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Abstract

Suppose we observe 7 independent and identically distributed observations of a finite dimensional
bounded random variable. This article is concerned with the construction of an efficient targeted
minimum loss-based estimator (TMLE) of a pathwise differentiable target parameter of the data
distribution based on a realistic statistical model. The only smoothness condition we will enforce
on the statistical model is that the nuisance parameters of the data distribution that are needed to
evaluate the canonical gradient of the pathwise derivative of the target parameter are multivariate
real valued cadlag functions (right-continuous and left-hand limits, (G. Neuhaus. On weak
convergence of stochastic processes with multidimensional time parameter. Ann Stat
1971;42:1285-1295.) and have a finite supremum and (sectional) variation norm. Each nuisance
parameter is defined as a minimizer of the expectation of a loss function over over all functions it
its parameter space. For each nuisance parameter, we propose a new minimum loss based
estimator that minimizes the loss-specific empirical risk over the functions in its parameter space
under the additional constraint that the variation norm of the function is bounded by a set constant.
The constant is selected with cross-validation. We show such an MLE can be represented as the
minimizer of the empirical risk over linear combinations of indicator basis functions under the
constraint that the sum of the absolute value of the coefficients is bounded by the constant: i.e., the
variation norm corresponds with this L1-norm of the vector of coefficients. We will refer to this
estimator as the highly adaptive Lasso (HAL)-estimator. We prove that for all models the HAL-
estimator converges to the true nuisance parameter value at a rate that is faster than 714 w.rt.
square-root of the loss-based dissimilarity. We also show that if this HAL-estimator is included in
the library of an ensemble super-learner, then the super-learner will at minimal achieve the rate of
convergence of the HAL, but, by previous results, it will actually be asymptotically equivalent
with the oracle (i.e., in some sense best) estimator in the library. Subsequently, we establish that a
one-step TMLE using such a super-learner as initial estimator for each of the nuisance parameters
is asymptotically efficient at any data generating distribution in the model, under weak structural
conditions on the target parameter mapping and model and a strong positivity assumption (e.g., the
canonical gradient is uniformly bounded). We demonstrate our general theorem by constructing
such a one-step TMLE of the average causal effect in a nonparametric model, and establishing that
it is asymptotically efficient.
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1 Introduction

We consider the general statistical estimation problem defined by a statistical model for the
data distribution, a Euclidean valued target parameter mapping defined on the statistical
model, and observing nindependent and identically distributed draws from the data
distribution. Our goal is to construct a generally asymptotically efficient substitution
estimator of the target parameter. An estimator is asymptotically efficient if and only if it is
asymptotically linear with influence curve equal to the canonical gradient (also called the
efficient influence curve) of the pathwise derivative of the target parameter [1]. For realistic
statistical models construction of efficient estimators requires using highly data adaptive
estimators of the relevant parts of the data distribution the efficient influence curve depends
upon. We will refer to these relevant parts of the data distribution as nuisance parameters.

One can construct an asymptotically efficient estimator with the following two general
methods. Firstly, the one-step estimator is defined by adding to an initial plug-in estimator of
the target parameter an empirical mean of an estimator of the efficient influence curve at this
same initial estimator [1]. In the special case that the efficient influence curve can be
represented as an estimating function, one can represent this methodology as the first step of
the Newton-Raphson algorithm for solving the estimating equation defined by setting the
empirical mean of the efficient influence curve equal to zero. Such general estimating
equation methodology for construction of efficient estimators has been developed for
censored and causal inference models in the literature (e.g., [2, 3]). Secondly, the TMLE
defines a least favorable parametric submodel through an initial estimator of the relevant
parts (nuisance parameters) of the data distribution, and updates the initial estimator with the
MLE over this least favorable parametric submodel. The one-step TMLE of the target
parameter is now the resulting plug-in estimator [4—6]. In this article we focus on the one-
step TMLE since it is a more robust estimator by respecting the global constraints of the
statistical model, which becomes evident when comparing the one-step estimator and TMLE
in simulations for which the information is low for the target parameter (e.g., even resulting
in one-step estimators of probabilities that are outside the (0, 1) range) (e.g., [7-9]).
Nonetheless, the results in this article have immediate analogues for the one-step estimator
and estimating equation method.

The asymptotic linearity and efficiency of the TMLE and one-step estimator relies on a
second order remainder to be ox(/71/2), which typically requires that the nuisance
parameters are estimated at a rate faster than 774 w.r.t. an £2(P)-norm (e.g., see our
example in Section 7). To make the TMLE highly data adaptive and thereby efficient for
large statistical models we have recommended to estimate the nuisance parameters with a
super-learner based on a large library of candidate estimators [10-13]. Due to the oracle
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inequality for the cross-validation selector, the super-learner will be asymptotically
equivalent with the oracle selected estimator w.r.t. loss-based dissimilarity, even when the
number of candidate estimators in the library grows polynomial in sample size. The loss-
based dissimilarity (e.g., Kullback-Leibler divergence or loss-based dissimilarity for the
squared error loss) behaves as a square of an L2(/)-norm (see, for example Lemma 4 in our
example). Therefore, in order to control the second order remainder, our goal should be to
construct a candidate estimator in the library of the super-learner which will converge at a
faster rate than 771/ w.r.t. square-root of the loss-based dissimilarity.

In this article, for each nuisance parameter, we propose a new minimum loss based estimator
that minim-izes the loss-specific empirical risk over its parameter space under the additional
constraint that the variation norm is bounded by a set constant. The constant is selected with
cross-validation. We show that these MLES can be represented as the minimizer of the
empirical risk over linear combinations of indicator basis functions under the constraint that
the sum of the absolute value of the coefficients is bounded by the constant: i.e., the
variation norm corresponds with this L;-norm of the vector of coefficients. We will refer to
this estimator as the highly adaptive Lasso (HAL)-estimator. We prove that the HAL-
estimator converges at a rate that is for all models faster than 774 w.r.t. square-root of the
loss-based dissimilarity. This even holds if the model only assumes that the true nuisance
parameters have a finite variation norm. As a corollary of the general oracle inequality for
cross-validation, we will then show that the super-learner including this HAL-estimator it its
library is guaranteed to converge to its true counterparts at the same rate as this HAL-
estimator (and thus faster than /771/4). By also including a large variety of other estimators in
the library of the super-learner, the super-learner will also have excellent practical
performance for finite samples relative to competing estimators [14]. Based on this
fundamental result for the HAL-estimator and the super-learner, we proceed in this article
with proving a general theorem for asymptotic efficiency of the one-step TMLE for arbitrary
statistical models. In this article we will use a one-step cross-validated-TMLE (CV-TMLE),
which avoids the Donsker-class entropy condition on the nuisance parameter space, in order
to further minimize the conditions for asymptotic efficiency [5, 15]. In our accompanying
technical report [16] we present the analogue results for the one-step TMLE. Beyond
establishing these fundamental theoretical general results, we will also discuss the practical
implementation of the HAL-estimator and corresponding TMLE.

2 Example: Treatment specific mean in nonparametric model

Before we start the main part of this article, in this section we will first introduce an
example, and use this example to provide the reader with a guide through the different
sections.

2.1 Defining the statistical estimation problem

Let O= (W, A, Y) ~ Py be a d-dimensional random variable consisting of a (¢ - 2)-
dimensional vector of baseline covariates W, binary treatment A € {0, 1} and binary
outcome Y€ {0, 1}. We observe ni.i.d. copies O, ..., O,0f O~ F,. Let

Q(PY(W) = Ep(Y|A = 1,W) and G(P)(W) = E(A|W). Let Q»(P) be the marginal cumulative
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probability distribution of W, and Q0 = (Q1 =0, Qz)- Let the statistical model be of the form

A = {P:G(P) € €,Q(P) € @}, where ¥ is a possibly restricted set, and @ is nonparametric.
The only key assumption we will enforce on @ and € is that for each P € ., W +— Q(P)(W)
and W — G(P)(W) are cadlag functions in Won aset [0, 75 C R?2[17], and that the
variation norm of these functions g(P) and G(P) are bounded. The definition of variation
norm will be presented in the next section. Suppose that € assumes that G only depends on
Wthrough a subset of covariates of dimension &b < d- 2: if &b = d - 2, then this does not
represent an assumption.

Our target parameter ¥: .# — R is defined by ¥(P) = /Q(W)sz(w) =¥,(0, =0.0,). For
notational convenience, we will use ¥ for both mappings ¥ and ¥;. It is well known that ¥
is pathwise differentiable so that for each 1-dimensional parametric submodel {P,:¢} c .
through Pwith score Sat e =0, we have

d
=4,

= PD(P)S = / D(P)(0)S(0)dP(0),
e=0 0

for some D(P) € L2(P), where L2(P) is the Hilbert space of functions of Owith mean zero
endowed with inner product (£, g)»= Pfg. Here we use the notation Pf= /" f0)dA(0). Such
an object O(P) is called a gradient at P of the pathwise derivative. The unique gradient that is
also an element of the tangent space 7{A) is defined as the canonical gradient. The tangent
space 7(A) at Pis defined as the closure of the linear span of the set of scores of the class of
1-dimensional parametric submodels we consider. In this example the canonical gradient

D"(P) = D'(Q(P), G(P) at Pis given by:

* - A v-o O(W) —
D™(Q.6)(0) = (—;(W)(Y o(W)) + O(W) - ¥(Q).

Let DY(Q.G) = AIGW)(Y — Q(W)) and D3(Q) = O(W) — ¥(Q) and note that
D¥(Q,G) = DY(Q,G) + D3(Q).
An estimator y,, of yp = ¥ (Fy) is asymptotically efficient (among the class of all regular

estimators) if and only if it is asymptotically linear with influence curve equal to the
canonical gradient D°(Ap) [1]:

172

v, —wo=P,D"(Py)+opn™ "),

where P, is the empirical probability distribution of Oy, ..., O, Therefore, the canonical
gradient is also called the efficient influence curve.

We have that
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W(P) = ¥(Py) = (P = Po)D™(Q.G) + Ry((0. G). (Qy, Gp)). (1)

where Q= Q(P), G= G(P), and the second order remainder Ryq() is defined as follows:

IR Gon -Gy
Ryo((€.G)- (24 Gy)) = f G (20 = Qg)aPyw).

Of course, PD(Q, G) = 0.

We define the following two log-likelihood loss functions for 0, @ and G, respectively:

L;1(0)(0) = — A{¥logQ(W) + (1 = Dlog(1 = GW))}; L;,5(2,)(0) = — logdQ,(W); L,(G)(0) =
— {AlogG(W) + (1 — A)log(1 - G(W))} .

We also define the corresponding Kullback-Leibler dissimilarities
dl(), 1(5’ Qo) = P(){Lll(é) - Lll(QO)}’ le,Z(OZa 020) = PO{L].Z(QZ) - LlZ(OZO)}: and
dyo(G.Gy) = Py{L,(G) — L,(G,)}. Here Qs represents an easy to estimate parameter which we

will estimate with the empirical probability distribution 0, = éZ(Pn) of W, ..., W,

Let the submodel .#(5) c . be defined by the extra restriction that 6 < Q(W) < 1 — 6 and
G(W) > 6 Po-a.e. If we would replace the log-likelihood loss L, ,(Q) (which becomes

unbounded if Q approximates 0 or 1) by a squared error loss (¥ — Q(W))ZA, then one can
remove the restriction 5§ < Q(W) < 1 — & in the definition of .#(s). Given a sequence &, — 0
as 1— oo, we can define a sequence of models ., = /%(5”) which grows from below to .#

as n— oo. By assumption, there exists an Ay = MPy) < oo so that for 7> Ay we have
Py € M,
Letq, = @,,x @, and ¢, be the corresponding parameter spaces for 0 = (Q QZ) and G,

respectively, and specifically, @,, = {0:5, <0 <1-4 |, while @, = @,

2.2 One step CV-TMLE

AN A
LetQ:4,,  — @,,and G:.4,, ~— %, be initial estimators of Q,, G, respectively, where

nonp nonp

Y g— denotes a nonparametric model so that the estimator is defined for all realizations of

the empirical probability distribution. Let é:/ﬂ — @, be the estimator

nonp
QA(Pn) = (5(Pn), éz(Pn)) of 0y = (QO, 0, Fora given cross-validation scheme B, € {0, 1},

1 0
let P, B P,

B, be the empirical probability distributions of the validation sample {O;: B,(1)

=1} and training sample { O;: B,(/) = 0}, respectively. It is assumed that the proportion of
observations in the validation sample (i.e., Z; B,(#)/n) is between §and 1-6 for some 0 < §<
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_ A _ A . .
1 Leto, 5 =@pp-Cop)= Q(Pg g)andG, 5 = G(Pg’ 5) be the estimators applied to

n
the training sample 70 , . Given a (0. G), consider the uniform least favorable submodel
*n
(van der Laan and Gruber, 2015)
Logité81 = LogitQ + slHé

through Q at £; = 0, where He(W) = 1/G(W). We indeed have %L“(le) = D’l‘(égl, G) for

all 1. Givena Q = (Q, QZ), consider also the local least favorable submodel

dle,ﬁ’%(W) = d,(W)(1 + £,D3(Q)(W)

= D3(0.Q,). This local least favorable

through @ at &, = 0. Indeed, %le(Qlf’”_ )
=0

2,&2

€,
2
submodel implies the following uniform least favorable submodel (van der Laan and Gruber,
2015): for &,20

€

2 .-
Q) = szexp( [) D5(Q.0, Jdx

This universal least favorable suomodel implies a recursive construction of @, , for all e-
values, by starting at £ = 0 and moving upwards. For negative values of e, we define

& 0 _
[ = [ Forallen 1,50, , )= D@0, ). which shows that this is indeed a
) 3 L€ 2 2,€
0 €y 2 2 2
universal least favorable submodel for Q.
. 1 — — _ i
Lete,, = arg mmg1 Eg P, g L1y(Q, p ) and Q;B =0, 5 ¢ - The score equation for 1,
n n w1 n nln
shows that £, P' . D*@* ., .G ,)=0.Lete, =argmin. E, P. . L..(O yand
Bn n,Bn 1 n,Bn’ n,Bn - 2n g €y Bn n,Bn 12 2n,Bn,£2
05, 5 =@, p .. - The score equation for &5, shows that £, P}1 5 D3O, .05, ) =0,
*“n *Tn"2 n ""n *“n *“n

n

which implies

1 % % %
Ep Pn,B Qn,B =Ep an,B Qn,B - @
n n n n n n

The CV-TMLE of ¥ () is defined as v, = E, W(Q, 5 ), Where 07 , = (0, .05, 5 )- By
n n *n *n n

eg. (2) this implies that the CV-TMLE can also be represented as:
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* 1 A
Yy = EB Pn,BnQn, Bn ' (3)

n

Note that this latter representation proves that we never have to carry out the TMLE-update
step for &, but that the CV-TMLE is a simple empirical mean of QZ 5 over the validation
n

sample, averaged across the different splits B,,. We also conclude that this one-step CV-
TMLE solves the crucial cross-validated efficient influence curve equation

Eg P}LB DY@} 5 .G, 5)=0. (4)
n n n n

2.3 Guide for article based on this example

Section 3: Formulation of general estimation problem—The goal of this article is
far beyond establishing asymptotic efficiency of the CV-TMLE eq. (3) in this example.
Therefore, we start in Section 3 by defining a general model and general target parameter,
essentially generalizing the above notation for this example. Therefore, having read the
above example, the presentation in Section 3 of a very general estimation problem will be
easier to follow. Our subsequent definition and results for the HAL-estimator, the HAL-
super-learner, and the CV-TMLE in the subsequent Sections 4-6 apply now to our general
model and target parameter, thereby establishing asymptotic efficiency of the CV-TMLE for
an enormous large class of semi-parametric statistical estimation problems, including our
example as a special case.

Let’s now return to our example to point out the specific tasks that are solved in each section
of this article. By egs (1) and (4), we have the following starting identity for the CV-TMLE:
Ep W(Q ) —W(Qy) =E (P, p —POD Q. 5 .G, 5) (5

n n n n n n

+ EBnRZO((Q:,Bn’ G, B ) Q. Gp)) -

By the Cauchy-Schwarz inequality and bounding 1/G, , by 1/, we can bound the second
n
order remainder as follows:

— — - - 1 — — — —
lEB RZO((Q:;,B s Gn,B ), (QO’ GQ))' < 5_EB “Q:,B - Q()“ ”Gn,B - GQ” s (6)
n n n n n n PO n PO

1/2 . A A _
where || £]| P = (P, fz) ! . Suppose we can construct estimators @ and G of 0, and G, so that

/4 —a

-1 —1/4-a
= = 1 = = 2
o, - Q0||PO = O0p(n yand ||G, - GOHPO = 0p(n ) for some a1 >0, ap > 0.
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Since the training sample is proportional to sample size 7, this immediately implies

_ ~1/4 - a, _ _ ~1/4-a e
”Gn,Bn - Go”P = Op(n )and IIQn,Bn - QOIIP = Op(n ). In addition, it is easy

0 0
to show (as we will formally establish in general) that the rate of convergence of the initial
_ . . . _ _ —1/4—a
estimator 9, , carries over to its targeted version so that ||QZ g —Qll =0pn b,
*n *Tn P,

0
Thus, with such initial estimators, we obtain

— — — — 1 "2 -a,
EBnRZO((Qn, B’ Gn, Bn)’ (Q07 GQ)) = OP(5n n ). (7

-0, —Q
Thus, by selecting &,s0 that 5, 'n ' % — 0, we obtain

EBnRzo(@:, B (_;n’ Bn)’ @y o)) = optn™ 112,

Section 4: Construction and analysis of an M-specific HAL-estimator that
converges at a rate faster than n~14—This challenge of constructing such estimators

AN AN
Q and G is addressed in Section 4. In the context of our example, in Section 4 we define a

minimum loss estimator (MLE) 0,y = arg min”Q”D oy P,L,(Q) that minimizes the

empirical risk over all cadlag functions with variation norm smaller than M. In Section 4 we

then show that, if Mis chosen larger than the variation norm of Q,,, d}(/f](én’ w20

—1/4—a
converges to zero at a faster rate than »n ! for some aj = a1(d) > 0 (for each

dimension @). We provide an explicit representation eq. (17) of a cadlag function with finite
variation norm M as an infinite linear combination of indicator functions for which the sum
of the absolute value of the coefficients is bounded by M. As a consequence, it is shown in
Appendix D that this M-specific minimum loss-based estimator can be approximated by (or
can be exactly defined as) a Lasso-generalized linear regression problem in which the sum
of the absolute values of the coefficients is bounded by M. Therefore, we will refer to Qn’ M

as the M-specific HAL-estimator. Our proof of Lemma 1 in Section 4, which establishes the
rate of convergence of the M-specific HAL-estimator, relies on an empirical process result
by [18] that expresses the upper bound for this rate of convergence in terms of the entropy of
the model space @, of Q. The representation eq. (17) demonstrates that the set of cadlag

functions that have variation norm smaller than a constant Mis a difference of a“convex”

hull of indicator functions, and, as a consequence of a general convex hull result in [19] this
proves that it is a Donsker class with a specified upper bound on its entropy. In this way, we
obtain an explicit entropy bound for our model space @,. Given this explicit upper bound for

the entropy, the result in [18] establishes a rate of convergence of the M-specific HAL-

~1/4-a
estimator faster than » fora specified a; > 0. By selecting M larger than the

unknown variation norm of the true nuisance parameter value, we obtain an HAL-estimator
that converges at a faster rate than 7714,
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Section 5: Construction and analysis of an HAL-super-learner—Instead of
assuming that the the variation norm of QO is bounded by a known A and use the

corresponding M-specific HAL-estimator, in Section 5 we define a a collection of such M-
specific estimators for a set of M-values for which the maximum value converges to infinity
as sample size converges to infinity. We then use cross-validation to data adaptively select
M. We now show that the resulting cross-validated selected estimator of Q,, will be

asymptotically equivalent with the oracle (i.e., best w.r.t. loss-based dissimilarity) choice.
This follows from a previously established oracle inequality for the cross-validation selector,
as long as the supremum norm bound on the loss-function at the candidate estimators does
not grow too fast to infinity as a function of sample size (e.g., [11, 13]). By using such a data
adaptively selected M one obtains an estimator with better practical performance and it
avoids having to know an upper bound M. As a consequence, our statistical model does not
need to assume a universal bound M on the variation norm of the nuisance parameters, but it
only needs to assume that each nuisance parameter value has a finite variation norm. For the
sake of finite sample performance, we want to use a super-learner that uses cross-validation
to select an estimator from a library of candidate estimators that includes these M-specific
estimators as candidates, beyond other candidate estimators. In this way, the choice of
estimator will be adapted to what works well for the actual data set. Therefore, in Section 5,

AN
we actually define such a general super-learner Q and Theorem 2 states that it will converge
at least as fast as the best choice in the library, and thus certainly as fast as the M-specific
HAL-estimator using M equal to the true variation norm of QO. We refer to a super-learner

whose library includes this collection of M-specific HAL-estimators as an HAL-super-
learner. We will use an analogue HAL-super-learner of 60 (Theorem 6).

The convergence results for this super-learner in terms of the Kullback-Leibler loss-based
dissimilarities also imply corresponding results for £2(/)-convergence as needed to control
the second order remainder eq. (6): see Lemma 4.

Section 6: Construction and analysis of HAL-CV-TMLE—To control the remainder
we need to understand the behavior of the updated initial estimator 0 , instead of the
n

initial estimator 0, , itself. In our example, since the updated estimator only involves a
n

single updating step of the initial estimator, using a cross-validated MLE selector of e, we
can easily show that Qr*l g converges at same rate to Qo as the initial estimator Qn g -In
’“n *n

general, in Section 6 we define a one-step CV-TMLE for our general model and target
parameter so that the targeted versions of the initial estimator of Q,, converges at the same

rate as the initial HAL-super-learner estimator Qn. (Since the initial estimator is an HAL-

super-learner, we refer to this type of CV-TMLE as an HAL-CV-TMLE.) This concerns a
choice of least favorable submodel for which the CV-TMLE-step separately updates each of
the components of the initial estimator é We then show that with this choice of least
favorable submodel the CV-TMLE-step preserves the convergence rate of the initial
estimator (Lemma 3). We also establish in Appendix D that the one-step CV-TMLE already
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solves the desired cross-validated efficient influence curve equation (4) up till an og(r71/2)-
term, so that an iterative CV-TMLE can be avoided (Lemma 13 and Lemma 14). At that
point, we have shown that the generalized analogue of eq. (7) indeed holds with a specified
ay >0, ap > 0. In the final subsection of Section 6, Theorem 1 then establish the asymptotic
efficiency of the HAL-CV-TMLE, which now also involves analyzing the cross-validated
empirical process term, specifically, showing that

Ep (P, —POD'(Q; 5 G, 5 ) = (P, = PYD"(Qy, Go) +0p(n” ") (8)

This will hold under weak conditions, given that we have estimators Q:: g+ G, p that
*Tn n

converge at specified rates to their true counterparts and that, for each split B, conditional
on the training sample, the empirical process is indexed by a finite dimensional (i.e.,
dimension of :) class of functions.

Section 7: Returning to our example—In Section 7 we return to our example to
present a formal Theorem 2 with specified conditions, involving an application of our
general efficiency Theorem 1 in Section 6.

Appendix: Various technical results are presented in the Appendix.

3 Statistical formulation of the estimation problem

Let Oy, ..., O,be nindependent and identically distributed copies of a a-dimensional
random variable O with probability distribution A that is known to be an element of a
statistical model .#. Let ¥:.# — R be a one-dimensional target parameter, so that yg =

Y (AR) is the estimand of interest we aim to learn from the 7 observations oy, ..., 0, We
assume that ¥ is pathwise differentiable at any P € . with canonical gradient D"(P): for a
specified rich class of one-dimensional submodels {sze € (-6, 5)} c « through Pat e=0

_d
and score S = %logdPe/dPt _o e have

d
2 TP

=PD*(P)S = f D*(P)(0)S(0)dP(0).
e=0 0

Our goal in this article is to construct a substitution estimator (i.e., a TMLE \P(P:) fora

targeted estimator PZ of /) that is asymptotically efficient under minimal conditions.

Relevant nuisance parameters Q, G and their loss functions

Let Q(A) be a nuisance parameter of Pso that ¥ (P = ¥1(Q(P) for some ¥4, so that ¥ (P
only depends on Pthrough Q(P). Let @ = Q) = {Q(P): P € .4} be the parameter space of
this parameter Q:.# — @. Suppose that XP) = (@A) : /=1, ..., kk + 1) has k + 1
components, and Q;: Ml — @ are variation independent parameters j=1, ..., k1 + 1. Let
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Q;= QM) be the parameter space of @;. Thus, the parameter space of Qs a cartesian

ki+1
product @ = 1_[/1= 1 @ In addition, suppose that for j=1, ..., A&y + 1,
0(Py) = arg mian cq, PoL, (0 for specified loss functions (O, @) — L1{Q)(O). Let

0 =(Q;.---»Q; ) represent parameters that require data adaptive estimation trading off
1

variance and bias (e.g., densities), while Qx+1 represents an easy to estimate parameter for

which we have an empirical estimator ék + 1 available with negligible bias. In our treatment
1

specific mean example above 0 = (Q, = 0, 0,), where the easy to estimate parameter @, was

the probability distribution of W/ which is naturally estimated with the empirical probability
distribution. The parameter Q(PO) will be estimated with our proposed loss-based HAL -

super-learner. In the special case that each of the components of Q require a super-learner
type-estimator, we define 0, . | as empty (or equivalently, a known value), and in that case
1

0 = 0. We define corresponding loss-based dissimilarities 0@} Qp) = PoL1@)
~PoL1{Qp), j=1, ..., ki + 1. We assume that
dm(k1 + 1)(ék1 +1@®) Q(k1 +10) = OP(rQ’k1 + 1(m) for a known rate of convergence

rQ’k1 +1m. Let

dy(Q,Qp) = (dIOj(Qj’ Qj()):j =1L..k+1) (9

be the collection of these & + 1 loss-based dissimilarities. We use the notation
dlo@, QO) = (dy[Q; Qo)1 = 1....kp) for the vector of & loss-based dissimilarities for Q.

Suppose that O"(AP) only depends on Pthrough Q(A) and an additional nuisance parameter
G(P). In the special case that O°(P) only depends on Pthrough Q(P), we define G as empty
(or equivalently, as a known value). Let G = (G, ...,G,_, ) be acollection of (k; + 1)-

2

variation independent parameters of G for some integer &, + 1 > 1. Thus the parameter space

ko + 1
of Gis a cartesian product & = szz 1 Zj, where Zj is the parameter space of ?j:,% - ?j.

Let Gjy=arg min; 7 PoLy (G ) for a loss function (O, G)) — Ly {G)(O), and let &> (G},

Gp) = PoL2{G)) = PoL2{Gp) be the corresponding loss-based dissimilarity, /=1, ..., k& + 1.
Let Gk2 +1 'epresents an easy to estimate parameter for which we have a well behaved and

understood estimator ék 41 available. The parameter G(PO) will be estimated with our
2

proposed HAL-super-learner. We assume that
AN
d20(k2 + 1)(Gk2 1P G(k2 + 1)0) = Op(rg, ky+ 1(m) for a known rate of convergence

e ky+ |(m). As above, let dy(G,Gy) = (dzoj(Gj, G].O):j =1,...,k, + 1) be the collection of

these loss-based dissimilarities, and let d,(G, G)) = (Ay[(G G )i = 1...oky), where
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G = (G,,....G; ). In the special case that each G;requires a super-learner based estimator,
2

then we define G, | asempty, and G = G.
2

We also define

dy((Q.G).(Qy Gy)) = (dy; (Q; . Q; )y (G .G ). dy)  (10)

as the vector of k1 + &, + 2 loss-based dissimilarities. We will also use the short-hand
notation ag(P, Ay) for ap((Q, G), (Qo, Go))-

We define

LQ) =L [Q):j=1,..k +1) (1)

as the vector of 4 + 1-loss functions for 0 = (0, ..., le w1 and similarly we define

LyG) = (Ly(Gpij=1,...k+1). (12)

We will also use the notation L;(Q) = (Ly(Q)):j = 1.....k) and Ly(G) = (L, (G :j =1, ... ky).
We will assume that 0 — L1@) is a convex function in the sense that, for any

0, = Q1= 1.k, Q= Q10 = 1. k), foreach j=1, ..., K4
m m
PyL, j(kzl 2,0 jk) < kzl aPoly Q) (13)

when T4 ax= 1 and ming a, 2 0. Similarly, we assume G — L,(G) is a convex function. Our

results for the TMLE generalize to non-convex loss functions, but the convexity of the loss
functions allows a nicer representation for the super-learner oracle inequality, and in most
applications a natural convex loss function is available.

We will abuse notation by also denoting ¥ (#) and O°(P) with ¥(Q) and D(Q, G),
respectively. A special case is that D°(P) = D"(Q(P)) does not depend on an additional
nuisance parameter G: for example, if O € R, . is nonparametric, and ¥V(P) = /m(0)%dois
the integral of the square of the Lebesgue density p of P, then the canonical gradient is given
by D'(P) = 212 - 2¥(P), so that one would define Q(P) = p, and there is no G.

Second order remainder for target parameter

We define the second order remainder /(P, Fy) as follows:
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Ry(P,Py) = W(P) — ¥(Py) + P,D*(P). (14)

We will also denote (P, Fy) with Rog((Q, G), (Qo, Gp)) to indicate that it involves
differences between Qand @y and Gand Gy, beyond possibly some additional dependence
on Ay. In our experience, this remainder R,(P, Py) can be represented as a sum of terms of
the type STHL(P) — F1(R))(Fa(P) — Ha(Ry)) AP, Pp)dPy(0) for some functionals A, H, and
f, where, typically, H;(P) and Hy(P) represent functions of Q(P) or G(P). In certain classes of
problems we have that /5(P, Pp) only involves cross-terms of the type /{H1(Q) — H1((Qy))

(Ho(G) = Ha(Go)) P, Fo)dPy, so that Ryp((@, G), (Qo, Gp)) = 0 if either Q= Gy or G= Gp.
In these cases, we say that the efficient influence curve is double robust w.r.t.
misspecification of @y and Gy:

POD*(P) = lP(PO) -Y(P)it G(P) = G(PO) or Q(P) = Q(PO) .

Given the above double robustness property of the canonical gradient (i.e, of the target
parameter), if Psolves AyD"(P) = 0, and either G(P) = Gy or Q(P) = Qp, then ¥'(P) = ¥ (P).
This allows for the construction of so called double robust estimators of yy that will be
consistent if either the estimator of Qy is consistent or the estimator of Gy is consistent.

Support of data distribution
The support of P € . is defined as a set OpC R s0 that P(Op) = 1.1t is assumed that for

each P € ., 0, c [0,7,| for some finite r, € RY .. We define

7= sup 7p, (15)
pPeun

so that [0, ¢4 C [0, 7] for all P € .#, where == 00 is allowed, in which case [0, T] = Rdz o

That is, [0, 7] is an upper bound of all the supports, and the model .# states that the support
of the data structure Ois known to be contained in [0, z].

Cadlag functions on [0, 7], supremum norm and variation norm
Suppose zis finite, and, in fact, if zis not finite, then we will apply the definitions below to
a T= t,that is finite and converges to z. Let D[0, 7] be the Banach space of d-variate real
valued cadlag functions (right-continuous with left-hand limits) [17]. For a f € D[0, 7], let Il f
loo = SUPxe[0, 7 | AX) | be the supremum norm. For a f € D[0, 7], we define the variation norm
of £[20] as

IFl, =lrol+ ) f )If(dxs,O_S)I- (16)

sc{l,...,ay Y O
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Forasubset sC {1, ..., d}, xs= (X;: JE€ 8), x.s= (X;: J€ $), and the I in the above
definition of the variation norm is over all subsets of {1, ..., @}. In addition, x; — Axs 0-)
is the s-specific section of x — f(x) that sets the coordinates in the compliment of sequal to
0. Note that Il 711, is the sum of variation norms of s-specific sections of 7(including fitself).
Therefore, one might refer to this norm as the sectional variation norm, but, for convenience,
for the purpose of this article, we will just refer to it as variation norm. If Il 7ll,, < co, then
we can, in fact, represent fas follows [20]:

fO=fO+ Y f{o }f(dus,o_s), (17)

sci{l,...d)

where fdu, 0-,) is the measure generated by the cadlag function ug+— fu,, 0_5). Fora M€
RZO! Iet

F S €DO,0):0Ifll, <M}

I/,M:{

denote the set of cadlag functions 7: [0, 4 — R with variation norm bounded by M.

Cartesian product of cadlag function spaces, and its component-wise operations

Let DA[0, 7] be the product Banach space of A-dimensional (f, ..., fo) where each
/i€ D[0.7], j=1, ..., k If FE D0, 1], then we define Il Flloo = (I filo:j=1,...,Kasa

vector whose /-th component equals the supremum norm of the /-th component 7;of £
Similarly we define a variation norm of f€ DA[0, 7] as a vector

WA, =l g= 1.0k

of variation norms. If 7€ DA[0, 1], then Il Fliz= (I fillr: j=1, ..., k) is a vector whose
components are the £2(Pp)-norms of the components of £ Generally speaking, in this paper
any operation on a function F€ DX[0, 1], such as taking a norm ||f||P0, an expectation Ay f,

operations on a pair of functions £ g € DX0, 7], such as g, fx g, max(f g) or an inequality
f< g, is carried out component wise: for example, max(# g) = (max(#; g) : /=1, ..., K and
ian c oPol (@ = (ianj c @jPOLlj(Qj):j =1,....,k; + 1). In a similar manner, for an

M e R

S o let Fom= H’j‘ 17, M, denote the cartesian product. This general notation

allows us to present results with minimal notation, avoiding the need to continuously having
to enumerate all the components.

Our results will hold for general models and pathwise differentiable target parameters, as
long as the statistical model satisfies the following key smoothness assumption:
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Assumption 1. (Smoothness Assumption)

_ k _ k

Foreach P e .#,0 = 0P) e D '[0,7], G = GP) € D [0, 7], D*(P) = D*(Q, G) € D[0, 7],
_ k _ k . _ _ -

L,(0) € D '[0,7], L,(G) € D 2[0,7], and 0, G, D'(P), L,(0), L,(G) have a finite supremum and

variation norm.

Definition of bounds on the statistical model

The properties of the super-learner and TMLE rely on bounds on the model .#. Our
estimators will also allow for unbounded models by using a sieve of models for which its
finite bounds slowly approximate the actual model bound as sample size converges to
infinity. These bounds will be defined now:

t=1(M)= sup 7(P), (18)
Pen

Mg =Mt = P @uLl@ =L@yl _.
IL,(0) ~ Ll(éo)upo

M,, =M, (H)= sup —
2 2
e~ T pryett {d (0,00}

M ;=M (M)= sup |IL,(G)—LyGyl .,
1G 1G G,Gope? 2 Gl
IL,(G) = Ly(Gyll,

0

M, =M, (M)= sup —
2G 2G
PP €M {012()((;,(¥())}1/2

M =M (M) = sup |[D*P)| .
o D*( ) PGF}%” Pl

k k
Note that My, M, € R J pand Mg M, eR 2 o are defined as vectors of constants, a

constant for each component of 0 and G, respectively. The bounds A o, Ms o guarantee
excellent properties of the cross-validation selector based on the loss-function L,(Q) (e.g.,

[11, 13]). A bound on M, o shows that the loss-based dissimilarity ,,(Q, Q) behaves as a
square of a difference between 0 and Q,,. Similarly, the bounds My, My control the

behavior of the cross-validation selector based on the loss function LZ(G).

Bounded and Unbounded Models

We will call the model .# bounded if it is a model for which z < oo (i.e., universally
bounded support), My o, Moo, My, Mo, M, are finite. In words, in essence, a bounded
D

model is a model for which the support and the supremum norm of Q(P), G(P), L,(Q), L,(G)
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and D"(Q, G) are uniformly (over the model) bounded. Any model that is not bounded will
be called an unbounded model.

Sequence of bounded submodels approximating the unbounded model

For an unbounded model .#, our initial estimators (Qn, Gn) of (QO, (_;0) are defined in terms of
a sequence of bounded submodels .#, c . that are increasing in /7and approximate the
actual model .« as n converges to infinity. The counterparts of the above defined universal
bounds on .# applied to .« are denoted with z,, Mo, Mooy Migin Mogin M, - The
D ,n
conditions of our general asymptotic efficiency Theorem 1 will enforce that these bounds
converge slowly enough to infinity (in the case the corresponding true model bound is
infinity). This model .#, could be defined as the largest subset of .# for which these latter

bounds apply. By Assumption 1, with this choice of definition of .z, for any P, € ., there
exists an Ap = MP), so that for n> Ng P, € . Either way, we assume that ., is defined

such that the latter is true.

Let @, = o(#,) and ¥, = G(.4,) be the parameter spaces of @and G under model ., and
let @, = O(#,) and g, = G(.«,) be the parameter spaces of Q and G. We define the

following true parameters corresponding with this model . :

)

=arg _min. P,L,(Q)
n ng@n 01

GOn = arg érgin? POLZ(G)‘
n

We will assume that M, is chosen so that le 1Po) = le 1Py and

dP : L
sz +1Pg) = sz +1®y), where P, = arg maxpe/%n Pologd—Po. That is, our sieve is not
affecting the estimation of the “easy” nuisance parameters Q(k1 +1)0 and G(k2 + 10" Note that
for n> N\, we have Q0n =2 and Gy, = Gy
In this paper our initial estimators of Qo and 60 are always enforced to be in the parameter
spaces of this sequence of models .#,, but if the model .# is already bounded, then one can
set ., = . for all n. However, even for bounded models .#, the utilization of a sequence of

submodels ., with stronger universal bounds than . could result in finite sample

improvements (e.g., if the universal bounds on .# are very large relative to sample size and
the dimension of the data).
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4 Highly adaptive Lasso estimator of Nuisance parameters

Let My < oo be given. Our M;-specific HAL-estimator of Q,, is defined as the minimizer of
the empirical risk PnLl(Q) over Q0 En for which LI(Q) has a variation norm bounded by A

(see eq. (21)). The rate of convergence of a minimum empirical risk estimator is driven by
the rate of convergence of the covering number of the parameter space over which one
minimizes (e.g., [19]). This explains why the rate of convergence of the covering number of
this set of functions L1@) defines a minimal rate of convergence for this HAL-estimator

(while M will be selected with the cross-validation selector). Similarly, this applies to our
HAL-estimator of 50. In the next subsection we define the relevant covering numbers and

their rates aq, ay, and establish an upper bound on them. Subsequently, we establish in
Lemma 1 the minimal rate of convergence of the HAL-estimator in terms of these rates a;,
aj.

4.1 Upper bounding the entropy of the parameter space for the HAL-estimator

We remind the reader that a covering number N(e, #, LZ(A)) is defined as the minimal
number of balls of size e w.r.t. L2(A)-norm that are needed to cover the set & of functions

k k
embedded in £2(A). Leta; € R | o and a, € R 2 be such that for fixed My, M

— —-(1-a,)
sxplog”zw(e, L@, ) LX) =06 1) (19)
—(1- (12)

suplog! “(N (e, Ly(@,, ). L(M) = Oe ),

where L1(5n,M1) ={L(Q):0€ En,Ml b Ly(E,, m)= {L)(G):Ge¥, b and

O, =1QEQLOI, <M} (20)
Gy, = (GE QNG < My}

The minimal rates of convergence of our HAL-estimator of QO and c_;o are defined in terms
of a; and ay, respectively.

By eq. (17) it follows that any cadlag function with finite variation norm can be represented
as a difference of two bounded monotone increasing functions (i.e., cumulative distribution

function). The class of d-variate monotone increasing/cumulative distribution functions is a
convex hull of d~variate indicator functions, which is again concretely implied by the

representation eq. (17) by noting that / xdf(u) = f I(u < x)df(w) Thus, &, consists of a
0 ,

difference of two convex hulls of ¢tvariate indicator functions. By Theorem 2.6.9 in [19],
which maps the covering number of a set of functions into a covering number of the convex
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hull of these functions, for a fixed M < oo, we have that the universal covering number of
&, 15 bounded as follows:

suplog1/2(N(s, F,m L2(A)) = 0(5_(1 - a(d)))’
A )

k
where a(a) = 2/(d+2). Letd, e N >1 o be the vector of integers indicating the dimension of

_ L k .
the domain of 0 = (Q,, ..., Q; ), and similarly, let 4, e R >2 o e the vector of integers
1

with ¢

indicating the dimension of the domain of G = (G, Gy ). Since Ll(én u)CF, uy
2 M M

=, Ly, Mz) c ?D,Mz with d= db, we have that a; > a(d}) and ap = a(db).

4.2 Minimal rate of convergence of the HAL-estimator

k k
Lemma 1 below proves that the minimal rates r;, ., () € R Yand r; ., (m € R *of our
kg HLiky

HAL -estimator of QO and (_?0 w.r.t. the loss-based dissimilarities ap1(Q, @p) and apo(G, Gp)
are given by:
—(1/2+a,/4)
ré(n) = rQ, I:kl(n) =n

—(1/2+a2/4)
r(—;(n) = rG, 1:kz(n) =n .

Let rQ’k1 +1 and r be the rates of the simple estimators é"l +1 and §k2+ | of

G,k2+1

1+1 +1

k k
Q(k1 +190 and G(k2+ 1o’ respectively. This defines rQ(n) eR and rg(n) € R 2

. k
Lemma 1—For a given vector M € R | o of constants, let

En’M c [Q €q, ”Ll(é)”v < M} CF,u be the set of all functions in the parameter space @,

for QOn for which the variation norm of its loss is smaller than M < oo, (In this definition one
. . _ _ =

can also incorporate some extra M-constraints, as long as Q=0 = Q,)LetQ, € @,y

. . _ .
be so that P L,(Q,,) = 1an e En MPOLI(Q). Assume that for a fixed M < oo,

= =M
”LI(Q) - L](Qon)”PO

M =lim sup sup < oco.
20.M = _= _ _pm. 12
n—=©0EQ, 1 (d(0.0p)

Consider an estimator QnM for which
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PL@"= inf PLQ+r, (21)
(S

0 @n,M

where r,= 07 Y/2). then

0<dy, @Y, 000) < = (P, = POIL,(QY) = L, (O} + 7, (22)

and

M =M
dy1(@,, > Q) = OP(rQ(n)) +r,

Proof—We have

0 <dy, @Y. 30 = pyL, @) - L, @)
= (P, ~ POIL,@") - L, @)y + P (L,@) — L,@)))

< =P, = POIL@Y) ~ L, @) + 7,

which proves eq. (22). Since Ll(QnM) - Ll@g{z) falls in a Ay-Donsker class F o, w it follows

-1/2

that the right-hand side is O4(/7/2), and thus d,,, (@Y. O) = 0p(n™'"3). Since My, g,p1< 0,

-1/2

this also implies that ||L1(QnM) - Ll@gﬁ)”i = Op(n~ '*). By empirical process theory we
0

have that //2(P, ~ Py)f, — 0 if £, falls in a A-Donsker class with probability tending to 1,
and P,f2 —,0as n— 0. Applying this to f, = L,@M) - L,(0y) shows that

-1/2 -1/2
).

P, — PO, Q) — L)) = 0,pn™ %), which proves dy, (Y., O} = 0p(n

We now apply Lemma 7 with #, = {L,(Q) - Ll(ég’fl):é IS EH’M}, a = ay (see eq. (19)),
envelope bound M, = Mand ry(n) = 74, which proves that

—a,/4
1 ).

12 .
n (Pn—PO)fn‘—OP(n

(124 a,/4)
1 Y+r O

This proves d,, (0™, 0M) = 0,(n 0
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5 Super-learning: HAL-estimator tuning the variation norm of the fit with

cross-validation

Defining the library of candidate estimators

k A .
Foran M e R >1 o 16t O, CuCF, u be the HAL-estimator eq. (21) and let

N
nonp

_ A _ A _ .

0, 1= Cy(P,). By Lemma 1 we have d (0, 1, = 0y, (P,). Opp) = OP(rZQ(n)), assuming that
the numerical approximation error 7, is of smaller order. Let %, , , be an ordered collection

M{<My<.. <My of k-dimensional constants, and consider the corresponding
1,n,v

> 1,
A
collection of K3, candidate estimators 0, with M € % .- We impose that this index set

H oy is increasing in 77such that limsup, _, ooMK] . equals sup, c /%||L1(Q(P))||V, so that

for any P € ., there exists an M P) so that for 7> M P), we will have that

My > |IL,(Q(P)| . Note that for all ¥ € 7, ,, , with M > |IL,(Q)Il , we have that
1,n,v v M v

dOI(QM(Pn), QO) = OP(rZQ(n)). In addition, let Qj:/ﬂ —0Q.j€X ,, be an additional

nonp

collection of Kj ;4 estimators of QO. For example, these candidate estimators could include
a variety of parametric model as well as machine learning based estimators. This defines an
index set Hyn=K UTY| 4 representing a collection of K1,= K1 v+ K1 pna

1,n,v

A
candidate estimators {Q,:k € %, }.

Super Learner

Let B, € {0, 1} denote a random cross-validation scheme that randomly splits the sample
{04, ..., Oz} inatraining sample {O;: B,(/) = 0} and validation sample {O;: B,(/) = 1}.
Letg, = ZL | B,()/n denote the proportion of observations in the validation sample. We

impose throughout the article that g < g, < 1/2 for some ¢ > 0 and that this random vector B,
has a finite number Vpossible realizations for a fixed V< oo, In addition, P}Z B P2 g Will
*“n n
denote the empirical probability distributions of the validation and training sample,
A
respectively. Thus, the cross-validated risk of an estimator Q:.#

nonp - En of QO is defined as

1 20
EB Pn,B Ll(Q(Pn,B )-
n n n
We define the cross-validation selector as the index

A . . 1 20
kln - Kl(Pn) =arg k é“};é EB Pn,B Ll(Qk(Pn,B )
in n n n

A .
that minimizes the cross-validated risk £ PnLl(Qk(Pg 5 ) over all choices k € %, of
n *n

candidate estimators. Our proposed super-learner is defined by
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0,=0(P)=Ey O (Pyp). (23)

A
The following lemma proves that the super-learner Q(Pn) converges to QO at least at the rate

A
ré(n) the HAL-estimator converges to QO:dOI(Q(Pn), QO) = OP(rQ(n)). This lemma also shows

that the super-learner is either asymptotically equivalent with the oracle selected candidate
estimator, or achieves the parametric rate 1//7of a correctly specified parametric model.

Recall the definition of the model bounds M, g, M> o, €9. (18), and let
C(M . My, 8) = 2(1 + 6)°Q2M, 13 + M515).

For any fixed 6> 0,

A
— — . AN 0 —_
Y01@ Con) <1+ 208p 2y o1©ClPn, g - Con!
n

logKln
10.0M20.w |

+ OP cM

If for each fixed §> 0, AMyo.p Moo 6) log Ky /ndivided by

Ep min, dOl(Qk(Pg’ 5) 0,,) is 0A1), then

dg, (0P, 0,

— — 1= op(l).
Ep ming )@y p )- Qo)

A
If for each fixed 6> 0, £ min, dy(Q,(P) 5 ), 0y,) = Op(C(M,, . My, . Dlogk |, /m), then
n n

C(Mln, M2n’ 5)logK1n

dgy@(P,)- Q) = Op n

Suppose that for each finite M, the conditions of Lemma 1 hold with negligible numerical

_ A _ k
approximation error 7, so that d, (0, ,, = 0y, (P,). Op) = OP(rzé(n)). Let2, eR ], be

i
chosen so that rzé(n) =0(m V). For each fixed 6> 0, we have

logk,,

_ _ -
dg (0, 0g) = Opln 1)+ Op|CM . My ) ——|. (24)
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The proof of this lemma is a simple corollary of the finite sample oracle inequality for cross-
validation [11, 13, 21, 33, 34], also presented in Lemma 5 in Section A of the Appendix. It

uses the convexity of the loss function to bring the £, inside the loss-based dissimilarity.
n

In the Appendix we present the analogue super-learner eq. (37) of Gy and its corresponding
Lemma 6.

6 One-step CV-HAL-TMLE

Cross-validated TMLE (CV-TMLE) robustifies the bias-reduction of the TMLE-step by
selecting : based on the cross-validated risk [5, 15]. In the next subsection we define the CV-
TMLE. In this subsection we propose a particular type of local least favorable submodel that
separately updates the initial estimator of Qp for each /=1, ..., k. Due to this choice, in
subsection 2 we now easily establish that the CV-TMLE of 0, converges at the same rate to

Qo as the initial estimator, which is important for control of the second order remainder in

the asymptotic efficiency proof of the CV-TMLE. In subsection 3 we establish the
asymptotic efficiency of the CV-TMLE.

6.1 The CV-HAL-TMLE

Definition of one-step CV-HAL-TMLE for general local least favorable

kl+1

submodel—Let ZI(Q) = ij 1 Llj(Qj) be the sum loss-function. For a given (Q, G), let

{0,:¢} € @, c @ be aparametric submodel through Qat e = 0 such that the linear span of

%Zl(QQ at =0 includes the canonical gradient O"(Q, G). Let é:,/% — @, and

nonp

A - -y - _— -_—
G:/%mmp — € be our initial estimators of Q)= Qy QO,k1 w1 and Gy = (G Gy, ky+ 1 We

recommend defining the initial estimators 5 and E\_; of QO and c_;o to be HAL-super-learners as
defined by egs (23) and (37), so that dlo(é(Pn), Qo) = OP(ré(n)) and
dzo(é(Pn), Gy,) = OP(ré(n)). Given a cross-validation scheme B, € {0, 1}”, let

A 0 . A . - 0 ..
0, B, =0(P, Bn) € @, be the estimator Q applied to the training sample P, B Similarly, let

G = 6(P2’ Bn)' Let {Q :e} be the above submodel with (Q,G) = (©Q,, B, G, Bn)

n, B nB e
n n

through 0, , ate=0. Let
n
)

. 1 =
en:argmmEB PnBL(QnB e
€ n 'n U

be the MLE of £ minimizing the cross-validated empirical risk. This defines
Q: s =9, 5 . asthe Byspecific targeted fit of Q. The one-step CV-TMLE of yy is
*n n’"n

defined as
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* *
Vu=Ep VO )-

One-step CV-HAL-TMLE solves cross-validated efficient score equation—Our
efficiency Theorem 1 assumes that

Ep Prlz,B DYQ, 5 .G, p) = op(n™ %) (25)
n n n n

That is, it is assumed that the one-step CV-TMLE already solves the cross-validated efficient
influence curve equation up till an asymptotically negligible approximation error. By

. el - - - 1 d = _ .
definition of e, we have that it solves its score equation EBnP”’ BnﬁL(Q”’ B, En) =0, which

provides a basis for verifying eq. (25). As formalized by Lemma 13 in the Appendix D, for
our choice of 7~ (14*)-consistent initial estimators O, G, of @y, Gy, a one-step CV-TMLE
will satisfy eq. (25) for one-dimensional local least favorable submodels under weak
regularity conditions. We believe that such a result can be proved in great generality for
arbitrary (also multivariate) local least favorable submodels. Instead, below we propose a
particular class of multivariate local least favorable submodels eg. (26) for which we
establish eq. (25) under regularity conditions. In (van der Laan and Gruber, 2015) it is shown
that one can always construct a so called universal least favorable submodel through Q with

a one dimensional & so that %EI(QE) = D*(QE, G) at each e so that

EB
n

estimator (Qp, Gp).

1 * * - . « ey
P, BnD ©,. B e G, Bn) = O(exactly), independent of the properties of the initial

One-step CV-HAL-TMLE preserves fast rate of convergence of initial estimator
—Our efficiency Theorem 1 also assumes that the updated estimator QZ p Satisfies for each
*Tn

split BndOI(Q;:, B 0y = ()P(n_”z). This is generally a very reasonable condition given that

.y
dp1(Q, g Q) = Op(n Iy fora specified A4 > 1/2. Our proposed class of local least
*n

favorable submodels eg. (26) below guarantees that the rate of convergence of the initial

k

, SO that this condition is automatically
n, Bn

estimator 9, , is completely preserved by Q
*Tn

guaranteed to hold.

A class of multivariate local least favorable submodels that separately
updates each nuisance parameter component—One way to guarantee that

dy,(Q;, 500 = op(n™ ") is to make sure that the updated estimator 5, converges as fast
to p as the initial estimator 0 . . For that purpose we propose a 4 + 1-dimensional local
n

least favorable submodel of the type
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- d _
Qg - (Ql’gl’ teey le + l’ekl + l)SuCh thatd_e‘]Ll‘](Qj, 6]) - Dj(Qv G)’ (26)
e.=0

ky +
for j=1, ..., k + 1, and where D*(Q,G) = 2,1

1
=1 D;'f(Q, G). By using such a submodel we

have Q%

— P . 1 . .
B = Qj’ nB e () and ¢, (j) = arg min,, EBnPn’ BnLlj(Qj’ nB,, o)- Thus, in this case

Qi np is updated with its own e()), j=1, ..., kK + 1. The advantage of such a least
B,
favorable submodel is that the one-step update of Qj .. p 1snotaffected by the statistical
B,
behavior of the other estimators Ql .. p L # J- On the other hand, if one uses a local least
.n.B,

favorable submodel with a single e, the MLE &, is very much driven by the worst
performing estimator Qj . p - Lémma 3 shows that, by using such a & + 1-variate local least
> 7n

favorable submodel satisfying eq. (26), the rate of convergence of the initial estimator QJ. S

fully preserved by the TMLE-update Q;f .. p (see Lemma 3 below).
> 7n

How to construct a local least favorable submodel of type eq. (26)—A general
approach for constructing such a & + 1-variate least favorable submodel is the following.

Let Dj(P) be the efficient influence curve at a P for the parameter 'Pj pi/# — R defined by
Y /(P = Y(Q-AP), @(F1)) that sets all the other components of Q;with /# jequal to its
true value under P, j=1, ..., ki +1. Then, it follows immediately from the definition of
pathwise derivative that

k1+1

D'P) ¥ DI,
j=1

so that, D"(P) is an element of the linear span of {D;T(P):j =1,...k; +1}. Let

{Q; (e} @y, be a one-dimensional submodel through @ so that

L)

T Qo) =0~ DHQ.G)j=1. ..k +1.

That is, {Q)¢(j - ()} is a local least favorable submodel at (@, G) for the parameter

‘I’j,Q:.%—HR,j: 1, ..., kg + 1. Now, define Q,e)CQ, by Q.= (Qj,e(/) J=1, ., k).

Then, we have

47 0e) =0D%0.6):j=1,...k +1)T
d&’ 8=0— ] s =100 1 N
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so that the submodel is indeed a local least favorable submodel.

Lemma 14 provides a sufficient set of minor conditions under which the one-step-HAL-CV-
TMLE using a local least favorable submodel of the type eq. (26) will satisfy eq. (25).
Therefore, the class of local least favorable submodels eq. (26) yields both crucial conditions
for the HAL-CV-TMLE: it solves eq. (25) and it preserve the rate of convergence of the
initial estimator.

6.2 Preservation of the rate of initial estimator for the one-step CV-HAL-TMLE using eq.

(26)

Consider the submodel {Q, : £} of the type eq. (26) presented above. Given an initial

estimator é:/ﬂ — @, recall the definition @, , = ée(PS 5 ) as the fluctuated version
n n

nonp
of the initial estimator applied to the training sample, and &, = arg min_ E, P}? s L1©Q, 5
n ’"n n

We want to show that 0, , . converges to () at the same rate as the initial estimator 0
B € n

(and thus also é(Pn)). The following lemma establishes this result and it is an immediate

consequence of the oracle inequality of the cross-validation selector for the loss function Ly,

A

applied to the set of candidate estimators P, — Qin ey = ). e(j)

j: 1, ..., k]_ +1.

(P,) indexed by £(j), for each

_ : 1
Lemma 3—Let ¢, = arg min, EBnP"’ BnLl(Qn, B, .)- We have

CM 1o Mg

ngq

5)logK1n

A0 . A0
EBndm(an(P n,Bn)’ Qo) < (1+26) min EBndOI(Qe(P " Bn)’ Qo)+ Op

By convexity of the loss function L1(Q), this implies

CM 1.0 Marp n

nq

,0)logK n

A 0 . A
dOl (EBnQen(Pn, Bn)’ OOn) < (1 +26) min EBndOI (Qs(Pn, Bn)’ QOn) + OP

We have

. AR A0
min EBndOI(Qe(Pn, Bn), Qo) < EBndOI(Q(Pn, Bn), Qo)

] )
Thus, if for some 4, > 0 CMyg MZQ,n,é)logKln/(nq) =0@m Y and for each

A -2
B, dg, (Q(P". 5 ) Con) = Opln 1, then

dOl(EB Qn,B ,E ’QOn) = OP(n ).
n nn
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1

It then also follows that for each B, dOl(ée (PS,B ):Qp,) = Op(n ).
n n

6.3 Efficiency of the one-step CV-HAL-TMLE

We have the following theorem.

Theorem 1—Consider the above defined corresponding one-step CV-TMLE
v, =Ep ¥Q, . )0f ¥(Q).
n n n

Initial estimator conditions: Consider the HAL-super-learners Q(Pn) and c_;(Pn) defined by

eqs (23) and (37), respectively, and, recall that we are given simple estimators ékl 4+ and
A —/11
Gk2+ , of Qo’kl 1 and G, ky+ 1 Let A4 and A, be chosen so that rQ(n) =0@m “)and
-2
ren) =0 2). Assume the conditions of Theorem 2 and Theorem 6 so that we have

—A,(L:ky)

d (@P).0p) = 0pn )+ 0pc S)logk |, /)

10,w M2Q, n

—A5(1:k5)

doz((_?(Pn), 60) = 0p(n 240 p(C(M &)logk 5 /),

16, MG,

where A5(1: k) > 1/2 and Ao(1: kp) > 1/2. Let 6 = (0.0, , pand 6= (G, c“;k2+ ) be the
1

corresponding estimators of Qg and Gy, respectively.

“Preserve rate of convergence of initial estimator”-condition: In addition, assume that
either (Case A) the CV-TMLE uses a local least favorable submodel of the type eg. (26) so

¥
that Lemma 3 applies, or (Case B) assume that for each split B, dOl(Q: 5 Q) = O0pn h
n

for some /l’f > 1/2.

Efficient influence curve score equation condition and second order remainder

condition: Define f, , = D*(ég(Pg 5 )G, p)— D*(QO, G, and the class of functions
’ *n *“n

F,= {fn’gss}. Assume

1 —-1/2
Eg Pn’B D*(Qn,B e ’Gn,B )= OP(n ), (27)
n n n n n

ID*(Q;, 5 -G, 5 ) =D (Qy, Gll =o0p(r , Vorr , =o(l), (28)
*“n n PO D .,n D . n
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Ep Roo((Q; 5 G )+ Qg Go)) = 0™ '), (29)

2
max (MIQ, w M2Q’ n)logKln

_,11
=0 Y, (30)

n

2
max (MIG, n MZG, n)logKZn

o 1
. =on" . @)

supN(eM , ,F,,L*(N)) < Ke Pforak < oco,p<oo. (32)
A D", n

In Case A, for verification of assumption eq. (27) one could apply Lemma 14.

In Case A, for verification of the two assumptions egs (28) and (29) one can use that for

- -
each of the Vrealizations of By, dy(Q} 5 .0y = Op(n ) and dyy(G, 5 .Gy = O0p(n .
*Tn n

In Case B, for verification of the latter two assumptions egs (28) and (29) one can use that

-AF )
for each of the Vrealizations of By, dy(Q} 5 .0) = 0pn ) and dy,(G, 5 .Gy) = Opn ).
*Tn *Tn

Then, 1//: = EBan(Qn, B, En) is asymptotically efficient:
Yy —wy= (P, = PYD*(Qy Go) +op(n™""?). (33)

Condition eq. (32) will practically always trivially hold for p= & + 1 equal to the dimension
of &: note that this is even true for unbounded models due to the normalizing constant

M . We already discussed the crucial condition eq. (27) in our subsection defining the
D",n

CV-TMLE. Conditions eqgs (30) and (31) are easily satisfied by controlling the speed at
which the model bounds My g, p, Moo Mg Mo G,n Can converge to infinity, and are
always true for bounded models (as long as the size of the library of the super-learner
behaves as a polynomial power of sample size). For bounded models ., condition eq. (28)

will typically hold with » =~ = n~*and A equal to the minimum of the components of 1/2
D",n

and A,/2: i.e., the efficient influence curve estimator will converge to its true counterpart as
fast as the slowest converging nuisance parameter estimator. If the model .# is unbounded so
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that the model bounds of the sieve ., will converge to infinity, then eq. (28) will hold with

sk
D ,n

one has to control the rate at which the model bounds of the sieve .#,, such as the supremum

r = n‘ﬂMn for some M), converging to infinity (e.g., M, =M _ ). So, in the latter case
D ,n

norm bound M, for the efficient influence curve, converge to infinity. Finally, the crucial
D" ,n

condition eq. (29) will easily hold for bounded models .# if this slowest rate A is larger than
1/4, which we know to be true for the HAL-estimator and its super-learner. For unbounded
models, this condition eq. (29) will put a serious brake on the speed as which the model
bounds of ., can converge to infinity.

Proof—By assumptions egs (30) and (31), we have

A0 A0
4(QF), g )-GPy p )-(QqGo) = Optn ).

Consider Case A. Lemma 3 proves that under these same assumptions egs (30), (31), we

.y
also have, for each By, dy,(Q,, 5 . -Qp,) = Op(n 1. This proves that for each B,
>“n'n

1
do((Q:’B =0, 5 ¢ Gy p ) (QpGpy) =O0pn
n n n n

)
N 2). For Case B, we replace in latter

expression Aq by AT. Suppose 17> N so that @y, = Qp and Gy, = Gy. By the identity

¥(Q;, )~ ¥Qp= - PDX(Q}, B-Gnp)* Ry(Q), 8 - Gn. ) Q- Go)), We have

* *, ok *
Ep llJ(Qn’B )=¥(Qy = —Ep PyD (Qn,B ’Gn,B )+Ep RZO((Qn,B ’Gn,B ) (@, Gy) -
n n n n n n n n

Combining this with eq. (27) yields the following identity:

vy~ ¥(Qy) = Ep W0, ) ~¥(Qp)

_ 1 %, %
=Ep P, p —PpD (O, p .G, p)
n n n n

172

. -
+E BnRZO((Qn, B G, Bn), (Qp Gy +opn 7).

By assumption eq. (29) we have that Ep RZO((QZ 5 -G, 5 )(QyGy) = ()P(n_”z). Thus, we
n *n *“n
have shown
% _ 1 %, % —-1/2
Y(Q,)-VQy)=Ep (P, p —Py)D(Q, p .G, p)+ophn ).
n *n *n *n
We now note
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1 % % _ 1 *
Ep (P, p —=PD(Q, p .G, p)=Ep (P, p —PyD(Qy Cp)
n n n n n n

1 %, % %
+ EBn(Pn, B, - P{D ©Q,, B G, Bn) - D7(Q Gy}

= (P, —PID*(Qy, Gy + EBn(P'l” B~ POID™(@, B G, Bn) -D*(Qy Gy} -

Thus, it remains to prove that EBn(Prll’ 5~ POID*(Q} 5-Gng)™ D*(Qy, Gy)} = op(n™ 2.

For this we apply Lemma 10 with f, , = D*(ég(Pg 5 )-G, g )—D"(Qy, G, conditional on
’ *n n

Pg, B and 7, = (et By assumption eq. (28), there exists a rate rD* = o(1) so that
If, . I =0pr , ) where(e.g., for Case A) this rate will be determined based upon
*“n D ,n

0

1

-4, -4
do((Q:, B G, Bn)(QO, Gy) =O0p(n ",n 2). Note also that the envelope of & satisfies

”Fn”A <M . forany measure A (see eq. (18)). Since e is p-dimensional for some integer
D ,n

p, the entropy of & easily satisfies supy Mell Fplip, F,, L2(A)) = O(7P), which is
assumed to hold by condition eq. (32). Application of Lemma 10 proves now that, if

*

r . =o(l), then, given 70 .,
D" ,n “n

1 i
(Pn, B~ PO)fn, e OP(n
n n

).

-1/2

This proves also that £ (Pll1 g —Pof, . =opn ). This completes the proof. O
n n “n

7 Example: Treatment specific mean

We will now apply Theorem 1 to the example introduced in Section 2. We have the
following sieve model bounds (van der Laan et al., 2004): Mion= 0(10g5;1);

=0(1/5)), MlG,n = O(logé}?l); M2G,n = 0(1/6)), MD* = 0(1/6)).

N/

M2Q, n

Since the parameter space @, consists of the cadlag functions with bounded variation

norms, without any further restrictions beyond the global bound &, we can select the
entropy quantities for @, as follows: ay = a(a1) = 2/(cy + 2), where @) = d-2 is the

dimension of W. Similarly, if £ consists of all cadlag functions of dimension a, without
further meaningful restrictions beyond &, then we can select the entropy quantities for ¢ as

ap = a() = 2/(a, + 2). If the model & enforces more meaningful restrictions than that A
only depends on Wthrough a subset of W of dimension d, then a, can be replaced by a
sharper upper bound than a(a). We already established that condition eq. (27) in Theorem 1
holds exactly. Condition eq. (32) trivially holds.
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Verification of egs (30) and (31)

Let 0, € @, be a super-learner of O, of the type presented in eq. (23). Similarly, let G, € &,

be such a super-learner of 60 as presented in eq. (37). Suppose that

—Ad)) 5 ~A(dy)
logK |, /n = O(n ) and max MG Mg, logK, /n=0(n ), where

_ —Ad))
A(d) = 1/2+ a(a)/4. Then, by Lemma 2 and Lemma 6, we have d,, ,(Q,.0,) = Op(n !

2
max (MIQ,nMZQ,n

_ _ —i(d,)
and d,(G,,Gy) = 0p(n ). Plugging in the above bounds for Mg, Moo, MiGin,

M, it follows that it suffices to select &, so that

1/2 - 1/2d,) 2

5;1 =0(n (max (logk,,,logK, )~ "'%). (Improvements can be obtained by

selecting a separate &, for truncating @ and &, for truncating G.) Let K,= max(K n, Kzp)

112 - atd /2

and impose that logk , = O(n ). Then, it follows that this bound for 5;1 is larger

a(d)/6

than n , S0 that this constraint on &, is dominated by our later constraint given below

a(d,)/6
s t=om .

o 1/2 = 1/2(d,)
Above we showed that if 5 = O(n I 172

(max (logk longn))_ ), then the two

super-learners 0, , and G, , of Q,and G, based on the training sample Pg 5 converge at
n n ’n

B

Ad,) —A(d.)
Pandn = 2

the rate n w.r.t the loss-based dissimilarities a1 and dpy, respectively. By
.. — _ —Ad)
Lemma 3, under the same conditions stated above for dy1(Q,, Q) = Op(n ! ), the TMLE
update Q' , converges at this same rate: for each split 5, we have
*“n

L ~id))
01y, p Q)= Opn ).

Verification of eq. (28)

Using straightforward algebra and using the triangle inequality for a norm, we obtain

G , -G

n,B 0 _
ID*Q}, p -G, p ) =D (Qy Gyl < IA—=———¥ =0yl
n n P n,B 0
0 n P
0
=@, —OlI +1TE 5 — Oyl +|Ep YO ) - WOy
G n,B 0 n,B 0 B n,B o’
n,B n n P n n
b PO 0
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Using that min (G, , G) > 6, and |[v — 0| < 1 it follows that the first term is bounded by
“n

5_3/2”611, B~ 60||P . Using that én’ B, > &, it follows that the second term is bounded by
0
5,105  —0pll - So, we have
.B, P,
312, 5

“Gn,B - (_;0”
n

%, % *
”D (Qn,B ’Gn,B )_D (QO’ Go)” 55}1
n n P
0
+25 NG, Gyl +|ER W@ ) - WQy
n n,B 0 B n,B o’
n PO n n

Py

We bound the last term as follows:

* 1 —k =
Ep WQ, p)-YQy=Ep O, p Q) p ~2%
n n n n n
1 = 1 * ~
=Ep @), p =©0Q+Ep O, p @, p <
n n n n n

= OP(”_I/Z) +Ep (Qén,B ~0,)(@,,  ~0p+Eg 0)(@, 5 ~0Qp
n n n n n

-1/2 1 =% = 172 A% =
=0pln 4 Ep O g =00 @ g ~ Q0+ OpEp 10,1, p Q)

where we used at the third equality that for each split B (0} 5 — 0,00, = 0p(n~ '), by
n

the standard central limit theorem.

In order to bound the second empirical process term we apply Lemma 10 to the term

(2 5 - 0,)(@; 5~ Qp)- Lemma 4 below shows that

P2 1 -
8, '"). Therefore, we can apply Lemma 10 with » . equal

10, g —Qoll =0pn
*“n D", n

P
0
to this latter rate. This yields the following bound:

1 = = —HAP2 iy
EBn(an’ B - QZO)(Qn, B, =0y =0pn 8, ' “(1 +logn +logs)).

Thus, we have shown

® % = * = —MdPIZ )
I1D7(Q, Bn’Gn, Bn)—D (QO,GO)||P =0p(n &, "'“(1+logn +logs, )
0
-3/2, = =
8,  "IG, g =Gyl -

n P

1, =% —
+0p@;, 10y, =Byl )+ 0y

0
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—/1((1’2

_ _ —Ad) _ — ) .
We have dy, I(Q:’ B Q) = Opln 'y and dy(G,,. B Gy = Opln ). These rates first

need to be translated in terms of £2(/)-norms in order to utilize the above bound. Lemma 4

_ _ —Adpi2 _ _ _ (d,)
below shows that ||Q:73n—Q0||P =0, "5 "¥and |G _GO||P = 0,n  2).S0

n,B
n
0 0
we obtain the following bound:
_ _ —Ad)I2 _
ID*(Q} 5 .G, 5 ) =D @Gl =0pn ' 57121 +logn + logs )
*Tn *Tn P
0
Capy —Ad)2 o —Ad)I2
+0,0 2 T 0,6 .

We can conservatively bound this as follows:

—/l(dl)/Z

_3/2n logn),

I, B G, B)" D*(Q, 60>||P = 0,6,

0

where we used conservative bounding by not utilizing that ¢ could be significantly smaller

Cay —Md))2
532,74

than c;. We conclude that we cansetr =~ =4,

D",n

logn. We need that » . = o(1)
D ,n

16 + a(d,)/6

Ad)/2 o
and thus that 5732 = on ! logn), or 57! = o(n logn) The latter condition is

(dl)/

o 6
dominated by the condition 5;1 =o(n ) we need in the analysis below of the second

order remainder.

Verification of eq. (29)
By eq. (6), we can bound the second order remainder as follows:

-1, = — — —
0 <8, IIG, p =Gl 110, p
P n P

n
0 0

k
Ry "

5_3/2 —/I(dl)/Z - /1(d2)/2
n ).

=OP( n

B a(d )6
a2 Ve

. . _ —Ad) _
Thus, it suffices to assume that 57 %%n 1" = o(n™ /%), and thus 5, ! = o(n

We verified the conditions of Theorem 1. Application of Theorem 1 yields the following
result.

Theorem 2—Consider the nonparametric statistical model .# for 7 of the d-dimensional
0 = (W,A,Y)~P, € « and target parameter ¥:.# — R defined by ¥(P) = EpEA Y| A= 1,

W). In this nonparametric model we only assume that for each P € .,
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oP) = Ex(Y|A=1,W)and G(P) = EL(A|W) are cadlag functions on [0, T] c Rd>_02 for some

finite z with finite variation norm.

Consider the above defined one-step CV-TMLE w: =Eg ‘P(QZ 5 ) of ¥(() based on the
n >n

HAL-super-learner 0, and G, of type egs (23) and (37), where 0, and G, are enforced to be

contained in interval (6, 1 — &p). Let & = d— 2. Let a(dy) = 2/(cy + 2), A(dy) = 1/2 +
a(dq)/4, and K, = max(Ki, Kop).

1/2—a(d1)/2

Assume that logk, = O(n ), and that d;l converges slowly enough to oo so that

ad))I6 . ) . . I
5;1 =on ! )Then 1//; is a regular asymptotically linear estimator with influence curve
equal to the efficient influence curve D°(Py), and is thus asymptotically efficient.

Thus for large dimension 4, 5;1 is only allowed to converge to infinity at a very slow rate.

Note that 5;1 immediately implies a bound on the efficient influence curve and such bounds

are naturally very crucial.

Above we used the following lemma.

Lemma 4—We have

m—Q@Fwﬁm@Q»(w

We also have

W—%ﬁfmwéay(w

Proof—We first prove eq. (34). Let

_ _ Q)W) _ 1=0yW)
KLWQW). QW) = Qp(Wlog 7 + (1 = Op(Whlog1— -

be the Kullback-Leibler divergence between the Bernoulli laws with probabilities Q(w) and
Qy(W). Then,

d1(0.0p) =E PO(‘?O(W)KL@(W), QyW)).
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In van der Vaart (1998, page 62) it is shown that for two densities p, g, we have

Ip!/? - p(1)/2||1200 < - /1og(p/p0)dPO. Applying this inequality to Bernoulli laws with

probabilities o(w) and QO(W) yields:

_ —_ — 2 — — — 2
KLQ@( ) 2 0,0 - 05D+ -G -9 - -yt

Applying the inequality (a— 5)2 < 4(a2 - b2)2 (for 4, b € [0, 1]) to the square terms on the
right-hand side now yields:

KLO(-),04(- ) 2470 -0y (36)

Now, note that d,,,(Q, Q) = EPOGO(W)KL(Q(W), 0,(W)). We can use that G, > 5,, which
provides us with the following bound:

dy1(Q.0y) 2 6,E POKL(Q(W>, 0y(W)

—1 =~ =2 -1, 5,2
> 5,4 EPO(Q—QO) W)=464 ||Q—Q0||P~

0

This completes the proof of eq. (34). We have

doz(é, Gy =E POKL(G(W), GO(W)) )

Completely analogue to the derivation above of eq. (36) we obtain

RN “la_ a2
KL(G(-),Gy(- D z4 (G=-Gy)",

and thus

dOZ(G’ GO) >4

This proves eq. (35). O

8 Discussion

In this article we established that a one-step CV-TMLE, using a super-learner with a library
that includes £1-penalized MLEs that minimize the empirical risk over high dimensional
linear combinations of indicator basis functions under a series of Z1-constraints, will be
asymptotically efficient. This was shown to hold under remarkable weak conditions and for
an arbitrary dimension of the data structure O.
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This remarkable fact is heavily driven by the fact that this super-learner will always converge
at a rate faster than 714 w.r.t. the loss-based dissimilarity, which is typically equivalent with
the L2(Py)-norm. This holds for every dimension of the data and any underlying smoothness

of the true nuisance parameter values, as long as these true nuisance parameter values have a

finite variation norm. Since the second order remainder R2(PZ, P, of the first order

expansion for the TMLE can be bounded in terms of these loss-based dissimilarities between
the super-learner and its true counterpart, this rate of convergence is fast enough to make the
second order remainder asymptotically negligible. As a consequence, the first order
empirical mean of the canonical gradient/efficient influence curve drives the asymptotics of
the TMLE.

In order to prove our theorems it was also important to establish that a one-step TMLE
already approximately solves the efficient influence curve equation, under very general
reasonable conditions. In this article we focused on a one-step TMLE that updates each
nuisance parameter with its own one-dimensional MLE update step. This choice of local
least favorable submodel guarantees that the one-step TMLE update of the super-learner of
the nuisance parameters is not driven by the nuisance parameter component that is hardest to
estimate, which might have finite sample advantages. Nonetheless, our asymptotic efficiency
theorem applies to any local least favorable submodel.

The fact that a one-step TMLE already solves the efficient influence curve equation is
particularly important in problems in which the TMLE update step is very demanding due to
a high complexity of the efficient influence curve. In addition, a one-step TMLE has a more
predictable robust behavior than a limit of an iterative algorithm. We could have focused on
the universal least favorable submodels so that the TMLE is always a one-step TMLE, but in
various problems local least favorable submodels are easier to fit and can thus have practical
advantages.

By now, we also have implemented the HAL-estimator for nonparametric regression and
dimensions @< 10, and established that its practical performance appears to be very good
[22]. In addition, we also implemented the HAL-TMLE for the ATE (i.e., our example) for
such low dimensions and the coverage of the confidence intervals has been remarkable good
for normal sample sizes, suggesting that the asymptotics of the HAL-TMLE kicks in at
earlier sample sizes then theory would predict. We suspect that part of the reason for the
excellent practical performance is the double robust nature of the second order remainder,
which suggest more finite sample bias cancelation than an actual square of a difference. The
practical implementation and evaluation of the HAL-estimator and HAL-TMLE across a
diversity of problems remains an area of future research.

In this article we assumed independent and identically distributed observations. Nonetheless,
this type of super learner and the resulting asymptotic efficiency of the one-step TMLE will
be generalizable to a variety of dependent data structures such as data generated by a
statistical graph that assumes sufficient conditional independencies so that the desired
central limit theorems can still be established [4, 23-26].
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This article focused on a CV-TMLE that represents the statistical target parameter '¥'(P) as a
function ¥(Q,(P), ..., O 4 1(P) of variation independent nuisance parameters
1

Q).+ 0y, 1)- However, there are key examples in which representing "¥'(#) in terms of
1

recursively defined nuisance parameters has key advantages. For example, the longitudinal
one-step TMLE of causal effects of multiple time point interventions in [27, 28] relies on a
sequential regression representation of the target parameter [29]. In this case, the next
regression is defined as the regression of the previous regression on a shrinking history,
across a number of regressions, one for each time point at which an intervention takes place.
In this case, a super-learner of nuisance parameter Qy is based on a loss function

Ly o, Q) that depends on a next nuisance parameter Qg1 (representing the outcome
|

for the regression defining Qy), k=1, ..., ki + 1.. One would now start with obtaining the
desired result for the super-learner of 9, ., whose loss function does not depend on other
1

nuisance parameters. For the second super-learner of Q. based on candidate estimators
1

ék » /=1, ..., J we would use as cross-validated risk £, PloL 0 (ék P
1 n ™% l,kl,le_'_l(Pn’Bn) r
In other words, one estimates the nuisance parameter of the loss-function based on the
training sample. In [11, 30, 31] we establish oracle inequalities for the cross-validation
selector based on loss-functions indexed by an unknown nuisance parameter, which now

- N . A
also rely on a remainder concerning the rate at which le +1(P,) converges to le L LO In

this manner, one can establish that the super-learner of ék jwill converge at the same or
13
better rate than the super-learner of 0, +1.0 This process can be iterated to establish
1 ’

convergence of all the super-learners at the same or better rate than the initial super-learner
of 0, . | o Ourasymptotic efficiency results for the one-step TMLE and one-step CV-
1 ’

TMLE can now be generalized to one-step TMLE and CV-TMLE that rely on sequential
targeted learning. The disadvantage of sequential learning is that the behavior of previous
super-learners affects the behavior of the next super-learners in the sequence, but the
practical implementation of a sequential super-learner can be significantly easier.

Our general theorems and specifically the theorems for our example demonstrate that the
model bound on the variance of the efficient influence curve heavily affects the stability of
the TMLE, and that we can only let this bound converge to infinity at a slow rate when the
dimension of the data is large. Therefore, knowing this bound instead of enforcing it in a
data adaptive manner is crucial for good behavior of these efficient estimators. This is also
evident from the well known finite sample behavior of various efficient estimators in causal
inference and censored data models that almost always rely on using truncation of the
treatment and/or censoring mechanism. If one uses highly data adaptive estimators, even
when the censoring or treatment mechanism is bounded away from zero, the estimators of
these nuisance parameters could easily get very close to zero, so that truncation is crucial.
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Careful data adaptive selection of this truncation level is therefore an important component
in the definition of these efficient estimators.

Alternatively, one can define target parameters in such a way that their variance of the
efficient influence curve is uniformly bounded over the model (e.g., [32]). For example, in
our example we could have defined the target parameter £Y, — EY, , where

1 0

d,(W) = I(G,(W) > &)z and d (W) = 1 - I((1 = G, (W) > &), and G, is the super-learner of
50 = Ey(A|W)and 6> 0 is a user supplied constant. In this case, the static interventions have

been replaced by data dependent realistic dynamic interventions that approximate the static
interventions but are guaranteed to only carry out the intervention when there is enough
support in the data. Due to the fact that such parameters have a guaranteed amount of
support in the data, the variance of the efficient influence curve is uniformly bounded over

the model:i.e. M < co.
D
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A Oracle inequality for the cross-validation selector

Lemma5

Lemma 2 is a simple corollary of the following finite sample oracle inequality for cross-
validation [11, 13], combined with exploiting the convexity of the loss function allowing us
to bring the £, inside the loss-based dissimilarity.

n

For any &> 0, there exists a constant C(M, , .M, ,.6) = 2(1 + 5)2(2M1Q 3+ M%Q /9
such that

A A
= 0 = . =~ 0 =
Eg\Ep do, (@ (P, p ).00) < (1 +20)Eq(Ep mindy QP p ).0y)
n 1n n n n
logKk
M —_In
nB
n

+20(M, 5)

o,n720,n

Similarly, for any 6> 0,

A A
(AN 0 —_ . AN O —_
Ep d01@ (Fn p )-Qp) < (1 +20Ep mindy, QP g ).0p)} + K,

logKln
where ER, <2C(M, Q,n’MZQ, v (s)nT
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If log Kyp/ndivided by E min,, dOI(ék(Pg B ) Qo)} converges to zero in probability, then
n >“n

we also have

A
A 0 —
EB d01<Qk (Pn,B ’QO)
n n n

A — — 1.
Ep min diy; Q) (P S,B 0y "
n n
A
Similarly, if log Ky /77 divided by E £, min, do1@k(P2 5 ) QO)} converges to zero, then we
n *“n

also have

A
(AN 0 —
EoEp 01 Py, Qo)
n n n

— 1.

N
: A0 -
EOEBn ming doy (O (P, B Qp

B Super learner of Gy

Completely analogue to the super-learner eq. (23), we can define such a super-learner of G,

k A
which we will do here. Foran M e R 2, let G, -

Zo N ?n’M CF,u be the MLE for

nonp
_ A _ .

which dy,(@G,, s = G (P,), Goly = OP(rzé(n)). Let %, , , be an ordered collection of ;-

dimensional constants, and consider the corresponding collection of candidate estimators

A . . -

G, With M € Ky v We assume the index set K, ., 18 INCreasing in nand that

limsup M = max Mg . M; ) ) Note that for all M € %, ey with
£ 2 i 9 Fby

n—oo K
2,n,v

_ A _ - . A _
M > ||L2(GO)||U, we have that d,(G,,(P,), Gy) = Op(n 2). In addition, let Gj:/%nonp -9,
j€ X, , ,beanadditional collection of K; 5, estimators of Gp. This defines a collection of

AN
Kon= Ko, my+ Ko macandidate estimators {G,:k € %, } of G,,.

We define the cross-validation selector as the index

A . 1 A
k2n = KZ(Pn) =arg min EBnPn, BnLl(Gk(P

0
)

.B

ke#,, nB,

N
that minimizes the cross-validated risk £ PnL2((_?k(P2 5 ) over all choices & of candidate
n *“n

estimators. Our proposed super-learner of GO is defined by

— A A
G,=G(P)=Eg G (P) ). (37)
n n n
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The same Lemma 2 applies to this estimator G(P,) of Gy

Lemma 6

Recall the definition of the model bounds My g, Mo g,n€0. (18), and let
C(M . M,.8) = 2(1 + 8°2M 13 + M3/8). For any fixed 6> 0,

A
p— — . o 0 —_
Aop(Cp Cpp) < (1 +200Ep emggz Q2P - Gon)
n

logk
.5) 2n
2G,n n

+0P C(MlG,n’M

If for each fixed 6> 0, C(MiG.m Mo 6) l0g Ko p/ndivided by

AN
. 2.0 =
EBn min, dOZ(Gk(Pn,Bn)’ Gy, is 0A(1), then

dop(G(P,). Gyy,)

1= 0p(D).
Ep ming dop @y p ) Gon)

A
If for a fixed 6> 0, EBn miny do, (G (P, Bn)’ Gy,) = Op(CM | .My - DlogK, [n), then

CM G, MaG, p Ol0eKy,

n

A —
dpp(GP,). Gyy) = Opl

Suppose that for each fixed Mthe conditions of Lemma 1 hold with negligible numerical
approximation error 7, o that (G, .G = OP(ré(n)). Let A, be chosen so that

]
rzé(n) =0(n 2). For each fixed 6 > 0, we have

logk,,

AS _ -2
doy(G(P,).Gy,) = Op(n 2+ Op|CM . My . 5) (38)

C Empirical process results
Theorem 2.1 in [18] establishes the following result for a Donsker class #, with uniformly
bounded envelope £, and for which for each f € &, P, f* < 6°PFX:
J@.F,)

EIG, |l <76.7 )1+
n S EE N
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where G(fi = M2(P,- Py)fand

JG,F )= su N V20 4 NGIF | 7 12 (A)de
T = sup f - log PRE

is the entropy integral from 0 to &. This definition of the entropy integral is slightly different
from a common definition in which the supremum over Pis taken within the integral.

Suppose we want a bound on Sup ¢ 7, ”f”Po < 6|Gn(f)|' Of course, ||f||P0 < §is equivalent
with [|fll, < 8,IIF Il , , where 5, = &/||F, ||, . Application of the above result with this

0 PO n PO
choice of 6= 6, yields:

JGIEN, . F I,

0 0
E sup G, NI <JO/FI, ,F )1+ IE L . (39)
J‘"€§/7,,,I|}‘I|PO<5| " |~ Py 52172 nlp

1/2

Suppose that sup,log'"%(1 + N(elF, | . F . LXA) = 0~ =) for some a € (0, 1). Then,

_ 4 —-a
J(S/IIFHIIP LF ) =00 IIF,,IIP ).
0 0
Thus, we have

l-a
Py

20—-2 —1/2 2-2a
n .

Q
5|Gn(f)| R T Y I, Py

E sup
fEF g <

Note that this is a decreasing function in ”Fn”P . Given a bound M,, so that ”F””P <M ,a

0 0
conservative bound is obtained by replacing IE,Il, by M,,
0

n'

This proves the following lemma.

Consider &, with ||Fn||P0 <M, and sup,log"/*(1 + NGIF I . 7, LX) = 0=~ D) for
some a € (0, 1). Then,

E sup |G, ()| < trgmin YoM+ (rymyim, )27~ 2= 12

fegnv”fllpo<ro(”)
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If rp(r7) < Y4, one should select 7y(r7) = 74 in the above right hand side, giving the
bound:

1/4 2-2a —al2
n .

E su

p MM+ (M)
£ €7, Wfllp <o

|G,(D| < tn~

Consider eq. (39) again, but suppose now that sup AN(6||Fn||A, F, L*(A)) = O(e~P) for some p
> 0. Then,

SIIIF, |
P

0
_ 172 1/2 -1
TONE 7 =P [) tog"2 e

We can conservatively bound logl/2 71 by log £ for £ small enough, and then note

X
f logede = x(1 — logx). Thus, we have the bound
0

_ -1
SOINFlp 7,) = OGP, (1 ~1ogt@IF I, ).

By plugging this latter bound into eq. (39) we obtain

))2n_1/2.

sup 5|Gn(f)| < 8(1 = log(/IF | PO» +(1 = log(s/IIF | Py

E
S € llp <

Note that the right-hand side is increasing in ||F, || . So if we know that ||F || | < M for
P, Py n

some M, we obtain the bound

E sup |G, (] < 81— log(6/0, )) + (1 ~log(s/M )*n ™12
6 n ~ n n

S lfllp <

Consider &, with ”F"”Po <M, and supAN(6||Fn||A, F L2(A)) = 0(¢~P) for some p>0.

Then,

2
ro(n
1- log%) n 12, (40)

n

ro(n)
E sup )IIGn(f)ll S rom| 1 = log——| +

FET I <rn n
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The following lemma is proved by first applying the Lemma 7 to (P, — Ry) f, with rp(n) = 1
to obtain an initial rate 75(77), and then applying the above lemma again with this new initial
rate ro(1).

Consider the following setting:

I €T, <M
supylog! 21+ NGellF | 7, 1700 = 0™ " D)ae 0.1)

n

dy(Q,, Q) <|P, = Ppf,|
1/2
£, Py < My, (dy(0,, 0}

LM <allG0 )

Then
do(Q,: 0 <n” A~ cwn my, a).
where
a A—al2—ad®12 | —ald 2a—1,,1-a>
CM M, a)=M° M M hZa= 1y, .
n' 2n 2n ' n 2n n

We have ag(Qp Qo) < | (P — Po) |- We apply Lemma 7 to the right-hand side with rp(n) =
1. This yields

—1/2, 1—a, ,,2-2a —1
E|(Pn—P0)fn|5n M, Ym0

This shows dy(Q,. Q) < n™ "M =@ 4 2 ~2%~1. Using that X+ < yx +/y, this implies

—a)/2

dy(Q,, QO)”2 < n_1/4M£ll + M}Z ~ %~ 172 By assumption, this implies

1/4 —a)/2+n—1/2

M, M M, M=
non 2nn

Ir 0, <n” ',
n PO

The right-hand side is of order n~ "3, m! = /2 if M, < AHA41=a), which holds by
assumption. Let r,(n) = ”_1/4M2nM£zl ~®’2 \We now apply Lemma 7 to (P, — Pp) f, with this

choice of ry(77). Note 7p(r7) converges to zero at slower rate (or equal than) 7714, Thus,
application of Lemma 7 gives the following bound:
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2a—2M2—2an—l

B - pyr,|<n” i/ 2r0(n)“M ,i ") 2

2 2
<n—1/2n—a/4Ma Ml —al2—a /2+n—1/2(1 +a)M2a—2M1 —a

~ 2n'"n 2n n
We can factor out 77 /2/72/4  giving the bound

2 2
<n—l/2n—a/4{Ma Ml —al2—a /2+n—a/4M2a—2M1 —a V.

~ 2n""n 2n n

This completes the proof of the lemma. O

The following lemma is needed in the analysis of the CV-TMLE, where
fn,e = D*(Qn,B e Gn,B )= D*(QO’ GO)'
n n

Letf, ., € F,=1(f, . e} where evaries over a bounded set in R”and £, is a non-random
€, .
function (i.e., not based on data O, ..., Op). Let F,be the envelope of &, and let M, be
such that ||F |l <M . Assume that sup,N(ellF |l . F LX) = 0Py, Suppose that
D",n AR
I/, gnIIP = OP(rD*(n)) for a rate rD*(n) — 0. Then, G,(f,, gn) =G/, gn) +E , where

0

E, s

n

G(F e )
n

= O(rD*(n)(l - log(rD*(n)/MD>k

and £, equals 0 with probability tending to 1. Thus, if » _ (m)log(M Ir(m)=o(1), then
D D*n D

*
5

Gy o )= 0p(D).

For notational convenience, let’s denote £, , with 7, We have that with probability tending
’n
tol ||fn||P0 < rD*(n). We have f, = fnl(”fnnpo < rD*(n)) + f'n1(||fn||P0 > rD*(n)). Denote the

first term with ]7” and note that the second term equals zero with probability tending to 1.
This shows that G, (f,) = Gn(fn) + E, Where £, equals zero with probability tending to 1

while ||fn||P < rD*(n) with probability 1. Application of Lemma 8 shows that
0

E|Gn(7n)| < rD*(n)log(MD* n/rD*(n)).

This completes the proof. O
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D Implementing the HAL-estimator
For notational convenience, consider the case that @, = @. The M-specific HAL-estimator is
defined for a given M < oo vector, by minimizing PnLl(Q) over all ¢ € @ for which the
variation norm of L1(@ is bounded by this M. We need to calculate this estimator for a series
of M-vectors ranging from 0 to infinity, and we will then select M with cross-validation (see
next section). Suppose that, for a fixed 7, there exists an M, € Rkl so that for all 0 € @,
”Ll@)”v < Mn,v”é”v' This is typically an assumption that is trivially satisfied. Then,

calculating this collection of M-specific HAL-estimators across a set of M-vectors can also
be achieved by computing an MLE of 0 — P, L,(Q) over all 0 € @ with ||Q]|, < M, for a

series of M-vectors. Therefore we rephrase our goal as to compute a Q, ,, so that

PL(Q, )= QnengM PL(O)+r, (41)

where in this section we redefine EM ={0 e G: ||Q||V < M}, and r,,is a controlled small

number. We will now address a strategy for implementation of this MLE Q.

D.1 Approximating a function with variation norm M by a linear combination of indicator
basis functions with L1-norm of the coefficient vector equal to M

Any cadlag function f € D0, ] with finite variation norm can be represented as follows:

f) = fO)+ / fdu_0_).
sC {E.-’p} (Os’xs] v

For each subset s of size | s|, consider a partitioning of (0, zJ in| s|-dimensional cubes
with width /1, Let’s denote these cubes with R, (j, s), where /is the index of the /-th cube
m

and jruns over 0(1/th[') cubes. Let Ry, () be the index set, so that we can write
m

0,7 |= Uje %, © Rhm( Jj»s). By definition of an integral, we have f(x) = limhm = of s
m

s
where
[ @=L D@ =fO+ Y by 0
sC{l,...,p}je%’h ) m m
m

/;";1 i= F(R,, (j,) is the measure fassigns to the cube R, (j,s), and
m m m

¢jl j(x) =I(my, (j,s) <x) is the indicator that the midpoint m, (j,s) of the cube R, (j,s) is
m’ m m m
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smaller or equal than x; By the dominated convergence theorem, it also follows that Il 7,7
- fll,— 0 for any L2(D)-norm. Moreover, the variation norm of fis approximated by the

sum of the absolute values of all the coefficients ﬁ;l J;
-

Ifl, = tm fO+ >
h,—0 scili.plje%,
m

Let 5y denote the intercept £0). Thus, we conclude that given a function f F, pp We can

approximate it with a finite linear combination 7,(# of indicator basis functions ¢;lm’j plus

an intercept S for which the L1-norm of its coefficient vector By (ﬁzm’j: j.s)) approximates

the variation norm of £ The support points m, (j,s) could also be selected based on the data
m

support {0, ..., Oz} Such a strategy is presented and implemented for the HAL-estimator
of a nonparametric regression in [22]. In the latter paper we select 77 support points for each
sspecific measure, possibly resulting in as many as 7™ 2%-number of basis functions.

D.2 An approximation of the MLE over functions of bounded variation using L1-

penalization

For an M€ Ry, let’s define

oM s OO S
Fom={ X X b 0 iYW, <M
sc{l,..plje®, s ™ msos,jom
m

as the collection of all these finite linear combinations of this collection of basis functions
under the constraint that its Z1-norm is bounded by M. Consider the case that the parameter

space Ej for Qj(P), JE {1, ..., ki} is nonparametric, so that the MLE over 5]. =%, yof
QjO would correspond with minimizing over # . Note that this does not imply that the

model .« is nonparametric: for example, the data distribution could be parameterized in
terms of unspecified functions Qj of dimension d,()), /=1, ..., k1, and unspecified functions

(_;j of dimension &5()), j=1, ..., k.

The next lemma proves that we can approximate such an MLE over &, for a loss function

Llj@j) by an MLE over 9ng by selecting m large enough.

Lemma 11—Let M€ R be given. Consider f, € ¥ ,, ¢ D[0,7] so that for a loss

function (O, ) — L(#(O), we have PyL(f) = min , E PyL(f). Assume that if

[ € 7,y CONVErges pointwiseto a f € Fo,omon [0, 1], then L(7;;) converges pointwise to

L(# on a support of Ay, including the support of the empirical distribution 2, Let
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fom€ Pi’v” v besuchthat PoL(f, ) = minf g PoL(f). We have Py(L(%,m) — L()) —
v, M

0as h,— 0.

Consider now an f, € Fom S0 that P L(f,) = min

m
feF, P,L(f), and let Fom€Fom be

such that P L(f, )= minf P,L(f). We have PL(#m) — L(f)) — 0as fi;— 0.

m
o
E./'V’M

Proof: We want to show that Ay(L(%, ) — L(%)) — 0 as /1, — 0. By the approximation

presented in the previous section, since f, € F .,y WE can find a sequence fé, m € F/«‘ZfM S0
that f(";’m — foas fi;— 0, pointwise and in L2(Pp) norm. By assumption and the dominated
convergence theorem, this implies PoL( fg ) — PoL(fo) also converges to zero as /1, — 0.

But, since f , minimizes Ay L(f overall f e Pi’v’fM, we have
0 < POLfo ) = PoLUf o) < PoL(fG ) = Polifg) = 0.

which proves that A L(% ) — PoL(%) — 0, as h,— 0.

We now want to show that P(L(7m) = L(f;)) — 0as /i, — 0. Since f, € F we can

v, M’

find a sequence f, , € #.', sothat f} = — f, as /i — 0, pointwise and in L2(P,)-norm.

Then, by assumption and the dominated convergence theorem, P, L( fZ ) — P,L(f,) also

converges to zero as /1, — 0. But, since £, ;; minimizes P,L(7) over all f fi’v'fM, we have

%
0P LS, ) =P L) <Py )= P L) =0,

which proves that P,L(f, ) — PaL(f;) — 0,as A, — 0.0

D.3 An approximation of the MLE over the subspace EM by an MLE over an L-constrained

linear model

Above we defined a mapping from a function f € &, into a linear combination

M

FHe 371” » Of basis functions for which the norm of the coefficient vector approximates
the variation norm of £ The following lemma proves in general that we can compute the

MLE over ¢, = @n &, ,, with the MLE over @y =10,(0):0 € @,,}, which is a collection
of these linear combinations of the basis functions for which the £1-norm of the coefficient

vector is bounded by M. Note that Eﬁ is typically not a submodel of EM, but it is obtained

by replacing each element 0 in @,, with its approximation 0, (0).
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— L _ k
Lemma 12—Assume that if 0,€ GJV,M converges pointwisetoa Q € 9«‘V’M on [0, 7] 1,

then L,(Q,,) converges pointwise to Z,(Q) on a support of A, including the support of the

k _ _ _
empirical distribution 2, ForanM e R !, let @, =anF* ' = (0(P):P e .0P) € 7 ,,)
be all functions in the parameter space for QO that have a variation norm smaller than M<
. Let @y, = {0,(0):0 € @,,}, where 0 _(0) is defined above as the finite dimensional

linear combination of the basis functions {¢§l -5} with coefficient vector {ﬁjl j(Q):j,s}.
m’ m’

Consider a 9, ,, € @, 50 that PyL,(Q,, ,,) = min PyL,(0), and let

Qe EM
PoLy( Qg pp = miné - PyL,(0) be such that P(L(Qf) ) = L, (@ 4) — 0 @S /i, — 0.
M

Similarly, consider a Qn € EM so that PnLl(Q PnLl(Q), and let

)= min= _—
n, M Qe@M

Q" s € @y besuch that P, L,(Q7 ) = min P,L,(Q). Then,

Y =m
Qe@M

P = L@, 4p) —08S iy 0.

Proof: We want to show that PO(LI(Q’& - L(QO’ W) — 0as /1, — 0. By the approximation

: ; H ; A : AM, * m
presented in the previous section, since Qo p € F,, y» WE Can find a sequence O 'mEF
so that QE’M - QO’M as A, — 0, pointwise and in L2(/) norm. By assumption and the
dominated convergence theorem, this implies PoL1@81,’M*) - P0L1@0, »p) lso converges to

zero as /i, — 0. But, since Q' ,, minimizes P,L,(Q) over all 0 € @y, we have

~m = —m, * —=
0 < PoLi( @, )~ PoL1@o, p) < PoL1@p a) — PoL1@o, pr) = O-

which proves that POLI(Q’& - POLI(QO’ W) — 0,88 i — 0.

We now want to show that Pn(L1@Z1, w - L1(Qn,M)) — 0as 1, — 0. Since Qn’M €F, yp We
can find a sequence QZA; e PIQTM so that 0™ % — QH’M as /i, — 0, pointwise and in

n,M
L2(P,)-norm.

Then, by assumption and the dominated convergence theorem, PnLl(Qf’M*) - PnLl(Qn %)

also converges to zero as /1, — 0. But, since QZM minimizes PnLl(Q) overall 0 e 5’: A We

have

=m = —m, s =
0< PnLl(Qn, M) - PnLl(Qn,M) s PnLl(Qn,M) - PnLl(Qn, M) -0,
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which proves that P, L,(Q

ZfM) - PnLl(Qn’M) —0,as h,— 0.0

E A single updating step in TMLE suffices for approximately solving the
efficient influence curve equation

In this section we focus on the one-step TMLE, but the results can be straightforwardly
generalized to the one-step CV-TMLE.

The following lemma proves that for a local least favorable submodel with a 1-dimensional
eand mY4*-consistent initial estimators, the one-step TMLE already solves

P D*Q, , .G,) = opn™ /%) under some regularity conditions.
’“n
Lemma 13

V.4 — R is a pathwise differentiable parameter at 2with canonical gradient D*(P), and
assume ¥ (P) = ¥ (Q(P) and D*(P) = D*(Q(P), G(P)) for parameters
Q: M — @={QP):Pe M)and G: M — E = {G(P):P € 4}. Let Ry() be defined by ¥ (P) -

Y (Ro) = (P— Po)D*(P) + Ru(P, Po), and let Ry(P, Po) = Rao((@: G), (Qo, Gop)). Suppose Qo =
arg ming A L(Q) for some loss function L(Q) and that, forany 0 e @and G € &, {Q,:¢} C @

is a one dimensional parametric submodel through Q with %L(QS)L; —0= D*(0,G) be an

initial estimator of (Qy, Gp), and consider the one-step TMLE Y (Q,, ;) with g,=arg min,
PﬂL(Oﬂv 8)'

Let £{e) = PaD"(Qn & Gp) and g, (e) = =P, L(Q, ). Let f1e) = < £, (e) and g(e) = g (e).

Let g9 = 0. Assume

. £(e) = F, 0+ [ (e, +0p(e) and g (¢,) = g,(0) + g, (e, + Op(eD);

. 62 _ OP(n—uz);
* d . x &2 1/4 . . .
(D7, . .G)——LQ, )}/n falls in a Ay-Donsker class with probability
n n de n
n

tending to 1;

4 d —1/4
P O[QD*(Qn,gO’ G,) - d—gOD*(Qo, gowGo)] =0pn™ ) (42)

2 2
d d —1/4
Pyi—L(Q, ,)——5L(Qy . ) =0pn "),
0 de% "€ de(z) 0.2 P
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2
Poj—%L(Qo,g()) = — PD*(PY(D*(PY)T. (43)

If L(A(P) = - log po(p), 5, For some density parameterization (@, 7)) — po.,
then (43) holds,

. d
d_gORZO((QO, EO’ Go)s (QO’ GQ)) =0.

Then, 7,0"(@, , .G,) = opn™ 3.

The first bullet point condition only assumes that the chosen least favorable submodel is
smooth in &. The second bullet point condition will be satisfied if the initial estimators Qp,
G, converge to the true Qp, G at a rate faster than /771/4. The third bullet condition will hold
without /7~ Y4-scalar if the estimators Q,, G, have uniformly bounded variation norm. Due to
the scaling 7Y/, it could even allow that the variation norm grows with sample size, again
showing that this is a very weak condition. Conditions eq. (42) are expected to hold if Qp,
G, converge to Oy, Gy at a rate /7 /4, Condition eq. (43) is a condition that holds for loss-
functions that can be represented as log-likelihood loss function, and is therefore again a
natural condition for a local least favorable submodel w.r.t. loss function L. Finally, consider
the last bullet point condition. If this remainder has a double robust form Roq((Q, G), (o,
Gy)) = SJIH(Q) — Hi(Q))(Ha(G) — Fh(Gy)) dR, for some functionals Hy, Hs, then this
condition holds. If the remainder is of the form R((Q, G), (Qo, Gg)) = J(H(O) -
H(Qv))2aP,, then again this condition trivially holds. This shows that also the latter
condition is a weak regularity condition.

Proof of Lemma

Firstly, by the fact that Q,, . has score D*(Q,, G,) at =0, it follows that 7,(0) = g,(0). We
also know that g,{e,) = 0, and we want to show that £{e,) = 047 1/2). Let &y = 0. By the
second order Tailor expansion assumption for 7, g,at =0, we have

Fole) =1 (e~ g,
= 1,0~ 8,(0) +&,(f, ~ €)(O) + Oc2)
d2

2
)— d—%PnL(Qn’ o)+ O

= ip D*(Qn eO’G

én dgo n n

2

By assumption, ¢2 = o,(n~/?), 50 that O(e2) = 0,(n™ /). Thus, it remains to show
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2

d d _ —1/4
PP Q, , .G =P, ~5LQ, . )=0pn ).
0 0 deo 0
By our Donsker class assumption, we have
¢ —rol-Lo'e 6y Lo o ow
n 0’| de n,en n 2 n,e n =Upln '
0 0 degy 0
Thus, it remains to show
A p p* G)-P d—zL =0, 14
PP @, . .G) =Py 5LQ, )= 0pn" ")
0 0 deo

By assumptions eg. (42), we have that the left-hand side of last expression equals

2

d * d _

7e LoP Qg . -Gp) =Py~ LQy . )+ Opln
0 0 deo 0

1/4),

so that it remains to show that the first term equals zero. By -AyD*(P) = ¥(P) - ¥(R) -
Ro(P, Fy), it follows that

d , o« _d d
aPOD (QO, gos Go) - - KO\P(QQ 80) + TE‘ORz((QO, 80’ GO)’ (QO’ Go)) .

By assumption we have dieORZ((QO, ey G- (Qy Gy) = 0. By definition of the pathwise

derivative at /), we have that the derivative ¥ (Qp ) = ¥ (P ) at &= 0 equals AyD*(P)
{D*(Py)}" . Thus, we have shown

d * _ * * T
%POD (QO, 80, GO) = —POD (PO){D (PO)} .

Thus, it remains to show eq. (43), which thus holds by assumption. Suppose that L(Q(P) =

= log po(p), (p for some density parameterization (Q, ) — po., Then

L(Q, )= —logp . Since {p :e} is a correctly specified parametric model, we
€ 0,0 Q0,0

have that the second derivative of —P logp
0 QO, el

at e =0 equals its information matrix (i.e.,
0
. . . d d T _
covariance matrix of its score) P, dglogpQO’g’nO{ delogpQO’ 87,70} at £ = 0. However, the latter

equals — Py D*(Po){ D*(Py)}', which proves eq. (43). This completes the proof of £(e,) =
OP(”_UZ)-
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In the main article we have not proposed a 1-dimensional local least favorable submodel as
in Lemma 13, even though our results are straightforwardly generalized to that case. Instead
we proposed a k; + 1- dimensional least favorable submodel that uses a 1-dimensional &())
for updating @y, for each j=1, ..., k& + 1. We will now state the desired lemma for the one-
step TMLE for such a submodel by application of the above lemma across all J.

Let¥:.# — R be pathwise differentiable with canonical gradient 0*(P) = O*(Q, G) and let
V(P =Y (QP) for oP) = QP ... Q4 (P)). For a given Q, we define lPQ J.:/l — R by
1 £

Yo P =Y(Q O(P).j=1, ..., kg + 1 Let D"é, jP) = D*Q’ fQP).Q_(P),G(P) be the
efficient influence curve of ¥ o, sat A, and define R o, (P, Po) = Ro,0, (@A), G(P), (@b,
Go) by W, (P) =W, {(Py) = (P=PpD}y, (P)+Ry 5 (P.Py).j= L.k + 1. Here Q;=

ky+1
(Op: 12, 1€{L, ..., ky + 1}). We have D*(P) = zjlz | Dy, /P

LetQ, €0, G, €%, be a given initial estimator. Let {an g(j):e(j)} C @jn be a submodel
through Qjat &(j) = 0 and satisfying

d S . . i
Ly (04, S(D)L(j) LoD, (@uGyei= ek ¥ 1. Let (0, ie) € @, be defined by

One= (anle(j) :j: 1. k1+1)' Let e,=arg mine PﬂLl(Qﬂle)! where PﬂLl(Oﬂve) =
(P Qo) =1 o hy*D). Let 0} = 0,

: : _172
We wish to establish that PnD*(Qn’ e G, =opn

), where
ky+1

*
PnD (Qn,e ’Gn) =
n j=1

P D* . 0 . ,G).
n Qn,en,j ]n,en(]) —jn.e " n

Foreach j=1, ..., kK4 + 1, assume the following conditions:

1. Suppose that by application of the previous lemma to lIfQ j:/l — R, submodel

n

{Qjn ey €)}, loss function L1{Q), ex()) = arg mingy Pplif{Qjne(;)), @nd one-
step TMLE Q) en(y), We establish its conclusion

Py (@i e iy Qo G) = op(n”"?). For completeness, Lemma 15 below
n n

explicitly states these j specific conditions of the previous lemma, which are
sufficient for this conclusion.

2. Letf,; = D*Qn’ j(an, Q ;G- D*QWJ.(Q;T”, ijn, G,), and assume (P, — Po)frj=

o Y2). For this to hold if suffices to assume that Pofij — p0and lim sup,—co

170l < Mace.
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3. Letf,,= D*Qn’ 10,:G) - D*Q* j(Q;kw G,), and assume (P, = Po) fj= o Y/?).

n

For this to hold if suffices to assume that Poffu. — poand lim sup; oo 1 f;1llv<
Ma.e.

4 Ry f(Q5,075).G). QG = Ry o (€50 ;,). G-y Gy = opn™ "2

3

5 R, (@5G).QpGy) ~R,y o ((Q5G,).(Q Gy = 0pn” ',
2’an7 =
6. Yo, @)=Y, Q- L) .(Q’f)_\pQ Q) =0P(n—1/2)_
Qn’j J Qn’j J ol o
-1/2
Then, PnD*(Qn, e Gn) = OP(n ).

Lemma 15

Let £, () = P,,D*Qn, (©

. d
; 0_;p G and g, (e() = o P, Ly Q) o(j)- Let

jn, e(jy 1j

Fofe0D) = 2510 ) aNd g, (e()) = 7578, e()- Let : o) = 0.
Assume the following conditions:

Lo f e, = £, 0) + [ (0)e, () + Op(e, () and

8 En) = 8, (0) + 8, (02, () + Op(Ea(i);
2. e =opn!;

&2

d 1/4 : )
{WDQn’j(Qj"’ e (i) Q—jnGn) - WLU(QM’ Sn(j))}/n falls in a Ay-Donsker

class with probability tending to 1;

a,
d * * o —1/4
22y 0|70, 1 Cin. ey @=nn = P, (@0, ey C-jo%0| = Optn )
2
d -4
5,
P Q0.0 ) = Pl (PODG (PO} (44)
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If L (QP) = - logij(P)’ n(P) for some density parameterization

©Qpn) — ijJ], then eq. (44) holds;

6. d _
de, 2.0 ( Qi i - jor G0 Qor Go)) = 0.

—-1/2
).

Then, PnD*Qn’ e Q_;,»G,) = opn

Jjns€,(j
Proof—This is an immediate application of Lemma 13. O

Proof of Lemma 14

Consider a 1-dimensional submodel {#. : £}C M@ with score S. We have

d d
Y ®) =¥,

d
=2 @re Q410

K +1
1*t1a
2j=1 w00

By pathwise differentiability of ¥ at Pthe left-hand side equals PD*(P)S, while, by pathwise
differentiability of ¥ o, ;at A, each f-specific term on the right-hand side equals PDZ AP)S.

This proves that

ky+1
PD*(P)S = Z PD*Q jps=r
i=1 |

k1+1

DY (P)lS.
jgl 0,j

Since this holds for each S€ 7{A) and DZ’J.(P) € T(P) for all j, this implies

ky+1
D*(P) = Zjlz ] D*Q (P): This proves the first statement of the lemma. This shows also that
% % kl +1 * * . .
P,D(Q,.G,) = Zj 1 PnDQ* j(Qn,Gn), so it suffices to prove that
o
-1/2

PnD;* j(Qz, G,) = op(n~ "7 for each /. In the lemma we assumed that we already established

.
PD*, (05,0 ;.G = op(n™ %), by application of Lemma 15.
o,

n

Firstly, we want to prove that Pn{D*Q* j(Q;fn, QG- D*Qn,j(Q;n’ 0" Gt = OP(n—l/z),
o

—-1/2

which then shows that PnD"é j(Q:, G,) = op(n ). This term can be represented as P,f, We
=

can write P,f, = (P,— Po) T, + Pof,,. By our first assumption, we have (P, - Py)f,= 041). So
we now have to consider
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>k k >k * k
O{DQn’ j(Qn 7 o_ n G)- DQn’ j(an, Q_jn, G}

P

_ k _ _ k k
=¥y (@)=Y JQu) Ry g (0" ,).G))(QpGy)

L k
- \PQn’ @i+ lPQn’ Qo) Ry, 0, JQp Q) G- Qg G)

=Ry (@5 Q)G @y Gp) =Ry o (0 ;)G (@, G-

By assumption 2., the latter is o (7Y/2). This proves now that PnD*Qn’ 105G, = opn~ 112,

We now want to prove that Pn{D*Qn,fQZ G,)- D*Q* j(QZ, G)} = OP("_I/Z), 5o that we can

n
conclude P, D* . (Q%.G,)} = opn™ ). Let, f, = (D, {05G,)-D*, ()G}, 50 that
Q,.J n Q,.J
this term can be represented as P,f,,. We have P,f,= (P,— Py)f,+ Pof, By assumption 3.,
we have (P,— Py f,=04n%/4). We now have to consider
P (DY (0'.G)-D* (0%.G)
0{ Qn,] Qn n QZ’an n}

=¥ _ (Q5)-¥ . (Q,)+R (QF,G ), (0 Gy)
Q:;,j jn QZ’j jO 2Q*,j non 0-0

* sk
- lan’ @it ‘PQn’ 7@y — Ry, 0. @G- Q. G-

**n

-1/2

By assumption 4., we have R2 . O-Ry o j() =op(n” '%). By assumption 5, the “second
Q0.j <

L n

order ¥-difference ”is op(/71/2) as well. O
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