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Abstract

Discovering causal structure of a dynamical system from observed time series is a traditional and
important problem. In many practical applications, observed data are obtained by applying
subsampling or temporally aggregation to the original causal processes, making it difficult to
discover the underlying causal relations. Subsampling refers to the procedure that for every &
consecutive observations, one is kept, the rest being skipped, and recently some advances have
been made in causal discovery from such data. With temporal aggregation, the local averages or
sums of k consecutive, non-overlapping observations in the causal process are computed as new
observations, and causal discovery from such data is even harder. In this paper, we investigate how
to recover causal relations at the original causal frequency from temporally aggregated data when
kis known. Assuming the time series at the causal frequency follows a vector autoregressive
(VAR) model, we show that the causal structure at the causal frequency is identifiable from
aggregated time series if the noise terms are independent and non-Gaussian and some other
technical conditions hold. We then present an estimation method based on non-Gaussian state-
space modeling and evaluate its performance on both synthetic and real data.

1 INTRODUCTION

Causal modeling (Spirtes et al., 2001; Pearl, 2000) of time series data has been widely
applied in many fields such as econometrics (Ghysels et al., 2016), neuroscience (Zhou et
al., 2014), and climate science (Van Nes et al., 2015). Classical causal discovery approaches,
e.g., Granger causality test (Granger, 1969), usually assume that the data measurement
frequency matches the true causal frequency of the underlying physical process. However,
since the true causal frequency is usually unknown, the time series data are often measured
at the frequency lower than the causal frequency. For example, some econometric indicators
such as GDP and non-farm payroll are usually recorded at quarterly and monthly scales.
Causal interactions between the processes, however, may take place at the weekly or
fortnightly scales (Ghysels et al., 2016). In neuroscience, imaging technologies have
relatively low temporal resolutions, while many high frequency neuronal interactions are
important for understanding neuronal dynamics (Zhou et al., 2014). In these situations, the
available observations have a lower resolution than the underlying causal process.
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There are two typical schemes to generate low-resolution or low-frequency data from high-
frequency ones (Silvestrini & Veredas, 2008; Marcellino, 1999). One is by subsampling: for
every k consecutive observations, one is kept, the rest being skipped. The other is temporally
aggregation, i.e., taking the local averages or sums of & consecutive, non-overlapping
observations from the underlying causal process as new observations. For instance, the time
series of interest, money supply, and temperature are usually obtained by subsampling; in
contrast, the U.S. nominal GDP was obtained by aggregation — it refers to a total number of
dollars spent over a time period.

Numerous contributions have been made on analyzing the effects of the above two schemes
to generate low-resolution data on the properties of the time series such as estimated causal
relations and exogeneity (Tiao, 1972; Weiss, 1984; Granger, 1987; Marcellino, 1999;
Rajaguru & Abeysinghe, 2008). These studies found that temporal aggregation can lead to
errors in the estimated causal relations if not properly addressed. For example, Breitung &
Swanson (2002) examined the impact of temporal aggregation on Granger causality in
vector autoregressive (VAR) models and found that the results of Granger causal analysis
heavily depend on temporal aggregation.

Recovering the high frequency causal relations from temporally aggregated data is a very
hard problem due to information loss in the aggregation process. A classical way to discover
high frequency causal relations from temporally aggregated data is to first disaggregate the
low frequency time series to high frequency ones and then apply standard causal discovery
methods on the disaggregated data. Temporal disaggregation of low resolution time series
has been extensively studied in the econometric and statistical literature (Boot et al., 1967;
Stram & Wei, 1986; Harvey & Chung, 2000; Moauro & Savio, 2005; Proietti, 2006), which
is clearly an even harder problem than discovering causal relations.

Recently, a set of methods have been proposed to estimate the causal structure at the causal
frequency from subsampled data without resorting to disaggregation techniques (Hyttinen et
al., 2016; Gong et al., 2015; Plis et al., 2015a; Danks & Plis, 2013). Plis et al. (2015a, b) first
inferred the causal structure from the subsampled data, and then searched for the causal
structure at the causal frequency from the causal structure inferred in the first step. Based on
this framework, Hyttinen et al. (2016) proposed a much faster inference method using a
general purpose Boolean constraint solver. Gong et al. (2015) proposed a model-based
approach and examined the identifiability of the underlying vector autoregressive model
(VAR) at the causal frequency from subsampled time series. They showed that the causal
transition matrix is identifiable if the noise process is non-Gaussian. This work was recently
extended to mixed frequency data by structural VAR modeling (Tank et al., 2017). However,
how to estimate causal relations from aggregated data still remains unknown.

Compared to subsampling, femporal aggregation is perhaps more widely used to produce
low-resolution time series, especially in economics and finance. However, the effect of
temporal aggregation is more complex, and accordingly it is technically more difficult to
recover the underlying causal relations from such data. Specifically, because the noise terms
are generated by a larger number of independent components and thus the mixing matrix
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contains a more complicated structure, the estimation is both statistically and
computationally harder.

The objective of this paper is to seek a possible solution to this problem, by studying the
theoretical identifiability of the underlying causal relations and developing a practical causal
discovery algorithm. Following (Gong et al., 2015), we assume that the high-frequency data
follow a VAR model, the error terms are non-Gaussian, and there are no confounders
(Geiger et al., 2015). We show that the original causal relation can be estimated from the
aggregated data with known &, under a set of technical conditions.

Moreover, we propose an estimation method based on non-Gaussian state-space modeling of
the aggregated data. Since the exact inference in the non-Gaussian state-space model is
intractable, we estimate the model parameters using the particle stochastic approximation
EM (PSAEM) algorithm (Lindsten, 2013; Svensson et al., 2014), which combines the
efficient conditional particle filter with ancestor sampling (CPF-AS) (Lindsten et al., 2014)
with the stochastic approximation EM (SAEM) algorithm (Delyon et al., 1999).
Interestingly, in the extreme case where the aggregation factor A becomes larger and larger,
we show that the observed time series will become independent and identically distributed
(7.1.d), and we study to what extent the underlying time-delayed causal relations can be
recovered from the instantaneous dependence in the observed data.

2 EFFECT OF TEMPORAL AGGREGATION

In the linear case, Granger causal analysis Granger (1969) can be done by fitting the
following first-order VAR model (Sims, 1980):

x,=Ax,_,+e, (1)

where X;= (X;1, Xz2, ---, X¢)' IS the vector of the observed data, e;= (&1, ..., €)" is the
temporally and contemporaneously independent noise process, and A is the causal transition
matrix containing temporal causal relations.

2.1 WITH A FINITE k

Gong et al. (2015) studied causal discovery from subsampled data. With subsampling, the

) A S S

s oa o
observations X, £ Xl,xz,...,xT)—(xl,x1+k,...,xl+(T_l)k) follow

if=AX1+(t—1)k—1 e o =AY Lot kD T e — 1k =

k=1
_ Aks )
=AX,_ + IZOAe1+(t—1)k—l’
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which turns out to be a VAR model with temporally independent and contemporaneously
dependent noise process. They demonstrated that it is possible to identify the high-resolution

causal relation A from the low-resolution observations x x1 T if the noise terms are non-

Gaussian.

In this paper, we are concerned with the temporally aggregated data X;. 7= (%1, %o, ..., X7),
which are obtained by taking the average (or sum) of every non-overlapping & points, i.e.,

_ Ik
X, =T Zi= 1% 1 (- ni Where

k-1

k !
xi+(t—2)k+ZZOAei+(t—1)k—l'

X -1k =A

Taking the average of the above equation over /=1, 2, ..., &, we have

k~

X, =1 Z ,+(z—2)k+k2 z—1+

i=1

k—1 —l
+ 2 (D ANy m+l)’

m=1n=m

ZAet+(t—1)k

[=0

z Z An)etk m

m=0 n=0

©)

which is a vector autoregressive-moving-average (VARMA) model with one autoregressive
term and two moving-average terms:

~ Ak = i ky
X, =AX,_ +e,=A%,_ , +Mg, +Mpg,_,, 4)

wheree, = - My =[LI+A, ... X1 A", and

.
wlem -1k + 11
=[3F 2 A" . .A* 7 01. Here, I represents the /7x nidentity matrix, and O represents

the nx nzero matrix. We call (A, e, k) the representation of the &th order aggregated time
series R. Clearly A cannot be recovered by simply fitting a VAR model on X, as done by
Granger causal analysis. Even if we using VARMA modeling, we are only guaranteed to
identify AXinstead of the original A. In Section 3, we will show under what conditions can
we identify the causal relation A at the causal frequency from the aggregated time series

X7

2.2 WHEN k — oo

Interestingly, causal discovery from aggregated data with a large aggregation factor k< seems
to have a wide range of applications. For instance, in the stock market, the causal influences
between stocks take place very quickly (as indicated by the efficient market hypothesis), but
we usually work with low-frequency data such as daily returns. The daily return is the sum
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of high-frequency returns within the same day. Discovering the causal interactions between
stocks from their daily returns then become a problem of causal discovery from aggregated
data with a large 4.

When the aggregation factor & is very large, €, becomes a mixture of numerous independent
components. Fortunately, we can use a simple model to approximate the generating process
of the aggregated data. From (1), we have

k k k
.zlxi+(t—1)k+1=A_lei+(t—1)k+_Zlei+(t—1)k+1’
1= 1= 1=

that is,

~ 1

k
1 1
X = 2 i (= Dk +1 =AE_lei+(z—l)k+l_E(Xl+tk_xl+(z—l)k) +
l 1=

I =

1

L&
E_Zlei+(t—1)k+1-
1=

- L 1 «k ~
Denote by é;the error term above, i.e., €, = TXi= 1%y =D+ 1 Note that & has

contemporaneous independent components. Since

1
¥ k¥ 4 - ) 0 ask— oo,

we have

as k— oo, This is a linear instantaneous causal model for the components of X;because the
components of the total error term, &, are still contemporaneously independent. When the
error terms are non-Gaussian, it has the same form as the Linear, Non-Gaussian Model
(LiING) (Lacerda et al., 2008); when the causal relations are further assumed to be acyclic, it
follows the form of the Linear, Non-Gaussian Acyclic Model (LINGAM) (Shimizu et al.,
2006). The difference is that in LiNG or LINGAM, the self-loop influences, A;; are assumed
to be zero. We will also investigate the identifiably of A in this case in Section 3.

3 IDENTIFIABILITY OF CAUSAL RELATIONS IN A

We investigate the identifiability of the high-resolution causal transition matrix A from the
aggregated time time series X1. 7. In other words, suppose X also admits another
representation (A, €', k), we aim to see whether it is always the case that A = A" as the
sample size 7— oo, If the noise terms follow the Gaussian distribution, A is usually not
identifiable (Palm & Nijman, 1984). Recently, it has been shown that A is identifiable from
subsampled time series if the noise terms are non-Gaussian (Gong et al., 2015). However,

Uncertain Artif Intell. Author manuscript; available in PMC 2018 June 11.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Gong et al. Page 6

this does not give rise to the identifiability of A from aggregated time series — the latter is
much more difficult to see as the aggregated model described in (3) has a more complicated
structure. Here, we show that, in the exact model (3), A is identifiable from the aggregated
data under appropriate conditions; furthermore, as k— ©o, the approximate model (5)
holds, and A is partially identifiable from the aggregated data, but the identification
procedure is computationally much more efficient.

First, we will show that AX can be identified by fitting the VARMA model (4). We make the
following assumption.
Al  Atleast one of the z-step (z = 2) delayed cross covariance matrices of X,
EIX, _,X]__1 isinvertible.
Since &;is both temporally and contemporaneously independent, e;and &1 are independent

of X, which implies that

3T j-o.

[E[ex ]—O[E[s 1%z

Multiplying both sides of (4) from the right side by %’tT_ . and taking the expectation, we

have

EIXX_1=AEX, _ X 1+ME[eX_1+MEle,_ X _1=AEX,_X_1. (6

t

Under the assumption Aj, we can first see that AXis identifiable:
k ~ T ~ T 1
A" =FIxx,_I-Elx,_x,_.1 . (7)

3.1 IDENTIFIABILITY WITH FINITE k

Substituting the above equation into (3), one can then find €, which is defined to be linear
mixtures of (2k - 1) noise terms, i.e., €z, €41, --., and e(42)4+2. In the following, we will
concentrate on the identifiablity of A frome.

Let

k—1 k-1
H2[LI+A,. ZAZZ o ALAYTTL (9

The error terms in (3) correspond to the following mixing procedure of random vectors:

—
€

= He, where (9)
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.....

.

— - T
e(12k 2)7.“’65121( 2)).

Here, ¢ = (e(ll), eﬁll))T together with the time index #represent ez, The components of &

are independent, and for each / ¢{”, /=0, ..., 2k - 2, have the same distribution p,; Under

the condition that p,; is non-Gaussian for each / H can be estimated up to the permutation
and scaling indeterminacies (including the sign indeterminacy) of the columns, as given in
the following proposition.

Proposition 1—Suppose that all p,;are non-Gaussian. Given kand X;. 7 generated
according to (3), H can be determined up to permutation and scaling of columns.

For the proof of Proposition 1, please refer to (Gong et al., 2015).

We make the following assumptions on the underlying dynamic process (1) and the
distributions pg; and then we have the identifiability result for the causal transition matrix A.

A2  The system is stable, in that all eigenvalues of A have modulus smaller than one.

A3 The distributions pg;are different for different /after re-scaling by any non-zero
scale factor, their characteristic functions are all analytic (or they are all non-
vanishing), and none of them has an exponent factor with a polynomial of
degree at least 2.

The following identifiability result on A states that in various situations, A for the original
high frequency data is fully identifiable.

Theorem 1—Suppose all of ¢;-are non-Gaussian, and that the data X;are generated by (3)
and that it also admits another Ath order aggregation representation (A”, e”, A). Let
assumptions Al and A2 hold. When the number of observed data points 7— oo, the
following statements are true.

i. A’ can be represented as A" — 1 = (A - 1)D, where D is a diagonal matrix with 1
or —1 on its diagonal. If we constrain all the self influences, represented by
diagonal entries of A and A’, to be no greater than 1, then A" = A,

ii. If each p,;is asymmetric, we have A" =A

A complete proof of Theorem 1 can be found in Section 6.

3.2 IDENTIFIABILITY AS k — oo

We have shown that A is identifiable from aggregated data (3) when ks finite. However,
when kbecomes larger, estimating A will encounter more difficulty because more
independent components in (9) are involved. When &= 0o, it is not necessary for Proposition
1, as well as Theorem 1, to hold, because € in (9) is the mixture of an infinite number of
independent components.
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Interestingly, as k— oo, X;follows an instantaneous causal model in the i.i.d. case, as
shown in (5). We will then answer the following two questions. In this case, can we still
estimate A from aggregated data? If we can, is there an efficient procedure to do so?

Equation (5) implies (1 - A)X;= &; That is, applying the linear transformation (I — A) on X;
produces independent components, as components of &, This can be achieved by the
independent component analysis (ICA) procedure (Hyvérinen et al., 2001), and (I — A) can
be estimated up to row scaling and permutation indeterminacies. We then have the following
observations.

First, the diagonal entries of A, Aj; which represent the self influences or “self-loops™ of the
time-delayed causal relations, cannot be determined (Lacerda et al., 2008). (Here we have
assumed A;;# 1.) This is because the scale of each row of (I — A) is unknown, and so is (1 -
Ajd.

Let Da be the diagonal matrix with Ay, Az, ..., Apy0n its diagonal. Equation (5) is
equivalent to

I-DyX, = (A-DyX, +&=%=0-Dy 'A-Dy% +A-Dy~'5. (10)
Nogelfloop

£A

Secondly, suppose there is no feedback loop between the processes after removing the self-
loops, meaning that (A — Dp) can be permuted to a strictly lower-triangular matrix by equal
row and column permutations. According to the LINGAM model, which assumes these is no
self-loop, (I - DA)™1(A - Dp) in (10) can be uniquely estimated (Shimizu et al., 2006). In
other words, if one applies LINGAM analysis on X; the estimated causal coefficients from th
#h variable to the jh variable is actually (1 - Aj/)‘lAj,-. From this we can see whether Aj;is
zero or not; furthermore, if the self-loops Aj;are given by prior knowledge, then A is fully
identifiable.

Thirdly, suppose there exist feedback loops between the processes after removing the self-
loops. In this case, (A — Dp) cannot be permuted to a strictly lower-triangular matrix by
equal row and column permutations. The identifiability of A in (5) has been studied by
Lacerda et al. (2008): suppose the feedback loops are disjoint, although in theory there are
multiple solutions to AN0Se/fLoop, the most stable solution (the product of the coefficients in
AN0SeIfLoop glong each loop is minimized) is unique.

4 ESTIMATING THE CAUSAL RELATIONS FROM AGGREGATED DATA

In this section, we present the algorithm to estimate A from aggregated data with finite 4.
Clearly, the larger &, the more difficult it is to estimate A from aggregated data. Therefore,
when kis relatively large (say, larger than 6), we advocate the methods given in Section 3.2
to partially estimate A.
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Since the identifiability of A from aggregated data relies on the non-Gaussianity of the error
terms, we use Gaussian mixtures to represent their distributions. It is natural to do parameter
estimation with the Expectation-Maximization algorithm, which, unfortunately, involves a
large number of Gaussian components. To avoid this issue, we propose to use the Stochastic
Approximation EM (SAEM) algorithm, as a variant of EM, and further resort to conditional
particle filtering with ancestor sampling (CPF-AS) to achieve computational efficiency.

4.1 STATE-SPACE MODELING

We can consider (3) as a special state-space model:

~ ke~ ~ b~ 1 i k=1,
X, =A%, _ +He, =A% _ +|1 Y _ AT DT AT )

0
~(1)
k=1, k-1 I Ak=1]| €
DAL YDA A -
EEZk—Z)
where
~(0) ~(0) €
€ €r-1
e
< <D th=1
t =F t—1 + :
: : e
t—Dk+1
$2k=2) F(k=2) =1
: ‘- Ok —myx 1
0,0k x (nk — n) 0,0k x (nk)

F= ,
Lok = ) x (nk = ny Ok = ) x (nk)

Eﬁl) = e, _,, and the noise terms ey, €x-1, ..., €(~1)4+1 Share the same distribution for the

same channel and are mutually independent. Since the non-Gaussianity is essential to the
identifiability of A, we use a Gaussian mixture model to represent each channel of noise

N (el

C

: _xm 2 . m _ P
terme, i.e., pei =X._ i i,c,al.’c), where w; =0, and Yo 17 =1 for/=1, ...,

n. Correspondingly, each channel of & is also represented by a Gaussian mixture model.

We aim to estimate the parameters A and the noise terms (if necessary) in the above state-
space model. We introduce the additional latent variable Z;= (21, ..., Zt0), in which 2 €
{1, ..., m}, to model the distribution of noise terms &by Gaussian mixture models. The
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joint distribution of the state-space model (11) over both observed and unobserved variables
is given by

T
P&, € .02y p) = p(Z)p(€,1Z)p(X,I€)) H p(z)p(ele, _ |, Z)p(X|X, _,¢e). (12)
t=2

The distributions in (12) are specified as follows:

nk

nk
p@) =[] rGz, = Hl%j,;l ;s
b

j=1
P&, _ . 7) = NEIFE,_ +fi, Y ), (13b)

pEIE.X, )= NEXIAR, | +HE,A). (13c)

Since there are no additional additive noise terms in the model, we fix A to a small value in
our estimation algorithm for regularization. |1;is the conditional mean of &, i.e., |i;=
[;71' 2t ﬁnk Ztnke le,,(k_l)]T. f[is a diagonal matrix containing the conditional variance

parameters of &; i.e., ¥, = diag([57 > B > 0y k- 1yD- According to the
| > “t,nk

structyre of &, the rlarameters 7 24 j K 21 and o; z;jare controlled by the parameters of e,
i.e., ﬂ:/'./-n/,c: ’ti{o ﬂ/'+,7//c: ,u,',c, and 0'/'+/7/,C: U'i/o, fOl' i: 1, aiay I7, /: 0, aaay k_ 1, and c= 1,
ey M.

4.2 STOCHASTIC APPROXIMATION EM

The expectation-maximization (EM) algorithm is usually adopted to find the maximum
likelihood estimation of the parameters in a probabilistic model with unobserved variables.
We can estimate the parameters 8= (A, W; ., lj¢ ;o) in (12) using the EM algorithm that
iteratively maximizes the lower bound of the marginal log-likelihood pg(R;:7) = log Zy;. TI
PAR1: 75 €1:75 Z1:7) 0. 1~ In the E-step, at the A-th iteration, given the parameters -1
estimated from the (k — 1)-th iteration, the EM algorithm firstly computes the posterior
distribution pg,._; (21: 7 &1: 71%1: 7) and then computes the lower bound 2(6, O4-1) = Z;. TJ"
Poy-1 (Z1: 7 €1:71%1: 7) 109 pefX1: 75 &1: 7 Z1:7) O 7~ In the M-step, the parameters are updated
as G, = arg maxg 2(6, Gy-1).

However, we note that the number of Gaussian mixtures in the posterior distribution grows
exponentially with the dimension of the time series, 7, the number of aggregation factor, &;
and the duration of time series 7. Therefore, computing the exact posterior pg,._; (217 &1: 7
K1:7) and 2(6, G4-1) is intractable in this situation. A possible solution is to adopt the monte

Uncertain Artif Intell. Author manuscript; available in PMC 2018 June 11.
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carlo EM (MCEM) algorithm (Wei & Tanner, 1990), which approximately calculates 2(6,
6Ok-1) using samples drawn from the posterior distribution pg,._; (Z1:7: &;:71%1. 7). However,
MCEM makes inefficient use of generated samples, as it discards samples generated in the
previous EM iterations. Therefore, a large number of sample points are required for each
iteration, which is computationally expensive when the sampling method is complex.

To reduce the number of simulated sample points, we propose to use the stochastic
approximation EM (SAEM) algorithm (Delyon et al., 1999), which only requires of a single
realization of the unobserved variables at each iteration. At the A-th iteration, the E-step and
M-step are replaced by the following:

E-step: Generate a single sample point Z;. 7{A] from the posterior pg,. ; (Z1: 71%1: 7),
and compute

B0 = =108 @ +7 [ py @705 Q0

log py(Xy.7. €. 21:T[k])d€1,T

M-step: Update parameters by 6= arg maxg é@k(e).
In (14), {yk}]‘f_ . is a sequence of decreasing step sizes satisfying Y7°_ |7, = o and

pIpal 1}//% < o0. Here we use Rao-Blackwellization (Svensson et al., 2014) to avoid sampling

&,. rbecause it is analytically integrable. It has been shown in (Delyon et al., 1999) that the
resulting sequence {6} =1 Will converge to a stationary point of pg(X1:7) under weak
assumptions.

4.3 CONDITIONAL PARTICLE FILTER WITH ANCESTOR SAMPLING

In our model, sampling from the posterior pg,._; (Z1:71X1: 7) is usually performed using
forward filter/backward simulator particle smoother, which typically requires a large number
of particles to generate a smooth backward trajectory 2y 7[A]. To reduce the number of
required particles, we use the Markovian version of SAEM (Kuhn & Lavielle, 2004), which
samples from a Markov kernel @ g,_,, leaving the posterior distribution invariant.
Specifically, let ;. 7/ & — 1] be the previous draw from the Markov kernel, the current state is
sampled by 2;. K] ~ Mg, (-Z1: 7[k - 1]). Following (Lindsten, 2013; Svensson et al.,
2014), we construct the Markov kernel using Rao-Blackwellized conditional particle filter
with ancestor sampling (RB-CPF-AS) (Lindsten et al., 2014), which was originally proposed
for Gibbs sampling.

The machinery inside RB-CPF-AS resembles a standard particle filter, with two main
differences: one particle trajectory is deterministically set to a reference trajectory ;. ,, and

the ancestors of the reference trajectory are randomly chosen and stored during the
algorithm execution. Algorithm 1 gives a brief description of the RB-CPF-AS algorithm. Let

{7, i 1}?/_ | be the approximation of pg(Zy:-1|%1:-1), RB-CPF-AS propagates this
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sample to time ¢by introducing the auxiliary variables {ai}{v v referred to as ancestor
i=

indlices. To generate 7z, " for the first /- 1 particle trajectories, we first sample the ancestor

index according to P(a; =j) w{_ ,» and then sample 5;,,' according to
l
pe(z |z 1) = H, - lpg(zt J) The first /- 1 trajectories are then augmented as

7)., =1{%,',_|.%'}. The A-th particle is set to the reference particle, ¥ = %/, and the

ancestor index a is sampled according to

N_ - ~i > ol fad > ~ ~i ~i ~
Pla, =1) < po(zy,, 1127 X).p) % pgXp 1 2y 7 |X 2y DPg(2, 41Xy )5 (15)
~i ~ _
where py(z}., _1X,.,_ D =w,_, and

PoXp.ps 21Xy 2y ) < IM 1_ eXP( z’h—l) (16)

Conditioned on 2’1T we can calculate p(El‘T il,T) using Kalman filter and Rauch-

IEZ.I:T’
Tung-Striebel (RTS) smoother. The filtering, prediction, and smoothing PDFs are

1
Py€,17). . %, ) = N(@ mf - Zf,z)’ (17a)

—

p9(€t+1|ii1:t’§l:t) = ‘/V(Et+ 1 Iﬁ;,p Zp,t)’ (17b)

—

pé(étlriil:T’%l:T) ‘/V(e lﬂv I 2 t)’ (17C)

respectively. Let [le[|, = e’ Qe and ZA; .= r} zF}Tz In (16),

M =T;TQr +1 (183)

n = Ay Iy =247 @), — 05N, - sztufgn 1 (18b)
t
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where

&R ~ 12
T -1
QtzF(I_Qz+12t+1Yt+121+1)9z+1F’ (192)

T P ~ '1/2 1 ~ '1/2 —~ ~,
4,=F (I_Qt+lzz+1rt+l pe DG g1 = k), (19b)

o Ty-1
Q=0 +HAH, (19)

A =2, +HAT'® -AR, ), (19d)

~ 172 &L '1/2

Y=Y QY +I (1%)

NV i ~ T
# = [”1,?; Co ez nk’ol snk—1) (199

~

TR/ ~2
Y= diag([5) 7, oGz O D (199)
WithQr=0and 4, =0,{Q, AI}IT_ | ean be computed recursively for z; .. using (19a)-(19g).

Once all the ancestors {ai}{v . have been sampled, we can calculate the new particle weights
1=

as follows

. o o . —i .
w;cxpg(xtlzll:t’xl:t—l)='/V(thFﬂp,t+l+AXt—l’sz’[.g_lF +A). (20)

After all the particle trajectories have been generated, we obtain 2. 7 A] by sampling from

these trajectories according to the weights {WiT}N

i=

) attime 7.
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4.4 PARAMETER UPDATE

At the &-th M step, given the sample Z;. 7{A] drawn by RB-CPF-AS, we can obtain pg,. ; (€4
207K, %1:7) = AV (Bs s £s ) using the RTS smoother. Then we have

(31:T|;1:T’§1:T)IOgl’e(il:T’El:T’ilzT)dz —Zlogl’(z) (21)
LT 4=

-

NI»—*
||Mq ||M~] a5°

~

q@NE —ENTY. (€ - ijde, +log 1Y |

/q(et)(yl Het)TA_l(yI Het)de + const,

l\JI»—‘

where Z;= 2 {A],

T T ~T T, o~ ~ T o~ 4 ~2 ~ _
el R e(t_l)kH] =Ty ety > 1L X7 = diag(e] ¢ e  Fi= R
1 t,nk t,1
~2
6.~ 1
nk’zt,nk

- ARy, and g&) = oy BZ1:7 K1:7)-

It can be seen that we only need sufficient statistics | &(8)d&;and [ 6[61Tq(€t)d€t to

maximize (21). Denoting a sufficient statistics at the A-th iteration as S, we use SK= (1 -
yk)Sk+ ykSkto maximize @x(6). To maximize ék(e) with respect to A, we compute the
gradient of A in terms involving A% and H and apply a conjugate gradient descent method as
done in Gong et al. (2015).

Algorithm 1
RB-CPF-AS

Input: zi:T = zl:T[k_ 1], 6= 61
Output: 2y, 7[K] ~ Mgy, (122.7[k- 1])

Compute {Qt’ /lt}tT_ ] according to (19a)—(199)

Draw i’l with ?li~p0(?1) fori=1,.., N

Compute ;4’1, 2’1 and wl1 fori=1,.... N

for t=2to Tdo
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Drawa;With P(ai:j) [ w{_ 1 fori=1,...,. N

/I Resampling and ancestor sampling

~l e~ ~ -
Draw Z[WIth zl~p9(zl) fori=1,...,. N
Compute {Mi _ 1J1£ _ 1} according to (18a) and (18b)

Draw aﬁv according to (15) for /=1, ..., N
/I Particle propagation
ai

t
1:t—

i

Setzl:t

—5 S tor

={z 1,zt}for/—l,...,N

ai ai
. 4

i _ % i _
Sethr 11 =HFr v Fp =1 = Fp 11
i
4

Al /\a: AL t
) filir—1 =X f,t—l’z plir—1 =X plir—1

/I Weighting

c AP i Al d Al
ompute pf’ t,ﬂp’ p Y for and ), ot

Compute weights wﬁ according to (20)

. . Jj ~ o~
Draw Jwith P(J = j) « WT and set z 1: T[k] =z

5 EXPERIMENTS

Page 15

In this section, we conduct empirical studies of the two estimation methods presented in

Section 3.2 and Section 4 on both synthetic and real data to show their effectiveness.

5.1 SIMULATED DATA

We conduct a series of simulations to investigate the effectiveness of the proposed
estimation methods. Following (Gong et al., 2015), we generated the data at the casual

frequency using the VAR model (1) with randomly generated matrix A and independent
Gaussian mixture noises e, The elements in A were drawn from a uniform distribution %
(=0.5, 0.5). The Gaussian mixture model contains two components for each channel. The

parameters were wy 1 = 0.2, g2 =0.8, 51 =0.3, W2 =0.7, ;1 = 0, 2 =0,
o7 =le—4,07 ,=.1,and o3 , = 0.2. Low-resolution observations were obtained by

aggregating the high-resolution data using aggregation factor 4. Similarly, we also generated
data with Gaussian noise (by setting (7% . =001, a% . = 0.02) for comparison of different

methods. We tested data with dimension 7= 2, aggregation factor k=2 and 3, and sample

size 7=150 and 300, respectively. For comparison, we replaced the Gaussian mixture
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models in our method with Gaussian noise models, leading to a method based on Gaussian
noises. We denote the method proposed in Section 4 that performs causal discovery from
temporally aggregated data as CDTAgsinite and the corresponding Gaussian counterpart as
CDTAGauss: We also compare with the NG-EM method (Gong et al., 2015) on the
aggregated data with non-Gaussian noises. The experiments are repeated for 10 replications.

Table 1 shows the mean squared error (MSE) of the estimated causal transition matrix A. It
can be seen that as the sample size 7 increases, both the proposed CDTAfinite and the
baseline method CDTAgg,ss Obtain smaller estimation errors. On the non-Gaussian data,
CDTAGauss produces much higher errors than CDTAgsinite- On the Gaussian data, neither
CDTA¥inite Nor CDTAGauss Can obtain accurate estimations. This is because the estimation
algorithms can converge to many possible solutions that have the same marginal likelihood,
if the data noises are Gaussian or the estimation algorithms assume a Gaussian noise model.
The results are consistent with the theoretical results that the causal relations might not be
uniquely determined using Gaussian noise models. It can also be seen that the NG-EM
method fails on the aggregated data, because NG-EM is proposed for subsampled rather than
aggregated data.

Further, we examined the performance of the method described in Section 3.2, denoted as
CDTAinsy, With finite kvalues. To achieve so, we generated aggregated data with

0.8 0.1 . . . .
A= [0 60 7], aggregation factor A= 2, 3, 4, 10, and the same Gaussian mixture noise

parameters described above. The true ANOSEITLOOD jn this case can be calculated as

005 . . . . .
ANoSelfLoop _ [ oo Using the linear instantaneous non-Gaussian model, we can obtain the

estimations of AN0SelfLoop g the aggregated data. The results for A= 2, 3, 4, 10 are given as
follows:
ANoSelfLoop _ [ 0 052 ~NoSelfLoop _, 0 047

A A = ,
2 —13.5 0] 3 143 0

0 044 ~ 0 051
NoSelfLoop = 1. (22)

“NoSelfLoop _
T 61 o 10 203 0

A, [

It seems that when &= 4, the linear instantaneous non-Gaussian causal model (10), which
assumes that there is no self-loop, can estimate the corresponding ANoSelfLoop accyrately and
very efficiently, at the cost of losing the self-loops in the original process. However, the self-
loops can be estimated with CDTAginite When kis reasonably large. As a cautionary notice,
researchers should carefully interpret the estimated parameters produced by linear
instantaneous causal models, which assume there is no self-loop; as a consequence, the
linear instantaneous non-Gaussian causal model produces (1 - Aj/-)‘lAj,-, whose magnitude
can be very different from the true causal parameter Aj;.
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5.2 REAL DATA

We conducted experiments on the Temperature Ozone data (Mooij et al., 2016) and the
macroeconomic data used in (Moneta, 2008). These two time series are collected by
averaging the records during specified time intervals. For example, the Temperature Ozone
data contain daily mean values of ozone and temperature of year 2009 in Chaumont and
Switzerland. The macroeconomic data contain quarterly US macro variables for the period
1947:2 to 1994:1.

Temperature Ozone—The Temperature Ozone data is the 50th causal-effect pair from the
website https://webdav.tuebingen.mpg.de/cause-effect/. The data have records of ozone
density Xand daily mean temperature Y. The ground truth is causal relation is Y — X We

0 0.65 .
]. From this result,
065 O

we can find that instantaneous effects exist in both directions. This could possibly caused by
aggregation with a small k as the estimated ANOSeIfLoop js Jikely to be inaccurate. We then
estimated the causal matrix by CDTAginite- The estimated transition matrix A for k=1, 2, 3
s 0.8418 0.0945]’[0.8426 0.1151]’[0.8360 0.1150

0.0165 0.9785" '0.0220 0.9702" 0.0172 0.9729
matrices sensibly captured the self-influences and cross-influences between the ozone and
temperature processes.

first applied CDTAjysy ON the data, resulting in ANOSeIfoop — 1

], respectively. It seems that the estimated

Macroeconomic Data—The data are quarterly U.S. observational on real aggregated
macroeconomic variables. Here we consider the causal relations between two variables,
including real balances Xand price inflation Y. X denotes the logarithm of per captita M2
minus the logarithm of the implicit price deflator. Yis the log of the implicit price deflator at
the time #minus log of the implicit price deflator at the time ¢— 1. Again, we first applied
the CDTA|nfy to find the rough estimation of causal relations excluding self-loops. The

. . 0 0 N .
estimated ANoSelfLoop jg [0 3074 0]. This indicates that no influence from effect to cause can

be estimated from the instantaneous dependencies, which is consistent with the ground truth.
We also employed CDTAginite to Obtain the estimation of a complete causal transition matrix
A. The estimated transition matrix A for k=1, 2, 3,4 is

1.009 —0.0013_ 0.9007 —0.0011. 0.8503 —0.0005
[0.1718 0.5796 J [0.2024 0.6420 ) [0.1378 0.7091
weaker responses from effect Y'to cause Xas kincreases. If we consider A= 4 as the
aggregation factor, then we can calculate from the estimated A that

0 0.033 L. .
ANoSelfLoop _ 1, which is close to the results estimated by CDTAjnsty.

04737 0

1, respectively. We can see that A gives

6 CONCLUSION

In this paper, we have investigate the problem of discovering high frequency causal relations
from temporally aggregated time series. When the aggregation factor is finite, we proved
that the causal relations are fully identifiable if the underlying causal relations are linear and
the noise process is non-Gaussian. We also show that the causal matrix that removes self-
loops is identifiable from instantaneous dependencies, when the aggregation factor goes to
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infinity. Based on these results, we propose an algorithm to recover the complete causal
matrix when the aggregation factor is relatively small an an very efficient algorithm to
partially recover the matrix when the aggregation factor is relatively large. Future work will
focus on automatically estimating the aggregation factor & from data.
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APPENDIX

PROOF OF THEOREM 1

Proof

Here we consider the limit when 7— 1. According to the identifiability results of AX (7),
we have

AF=A% (23

We then consider the remaining error term, €, The corresponding random vector, € follows
both the representation (9) and

k-1 k—1
HA[,.., Z Al 2
[=0 )

k=1
ALY ALARTL (9
=1 I=k=-2

- , / / , o _ vp T
e’:(el(o),...,en(o),el(l),...,en(l),...,el(zk 2),...,en(2k 2)) (25)

with ¢''?, /=0, ..., 2k - 2, having the same distribution p,.
l

According to Proposition 1, each column of H” is a scaled version of a column of H. Denote

by Hjpjs 1=0, ..., 2k=2;i=1, ..., n,the (/n+ Hth column of H, and similarly for Hy .
According to the Uniqueness Theorem in Eriksson & Koivunen (2004), we know that under

condition A2, for each / there exists one and only one jsuch that the distribution of egl), /=
0, ..., 2k - 2 (which have the same distribution), is the same as the distribution of e’g.l), /=0,
..., 2k— 2, up to changes of location and scale. As a consequence, the columns

{Hyy M =0,...,2k =2} correspond to {H+j| /=0, ..., 2k— 2} up to the permutation anding

arbitrariness.
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According to the structure of H, V m< k= 1, Hipvj= Hpw i+ He g i and similarly we have

vV m< k-1, Hipi=Hy i+ Hy g i Hence, Hyzjis proportional to Hpy o 18

H/

_ 1 'l k=1,'1 zk=1,'1 k-1 T oA’k-1
ot j = M1t Assumethat 3, _ (A" ... Y, gAY 2 AL LY T ALA T are

kn+i*
non-diagonal matrices, we have H, = Jo,H,. Since H;and H), must be columns of I, as

implied by the structure of H and H’, we can see that Ap;= 1 and that /= j. Consequently,
Agimustbelor-1. LetB=1+A+-+A¥landB’ = 1+A" +..*+ A"%1 we thus
have B = B’D, where D is a diagonal matrix with 1 or —1 as its diagonal entries. Moreover,
because AB-B=AX-land A'B’ - B’ = A’ -1, and AK= A"X we have

A'-I=(A-D1D. (26)

If both A” and A have diagonal entries which are smaller than 1, D must be the identity
matrix, i.e., A" = A. Therefore statement (i) is true.

If each p,; is asymmetric, ¢;and —¢;have different distributions. Consequently, the
representation (24) does not hold any more if one changes the signs of a subset of, but not
all, non-zero elements of {H}nﬂ.ll =0,...,2k — 2}. This implies that for non-zero Hj.j, Ay,

including Ag;, have the same sign, and they are therefore 1 since Ag;= 1. A4;=1 leads to D
= | and thus gives A" = A. That is, (ii) is true.
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