1duosnuey Joyiny YSYN 1duosnue Joyiny SN

1duosnuel Joyiny YSYN

NASA Public Access

Author manuscript
Mon Not R Astron Soc. Author manuscript; available in PMC 2019 July 01.

Published in final edited form as:
Mon Not R Astron Soc. 2018 July ; 477(3): 3694-3710. doi:10.1093/mnras/sty834.

Maximally rotating supermassive stars at the onset of collapse:
the perturbative effects of gas pressure, magnetic fields, dark
matter, and dark energy

Satya P. Butlerl, Alicia R. Limal, Thomas W. Baumgartel-*, and Stuart L. Shapiro?:3
1Department of Physics and Astronomy, Bowdoin College, Brunswick, ME 04011, USA

2Department of Physics, University of lllinois at Urbana-Champaign, Urbana, IL 61801, USA

3Department of Astronomy and NCSA, University of lllinois at Urbana-Champaign, Urbana, IL
61801, USA

Abstract

The discovery of quasars at increasingly large cosmological redshifts may favour ‘direct collapse’
as the most promising evolutionary route to the formation of supermassive black holes. In this
scenario, supermassive black holes form when their progenitors — supermassive stars — become
unstable to gravitational collapse. For uniformly rotating stars supported by pure radiation pressure
and spinning at the mass-shedding limit, the critical configuration at the onset of collapse is
characterized by universal values of the dimensionless spin and radius parameters JAZ and RIM,
independent of mass M. We consider perturbative effects of gas pressure, magnetic fields, dark
matter, and dark energy on these parameters, and thereby determine the domain of validity of this
universality. We obtain leading-order corrections for the critical parameters and establish their
scaling with the relevant physical parameters. We compare two different approaches to
approximate the effects of gas pressure, which plays the most important role, find identical results
for the above dimensionless parameters, and also find good agreement with recent numerical
results.

Keywords
black hole physics; equation of state; stars: Population I11

1 INTRODUCTION

Quasars and active galactic nuclei, believed to be powered by accreting supermassive black

holes (SMBHS), are observed out to large cosmological distances (see e.g. Fan 2006; Fan et
al. 2006). Bafados et al. (2018) recently announced the discovery of the most distant quasar
ever observed, J1342+0928, at a redshift of 2~7.5, and powered by an SMBH with mass of

approximately 7.8 x 108 M, The previous distance-record holder was J1120-0641, at a
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redshift of z= 7.1 and with a black hole mass of approximately 2.0 x 10° Mg (Mortlock et
al. 2011). Another remarkable object is the ultraluminous quasar J0100+2802 discovered by
Wu et al. (2015), at a redshift of z= 6.3 and with a mass of about 1.2 x 1019 M. The
detection of these objects poses an important astrophysical problem that has attracted
significant attention (see e.g. Shapiro 2004; Haiman 2013; Latif & Ferrara 2016; Smith,
Bromm & Loeb 2017, for reviews): how could such massive black holes form in such a short
time after the big bang?

One evolutionary scenario for the formation of SMBH invokes first generation —i.e.
Population 111 (Pop I11) — stars (Madau & Rees 2001; Heger & Woosley 2002). These stars
could collapse to form seed black holes (Fryer, Woosley & Heger 2001; Heger et al. 2003) at
large cosmological redshift, which, conceivably, could then grow through accretion and/or
mergers to form SMBHs. For a given efficiency e of the conversion of matter to radiation,
growth by accretion is usually limited by the Eddington luminosity (Shapiro 2005; Pacucci,
\Volonteri & Ferrara 2015). It has been suggested that episodic super-Eddington accretion
may speed up the growth of seed black holes (Molonteri & Rees 2005; Volonteri, Silk &
Dubus 2015; Lupi et al. 2016; Sakurai, Inayoshi & Haiman 2016). On the other hand, the
effects of photoionization and heating appear to reduce accretion to only a fraction of the
Eddington limit [see Alvarez, Wise & Abel 2009; Milosavljevié et al. 2009, see also Whalen
& Fryer (2012) for the effect of natal kicks on the accretion rate]. Black holes can also grow
through mergers (see e.g. Volonteri, Haardt & Madau 2003a; Volonteri, Madau & Haardt
2003b; Shapiro 2005; Tanaka & Haiman 2009; Tanaka 2014), even though some limits on
growth by mergers may be imposed by recoil speeds (Haiman 2004).

Given these constraints, it is difficult to see how seed black holes with masses of Pop 111
stars, about 100 M, could grow to the masses of SMBHSs by z=~ 7. In fact, Bafiados et al.
(2018) argue that the existence of the objects J1342+0928, J1120-0641, and J0100+2802 ‘is
at odds with early black hole formation models that do not involve either massive (210*
Mg) seeds or episodes of hyper-Eddington accretion’ (see also their fig. 2). These
considerations suggest the direct collapse of objects with masses of A2 104 ~°Mg as a
plausible alternative scenario for the formation of SMBHSs (e.g. Rees 1984; Loeb & Rasio
1994; Oh & Haiman 2002; Bromm & Loeb 2003; Koushiappas, Bullock & Dekel 2004;
Shapiro 2004; Lodato & Natarajan 2006; Begelman, Volonteri & Rees 2006; Regan &
Haehnelt 2009b; Begelman 2010; Agarwal et al. 2012; Johnson et al. 2013).

The “direct-collapse’ scenario assumes that the progenitor object, which we will refer to as a
supermassive star (SMS), is able to avoid fragmentation. Physical processes that help
suppress fragmentation are turbulence (e.g. Wise, Turk & Abel 2008; Latif et al. 2013;
Mayer et al. 2015) and a Lyman—Werner radiation background (see Bromm & Loeb 2003;
Regan & Haehnelt 2009a; Visbal, Haiman & Bryan 2014, and references therein). The
Lyman—Werner radiation dissociates molecular hydrogen, the most efficient coolant in
metal-free haloes, which otherwise would allow the halo to cool to such low temperatures
that its Jeans mass would become small compared to its mass itself, thereby leading to
fragmentation (see also Li, Klessen & Mac Low 2003). In fact, the recent discovery of the
strong Lyman-a emitter CR7 at z= 6.6 (Sobral et al. 2015) has been interpreted as
observational evidence of the direct collapse scenario [see Smith, Bromm & Loeb 2016;
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Hartwig et al. 2016; Agarwal et al. 2016; also see Bowler et al. (2017); Agarwal et al. (2017)
for a discussion of the role of metals in this object].

The formation, evolution, stability, and collapse of SMSs have been the subject of numerous
studies over several decades (see e.g. Iben 1963; Hoyle & Fowler 1963; Chandrasekhar
1964; Bisnovatyi-Kogan, Zel’dovich & Novikov 1967; Wagoner 1969; Appenzeller &
Fricke 1972; Begelman & Rees 1978; Fuller, Woosley & Weaver 1986 for some early
references, as well as Zeldovich & Novikov 1971 and Shapiro & Teukolsky 1983, hereafter
ST, for textbook treatments). While the existence of SMSs had been considered somewhat
hypothetical for many years, and while many questions concerning the formation of SMSs
remain open (see e.g. Schleicher et al. 2013; Hosokawa et al. 2013; Sakurai et al. 2015;
Umeda et al. 2016; Woods et al. 2017; Haemmerlé et al. 2018b, 2018a for recent studies; see
also Smith et al. 2017), the discovery of objects like J1342+0928, J1120-0641, and
J0100+2802 and CR7 suggests that they not only exist, but that they played a key role in the
formation of SMBHs.

These considerations have motivated us to revisit an idealized evolutionary scenario for
rotating SMSs that two of us proposed previously (see Baumgarte & Shapiro 1999b,
hereafter Paper I). Specifically, we assumed that SMSs are dominated by radiation pressure,
and that turbulent viscosity produced by magnetic fields transports angular momentum
sufficiently efficiently to maintain uniform rotation (Bisnovatyi-Kogan et al. 1967; Wagoner
1969). We further assumed that SMSs, after initially formed, cool and contract, leading to a
spin-up. Given our assumption of uniform rotation, the star will ultimately reach mass
shedding, i.e. the Keplerlimit. While it has been suggested that SMSs formed from accretion
only rotate at a fraction of the mass-shedding limit (e.g. Maeder & Meynet 2000;
Haemmerleé et al. 2018b), such stars may still reach mass shedding during subsequent
cooling and contraction. It is also possible that alternative formation scenarios lead to SMSs
that rotate rapidly, arriving at mass shedding either initially or during subsequent cooling
and contraction. Once having reached the Kepl/er limit, the SMS evolves along the mass-
shedding limit (at a rate computed in Baumgarte & Shapiro 1999a) until it reaches an onset
of radial instability, triggering collapse to a black hole. The onset of instability is a
consequence of the interplay between the stabilizing effects of rotation and the destabilizing
effects of relativistic gravitation. Remarkably, the critical configuration marking the onset of
instability is characterized by unique values of the dimensionless parameters JA# and
Rp/ M, where Jis the total angular momentum, M the mass, and A, the polar radius. The
equatorial radius is given by Req = 3Rp/2.

The uniqueness of these parameters has profound implications for the subsequent collapse to
black holes, because it then has to follow a unique evolutionary track as well. A nhumber of
authors have studied this rotating collapse numerically in the context of general relativity,
starting with Shibata & Shapiro (2002) (see also Shapiro & Shibata 2002 for a related
analytical treatment). The collapse results in a spinning black hole with mass Mgy/M =~ 0.9
and angular momentum Jgp/Mpgn =~ 0.7, surrounded by a disc with mass Myjso/ M=~ 0.1. The
universal evolutionary track also emits a universal gravitational wave signal (Shibata et al.
2016a; Sun et al. 2017), which might serve as a ‘standard candle’ for future space-based
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gravitational wave detectors. Observations of this ‘signature’ gravitational wave signal
would firmly establish SMSs as the progenitors of SMBHs.

The original simulations of Shibata & Shapiro (2002), who modelled the star as an ideal
radiation fluid, were followed up by several other studies in general relativity that also
allowed for gas pressure (Shibata et al. 2016a), nuclear reactions (Montero, Janka & Miller
2012; Uchida et al. 2017), as well as magnetic fields (Liu, Shapiro & Stephens 2007; Sun et
al. 2017). The latter demonstrate that this collapse may result in the launch of a jet and
power ultralong gamma-ray bursts, and suggest that collapsing SMSs are promising
multimessenger sources for coincident gravitational and electromagnetic radiations.

Given the importance of the dimensionless parameters describing the critical configurations,
it is of interest to evaluate to what degree their universality depends on the assumptions
made in their derivation — in particular the assumption of a pure radiation fluid — and to
establish the domain of validity of this universality. In this paper, we develop an analytic
perturbational approach to study the effects of gas pressure, magnetic fields, dark matter
(DM), and dark energy on the critical configuration of maximally rotating SMSs and its
dimensionless parameters; our results are summarized in equations (142) and (143) below.
For the astrophysical scenarios that we consider most realistic, gas pressure plays the most
important perturbative role by far. Accordingly, most of our paper focuses on gas pressure.
We compare two different approximations that have been adopted to account for gas
pressure (see Sections 2.4 and 2.5 below), and calibrate these two different approaches for
non-rotating stars (Section 3) before applying them to maximally rotating SMSs (Section 5).

Our perturbative approach builds on an analytical calculation employing a simple energy
functional and variational principle that we adopted in Paper | to identify the critical
configuration (see Sections 4.1 and 4.2 below). In a completely independent approach, we
also constructed numerically fully relativistic equilibrium models of rotating stars in Paper I.
We found good agreement in the parameters characterizing the critical configuration
between the two approaches (see table 2 in Paper | as well as Table 2 below); typically these
parameters agree to within 10 per cent or better. Shibata, Uchida & Sekiguchi (2016b,
hereafter SUS) recently generalized these numerical results, adopting what we refer to below
as Approach Il to approximate the effects of gas pressure. Our analytic calculation presented
here complements those numerical results: we find good agreement between our analytical
results and the numerical results of SUS (see e.g. Fig. 3 below), and we also extend our
analytical treatment to account for the effects of magnetic fields, DM, and dark energy
(Section 6).

This paper is organized as follows. In Section 2, we review some thermodynamic relations.
In particular, we discuss in Sections 2.4 and 2.5, the two different approaches to modelling
gas pressure as a small perturbation to radiation pressure. In Section 3, we compare these
two approaches for non-rotating SMSs. We construct numerical models in Section 3.1, and
use these to calibrate an analytical model calculation in Section 3.2. In Section 4, we extend
the analytical model calculations to rotating SMSs. We review the general set-up from Paper
| and compute the unperturbed background solution in Sections 4.1 and 4.2, and develop a
general framework for perturbations in Section 4.3. In Section 5, we return to the effects of
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numerical results of SUS in Section 5.3, and provide estimates for physical parameters in

Section 5.4. In Section 6, we apply our perturbative approach to estimate the effects of

magnetic fields, a DM halo, and dark energy on the critical configuration of SMSs that are
uniformly rotating at the mass-shedding limit. We provide a brief summary in Section 7.

Unless noted otherwise, we adopt geometrized units with c= G= 1.

2 THERMODYNAMIC PRELIMINARIES

In this section, we review some thermodynamic relations, following the treatment in several
textbooks (e.g. ST as well as Clayton 1983; Kippenhahn, Weigert & Weiss 2012). While
most of these relations are well known, we list them here for an easier comparison of two
different approaches to modelling the effect of gas pressure on SMSs, which we introduce in

Sections 2.4 and 2.5.

2.1 Radiation pressure

For a pure thermal radiation fluid the pressure 7, is given by
P =tat* (@
T 3 ’

and the internal energy density &, by
£ = aT?, 2
where T is the temperature and & the radiation constant

5,4
8 kB

a=—-"
156313

®)

(with ¢c=1 in geometrized units). Here, &g is the Boltzmann constant and /is Planck’s
constant. From the first law of thermodynamics

Tds = d(i) + Pd(i), (4)

ng ng

where 71g is the baryon number density, we find that the photon entropy per baryon is
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(4T’
r 3nB

©)
Combining equations (1) and (5), we can write the pressure as

P.=Kpy (6)

with ' =1 + 1/n= 4/3. Here, py = ngmg is the rest-mass density, with /mg the baryon rest
mass, and we have defined

Kr 4mBa

4/3
%( 3sr) o

Evidently, stars dominated by radiation pressure behave as /7= 3 polytropes for constant
entropy.

2.2 Gas pressure

If gas pressure cannot be neglected, the total pressure and internal energy density are given

by

P=P +P, (8)
and

e=¢e+e, (9
where

P, = YongkgT  (10)

is the gas pressure and
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3
8g = EYTanBT (11)

the internal energy density of the plasma. Here, Y7 is the number of particles per baryon.
For simplicity, we will assume a fully ionized hydrogen gas in the following, in which case
YT = 2. The total entropy per baryon is then given by

§ =8+ Sy (12)

where sg is the gas entropy

3/2.3/2 3
s m.' “m kT 30
k—g=ln e—ZB(LZ +5=lnT—2+k—0 (13)
B ng 2nh 20 B
with
50 kg 3 7
— =31In +>Inm +5Inm,+2mn2+5 (14)
kg (27th2 27T 2 7B

[see equation (17.3.4) in ST; hereafter equation (ST.17.3.4)]. Here, m is the electron mass.

2.3 Eddington’s argument

The Eddington standard model (Eddington 1918a; see also Chandrasekhar 1939; Clayton
1983; Kippenhahn et al. 2012, as well as many other references) is based on the observation
that, if the ratiol

~o

ﬂz_g:SkB
_Pr )

(15)

T

is constant throughout a given star, then the star again behaves like an 7= 3 polytrope, i.e.
the total pressure again satisfies a polytropic relation

P=Kgp, (16)

In many texts, the ratio Bis alternatively defined to refer to the ratio Ay/Prather than Py/Fr.
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with T = 4/3. This can be seen by writing

1+p

3 aT*.  (17)

P=(+pP, =

This relation can now be used to eliminate 7 in terms of Pin both terms on the right-hand
side of (8). Solving the result for Pyields equation (16) with

3 4/3
Kg=(1+ ﬂ)% (4m;a) =(1+pK,. (18)

As expected, Kg reduces to K; in the limit 5 — 0.

Under certain circumstances, it is reasonable to approximate fas constant. SMSs are
expected to be convective, however (see e.g. Loeb & Rasio 1994), which makes it more
realistic to assume the fofal entropy s, rather than the radiation entropy s in equation (15), to
be constant inside a given star. This assumption forms the basis of our first approach to
modelling the effects of gas pressure on SMSs.

2.4 Effects of gas pressure: Approach |

In what we call “‘Approach I’, we follow Section 17.3 in ST to treat the gas pressure as a
small perturbation to the radiation pressure at constant total entropy s. Specifically, we
assume that sy << s in equation (12), so that, to zeroth order, the temperature is given by
equation (5) with s replaced by s. The leading-order correction to the temperature in terms
of scan then be computed by inserting equations (5) and (13) into equation (12); this results
in

3s 1/3 K k
T:( /’o) ( 0 B 3s (19)

dmga T35 35 ¢ dmgap,,
[see equation (ST.17.3.9)]. Inserting this into equation (9) then yields
£~ Klpg/3(3+/f+ﬁ1n po). (20)

Here, we defined
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(22)

K K ) 4mBa

and

ST list the related coefficients A = KjA and 1= Kju in their equations (ST.17.3.11) and (ST.
17.3.12).

Since A and y describe leading-order corrections, we may replace sin equations (22) and
(23) with s, which, using equation (15), can then be expressed in terms of 5. Also inserting
equations (14) and (3) into equations (22) and (23), we obtain

5 1 1
e~ Kpi® (3 - ﬁ(l ~Slp-5ln (Kipg) + 5 In 71)) (24)

where we have used the abbreviation

42482 (m 3/2
=233 (_e) ~1367x 1074, (25)
T Uo:!

We note that, in geometrized units, the combination Kfpo is dimensionless (see Section 3.1

below), so that all arguments of logarithms in equation (24) are dimensionless numbers.

For a given value of the entropy s, the internal energy density e is given as a function of the
rest-mass density pg by (24). The pressure P can be computed by observing that

_ 3p _ p
8—3Pr+§Pg—3(l+§)Pr (26)
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and therefore

1 1+p

P=(1+/})Pr=§m8.

(27)

Since Ay is again considered a small correction to A, we can again approximate S as given
by equation (15) with s replaced by sin these leading-order correction terms. For §— 0,
we evidently recover the radiation-fluid expressions of Section 2.1. We note that, for non-
zero B, Approach | does not assume the equation of state (EOS) to be of polytropic form.

2.5 Effects of gas pressure: Approach Il

An alternative approach to approximating the effects of gas pressure is based on the
observation that, in the presence of both radiation and gas pressure, the adiabatic exponent is
given by

_(dnP) 4 pA+p 4 _p
Fl:(dlnpo) 3V30+p684p 37 @®

N

where gis again given by equation (15) (see e.g. Eddington 1918b; Chandrasekhar 1939;
Bond, Arnett & Carr 1984; see also Problem 17.3 in ST and Problem 2.26 in Clayton 1983).
This suggests that we may approximate the EOS as

0y
P=Kyp, - (29)
Using the arguments of Section 2.3, we find
Ky =Kgpy P1o (30

with K given by equation (18) [compare, for example equation (7) in SUS]. Evidently, Kj,
is only approximately constant for small, but non-zero . Approximating Kj; as constant,
however, the internal energy density is given by

e=n P (31)

where
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1 3

= = 32
-1 - T+pn 2

ny

is the approximate polytropic index.

3 EFFECTS OF GAS PRESSURE ON NON-ROTATING SMSS

In this section, we adopt both Approaches | and 11 to consider the effects of gas pressure on
non-rotating stars. While most of these results can be found in the literature, nowhere are the
two approaches carefully distinguished or compared. Hence, we include this section in order
to (i) compare predictions from Approaches | and 11, and (ii) calibrate an analytical model
that we will apply to rotating stars in Section 5.

3.1 Numerical results

The structure of a relativistic, spherically symmetric SMS is governed by the Tolman—
Oppenheimer—Volkoff (TOV) equations

dm _ 2

i dn(py + e)r (33)
dpP m + 4nPr’

— = —(py+e+P) 5,

dr 0 (1 = 2mir)

where m(7) is the mass enclosed within a radius , and M= m(R) is the total mass, with R
being the stellar radius (see Oppenheimer & Volkoff 1939; Tolman 1939).

In geometrized units, e and py have the same units of inverse length squared. From equations
(26) and (31), we therefore see that K72 must have units of length, where K=K; and /=3 in
Approach I, and K=Kj, and /=ny in Approach Il (note, though, that the EOS is not assumed
to be of polytropic form in Approach I). In either approach, we may therefore introduce
dimensionless quantities, for example 77= K~"2mand py = K"pp. When written in terms of
these dimensionless quantities, the TOV equations (33), together with equations (26) and
(27) in Approach | and equations (29) and (31) in Approach Il, become independent of the
constants K.

We construct sequences of TOV solutions and find, for given values of g, the stellar mass M
as a function of central rest-mass density . From these, we also compute the dimensionless
variable

_ 372/3-1/3 2/3 1/3
x=M"p, T =M"p. . (34)
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The maximum-mass configuration marks a turning point in the curve of M versus x; at
which stars become unstable to radial collapse. We record the corresponding critical values
Merit and Xrit. For 8= 0, the maximum mass is found for zero density (i.e. the curve is
monotonically decreasing with xand there is no turning point) and takes the well-known
Newtonian value

M = 4555 (35)

which we rederive below in equation (39). Such a non-rotating SMS without gas pressure is
thus unstable at all finite radii. For small but non-zero g, we may then write

M crit

= MP" (1+6%").  (36)

In Figs 1 and 2, we show results for both xj; and 515\211 as found from Approaches | and I,

which show that gas pressure can stabilize an SMS below a critical central density. We will
postpone a more detailed discussion until Section 3.3 below.

3.2 Analytical model

The mass and density of non-rotating SMSs can be estimated analytically from an energy
variational principle (see Zeldovich & Novikov 1971, and ST).

3.2.1 General set-up—We start by writing the energy as the sum of the internal energy;,
the gravitational potential energy, and a first post-Newtonian correction to the potential
energy,

E = kl KMpi/n _ k2M5/3pi/3 _ k4M7/3p(2:/3 (37)

(see e.g. Lai, Rasio & Shapiro 1993; Baumgarte & Shapiro 1999b). Here, the polytropic
structure constants &; can be found from the corresponding integrals of Lane—Emden
functions. We list numerical values for 7= 3, which describes SMSs to leading order, in
Table 1. It is again convenient to write the above expression in terms of dimensionless
quantities. With M= K~"2Mand £= K72 E as well as the dimensionless variable x defined
in equation (34), we obtain

E= k1M1 —2ny3in_ k2]\7x - k41\7x2. (38)
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Equilibrium configurations can be found by setting to zero the first derivative of equation
(38) with respect to x, at constant mass M. For a pure radiation fluid with 7= 3, this yields
the equilibrium mass

. 3/2
Mgph:(—‘) = 4555 (39)

for x=0 [cf. equation (35)]. This is the unique value of the mass in Newtonian gravitation,
where the last term in equation (38) disappears. Using M= K32AM and inserting equations
(7), (15), as well as (39) for M, we see that, to leading order, the mass M is related to 3 by

M \"12
ﬁz8.46(M—O) . (40)

The critical configuration can then be found by also setting to zero the second derivative
with respect to x. For a pure radiation fluid this is not possible, correctly reproducing the
well-known result that all 7= 3 polytropes, in particular all stars governed by pure radiation
pressure, are unstable in general relativity. They can be stabilized by, e.g. gas pressure (e.g.
ST) and/or rotation (Paper I). We now account for the presence of gas pressure using both
Approaches | and 1.

3.2.2 Approach I—From equation (26) we see that, in Approach I, the internal energy
behaves like at that of an /7= 3 polytrope plus a correction. The total internal energy,
computed from the integral

2
E = 475/81’ dr, (41)

1/3

.~ plus a correction A£pn. Using

therefore results in the unperturbed term Ep o=k KiMp

equation (26), and following the treatment in Section 17.3 of ST, this correction can be
written as

= —1/3_,(1 5
AE, =k M xﬂ(f lnx+8 Ing+C|. (42)

n/2

Here, we used the same dimensional rescaling as above, i.e. AE = K" AE with n=3, we

have abbreviated
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k

r

2

— ] 1
C= lnM—glnn—§

(43)

W] —

where 7~ 1.367 x 107 is again given by equation (25), and we have defined?

3

k= ——— / 0" In 0£%AE = — 0.45928.  (44)
ky 10516,

Here, @is the Lane—Emden density function, defined so that p = p6”, £ is the Lane—-Emden
radial function, and the last equality holds for 7= 3 polytropes. Following the treatment in
Section 17.3 in ST, we assume that the mass distribution remains that of an 7= 3 polytrope;
in particular, this means that we will adopt the structure coefficients 4 as listed in Table 1.

Adding equations (42) to (38) and setting /7= 3, we obtain
E= k1M1/3x(1 + ﬂ(% In x+ % In g+ C)) - kzﬂx - klﬂxz. (45)

We now set the first two derivatives of equation (45) to zero and divide by A, which results
in the equations

0=k M (1 + ﬂ(% In x + % In §+ c)) + gklﬁ'm —ky—2kyx  (46)
and
0= §k1M‘2/3x‘1 —2k,. (47)
From equation (47), we obtain

k
1 75-2/3
Xerit = 4_k4M p. (48)

2with this definition, the term z defined in equation (ST.17.3.15) becomes z= k¢K|fG/2.

Mon Not R Astron Soc. Author manuscript; available in PMC 2019 July 01.



1duosnue Joyiny VSN 1duosnuey Joyiny YSYN

1duosnue Joyiny VSN

Butler et al.

Page 15

Inserting 8= 0 and x =0 into equation (46), we recover the result (39), M(S)ph = (kl/k2)3/2,

which we can now insert into equation (48) to find

X (49)

2
crit = 4_k4ﬂ :

Equation (49) shows that for stars of nearly the same mass, a higher ratio of gas to radiation
pressure allows a higher central density, or larger compaction, before the star becomes
radially unstable to collapse. This is the stabilizing role of gas pressure. As we will see in
Section 3.2.3 below, we will find the same result in Approach II; it is included as the solid
line in Fig. 1.We note already the excellent agreement with the numerical results of Section
3.1 for small B.

In order to obtain an expression for the correction to the mass at the critical point, we insert
equations (47) and (49) and

M = M1+ 88" (50)
into equation (46) and expand to leading order to obtain

k
sonl =3y 2

3
gl g, +2Inp+5C)P. (51)

where the superscript ‘I’ refers to Approach 1. Since 515\5’[h already describes a leading-order

correction, we may replace M with A7I(S)Ph in C. The prediction (51) is included in Fig. 2 as a
solid line. Note that, for small g, this expression is dominated by the term proportional to

Bin g.

3.2.3 Approach ll—In Approach I, we simply adopt 7= ry, as given in equation (32), in
the energy functional equation (38), which then becomes

E = k11\71/3 —PB B2 kZMx - k41l7x2. (52)

_ —n,/3
We now use the dimensional rescaling introduced above with Kj; and /m, e.9. E = K| ",

where we approximate Kj; as a constant [see equation (30)]. Setting the first two derivatives
of equation (52) to zero and dividing by A now yields
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0= (1 + g)klﬁ‘m B _p ok (53)

and

_ B B\, 7213513 pr2-1
0=5(1+5)k1 210k, (5)

As in Approach I, we will ignore changes in the structure constants ;.
Combining equations (53) and (54), we obtain

gkz - 2(1 - g) kyx =0, (55)

which, to leading order, yields

2
Xerit = 4-_k4ﬁ ’ (56)

the exact same result (49) that we previously obtained in Approach I.

We can now insert equation (56) into equation (53) to obtain an expression for the change in
the mass. We again use the expansion (50). Expanding the exponents in equation (53) to
linear order, we find

— 53— — o —2/3 - BI3 .
23 /1’/3:(M8ph) B (1_§éigh) (57)

—, -2/3 — 2
= (M?)ph) exp (—g In M(S)ph) (1 - 35;211)

—sph.—2/3 — 2
~ (MY (1 - g In MM — géf\ﬁh)

as well as

Mon Not R Astron Soc. Author manuscript; available in PMC 2019 July 01.



1duosnue Joyiny VSN 1duosnuey Joyiny YSYN

1duosnue Joyiny VSN

Butler et al. Page 17

k. P2 k

P12 = (4_/(24'3) = exp (g In (4—1(24)) exp (g In ﬂ) (58)
k

zl+§ln (4—134 +§1nﬂ.

Inserting these expansions into equation (53) then yields

B_By i 2o B K B B
1+2 3lnM0 35M+21n4k4+21nﬁ k2 k22, (59)

— -2/3
0= k,(M™)

Not surprisingly, this equation yields the Newtonian mass (39) to zeroth order. The next
leading-order terms can be solved for 615\5’11’ to yield

: 3.k 3 Ui b7
Sl _ Zln4_/%+zln/}—zlnM8Ph B. (60)

where we have used equation (39) to eliminate 4. This result is included in Fig. 2 as a
dashed line. Note that this result is different from that obtained in Approach I, equation (51),
as we will discuss in more detail in the following section.

3.3 Comparisons

Figs 1 and 2 show the numerical results of Section 3.1 and the analytical results of Section
3.2 for both Approaches I and Il. We emphasize again that all calculations employed here,
both numerical and analytical, treat the effects of gas pressure only approximately. Approach
| is based on a Taylor expansion that approximates the total entropy sto be constant to
leading-order only (see Section 2.4), while Approach Il approximates the EOS as polytropic,
leading to a polytropic constant that is only approximately constant (see Section 2.5). We
believe that the nature of the approximation is more fundamental in Approach I. However, as
we will discuss in more detail below, we find that both approaches make identical
predictions for some key dimensionless quantities at the critical point.

We have already noted that Approaches | and Il give identical results (49) and (56) for the
dimensionless density variable xit; the two lines representing these results therefore lie on
top of each other in Fig. 1. In this figure, we see that this analytical prediction also agrees
very well with the numerical results for both Approaches | and I, at least to leading order in
B. Since all calculations included in the figure are accurate to leading-order only, the
apparently better agreement between the analytical prediction and the numerical results for
Approach Il for larger gis presumably coincidental.
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We already noted that Approaches | and Il make different predictions for the change in the
rescaled mass 515\5’111; see equations (51) and (60). In Fig. 2, we include the two predictions

with a solid and dashed lines and find that, for small g, they each agree very well with the
respective numerical results for Approaches I and I1. In fact, it is not surprising that the two
different approaches result in different values of M, since the two different approaches adopt
two different rescalings between A/ and the physical mass A In Approach I, we have

— . n/2_ . . .
M = Kk;'*M, and in Approach Il, M = K/ M. Even inserting the different constants Aj (21)

and Kj; (30) results in some ambiguities, since Kj assumes that the total entropy st is
constant, while Kj, depends on the radiation entropy s and, weakly, on the density pg. In
order to avoid these ambiguities, we will therefore focus on dimensionless quantities that do
not depend on K. We have already seen that both approaches make identical predictions for
Xerit, Which relates the central density pp to the stellar mass M. We will similarly see in
Section 5 that, for rotating stars, both approaches also make identical predictions for the
change in the dimensionless parameters that we are primarily interested in, namely the
angular momentum jiyit = (J/AM2)erit, and the compaction (R/M)git, both evaluated at the
maximally rotating critical configuration.

For completeness, though, we also include in Fig. 2, the numerical results of SUS, who
adopted Approach Il to model the effects of gas pressure. Since SUS do not provide values
for #=0, i.e. T = 4/3, we extrapolate the numerical values A#P" listed in their table 1 to g =

0, which yields their value of the Newtonian, spherical mass Mgph. We then compute
5;5’111 = (PP _ M%ph)/ﬂgph. As expected, their values agree well with our numerical values

for Approach 11, and, for small 8, both agree well with our analytical prediction for
Approach I1.

Finally, we demonstrate that our results reproduce those of ST, who adopt Approach | to
compute the density of non-rotating SMSs in their Section 17.4, but use a different notation.
Inserting the definition (34) into (49), we obtain

3 3 /2
(k) g _(85ka V(Mo 1 o
Pait =\2%,) 32 T\ 4 K, G|\ M| 2

where have used the relation (40) in the last step, and where we have also inserted
appropriate powers of cand Gto obtain an expression in cgs units. Inserting values for the
latter, as well as the solar mass Mg, we obtain

Perit M 3

712
105M
=1.92x 10‘3( @] £ (62
cm
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very similar to the value provided in equation (ST.17.4.7). Using M = 4104, R5/3 as well as
Pc/Pave =54.18 for an =3 polytrope, we also have

172
M

10°M

(5) —1.59% 103 (63)
crit

M

(0]

[compare equation (ST.17.4.11)]. Equation (62) gives the critical density for the onset of
radial collapse of a spherical SMS with both radiation and gas pressure and equation (63) its
value of R/M: stars with p < pgrir and R/M > (R/M)it are stable, while those with p > pgrit
and R/M < (R/M)it are unstable to collapse.

4 PERTURBATIVE EFFECTS ON THE STABILITY OF ROTATING SMSS

In this section, we extend the analytical model of Section 3.2.1 to develop a general
framework for treating perturbative effects on uniformly rotating SMSs. We first review the
model and results obtained in Paper | for the critical configuration in the absence of other
perturbations in Sections 4.1 and 4.2, and then introduce general expressions for
perturbations of these critical solution in Section 4.3.We will leave the nature of the
perturbation unspecified in this section. In Section 5, we will then apply this formalism to
gas pressure and in Section 6 to other effects, all in the presence of rotation.

4.1 Review of the analytical model

In order to model rotating SMSs, we include in the energy functional (37) both a rotational
energy term as well as a second post-Newtonian correction to the Newtonian potential
energy,

1/ 5/3 1/3 244713 2/3 7/3 2/3 3
E=k KMp, " —k;M""p. "7 + kyj"M""pl'> — kM pl'” —ksM” p, (64)

C C C

[see equation (20) in Paper I, hereafter equation (1.20)]. Here, j= JA# is a dimensionless
measure of the angular momentum J, and the structure constants &; are again listed in Table
1 for an 7= 3 polytrope. As in Section 3.2, we will assume that these structure constants
remain unchanged in all our perturbative calculations. Even though the second post-
Newtonian correction, the last term in the above expression, takes a very small value, its
inclusion is crucial for determining the critical configuration, i.e. the onset of instability (see
Zeldovich & Novikov 1971, Paper I). Using the same dimensional rescaling as before, e.g.
M= K2Mand E= K12E, as well as the definition (34), we can rewrite equation (64) as

E =k M" =23 — ) Mix + ky P Mx® — kMx* — ksMx® . (65)

Mon Not R Astron Soc. Author manuscript; available in PMC 2019 July 01.



1duosnue Joyiny VSN 1duosnuey Joyiny YSYN

1duosnue Joyiny VSN

Butler et al.

Page 20

We note that in Paper I, we used the alternative scaling x = /‘)l/B =M *3xfor n=3. The

advantage of the scaling equation (34), x = 172/35!/3, is that the dimensionless mass A7now

appears with the same power in all terms except in the first.

Equilibrium configurations can be found by setting to zero the derivative of the energy
equation (65) with respect to x (at constant mass and angular momentum),

0=2E

yrl =2/ - i 257 v i
== = Gk, M' =2 — M 4 2k PV — 2k Mx = 3ksMa. (66)

The onset of instability occurs at turning points of the equilibrium sequences, i.e. at points at
which the second derivative with respect to x vanishes,

2 o — — — [—
0= ‘;—f = (B3Im)3/n — Dk, M =23 =2 4 o AT — 2k M — 6ksMx.  (67)
X

For n= 3, equations (66) and (67) are equivalent to equations (1.21) and (1.22).

The ratio between the rotational kinetic and Newtonian potential energies can be computed
from the second and third terms in equation (64),

k.jx
T 7 (69)

[compare equation (1.27)]. Adopting the Roche model, we can compute the rotational kinetic

energy at mass shedding from 7 = (1/2)193he 4 Consistent with our assumption that the

structure constants &; remain unchanged, we will assume that the moment of inertia /always
remains that of the non-rotating 7= 3 polytrope, I ~ (2/3)0.1130MR§[see equation (1.18)],

3/2
and where Qg q=(2/3)

potential energy remains that of the non-rotating /=3 polytrope, | = (3/2)A/12/Rp.
Combining these terms, we find

{

[see equation (1.19)], which can be inserted into equation (68) for a star uniformly rotating at
mass shedding, the maximum spin rate. Note that the small value of 77| at mass shedding

(M/RS)”2 [see equation (1.17)]. We similarly assume that the

B

) —744%107°  (69)
| shed

=
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for an n= 3 polytope (due to its large central mass concentration) justifies ignoring changes
in the shape of the bulk of the mass in computing the energy functional, and treating the star
as spherical to lowest order.

Noting that we may also write the kinetic rotational energy as 7= (1/2).2//, we find

T _ 4_425Rﬂ 7. (70)

(W] A

which can then be inverted to yield an expression for the compaction ~,/M,

Ry s

Equations (66)—(68), with 77| given by equation (69), now provide three equations for the
three unknown parameters x, M, and / describing the critical configuration of marginally
stable SMSs rotating at mass shedding. In the following sections, we will solve these
equations perturbatively, adopting as the unperturbed background solution the critical
configuration of an 7= 3 polytrope as derived in Paper I.

4.2 The unperturbed critical configuration

In Paper I, we solved equations (66)—(68) under the idealized assumption that the SMS is
dominated by a radiation fluid, so that 7= 3. In that case, equation (67) yields

ka2 —k

370 4

Xg= —a 2 (72)
0 3ks

[compare equation (1.23)], where we have introduced the subscript ‘0’ to denote parameters
describing the critical configuration of the unperturbed /7=3 polytrope. As an immediate
consequence, we see that rotation alone can stabilize the star only for angular momenta fy
greater than a minimum angular momentum

k

A 1/2
jmin=(k—3) =0.8733. (73)

Using this result, we can rewrite equation (72) as
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k
3.2 2
X0 = 3_k5(]0 - ]min) (74)
and equation (66) as

ke, My = by = 2k;(j5 — j2)%0 + kx5 (75)

2
Jmin

Inserting equation (74) into the latter then yields

1
k2

/3 500 2\

My zkl(k2_3k5(fo_1min)) (76)

[see equation (1.25)]. Inserting equation (74) into equation (68) results in a quadratic
equation for j,

4 2 2 3kzks T

Jo = JminJo = k—gm =0, (77)

which can be solved for jfy as a function of 77| 4. This solution provides the dimensionless
angular momentum of the critical configuration,

(iz) = j,=0876. (78)
M crit, 0
Inserting jy together with equation (69) into equation (71), then yields
(RP) 456  (79)
M crit, 0 -
for the analytical model. In the Roche model, the equatorial radius Req is related to the polar

radius Ay by Req = 3Rp/2, hence
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R
_4 ~
( v, ) =684 (80)
crit, 0

In addition to this analytical model calculation, we also performed a fully relativistic,
numerical calculation in Paper I, which resulted in jo ~ 0.97 and R,/ M = 427. From equation
(74) for xg, we also find the critical central density

C2 3 X(3) MO 2
pcrit,0= G M_(ZD M (81)
2
10°M
=8.7x 1072 | _&_
( M ] Cl'l’l3

Equations (79) and (81) should be compared with equations (63) and (62). The former two
describe the physical properties of the critical configuration of an SMS star stabilized by
uniform rotation, while the latter two describe those of the critical configuration of an SMS
stabilized by gas pressure.

In Table 2, we list some of the characteristic parameters of the unperturbed critical
configuration, as found in Paper | from both the analytical model calculation and the
numerical simulations (cf. table 2 in Paper I). We also include numerical values for f and
Mo as computed from the values provided by SUS. As discussed in Section 3.3, we compute
these values by extrapolating the data listed in their table 1 to 7= 3.

Equations (78) and (79) provide the unique parameters of the critical configuration of a
uniformly rotating SMS, supported by pure radiation pressure and spinning at the mass-
shedding limit. The subsequent gravitational collapse to a black hole is therefore also
unique, up to the overall scaling with mass, and the emitted gravitational wave signal may
hence serve as a ‘standard-siren’ for future space-based gravitational wave detectors. In the
following sections, we will consider perturbations of these critical configurations in order to
explore the regimes in which this universality is affected by the presence of gas pressure,
magnetic fields, DM, and dark energy.

4.3 Perturbative treatment: general set-up

We will account for perturbations of the idealized assumptions of Section 4.2 (and Paper 1)
by including new terms in the energy functional (64). These terms therefore lead to
perturbations in the variables that characterize the critical configuration, namely the density
variable x, the angular momentum /, and mass M, given by solutions to equations (66)—(68).
In our perturbative approach, we write these deviations as
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x=xy(1+6), (82)
j=Jo1+6). (63)

M=My1+36,), (84)

where X, fo, and M, are the unperturbed parameters of Section 4.2. We are assuming that
the onset of instability is still dominated by the interplay between radiation pressure,
rotation, and post-Newtonian corrections to the potential energy, as outlined in Section 4.1,
and that all corrections (e.g. gas pressure in the limit 8 < 1) affect this onset of instability
only perturbatively. Other approaches are possible, of course, but are not what we pursue in
this paper.

Specific expressions for &, &, and &y will depend on the specific effects considered, and
will be derived in the following sections. Equation (68), however, is independent of the
energy function itself, and, thanks to our rescaling equation (34), also does not depend on M.
Assuming that 7/| W remains given by equation (69), which is consistent with our
assumption that the structure constants 4 remain unchanged, we may therefore insert both
equations (82) and (83) into equation (68) and expand to linear order to obtain

T k3 5

Evidently, to linear order, we must always have

5= —26. (86)

X

We then insert equation (83) into equation (71) to obtain

RP RP
(ﬁ)crit - (ﬁ)crit, 0(1 " 25j) . (87)

to linear order. From equation (83), we also have
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(i) = (Lz) (1+5). (88)
crit, 0

The above expressions can now be used to determine the change in the angular momentum /
and the critical compaction £,/M, once & has been found.

5 EFFECTS OF GAS PRESSURE

In this section, we return to the effects of gas pressure, and consider its effect on the stability
of maximally rotating SMSs using both Approaches I and Il (Sections 5.1 and 5.2). We
compare with the numerical results of SUS in Section 5.3, and evaluate our results to
compute changes in the physical parameters of critically spinning SMSs in Section 5.4.

5.1 Approach |

Following Section 3.2.2, we account for gas pressure by adopting equation (65) with 7= 3,
as well as K= K; in the dimensional rescaling, but adding the correction (42) to the internal
energy. The energy functional then becomes

E= k1M1/3x + kIMIBXﬂ % In x + % In g+ C) - kZMx + k3j21\7x2 - k4A7x2 - kSMx3, (89)

where Cis given by equation (43). Setting the first two derivatives to zero, we obtain

1
2

1

0= k]M2/3k11\7_2/3ﬂ( Inx + % In § + c) + 5k M = key + 2k = 2k yx = 3ksx” (90)

and
1, =23, — ;
0= 5k, M Bt 4 2kt — 2k, — 6ksx.  (91)

We now insert equations (82) and (83) into equation (91) to find, to leading order,

1= 2/3 — . .
0 = 5 My 5y B+ 2Kk ji(1 +28) = 2y oy = Oksrg(1 +6),  (92)

where we have used equation (73). Not surprisingly, the zeroth-order term gives us equation
(74) again. Using equation (86), the linear terms can be solved to yield an expression for the
change in j,
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k
5. = 1 1

By Ay B
! 8ks M 3/3(213 - Jrznin)xo

(93)

This expression can be inserted into equations (87) and (88) to find a change in the
dimensional parameters /,/Mand J M — the quantities that we are primarily interested in.
We will postpone a discussion of these results, though, until Section 5.3. The change in the
density variable x can also be found from equation (93) with the help of equation (86).

Keeping in mind the discussion of &, in Section 3.3, we can compute this quantity as
follows. We first insert equation (91) into equation (90) to obtain

__ — 23 (1 5
0=k M4k M 2/3ﬁ(§ lnx+glnﬂ+C)—k2+3k5x2. (94)

We then insert equations (82) and (84) and expand to linear order, which yields

3 5 3 5! 4(2)/3'((2)
[ _ (2 4 2 > 0 Y
oM i Inxy+Z1Infg+ 2C)ﬂ+ 3 o, (95)

or, with equations (86) and (93),

3 5 3., % X

J
Oy = ; ;
32Jo = Jmin

Here, we have introduced a superscript ‘I’ in order to distinguish this result from the
corresponding result (105) in Approach Il. We will again postpone a discussion until after
we have presented results for Approach Il in the next sections.

5.2 Approach I

As in Section 3.2.3, we now account for gas pressure by adopting the approximate
polytropic index 7= m as given by equation (32), using K= K, (approximated as a
constant) in the dimensional rescaling. The first two derivatives (66) and (67) of the energy
function (65) can then be written as

0= (1 + g) ke M3 P2 ok (P - 2w = 3k (97)
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and

0= (1 + g) Br 2B = PR o (P = 20 — bksx, (98)

where we have used equation (73). These two equations can then be combined to eliminate
the first terms, leading to

Byt 2(1= By = s = 6(1 - s = 0. (99)

Inserting equations (82) and (83), the leading-order correction terms become

_p 2 p 2 B 2 B
0= 5k, + 2ksjgg |26+ 6, = 5| = 2kyjmixo (6, — 5| — 6ksxg(26, - ). (200)

We now use equation (86) to eliminate & and obtain

; 1 ; ; 3
(4 i + 24k50) oy = (—§k2 +k3(ig = Jmin)Xo = §k5x(2) p. (101)

Simplifying the left-hand side with equation (74), and the right-hand side with equation (75)
yields the result

5. = — ky 1
b 8 MPaej-

5. (102)
min)xo

which is identical to the result (93) that we found for Approach I. In particular, this means
that both approaches predict identical changes in the parameters /,/M and JMNE of the
critical configuration, see equations (87) and (88), as well as for &, see equation (86).

In order to obtain an expression for the correction &y of the rescaled mass M, we expand
equation (97). For the expansion of the mass term AM2/3-A3 e can use the expansion (57),
but, unlike in equation (58), we now expand x about xg rather than zero, so we now have

x/)’/2 — e(ﬁ/Z)lnx — 1 + g ln -xo (103)
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to linear order. Inserting these, together with equations (82) and (83), into equation (97) then
yields

g2y BB P 2 2 2
0=FkM, 1+§—§ln M0+§ln x0_§5M —ky + 2k jyxo (1 +25j+5x)_2k31minxo

(1+6) — 3ksxg(1 +25,).

(104)

Not surprisingly, the zeroth-order terms reproduce equation (75). The leading-order
correction terms can be simplified by using equation (86) to write & in terms of &, and
equation (102) to write &; in terms of . Also using equation (74), we then find

3 g

0
A~2 2 p.
42]

0~ Jmin

ot =3 = Ly 7,4+ 3 1n -

) 7 (105)

Given our discussion in Section 3.3, it is not surprising that this result is not identical with
that found for Approach I, equation (96).

5.3 Comparisons

It is useful to compare the above results with the numerical results of SUS, who adopted
Approach |1 to study the effect of gas pressure on relativistic, maximally rotating SMSs.
Since SUS do not provide results for = 0, we extrapolate their numerical values for 8> 0,
listed in their table 1, to 8= 0. The resulting values for jy and M are listed in our Table 2.

It is evident from Table 2 that the parameters describing the critical configurations show
some variation between the different methods. We did not extract xg and jyin from SUS, but
these values agree reasonably well between the analytical and numerical approaches of
Paper 1. The largest difference appears for j, and we note that the value obtained from SUS
lies between the two values from Paper 1. All of the above parameters, as well as M, appear
in the expressions (93) for & and expressions (96) and (105) for &y. Not surprisingly, these
perturbations then depend on which background values are adopted. In Table 3, we list the

ratios &j/3, x/6, and 6&//1, using the different values of the background parameters (because

of the appearance of the Ain Bterm in 6%, the ratio 6}\4//3 is not independent of 5, we

therefore omitted this quantity in the table). For the top two rows in the Table 3, we used the
analytical and numerical values from Paper | for all four parameters xo, fmin, Jo. and M (i.e.
the values from the corresponding top two rows in Table 2), while for the bottom entries, we
used the extrapolated values from SUS for jy and My, but the numerical values of Paper | for
Xo and Jfmin-
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For &/Bin equation (102) (and similarly for &/p), we find variations of several 10 per cent;
these variations are mostly due to differences in the term 2 j% - jlznin between the different

approaches. Similar differences in equation (105) tend to cancel each other out, so that the
numerical values for 5&//} as obtained from different background values agree much better

with each other. We believe that the high-resolution results of SUS provide the most accurate
values currently available, and therefore will adopt their parameters in Section 5.4 below.

We next compare our predictions for & and &y with the numerical results of SUS. In order
to make this comparison, we compute & = (/= fo)//o (and similar for &) from the data /
listed in table 1 of SUS, where j is the extrapolated value for 8= 0 as listed in our Table 2.
We also compute values for gfrom g=6 (I" — 4/3), where the values of I are listed in table
1 of SUS. In Fig. 3, we then graph the numerical values of SUS for & and &y as squares,
and our perturbative results (93) as well as (96) and (105) as solid and dashed lines.

We first observe again that Approaches I and 11 make identical predictions for &; they
therefore appear as a single line in the top panel of Fig. 3. Moreover, for small values of g,
the perturbative predictions for & agree well with the numerical results of SUS. For larger
values of g, we see increasing deviations. This is not surprising, however, since, for the
larger values of Badopted by SUS, our perturbative calculation predicts values of & of order
unity, which is clearly a violation of the condition |&j| « 1 for a linear treatment [see
equation (83)]. Another reason for these deviations at larger g may also be related to 77| W/,
which we assume to remain given by the constant Roche-approximation value (69)
independently of 8. The numerical simulations of SUS show, however, that instead 77| W,
which is small, slightly increases with increasing 8. This means that our approximation
underestimates the angular momentum, increasing the deviation in &;.

Keeping in mind the subtleties discussed in Section 3.3, we also compare our predictions for
ém in the lower panel of Fig. 3. The two different predictions from Approaches | and Il are
included as a solid and a dashed line; as in Fig. 2 for non-rotating SMSs Approach | predicts
larger decreases in M than Approach I1. Quite reassuringly, but not surprisingly, Approach Il
agrees quite well with the results of SUS, who also adopt Approach Il. In fact, for large g,
this agreement is significantly better than for &. In part, this is because &y is smaller in
magnitude than &; for a given value of 4, so that the linearity condition |&y| < 1 is not
violated as severely as the one for &. We further expect that & is less affected than & by
our approximation of keeping 77| constant, as we discussed above.

5.4 Results for physical parameters

Encouraged by the comparisons in the previous section, we now evaluate our perturbative
results to compute the changes due to gas pressure in the physical parameters of the critical
configuration of an SMS spinning at mass shedding. Inserting equation (93) together with
equation (40) into equation (83), we find
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-1/2
(Lz) z(%) 1—0.12( M (106)
M crit M crit, 0 10 Mo
and similarly, from equation (87),
-1/2
R R
(ﬁp) z(ﬁp) 1-023| -2 . (107)
crit crit, 0 10 M@

where the unperturbed critical ratios are given in equations (78) and (79). Allowing for gas
pressure has a stabilizing effect, permitting SMSs to remain stable to smaller values of 7,/M
and higher densities. For stars with masses M < 106 Mg, the effect is quite substantial. In
fact, for smaller stars gas pressure dominates the stabilization, as calculated in Section 3, and
rotation should be treated as a perturbation, rather than the other way around as in this
section.

To find the central density, we start with equation (34) to find

2
(1+35), (108)

3
_ 2 (2] %o (Mo
pcrit_M2_ G| w2\ ™

where we have inserted appropriate powers of cand G. Using equation (86) together with
equation (40) and evaluating the physical constants, we now obtain,

M -1/2
109
106M) ) (199)

©

1+0.70

Perit™P crit, 0

where pgrit o i given by equation (81).

Equation (109) generalizes the earlier result (62), while equation (62) determines the effect
of gas pressure on the critical density of a non-rotating SMS, equation (109) determines the
density of a maximally rotating SMS at the onset of instability, allowing for gas pressure as
a perturbation. The two expressions (62) and (109) scale differently with the mass M, which
is related to the fact that they are based on different expansions. Equation (109) is the result
of a perturbation about the non-zero critical density of the maximally spinning SMS. By
contrast, in the absence of rotation, there is no stable configuration without gas pressure, so
that, in deriving equation (62), there is no non-zero background critical density about which
to expand.
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We note again that the results (106), (107), and (109) follow identically from Approaches |
and Il.

6 OTHER EFFECTS

In this section, we adopt our perturbative approach to estimate the influence of several
effects other than gas pressure on the radial stability of uniformly rotating SMSs at the mass-
shedding limit.

6.1 Magnetic fields

We now consider the perturbative role of a magnetic field B, which we assume to be
sufficiently weak so that that the shape of the star remains unchanged and nearly spherical as
in Section 4. This assumption requires that £/ WK 1, where £y is the total magnetic
energy. The energy density of the magnetic field Bis

2

B

Integrating this energy density of all space gives a result that depends on the topology of the
magnetic field. Typically, we find

Ey = ky@5M 1 Bp13 0 (11)

C

Here, we have expressed the magnetic field in terms of the magnetic flux @y, through the
matter, which remains constant for a frozen-in magnetic field when we vary the stellar
density pp. The constant Ay is a dimensionless quantity that depends on the topology of the
magnetic field. For example, for the model considered by Spitzer (1978, p. 242), which
consists of a constant interior field B and a root-mean-square exterior field that falls off as
B(RIN3, we have

4 1/3 ( )
ky, = (—) 112
M= \g1x’c

where C= p./{p) ~ 54.18 measures the central condensation of an /7= 3 polytope, and
where @y, = #BR? is the flux through the equatorial plane of the star.

Using equation (34) and rescaling all dimensional quantities as before, including ®p = K
~32¢,,, we can rewrite equation (111) in the non-dimensional form
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=2 i1
Ey = k@M x.  (113)
We now add equation (113) to the energy equation (65) to find the total energy
E = kyM"Px + ky@yM ™~ 'x = kyMx + kg2 Ma® — kyMx* — kMx® . (114)

Setting the first two derivatives to zero yields

oE 1/3 =2 -1 v 2 v = 2
0= =k M+ ky®yM " — koM +2kyj"Max — 2k, Mx — 3ksMx* . (115)

and

PE . o o o o
5 = 2k, "M — 2k, M — 6ksMx.  (116)

0= =
x>

Since the magnetic contribution is proportional to x; like the internal energy and the
Newtonian gravitational potential energy terms, the second derivative of the energy equation
(114) with respect to xyields the same equation as equation (67) for 7= 3. As a
consequence, equations (72)—(74) and (77) also remain unchanged. Solving equation (77),
again using equation (69), yields the same values for j; and xg. Therefore, the onset of
instability occurs at the same values of both JAZ and Rp/ M as in the unperturbed
configuration,

and

R R
LI ==, (118)
( M )crit ( M )crit, 0

where the background values are again given in Section 4.2. The sole role of the magnetic
perturbation in this approximation is to increase the mass slightly at a given central density,
as a result of the magnetic term in equation (115), but this does not influence the radial
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instability. The onset of instability is determined by the competition between rotation and
relativistic gravitation, whereas the internal energy, Newtonian gravitational potential
energy, and magnetic energy establish equilibrium, but are neutral with respect to stability.

We note that in the case of non-rotating SMSs, the magnetic field can lead to a significant
increase in the stellar radius of equilibrium configurations (see Ostriker & Hartwick 1968, as
well as section 7.2 in ST).

6.2 Dark matter

We start by considering the effects of a DM halo. We treat cold dark matter (CDM) and hot
dark matter (HDM) separately, adopting the crude approximations developed in Appendix
A. As shown in the appendix, the key parameter that distinguishes these two regimes is
2<1>SMS/u§O, where ®g)s is the central potential of the SMS, and v is the speed of the DM

particles far from the SMS. We refer to the limit 2<I>SMS/U§o > 1 as CDM, and the limit

2cI>SMS/u§o < 1 as HDM. During its evolution the SMS cools and contracts and g

increases. Likewise, during its evolution the Universe expands and ve decreases. Therefore,
SMSs may reside in different regimes during different parts of their evolution and different
epochs of the Universe. For example, SMSs arriving at the mass-shedding limit at the
current cosmological epoch obey the CDM limit, as we show below, while SMSs arriving at
the mass-shedding limit sufficiently early in the Universe, when v % 1, are in the HDM
limit.

Approximating ®gp s as M/R and evaluating this quantity for the critical configuration at the
mass-shedding limit, M/R, ~ 1/427 (see Section 4.2), we find

-2

20 v
ng ~4.68 x 10° (;”_1) (119)
v, 300km s

where we have normalized to a typical galactic DM speed, appropriate for low redshifts. In
the current cosmological epoch, SMSs therefore reach their critical configuration in the
CDM limit, where the above ratio is much greater than unity.

6.2.1 Cold dark matter—As we argued in Appendix Al, the energy contribution due to a
CDM halo can be approximated by the term (A11),

7l 3 —137—1/2_-3/2
Epp = kepvtpmleo M- 77X . (120)

2/3

where xp\, =M (pg’M)I/?’. Including equation (120) in the energy equation (65) and taking

the first two derivatives then results in
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—1/3 — 2 2\ — 92 3 3 —1iq-1/2.-5/2
0= kM = kyM + 2k = oy IMx = 3ksMx® = Skepyppgve M2 (121)
and

L Ny — 15 3 —1g-1/2_-7/2
0 =2k3(j" = jrip)M — 6ksMx + TkCDMxDMDoo M x . (122)

Dividing equation (122) by M, multiplying by x [so that, to leading order, the perturbation of
jox= j%xo(l +26,+5,) vanishes according to equation (86)], and inserting the perturbations

(82) and (83), we obtain

. . 15 13—
2k % = ks minKo(1 +8) = 6ksxo(1+26) = = Zkeputpmve Mo xg ™2 (123)

Since the DM perturbations scale with x%M, the term on the right-hand side is small already,

and we can neglect the perturbations of A7and xin this term. The zeroth-order terms yield
equation (74), while the leading-order corrections give

2 15 3 _15-312 —/2
(k3 Jmin + 6ks%)0, = ~kcppmpmleo Mo~ ¥ - (124)

We now use equations (74) and (86) to rewrite the term on the left-hand side to obtain

3

15 kcpm ‘DM
5= — _ . (125)
ISk g g "

or

5= —25x% 108%D—DM, (126)

C (o]

where we have inserted the background values of Section 4.2 as discussed in Section 5.3.
From equation (83), we then have
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o0
DM
1072 gem 3

M

6
10" M,

v -1
(300 kzs‘l) ) (127)

1—4.1x 10‘20(

2 - 2
M M crit, 0

crit

and from equation (87)

R R 20| M ’ Pbm v 7!
2l 2|2 x|1-82x1070| — - ( 1) . (128)
M)eie \M Jerico 10°M, | 107 gem™3/\300kms™

where the unperturbed values are given by equations (78) and (79). Here, we have adopted
values for the DM density and DM particle speeds as they may exist in current DM haloes.
Evidently, the effects of such a CDM halo on the stability of rotating SMSs are minute.

6.2.2 Hot dark matter—In order to account for the effects of an HDM halo on the
stability of rotating SMSs, we add the expression (A17),

EDM = kHDMA7I _2/3x]3)Mx_2, (129)

3

) 1/
Bz -

to the energy functional equation (65), where we have again defined xp,, = M

The first two derivatives of the energy equation (65) are then
0= kM = koM + 2ky(* = 23 IMx = 3ksMx® = 2kyppiogM 2 x> (130)
and
0 = 2k3(j2 = j2. WM — 6ksMx + 6kyppiinM 2 x*  (131)

As in Section 6.2.1, we multiply equation (131) with x, divide by A, perturb about the
background solution of Section 4.2, and keep the leading-order correction terms to obtain

0= —2kqj2 xo8, — 12ksx08 + OkypniionMy ' x> (132)

(where again all corrections scale with x%M, so that this term is a small quantity already.)

Using equation (86) as well as equation (74), we may rewrite this expression as
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=53 3
3 kupmMy” T Xpm

) I
! 2 k3(2jo = Jmin) %o

(133)

or

—_5/3
3 kHDMMO G\ 2
5j= _2k 2 74 | M ppy - (134)
3(2Jo = JminXo \€

Evaluating the background quantities as discussed in Section 5.3 and inserting into equation
(83), we find

R

2
Ppm
, (135
(IO_Sgcm_3)] (133)

(iz) x 1—0.038( M
M crit, 0 10 M@

where we followed McLaughlin & Fuller (1996) and Bisnovatyi-Kogan (1998) in adopting a
DM density of 107 g cm™3, appropriate for some epoch in the early Universe. Inserting
equation (134) into equation (87), we also find

(136)

2
R R
(ﬁp) z(ﬁp) x[1-0077|—2 ( /oM )
crit crit, 0 10°My ) (10" “gem' 3

Even for a large value of the DM density, the effect of the DM on the critical configuration
of uniformly rotating SMSs is relatively small unless A >108 Mg, which is consistent with
the findings of McLaughlin & Fuller (1996) and Bisnovatyi-Kogan (1998).

6.3 Dark energy

The effects of a cosmological constant can be estimated very similarly to that of constant
DM density distribution in the HDM regime. The Newtonian limit of Einstein’s equations,
including a cosmological constant A, is

V2O =4rp—A. (137)

We can therefore find the effects of the cosmological constant simply by replacing the
constant value of pypwm in the equations of Section 6.2.2 with —A/(4w). Making this
replacement in equation (134) and inserting physical constants, we find
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5. =
j —5/3 -2 2
8 Kk My~ (2jo = JminXo

3 kHDM 1 G
472

)2 M*A. (138)
C

Evaluating the coefficients using the background quantities of Section 4.2 and inserting into
equation (83), we find

2 - 2
M M crit, 0

crit

2

1 +4.5% 1072 (L

6
10°M,

A
=} (39
ASM) (l )

where we have adopted
Agy = 1.11x107%cm™  (140)

for the cosmological constant in the standard model (Planck Collaboration XI1I 2016).
Inserting equation (138) into (87), we similarly obtain

By (B o
M| . {M].
crit crit, 0

Evidently, the effects of the dark energy on the stability of typical SMSs are entirely
negligible.

14+091x107% (6— (141)
10°M,

SM

7 SUMMARY

In this paper, we extend a calculation initiated in Paper I, where we determined the critical
configuration at the onset of collapse of a uniformly rotating SMS, supported by pure
radiation pressure and spinning at the mass-shedding limit. We found that this critical
configuration is characterized by a unique set of the non-dimensional parameters ~,/M and

JIME.

In this case, the subsequent collapse of the critical configuration follows a universal
evolutionary track and results in a spinning black hole with Mgp/M ~ 0.9 and

JBH/MZBH ~ 0.7 (Shibata & Shapiro 2002; Shapiro & Shibata 2002), surrounded by a disc
with Myisc/M =~ 0.1. Moreover, if the initial star is threaded by a weak, toroidal magnetic
field, then the black hole—disc system launches a jet, and the electromagnetic Poynting
luminosity transported by the jet resides in a narrow range of Lgy ~ 1052%1 erg s71,
independent of mass, once the system settles into quasi-steady accretion (see Sun et al.
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2017; Shapiro 2017). The universal evolutionary track also leads to the emission of a
universal gravitational signal (Shibata et al. 2016a; Sun et al. 2017), which may serve as a
‘standard siren’ for future space-based gravitational wave detectors.

In this paper, we explore the domain of validity of this universality by considering a number
of different physical effects that might perturb this rotating critical configuration. In
particular, we study the effects of gas pressure, magnetic fields, DM, and dark energy, and
find that they perturb the critical parameters J/A# and R/M according to

2
DM
1072 gcm 3

—-1/2
(Lz) g(iz) 1—0.12( M ) —4.1x10_20( M
M M) o 10M 10°M,

O]

[)) -1 M 2 A
(;“’) +45%x107%° - —)
10°M SM

(0]

and

R R —-1/2 2 P
(VP) g(ﬁp) 1-023|—2 —82x1070| M M )(143)
crit crit, 0 10 Mo 10 M@ 107~ gcm™ 3
-1 2
[
(—"" 1) +0.91x 1075 —é” A )
300km's™ 10°M | Asm

where the unperturbed values are given by equations (78) and (79).

Gas pressure is the most significant perturbation for the most realistic astrophysical
scenarios, and becomes important for SMSs with masses of M < 108 Mg, Its effects are
accounted for by the top lines in equations (142) and (143). We model these effects using
two different approaches (see Sections 2.4 and 2.5), which we carefully compare and
calibrate (see Section 3). Both approaches lead to identical results for the leading-order
effects on /M2 and R/M, which also agree well with the numerical results of SUS in the
linear regime. Gas pressure has a stabilizing effect on rotating SMSs, it scales with A7-1/2
and becomes important for A/ < 106 Mg,

It turns out that magnetic fields have an effect on the mass of the critical configuration of
maximally rotating SMSs, but not on the dimensionless ratios J/A# and Rp/M — the effect of
magnetic fields is therefore absent in equations (142) and (143).

We approximate the effects of a DM halo adopting two opposite limiting cases, which we
refer to as CDM and HDM. Rotating SMSs that reach the onset of instability in the current
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cosmological epoch are in the CDM regime, which we include in the middle lines of
equations (142) and (143). The effects of DM are stabilizing, but are minute and can be
neglected for most situations. For SMSs forming in the early universe, the HDM regime may
apply; the result, rescaled for a higher DM density as it might have applied in the early
Universe, can be found in equations (135) and (136).

Finally, the effects of dark energy are included in the last lines of equations (142) and (143);
these effects are destabilizing but even smaller than those for of a DM halo.

In general relativity, SMSs supported by angular momentum and pure radiation pressure can
be stabilized against collapse only for angular momenta jthat are greater than jyin defined in
equation (73), which is close to the mass-shedding value (78). Thus, for our perturbative
calculations, which take configurations stabilized by rotation and radiation pressure as
background models, slowly rotating stars as described by, e.g. Maeder & Meynet (2000),
Yoon, Kang & Kozyreva (2015), and Haemmerlé et al. (2018b), are not suitable. SMSs that
are rotating well below the mass-shedding limit could be modelled as configurations in
which gas pressure plays the dominant stabilizing role and rotation is a small perturbation —
but these are not the configurations that we focus on in this paper.
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APPENDIX A: THE DARK MATTER CONTRIBUTION TO THE STELLAR

ENERGY

In this appendix, we derive approximations for the contribution of a DM halo on the energy
of an SMS, considering the opposite extremes of CDM and HDM. We imagine that the SMS
is surrounded by a much larger region filled with DM particles that are collision-less,
monoenergetic and moving isotropically. Far from the SMS, the DM has a uniform density

ppy @nd the particle speed is veo < 1. A simple phase-space distribution function

describing this DM is
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S(E-E_)
4nQE H)V* (A1)

o)

f=fE) = ppy

where the asymptotic energy per unit mass is £ = ugo/z [see equation (ST.14.2.16)].

Integrating over the distribution function, we find for the density

1/2
© (4 2®g\1s
Ppm ~ Ppom|* — 02

[o0]

(A2)

[compare equation (ST.14.2.22)].

Strictly speaking, the above distribution function holds only for stationary configurations. It
is also a very good approximation for the quasi-stationary situation encountered when we
consider small oscillations of the equilibrium configuration. Justification of this
approximation is provided by the following argument (McLaughlin & Fuller 1996) which
suggests that the DM density is at most very weakly affected by the oscillations of the SMS.

Consider a DM particle with zero speed v at a large separation from the SMS. Once it has
reached the surface of the SMS, it will travel at the escape speed v~ (GM/R)Y/2, and will
therefore transverse the star in a time of approximately zgoss ~ RV~ (REAGM))Y2 ~ (Gp)
~12 - 7, where 4 is the free-fall time. The crossing time z¢oss Will be even shorter for
particles with veo >0 at large separation, so that zgoss S 7 in general. For stars with
structures similar to /7= 3 polytropes, the fundamental radial oscillation period z is larger
than the free-fall time, which establishes the inequality zgross < 7osc. In fact, for stars near
the critical configuration, the oscillation frequency approaches zero, so that z,s. becomes
infinite. Assuming spherical symmetry, DM particles are unaffected by oscillations of the
SMS, while they are outside of the star, because the exterior potential will not change. Since
dgp\s varies on the time-scale 7,4, Which is longer than the crossing time z¢qss, the quasi-
stationary approximation applies, and hence we may adopt equation (A2).

; ; P 2 2
We now consider two opposite extreme limits, namely 2@, /o7 > 1 and 2@y, /o7 < 1,

where dgpyg is evaluated inside the SMS. The former applies in the limit when the speed of
the DM particles is much less than the escape speed from the SMS, which we refer to as
CDM. Conversely, the latter applies when the DM particles are much faster than the escape
speed, which we refer to as HDM. We treat these two limits separately in the following two
sections. At large distances from the SMS, we always have &g\ — 0, so that, from

equation (A2), we always have pp,, . — pp\, in both limits, as expected.
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Al Cold dark matter

> 1, we may approximate equation (A2) as

; 2
In a region where 2&, /o /v_

172
2(I)SMS

02

e o]

PcpMm = /)]o)oM (A3)

We now invoke a further approximation and argue that, given the large central condensation
of an n= 3 polytrope, we may crudely approximate the potential of the SMS as that of a
point mass, so that

1/2
Z—M) C(A9)
;

~ o0
PcoM = PpMm |~ 2

o]

The Newtonian potential caused by the DM distribution can then be found from the Poisson
equation

2 1 d( 29%cpm
V ®cpy = 7@(r o | = 4mrcpm (AS)

Inserting equation (A4) and integrating twice, we obtain

1/2

16% PoMM
2ORTDMT 3124 ¢ (AB)

1/
Pepy =2 15

where Cis a constant of integration, and where we have set a second constant of integration
to zero in order to make ®cpp regular at the origin. We can now find the contribution of this
potential to the energy of the SMS from

M R
2
Ecpym = A Dppdm = 471',‘/0‘ Dpyprdr (A7)

00 1/2
_ ol 64n> PDMM

R
7/2
15 o [) pr' adr.

Here, the integration is carried out over the SMS, we have assumed spherical symmetry, and
we have omitted the constant Cin equation (A6), since it would lead to a term that is

Mon Not R Astron Soc. Author manuscript; available in PMC 2019 July 01.



1duosnue Joyiny VSN 1duosnuey Joyiny YSYN

1duosnue Joyiny VSN

Butler et al.

Page 44

independent the density, and which would therefore drop out when we take derivatives of the
energy with respect to the density. To leading order, the structure of the SMS is that of an n
= 3 polytrope, so that we can rewrite the last integral in equation (A7) using Lane—Emden

variables p = o6 and r= a g€ with a; = k27 13/n! /2

172 13

o0
_ 12 64 PpuM o [ 2,390
Ecpy =2 15274 o, PALE o & 7dé  (A8)
o 1172 ¢
_ol2_64 PomM —1/29/4 39357/2d§
= 74 o Pe :
15% %) 0
We now define
13
_ 12 64 3 3an
kepy = PRI 03E72de = 300193 (A9)
T 0

and use the dimensional rescaling £= K~3/2£ (and similar for M) together with equation
(34) and

1/3
xpy = MRy T (AL0)
to obtained the rescaled energy
- 3 _IM_1/2X_3/2. (All)

Ecpm = kepM¥dMP o

We may now account for the effects of CDM by including this term in the energy equation
(65).

A2 Hot dark matter

In the opposite limit, 20,/ > <1, the DM density is unaffected by the SMS and takes the

[
o0

constant value

PHDM = PIO)OM» (A12)
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which is the regime considered by McLaughlin & Fuller (1996) and Bisnovatyi-Kogan
(1998). Solving the Poisson equation (A5) for the potential ®ppy, We obtain

2r 2
Pypm = ?PJODOMr . (AL3)

where we have omitted two constants of integration for the same reasons as in Appendix Al.

The contribution of this potential to the energy of the SMS is then

M R
HDM = / Dpypydm = 4n fo DOypyprdr  (Al4)

As in Appendix Al, we use Lane-Emden variables for an /7= 3 polytrope to rewrite this
integral as

¢
8n* 5 3 34
Eppm = 3 PDMPALE [) 6°¢dé  (ALS5)

3
_ 8 K52, =213 393 44
_371',1/2 PpDMPc 0 £rdé.

We now define

¢

8 3
keom = 7 /0 03t de = 163262, (A16)

and adopt the same rescaling as in Appendix Al to find the rescaled energy
- —_2 —_
Eypn = ko 22 (AL7)

In order to account for a hot dark-energy halo, we therefore add this term to the energy
equation (65).
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Figure 1.

The density variable x_;, = M,

0.00 0.01

2/3 1/3
critPerit

0.02 0.03 0.04

p

as a function of g for non-rotating SMSs according to

Approaches I and Il. Crosses and circles denote the numerical results from Section 3.1,
using Approaches | and I, while the lines represent the analytical, perturbative predictions
(49) and (56) from Section 3.2 (which are identical for Approaches | and II).
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—0.251 . 1 [ ) .
0.00 0.02 0.04 0.06
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Figure 2.

The relative change in the mass 615\5;*1 [see equation (36)] as a function of S for non-rotating

SMSs according to Approaches | and Il. Crosses and circles denote the numerical results
from Section 3.1, while the solid and dashed lines represent the analytical, leading-order
predictions (51) and (60) from Section 3.2. Note the non-linear behaviour of the analytical

predictions, which are caused by the logarithmic terms in equations (51) and (60). The

squares labelled SUS represent numerical results of SUS, who adopted Approach I1.
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Figure 3.

0.05

Effects of gas pressure on the dimensionless angular momentum jand the rescaled mass M
of the critical configuration of rotating SMSs. We show & and &y, defined in equations (83)
and (84), as a function of g. The solid and dashed lines represent our analytical perturbative
expressions according to models I and I1, while the squares represent the numerical results

of SUS.
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Table 1

Values of the structure coefficients &; for 7= 3 polytropes.

Coefficient  Value

Reference

k 1.7558
ko 0.63899
ks 1.2041
ks 0.918294
ks 0.331211
k. -0.45928
keom 30.0193
Kaom 16.3262

Lai et al. (1993)

Lai et al. (1993)

Lai et al. (1993)

ST

Lombardi (private communication)
equation (44)

equation (A9)

equation (A16); Bisnovatyi-Kogan (1998)
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Comparison of estimates for &, &, and 5&.

Calculation s &IB

1T
oy B

Paper I; analytical -16.7 33.4
Paper I; numerical -11.4 22.8
SuUS -13.7 274

-4.7
-4.6
-4.6
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