋯ → ξm. By Definition 3.14, 
 and 
 contain (ξ1,
) and (ξm, 
) as vertices, respectively. By Lemmas 3.4 and 3.7, (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) contains a path
 using a similar concatenation technique to that used in the proof of Theorem 3.15.Definition 3.18: We define the component map φ : MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) → MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh)) such that for each 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)), φ(
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
) is the Morse node of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) containing the *-subgraph 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* over 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
.Theorem 3.19: φ : MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) → MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh)) is an order-preserving map.Proof: First we show that φ is well-defined. Let 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 ∈ MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)). Then 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is a strongly connected component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh). Therefore, 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* is contained in a unique recurrent component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh).Now let 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p,

<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
q ∈ (MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)),≤) be such that q ≤ p. Then there exist elements ξ ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
p and ξ′ ∈ 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
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, ℰz) from ξ to ξ′ by Definition 2.22. If 
 and 
 are the *-subgraphs over these two components, then by Theorem 3.17, there exists a path from an element of 
 to an element of 
. Let 𝒞̂p and 𝒞̂q be the Morse nodes of (
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, ℰh) containing these *-subgraphs. Then this same path is from an element of 𝒞̂p to one of 𝒞̂q. Thus q ≤ p in (MD((
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, ℰh)),≤).Theorem 3.19 shows the existence of an order-preserving map φ : MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) → MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh)). A natural question is whether there is a stronger relationship between MD((
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, ℰh)). We show in the following section that φ is not in general either injective or surjective. In particular, we give an example where MD((
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) consists of a single element and MD((
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh)) contains more than one element; and we give another example where two elements of MD((
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) map to a single element of MD((
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width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
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, ℰh)).
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	4 Examples
	Definition 4.1: Let 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 be a recurrent component of either (
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width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) or (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh). Recall from Definition 3.10 that 
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<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
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 is a fixed point if and only if 
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<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
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 contains a single node. In this case we annotate 
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 by FP. Otherwise we say 
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 is a cycle and annotate it by C.Example 4.2: The first example will show that in general there is no surjection from MD((
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c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) onto MD((
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c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
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, ℰh)) and therefore no isomorphism between MD((
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, ℰz)) and MD((
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, ℰh)).Let RN = (V,E) where V = {β1, β2} and E = {β1 ⊣ β2, β2 → β1}, as shown in Figure 5a. The associated switching system is on the left below (on the right is the extended system associated to a canonical extension defined below).Note that there exist four domains in the phase space of the switching system, as seen in Figure 5b.We must make a choice of combinatorial parameter in order to construct the domain graph (
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, ℰz). By Defintion 2.24, a combinatorial parameter choice in this example is equivalent to a choice of order between each γ1θ2,1 and the values of Λ̃1, a choice of order between γ2θ1,2 and the values of Λ̃2, and a choice of order on the set of thresholds associated to each yi ∈ V. We will pick the combinatorial parameter (L,O) such that l1,2 < γ1θ2,1 < u1,2 and l2,1 < γ2θ1,2 < u2,1. This results in the domain graph (
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, ℰz) in Figure 5c. Clearly the entire domain graph comprises a recurrent component. The result is the Morse graph MG((
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, ℰz)) with a single component C, as shown in Figure 5d.Let EX = (V ∪ X, EX) where X = {α2,1, α1,2} and EX is the union of two chains C2,1 := {β1 → α2,1, α2,1 ⊣ β2} and C1,2 := {{β2 → α1,2, α1,2 → β1} as shown in Figure 6a. The canonical extension of the regulatory network, maintaining the combinatorial parameter for RN above, produces the domain graph seen in Figure 6b. It is relatively easy to see that the subgraphs induced by the two vertex setsare recurrent components, C0 and C1 respectively, and that these are the only recurrent components of the system. Moreover, there is a path from C1 to C0 in the domain graph, leading to the Morse graph shown in Figure 6c. We leave the reader to check that C0 is the *-subgraph over the single recurrent component C of (
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, ℰz). Since C1 cycles in the opposite direction through the same projected nodes, Π′(
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(C0)) = Π′(
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(C1)), we have that C1 ∈ 
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, ℰz)T), where (
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, ℰz)T is the transpose graph of (
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, ℰz) where all directed edges are reversed. Thus Π(C1) shares no edges with (
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, ℰz).Note that the dynamics observed in this example are consistent with results about cyclic feedback systems [34, 22, 19]. RN is a negative cyclic feedback system with two variables and EX is a negative cyclic feedback system with four variables.Example 4.3: Note that by Example 4.2, not every element of MD((
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C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
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, ℰh)) projects onto an element of MD((
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, ℰz)) via our projection map Π, as the edges in the non-attracting cycle in MD((
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, ℰh)) do not project onto the edges of the unique Morse node of MD((
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, ℰz)). However, the vertex set of the former does project onto that of the latter. The following example shows that there may be Morse sets of MD((
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, ℰh)) that do not even share nodes with a Morse set of MD((
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, ℰz)).Let RN = (V, E) where V = {β1, β2} and E = {β1 → β2, β2 → β1} as shown in Figure 7a. Since the only difference between this example and Example 4.2 is the sign of the feedback from β1 to β2, the domain structure of the phase space for RN is the same between these two examples. The direction of arrows in the domain graphs will be different between these examples. We pick the same combinatorial parameter (L, O) as in Example 4.2: l1,2 < γ1θ2,1 < u1,2 and l2,1 < γ2θ1,2 < u2,1. The results are the domain graph and Morse graph in Figures 7b and 7c.Let EX = (V ∪ X, EX) where X = {α2,1, α1,2} and EX is the union of two chains C2,1 := {β1 → α2,1, α2,1 → β2} and C1,2 := {β2 → α1,2, α1,2 → β1}, as shown in Figure 8a. Again, we maintain the combinatorial parameter for RN from above. The canonical extension gives rise to the domain graph in Figure 8b.Note that as predicted by Theorem 3.12, there exist exactly two one-element recurrent components, namely the subgraphs induced by {(ξ1, −1, −1)} and {(ξ4, 1, 1)}. However, there exists an additional recurrent component: the subgraph induced by the setNote there also exist paths, for instance, from (ξ1, −1, 1) to (ξ1, −1, −1) and from (ξ4, 1, −1) to (ξ4, 1, 1). The result is the Morse graph in Figure 8c. Note also that even the vertex set of the cycle does not project onto that of any recurrent component of (
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, ℰz).As in Example 4.2, the dynamics observed in this example are consistent with results about cyclic feedback systems [34, 22, 19]. RN is a positive cyclic feedback system with two variables and EX is a positive cyclic feedback system with four variables.Example 4.4: In this final example, we show that the map φ is not, in general, injective. Recall that φ maps a recurrent component 
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, ℰz) to the recurrent component of (
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, ℰh) containing the *-subgraph 
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* over 
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. In this example the *-subgraphs over the two distinct Morse nodes of (
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, ℰz) are contained in the same recurrent component of (
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, ℰh).Let RN = (V, E) where V = {β1, β2, β3} andFor any arbitrary regular parameter z ∈ Z, the switching system associated to RN is as followsThe phase space of the switching system is partitioned into sixteen domains, as shown in Figure 9b. For clarity, we divide the domains into two “layers.” On the left are the domains on which y3 < θ1,3, while on the right, y3 > θ1,3.We will assume that the logic function M1 associated to y1 is additive; that is, Λ̃1 = M1 ∘ σ̃1 = σ̃1,1 + σ̃1,2 + σ̃1,3. Furthermore, we will pick the combinatorial parameter that stipulates the following.This parameter choice gives rise to the domain graph in Figure 9c.It is relatively easy to find that the sets {ξ1, ξ2, ξ5, ξ6, ξ7, ξ8, ξ9, ξ13, ξ14, ξ15, ξ16} and {ξ3, ξ4, ξ11, ξ12} both induce subgraphs that are recurrent components of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz), C0 and C1 respectively. Furthermore, there exists a path from ξ3 to ξ7, resulting in the Morse graph in Figure 9d.Now let EX = (V ∪ X, EX) where X = {α1,1, α2,1, α3,1, α1,2, α1,3} and EX is the union of the five chains shown in Figure 9e. The extended system for h ∈ H isConsider now the *-subgraphs 
 and 
 in (
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, ℰh) over the two Morse nodes C1 and C0 in MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)), respectively, while maintaining our combinatorial parameter and assuming that all elements of the parameter sets a and b are strictly positive. Because both 
 and 
 project onto a recurrent component of (
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, ℰz), each is a strongly connected graph. However, as we now show, each fails to be a maximal strongly connected component of (
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, ℰh). We first note that Theorem 3.17 implies that there exists a path in (
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, ℰh) from 
 to 
. As we will show now, there is also a path from 
 to 
 which shows that both of them are parts of a single strongly connected component of (
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, ℰh).First note that (ξ5, 
) is a node in 
 and that (ξ3, 
) is a node in 
. We will show that there is a path
 in (
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, ℰh). The first edge follows from Lemma 3.4 and the final path from (ξ3, 
) to (ξ3, 
) follows from Lemma 3.7. We have no result in general for the second and third edges, but we justify these edges as follows.Let 
, and notice that these two domains are adjacent in phase space separated by a y-face τ where y1 = θ2,1 (see Figure 9b). Also from Figure 9b, we see that y1
< θ2,1 on κ and y1
> θ2,1 on κ′, so
 by the definition of left and right faces. Moreover, from the definition of the *-element 
 and the location of κ̃5 we see that on κ and κ′, x1,1
< ϑ1,1, x1,2
> ϑ1,2, and x1,3
< ϑ1,3. Then Λ1(κ) = Λ1(κ′) = l1,1 + u1,2 + u1,3
> γ1θ2,1. Hence
 and soThis satisfies the condition for an edge from fh(κ) to fh(κ′) in (
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, ℰh).We similarly show the existence of the edge 
 by first letting 
 as before, and 
. These two domains are adjacent in phase space separated by a face τ′ where y1 = θ1,1, andBecause no intermediaries cross their associated thresholds at τ′, we have
 implying
 which gives the edge fh(κ′) to fh(κ″) in (
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, ℰh), and completes the path.Let C* be the recurrent component of (
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, ℰh) which contains 
. Then
 so that φ is not injective.
	Definition 4.1: Let 
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 be a recurrent component of either (
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<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz) or (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh). Recall from Definition 3.10 that 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 is a fixed point if and only if 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 contains a single node. In this case we annotate 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 by FP. Otherwise we say 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
 is a cycle and annotate it by C.Example 4.2: The first example will show that in general there is no surjection from MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
, ℰz)) onto MD((
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
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, ℰh)) and therefore no isomorphism between MD((
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, ℰz)) and MD((
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, ℰh)).Let RN = (V,E) where V = {β1, β2} and E = {β1 ⊣ β2, β2 → β1}, as shown in Figure 5a. The associated switching system is on the left below (on the right is the extended system associated to a canonical extension defined below).Note that there exist four domains in the phase space of the switching system, as seen in Figure 5b.We must make a choice of combinatorial parameter in order to construct the domain graph (
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, ℰz). By Defintion 2.24, a combinatorial parameter choice in this example is equivalent to a choice of order between each γ1θ2,1 and the values of Λ̃1, a choice of order between γ2θ1,2 and the values of Λ̃2, and a choice of order on the set of thresholds associated to each yi ∈ V. We will pick the combinatorial parameter (L,O) such that l1,2 < γ1θ2,1 < u1,2 and l2,1 < γ2θ1,2 < u2,1. This results in the domain graph (
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, ℰz) in Figure 5c. Clearly the entire domain graph comprises a recurrent component. The result is the Morse graph MG((
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, ℰz)) with a single component C, as shown in Figure 5d.Let EX = (V ∪ X, EX) where X = {α2,1, α1,2} and EX is the union of two chains C2,1 := {β1 → α2,1, α2,1 ⊣ β2} and C1,2 := {{β2 → α1,2, α1,2 → β1} as shown in Figure 6a. The canonical extension of the regulatory network, maintaining the combinatorial parameter for RN above, produces the domain graph seen in Figure 6b. It is relatively easy to see that the subgraphs induced by the two vertex setsare recurrent components, C0 and C1 respectively, and that these are the only recurrent components of the system. Moreover, there is a path from C1 to C0 in the domain graph, leading to the Morse graph shown in Figure 6c. We leave the reader to check that C0 is the *-subgraph over the single recurrent component C of (
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, ℰz). Since C1 cycles in the opposite direction through the same projected nodes, Π′(
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(C0)) = Π′(
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(C1)), we have that C1 ∈ 
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, ℰz)T), where (
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, ℰz)T is the transpose graph of (
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, ℰz) where all directed edges are reversed. Thus Π(C1) shares no edges with (
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, ℰz).Note that the dynamics observed in this example are consistent with results about cyclic feedback systems [34, 22, 19]. RN is a negative cyclic feedback system with two variables and EX is a negative cyclic feedback system with four variables.Example 4.3: Note that by Example 4.2, not every element of MD((
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c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
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, ℰh)) projects onto an element of MD((
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, ℰz)) via our projection map Π, as the edges in the non-attracting cycle in MD((
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, ℰh)) do not project onto the edges of the unique Morse node of MD((
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, ℰz)). However, the vertex set of the former does project onto that of the latter. The following example shows that there may be Morse sets of MD((
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, ℰh)) that do not even share nodes with a Morse set of MD((
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, ℰz)).Let RN = (V, E) where V = {β1, β2} and E = {β1 → β2, β2 → β1} as shown in Figure 7a. Since the only difference between this example and Example 4.2 is the sign of the feedback from β1 to β2, the domain structure of the phase space for RN is the same between these two examples. The direction of arrows in the domain graphs will be different between these examples. We pick the same combinatorial parameter (L, O) as in Example 4.2: l1,2 < γ1θ2,1 < u1,2 and l2,1 < γ2θ1,2 < u2,1. The results are the domain graph and Morse graph in Figures 7b and 7c.Let EX = (V ∪ X, EX) where X = {α2,1, α1,2} and EX is the union of two chains C2,1 := {β1 → α2,1, α2,1 → β2} and C1,2 := {β2 → α1,2, α1,2 → β1}, as shown in Figure 8a. Again, we maintain the combinatorial parameter for RN from above. The canonical extension gives rise to the domain graph in Figure 8b.Note that as predicted by Theorem 3.12, there exist exactly two one-element recurrent components, namely the subgraphs induced by {(ξ1, −1, −1)} and {(ξ4, 1, 1)}. However, there exists an additional recurrent component: the subgraph induced by the setNote there also exist paths, for instance, from (ξ1, −1, 1) to (ξ1, −1, −1) and from (ξ4, 1, −1) to (ξ4, 1, 1). The result is the Morse graph in Figure 8c. Note also that even the vertex set of the cycle does not project onto that of any recurrent component of (
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, ℰz).As in Example 4.2, the dynamics observed in this example are consistent with results about cyclic feedback systems [34, 22, 19]. RN is a positive cyclic feedback system with two variables and EX is a positive cyclic feedback system with four variables.Example 4.4: In this final example, we show that the map φ is not, in general, injective. Recall that φ maps a recurrent component 
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 of (
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, ℰz) to the recurrent component of (
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, ℰh) containing the *-subgraph 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
* over 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="8.481px" height="9.509px" viewBox="7.358 -1.312 8.481 9.509" enable-background="new 7.358 -1.312 8.481 9.509"
xml:space="preserve">
<path d="M15.839-0.604c0,0.784-0.765,1.726-2.294,2.825c-0.798,0.576-1.749,1.05-2.854,1.423c-0.302,0.35-0.625,0.888-0.97,1.614
C9.344,6.046,9.156,6.634,9.156,7.021c0,0.609,0.313,0.914,0.941,0.914c0.746,0,1.442-0.425,2.089-1.274
c0.396-0.524,0.595-1.013,0.595-1.466c0-0.387-0.203-0.581-0.608-0.581c-0.463,0-0.893,0.352-1.289,1.055
c-0.27,0.472-0.488,1.024-0.658,1.656L9.99,7.312c0.118-0.656,0.35-1.27,0.694-1.841c0.443-0.746,0.939-1.119,1.487-1.119
c0.32,0,0.573,0.116,0.757,0.347c0.17,0.212,0.255,0.484,0.255,0.814c0,0.656-0.337,1.272-1.012,1.848
c-0.652,0.558-1.311,0.836-1.976,0.836c-1.034,0-1.551-0.604-1.551-1.813c0-0.646,0.241-1.458,0.722-2.436
C8.774,3.911,8.299,3.743,7.945,3.446c-0.392-0.33-0.587-0.781-0.587-1.352c0-0.788,0.443-1.527,1.33-2.216
c0.728-0.562,1.534-0.958,2.422-1.189l0.057,0.213C10.307-0.807,9.569-0.38,8.95,0.182c-0.756,0.68-1.133,1.414-1.133,2.202
c0,0.363,0.15,0.665,0.453,0.906c0.278,0.227,0.606,0.34,0.983,0.34c0.109,0,0.225-0.01,0.348-0.028c1.18-1.827,2.379-3.16,3.597-4
c0.798-0.552,1.458-0.829,1.982-0.829C15.619-1.227,15.839-1.019,15.839-0.604z M15.521-0.689c0-0.212-0.113-0.318-0.34-0.318
c-0.991,0-2.427,1.421-4.305,4.262c1.185-0.359,2.407-1.147,3.667-2.365C15.195,0.262,15.521-0.264,15.521-0.689z"/>
</svg>
. In this example the *-subgraphs over the two distinct Morse nodes of (
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, ℰz) are contained in the same recurrent component of (
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, ℰh).Let RN = (V, E) where V = {β1, β2, β3} andFor any arbitrary regular parameter z ∈ Z, the switching system associated to RN is as followsThe phase space of the switching system is partitioned into sixteen domains, as shown in Figure 9b. For clarity, we divide the domains into two “layers.” On the left are the domains on which y3 < θ1,3, while on the right, y3 > θ1,3.We will assume that the logic function M1 associated to y1 is additive; that is, Λ̃1 = M1 ∘ σ̃1 = σ̃1,1 + σ̃1,2 + σ̃1,3. Furthermore, we will pick the combinatorial parameter that stipulates the following.This parameter choice gives rise to the domain graph in Figure 9c.It is relatively easy to find that the sets {ξ1, ξ2, ξ5, ξ6, ξ7, ξ8, ξ9, ξ13, ξ14, ξ15, ξ16} and {ξ3, ξ4, ξ11, ξ12} both induce subgraphs that are recurrent components of (
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, ℰz), C0 and C1 respectively. Furthermore, there exists a path from ξ3 to ξ7, resulting in the Morse graph in Figure 9d.Now let EX = (V ∪ X, EX) where X = {α1,1, α2,1, α3,1, α1,2, α1,3} and EX is the union of the five chains shown in Figure 9e. The extended system for h ∈ H isConsider now the *-subgraphs 
 and 
 in (
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, ℰh) over the two Morse nodes C1 and C0 in MD((
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, ℰz)), respectively, while maintaining our combinatorial parameter and assuming that all elements of the parameter sets a and b are strictly positive. Because both 
 and 
 project onto a recurrent component of (
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, ℰz), each is a strongly connected graph. However, as we now show, each fails to be a maximal strongly connected component of (
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, ℰh). We first note that Theorem 3.17 implies that there exists a path in (
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, ℰh) from 
 to 
. As we will show now, there is also a path from 
 to 
 which shows that both of them are parts of a single strongly connected component of (
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, ℰh).First note that (ξ5, 
) is a node in 
 and that (ξ3, 
) is a node in 
. We will show that there is a path
 in (
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, ℰh). The first edge follows from Lemma 3.4 and the final path from (ξ3, 
) to (ξ3, 
) follows from Lemma 3.7. We have no result in general for the second and third edges, but we justify these edges as follows.Let 
, and notice that these two domains are adjacent in phase space separated by a y-face τ where y1 = θ2,1 (see Figure 9b). Also from Figure 9b, we see that y1
< θ2,1 on κ and y1
> θ2,1 on κ′, so
 by the definition of left and right faces. Moreover, from the definition of the *-element 
 and the location of κ̃5 we see that on κ and κ′, x1,1
< ϑ1,1, x1,2
> ϑ1,2, and x1,3
< ϑ1,3. Then Λ1(κ) = Λ1(κ′) = l1,1 + u1,2 + u1,3
> γ1θ2,1. Hence
 and soThis satisfies the condition for an edge from fh(κ) to fh(κ′) in (
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, ℰh).We similarly show the existence of the edge 
 by first letting 
 as before, and 
. These two domains are adjacent in phase space separated by a face τ′ where y1 = θ1,1, andBecause no intermediaries cross their associated thresholds at τ′, we have
 implying
 which gives the edge fh(κ′) to fh(κ″) in (
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, ℰh), and completes the path.Let C* be the recurrent component of (
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="9.553px" height="10.03px" viewBox="0 0 9.553 10.03" enable-background="new 0 0 9.553 10.03" xml:space="preserve">
<path d="M2.787,0.042C3.404,0.07,4.034,0.266,4.468,0.701c0.182,0.182,0.308,0.42,0.406,0.644c0.154,0.351,0.252,0.714,0.35,1.079
c0.21-0.434,0.476-0.854,0.813-1.19C6.569,0.701,7.172,0.28,7.858,0c0.168,0.322,0.308,0.659,0.477,0.967
c0.042,0.098,0.098,0.182,0.168,0.266c0.126,0.112,0.28,0.182,0.448,0.182c0.154,0,0.406-0.126,0.602-0.224v0.266L8.124,2.27
c-0.28-0.126-0.518-0.308-0.742-0.519c-0.21-0.21-0.504-0.504-0.574-0.7c-0.21,0.14-0.393,0.322-0.546,0.518
C6.023,1.891,5.827,2.255,5.673,2.647C5.435,3.236,5.294,3.866,5.294,4.511c0.827,0,1.639,0,2.465,0L7.242,5.099
c-0.645-0.084-1.303-0.126-1.947-0.14c0,0.574,0.028,1.176,0.154,1.639C5.603,7.256,5.855,7.9,6.345,8.391
c0.336,0.336,0.784,0.519,1.261,0.519c0.546,0,1.037-0.294,1.485-0.603v0.308L7.536,9.875c-0.224,0.07-0.518,0.154-0.672,0.154
c-0.476,0-0.938-0.196-1.274-0.533c-0.532-0.532-0.813-1.26-0.967-2.003L4.034,8.083C3.572,8.545,3.082,8.993,2.535,9.357
C2.283,9.525,2.031,9.679,1.75,9.806c-0.168,0.07-0.364,0.154-0.56,0.154c-0.504,0-0.924-0.336-1.19-0.756l0.826-0.966
c0.21,0.434,0.616,0.742,1.106,0.742c0.533,0,0.981-0.308,1.345-0.672C3.852,7.732,4.09,6.934,4.258,6.149
c0.056-0.28,0.07-0.742,0.07-1.19c-0.827,0-1.639,0.028-2.465,0.14l0.518-0.588h1.947c0-0.504,0-0.995-0.07-1.499
c-0.07-0.476-0.182-0.98-0.533-1.331C3.488,1.429,3.18,1.233,2.829,1.233c-0.448,0-0.868,0.196-1.19,0.518
C1.4,1.989,1.121,2.27,0.966,2.494L0.714,2.27L2.787,0.042z"/>
</svg>
, ℰh) which contains 
. Then
 so that φ is not injective.
	Definition 4.1
	Example 4.2
	Example 4.3
	Example 4.4



	5 Discussion
	References
	Appendix A Nullclines
	Appendix B Proof of Lemma 3.7
	Algorithm 1
	Figure 1
	Figure 2
	Figure 3
	Figure 4
	Figure 5
	Figure 6
	Figure 7
	Figure 8
	Figure 9

