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Anthropomorphic Model of
Intrathecal Cerebrospinal Fluid
Dynamics Within the Spinal
Subarachnoid Space: Spinal
Cord Nerve Roots Increase
Steady-Streaming
Cerebrospinal fluid (CSF) dynamics are thought to play a vital role in central nervous
system (CNS) physiology. The objective of this study was to investigate the impact of spi-
nal cord (SC) nerve roots (NR) on CSF dynamics. A subject-specific computational fluid
dynamics (CFD) model of the complete spinal subarachnoid space (SSS) with and with-
out anatomically realistic NR and nonuniform moving dura wall deformation was con-
structed. This CFD model allowed detailed investigation of the impact of NR on CSF
velocities that is not possible in vivo using magnetic resonance imaging (MRI) or other
noninvasive imaging methods. Results showed that NR altered CSF dynamics in terms of
velocity field, steady-streaming, and vortical structures. Vortices occurred in the cervical
spine around NR during CSF flow reversal. The magnitude of steady-streaming CSF flow
increased with NR, in particular within the cervical spine. This increase was located axi-
ally upstream and downstream of NR due to the interface of adjacent vortices that formed
around NR. [DOI: 10.1115/1.4040401]

Introduction

Cerebrospinal Fluid Importance and Therapeutic Applica-
tions. Dynamic motion of cerebrospinal fluid (CSF) plays an
important role in central nervous system (CNS) physiology. CSF
is a water-like fluid that surrounds the brain and spinal cord (SC)
and pulsates in an oscillatory manner with each cardiac and respi-
ratory cycle [1–3]. A detailed understanding of CSF dynamics
could improve treatment of CSF-related CNS diseases and lead to
novel CSF-based therapeutics. The importance of CSF dynamics
has been investigated in several CNS diseases that include Alzhei-
mer’s disease [4,5], syringomyelia [6,7], Chiari malformation
[8,9], astronaut vision impairment due to space flight [10], and
hydrocephalus [11]. CSF can also serve as a conduit for drug
delivery to the brain, as solutes delivered to the CSF bypass the
blood brain barrier thereby providing relatively direct access to
neuronal and glial cells [12,13]. CSF-based therapeutics are pres-
ently under development for brain hypothermia [14], CSF filtra-
tion [15–18], and control of intracranial CSF pressure oscillations
[19].

The efficacy of many of these treatments depends, in part, on
transport within the spinal subarachnoid space (SSS). Among the
least studied factors is the effect of structures within the SSS on
flow and transport, yet the structures appear to strongly affect
transport. For example, Stockman found that simplified nerve
roots (NR) increased longitudinal transport by five to ten times
compared the same channel without NR [20,21]. Tangen et al.
found that simplified microstructures increased vorticity and ros-
tral transport of intrathecal drugs [22], and Tangen et al. noted
mixing of subarachnoid hemorrhage around NR [23,24]. Accord-
ingly, this study focuses on the effects of more highly resolved
NR.

Previous Numerical Models of Spinal Subarachnoid Space
Cerebrospinal Fluid Dynamics. Computational fluid dynamics
(CFD) has an advantage in that it is capable of achieving CSF
pressure and flow field resolution that may be difficult in vivo
with magnetic resonance imaging (MRI) or other invasive techni-
ques. In addition, parameters can be varied that may not be possi-
ble to vary in vivo. One challenge has been accurately
representing the complex CSF space geometry that includes fea-
ture sizes that range over five-orders of magnitude from microns
to tens of centimeters. In addition, these features are attached to
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Table 1 Summary of previous spinal CSF dynamics numerical studies with key information on the numerical method, anatomic/physiologic feature investigated and the feature impact
on CSF dynamics

Study
Numerical

method Three-dimensional (3D) Subject-specific
Full

spine TM NR AT
Anatomic/physiologic

feature investigated
Feature impact on CSF

dynamics

Khani et al. (present study) Finite volume x x x x x NR and nonuniform CSF flow Steady-streaming flow and CSF vortices cre-
ated during flow reversal

Tangen et al. [22] Finite volume x x x x x x Impact of AT on CSF pressure and solute
spread

AT increase pressure drop but have little
impact on drug spread to cervical spine

Khani et al. [25] Finite volume x x x x Nonuniform CSF flow in a nonhuman
primate

Laminar, inertial dominated CSF flow found
throughout nonhuman primate spine

Hsu et al. [26,27] Finite volume x x x x Impact of CSF pulse freq. and mag. on drug
spread

Increased CSF pulse frequency and magni-
tude increase drug spread

Cheng et al. [28] Finite volume x x x x FSI between CSF and SC Caused up to 2 mm of SC displacement
Tangen et al. [29] Finite volume x x x x Infusion settings, drug chemistry and

anatomy
Drug dispersion is impacted by infusion,
chemistry and anatomy

Tangen et al. [23] Finite volume x x x x Lumbar CSF drainage after subarachnoid
hemorrhage

Body position and CSF drainage rate impact
blood removal from CSF

Kuttler et al. [30] Finite volume x x x Impact of slow or fast bolus dose Pulsation and breathing dominated long-
term bolus spread (not bolus speed)

Pizzichelli et al. [31] Finite element x x x Catheter position and angle and tissue
permeability

Injection perpendicular to cord increased
penetration to the cord tissue

Haga et al. [32] Finite element x x x Catheter position, angle, and injection flow
rates

Catheter position, angle and injection flow
rates impact solute distribution

Heidari Pahlavian et al. [33,34] Finite volume x x x Comparison of in vivo and in vitro MRI
with CFD results

in vitro MRI compared well with CFD
results, in vivo compared poorly with CFD

Heidari Pahlavian et al. [35] Finite volume x x x Presence of NR and DL Increased peak CSF velocities, mixing and
bi-directional flow

Stockman [20] Lattice Boltzmann x x x NR, DL, and AT Increased nonstreamwise components of
CSF velocity

Pahlavian et al. [9] Finite volume x x x Pulsatile motion of cerebellar tonsils Increased peak CSF velocities, mixing, and
bidirectional flow

Bertram et al. [36] Finite element x x SC and dura compliance Pressure wave propagation impacted by the
elastic properties of tissue

Bertram et al. [37] Finite element x x SC tethering due to arachnoiditis Increased tensile radial stress and decreased
pressure in the SC material

Elliott et al. [38] Finite difference x x Posttraumatic syringomyelia Stress induced by syrinx fluid sloshing
diminishes as syrinx expands

Elliott [39] Analytic x x Syrinx filling due to CSF wave mechanics Syrinx filling impacted by CSF flow obstruc-
tion and tissue properties

Jain et al. [40] Lattice Boltzmann x x Highly resolved direct numerical simulation Onset of transitional CSF flow in Chiari
patients

Cheng et al. [41] Finite volume x x Arachnoiditis permeability Increased bidirectional flow, peak CSF pres-
sure timing shifted

Rutkowska et al. [42] Finite volume x x Presence of tonsillar herniation Increased peak CSF velocities, gradient, and
bidirectional flow

Yiallourou et al. [43] Finite volume x x Presence of tonsillar herniation Increased peak systolic CSF velocities, flow
jets near foramen magnum

Clarke et al. [44] Finite volume x x Presence of tonsillar herniation Increased magnitude of peak pressure
Shaffer et al. [45] Finite volume x x Tonsillar descent Increased longitudinal impedance to CSF

flow and correlated with tonsillar descent
Martin et al. [46] Finite volume x x Tonsillar descent Increased peak CSF velocities, pressure gra-

dient, and longitudinal impedance
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deforming dural and pial boundaries. Numerical studies of CSF
dynamics in the spine (Table 1) can be roughly stratified in terms
of:

(a) Numerical method applied: finite volume, finite element,
finite difference, analytic, and lattice Boltzmann methods.

(b) Anatomic domain and physiological accuracy: partial/entire
SSS length, simplified two-dimensional/three-dimensional
(3D), subject-specific based on MR imaging.

(c) Microstructure and tissue motion: spinal cord NR and/or
arachnoid trabeculae (AT), prescribed boundary motion,
and fluid–structure interaction.

(d) Focus of the investigations: impact of NR and AT on CSF
mixing [35], fluid structure interaction of dynamically
deforming spinal cord tissue [41], intrathecal drug solute
[31–32] and blood [29] transport, and anatomic alterations
within disease states such as Chiari malformation and
syringomyelia [46]. Several studies have included anatomi-
cally idealized NR. Only three studies included arachnoid
trabeculae [20,22,53] (note: study by Gupta et al. focused
on intracranial SAS and not included in Table 1).

Objectives. There is a need to understand the impact of realistic
geometry on CSF flow patterns. An anatomically accurate and vali-
dated model will allow testing and optimization of CNS therapeutics
that could lead to more rapid application for clinical use and reduced
cost for nonhuman primate studies. To address these needs, the
objectives of this study were to build upon the body of CSF model-
ing work (Table 1) by: (1) MRI measurements of SSS geometry and
flow distribution in a patient, and (2) CFD simulation of unsteady
CSF flow in a SSS model with and without anatomically realistic
spinal cord NR based on the MRI measurements. We hypothesized
that the presence of NR increases nonuniformity of axial flow veloc-
ities and promotes steady-streaming within the SSS.

Materials and Methods

Ethics Statement. In this study, all the MRI data collection
development was approved by the local Institutional Review
Board in Amiens, France and satisfied all local and international
regulations for human subject research. All data were de-
identified before transferring to the University of Idaho for further
analysis.

Subject Selection. A 23-yr female was chosen for this study as
a representative healthy subject to define the CSF space geometry
and flow for the numerical model. The subject did not have any
history of spinal deformity or CSF-related disorders.

Magnetic Resonance Imaging Cerebrospinal Fluid Flow
Measurement and Quantification. A General Electric 3T scan-
ner was used to obtain all MRI measurements (SIGNA HDXT, soft-
ware 15.0_M4_0910.a, Boston, MA) using our previously
published methodology [25]. CSF flow rate was measured at three
vertebral levels, C2-C3, C7-T1, and T10-T11 (Figs. 1(a) and
1(b)), using phase-contrast MRI with retrospective electrocardio-
gram gating with 32 cardiac phases [46]. Each slice had a thick-
ness of 5.0 mm and an in-plane resolution of 0.54� 0.54 mm2.
The slice orientation was approximately perpendicular to the spine
and placed vertically by intersection with a vertebral disk (Fig.
1(a)). CSF flow waveforms were interpolated between the mea-
surement locations to obtain a smooth distribution of CSF flow
rate along the entire spine [25]. Zero flow was assumed at the
spine termination. Flow at the foramen magnum was assumed to
have identical shape as C2–C3 but with 40% reduction in ampli-
tude based on our previous publications with quantification of
axial distribution of CSF flow in humans [33,43] and nonhuman
primates [25].

T
a
b

le
1

(c
o

n
ti

n
u

e
d

)

S
tu

d
y

N
u
m

er
ic

al
m

et
h
o
d

T
h
re

e-
d
im

en
si

o
n
al

(3
D

)
S

u
b
je

ct
-s

p
ec

if
ic

F
u
ll

sp
in

e
T

M
N

R
A

T
A

n
at

o
m

ic
/p

h
y
si

o
lo

g
ic

fe
at

u
re

in
v
es

ti
g
at

ed
F

ea
tu

re
im

p
ac

t
o
n

C
S

F
d
y
n
am

ic
s

R
o
ld

an
et

al
.
[4

7
]

B
o
u
n
d
ar

y
el

em
en

t
x

x
T

o
n
si

ll
ar

d
es

ce
n
t

In
cr

ea
se

d
p
ea

k
C

S
F

v
el

o
ci

ti
es

n
ea

r
th

e
C

V
J

an
d

p
ea

k
p
re

ss
u
re

g
ra

d
ie

n
t

al
o
n
g

S
S

S
L

in
g
e

et
al

.
[4

8
]

F
in

it
e

v
o
lu

m
e

x
T

o
n
si

ll
ar

d
es

ce
n
t

&
su

rg
er

y
im

p
ac

t
In

cr
ea

se
p
ea

k
C

S
F

v
el

o
ci

ti
es

,
v
el

o
ci

ty
h
et

er
-

o
g
en

ei
ty

an
d

C
S

F
p
re

ss
u
re

g
ra

d
ie

n
t

L
in

g
e

et
al

.
[4

9
]

F
in

it
e

v
o
lu

m
e

x
P

re
se

n
ce

o
f

to
n
si

ll
ar

h
er

n
ia

ti
o
n

In
cr

ea
se

d
p
ea

k
C

S
F

v
el

o
ci

ti
es

an
d

p
re

ss
u
re

g
ra

d
ie

n
t

n
ea

r
th

e
to

n
si

ls
L

in
g
e

et
al

.
[5

0
]

F
in

it
e

v
o
lu

m
e

x
In

cr
ea

se
in

ca
rd

ia
c

ra
te

In
cr

ea
se

d
p
re

ss
u
re

g
ra

d
ie

n
t,

in
cr

ea
se

d
m

ag
-

n
it

u
d
e

o
f

b
i-

d
ir

ec
ti

o
n
al

fl
o
w

B
il

st
o
n

et
al

.
[5

1
]

F
in

it
e

v
o
lu

m
e

D
ec

re
as

ed
ar

ac
h
n
o
id

it
is

p
er

m
ea

b
il

it
y

In
cr

ea
se

d
p
re

ss
u
re

g
ra

d
ie

n
t

al
o
n
g

th
e

S
S

S
L

o
th

et
al

.
[5

2
]

F
in

it
e

v
o
lu

m
e

x
x

C
ro

ss
-s

ec
ti

o
n
al

g
eo

m
et

ry
an

d
S

C
m

o
ti

o
n

P
re

ss
u
re

g
ra

d
ie

n
t

w
av

ef
o
rm

d
ep

en
d
en

t
o
n

C
S

F
fl

o
w

w
av

ef
o
rm

an
d

cr
o
ss

-s
ec

ti
o
n
al

ar
ea

N
o
te

:
3
D

—
m

o
d
el

co
n
st

ru
ct

ed
in

th
re

e-
d
im

en
si

o
n
al

,
T

M
—

ti
ss

u
e

m
o
ti

o
n

in
cl

u
d
ed

in
m

o
d
el

,
A

T
—

ar
ac

h
n
o
id

tr
ab

ec
u
la

e
in

cl
u
d
ed

in
m

o
d
el

,
N

R
—

n
er

v
e

ro
o
ts

in
cl

u
d
ed

in
m

o
d
el

.

Journal of Biomechanical Engineering AUGUST 2018, Vol. 140 / 081012-3



Magnetic Resonance Imaging Cerebrospinal Fluid Space
Geometry Protocol and Segmentation. The freely downloadable
open-source 3D spine geometry with spinal cord NR given previ-
ously by Sass et al. was used for this study [54]. In brief, high-
resolution MR images were collected within three regions to
define the complete intrathecal CSF space geometry (Fig. 1(a)).
Three-dimensional fast imaging employing steady-state acquisi-
tion (3D FIESTA) was used to collect geometric measurements
with improved CSF signal. In-plane voxel spacing was
0.547� 0.547 mm2, and slice thickness was 1 mm with slice spac-
ing set at 0.499 mm. Echo times were 1.944, 2.112, 2.100, and

repetition times were 5.348, 5.762, 5.708 for the craniocervical,
thoracic, and lumbosacral volumes, respectively. Total imaging
time for the three levels was �45 min.

The open-source program, ITK-SNAP (Version 3.4.0, University
of Pennsylvania, Philadelphia, PA) [55], was used to segment the
MRI data. A single operator segmented the complete spine. The
final model includes the 31 pairs of dorsal and ventral NRs,
the spinal cord, and dural wall (Fig. 1(c)). Axial position of NR
was placed based on the MR imaging. However, the structure and
orientation of each NR was idealized based on cadaveric measure-
ments as described by Sass et al. [54].

Table 2 Numerical sensitivity studies—values show the maximum relative error for velocity in the z-direction for the three axial
planes analyzed (Fig. 2)

Sensitivity study Parameter to study Constant parameters Maximum error (%)

Grid size MS¼ 2 mm, GS¼ 0.06 M, PS¼ 0.1 mm, PN¼ 3 TS¼CT/84 68
MS¼ 1 mm, GS¼ 0.6 M, PS¼ 0.1 mm PN¼ 3 CN¼ 2 15.7

MS¼ 0.5 mm, GS¼ 3.7 M, PS¼ 0.05 mm PN¼ 4 4.4
MS¼ 0.25 mm, GS¼ 29.5 M, PS¼ 0.025 mm, PN¼ 6

Time Step Size CT/42 GS¼ 3.7 M 51
CT/84 CN¼ 2 18
CT/168 2.7
CT/336

Cycle number 1 GS¼ 3.7 M 16.1
2 TS¼CT/84 3.7
3 3.06
4

GS¼ grid size, PS¼ prism size, PN¼ prism number, MS¼mesh size, CN¼ cycle number, M¼million cells, CT¼ cycle time in seconds, TS¼ time
step size

Fig. 1 Summary of numerical modeling approach based on subject specific MRI measurements: (a) T2-weighted MR image of
the entire spine for the human analyzed (open-source 3D geometry from Ref. [54]). Axial location and slice orientation (lines)
of the phase-contrast MRI scans are obtained in this study. Slice axial distance is indicated by dotted lines; (b) The CSF flow
rate based on in vivo PCMRI measurement at C2–C3, C7–T1, and T10–T11; (c) three-dimensional CFD model of the SSS; and
(d) volumetric and surface mesh visualization with zoom of the upper cervical spine (top).

081012-4 / Vol. 140, AUGUST 2018 Transactions of the ASME



Computational Model. The computational domain with non-
uniform unstructured grid was generated within ANSYS ICEM CFD

software (ANSYS Academic Research, Release 17.2 University
of Idaho, Moscow, ID) and consisted of approximately 13.7� 106

tetrahedral elements (Fig. 1(d)). The commercial finite volume
CFD solver ANSYS FLUENT (ANSYS Academic Research,
Release 17.2) was used to solve the continuity (Eq. (1)) and
Navier–Stokes (Eq. (2)) equations

r � ðqUÞ ¼ 0 (1)

q
@U

@t
þ U � rU

� �
¼ �rPþ lr2U (2)

where q is the density, l is the dynamic viscosity, and U and p
describe the velocity and pressure fields, respectively. CSF was
considered to be an incompressible Newtonian fluid with viscosity
and density equivalent to water at body temperature [53,56]
(q¼ 993.3 kg/m3 and l¼ 0.6913 mPa�s). The laminar viscous
model was used.

A zero pressure-outlet boundary condition was defined at the
foramen magnum. No-slip boundary conditions were imposed at
the dural and pial walls. The pial boundary was stationary. Dural
boundary motion was modeled based on the in vivo MRI flow
measurements. The nonuniform deformation of the computational
mesh was implemented at each time-step, as described by Khani
et al., by a user-defined function [25]. In summary, this method
split the dura into 1 mm segments (606 segments total), and the
dural spatial–temporal displacement was modeled to reproduce
the interpolated CSF flow rates at each axial level. This resulted
in a nonuniform circumferential displacement in the radial direc-
tion. In brief, the method involved: (1) interpolation of MRI CSF

flow measurements onto 1 mm slice intervals of size, Dh, along
the spine; (2) determination of the centroid of each slice, (3)
dividing the slice into N pie-shaped radial sections depending on
the number of nodes present at the dura wall, (4) movement of
each node on the dura surface by a value, Dr, for each radial sec-
tion based on its radial distance, rnode, from the centroid of the

slice: Dr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

node � ððDQ � DtÞ=ðp � DhÞÞ
q

� rnode where DQ is

the difference in CSF flow rate across each slice section, and Dt is
the time-step (see Ref. [25]).

Second-order momentum and pressure gradient solvers were
used with default values for under relaxation factors. The conver-
gence criteria for velocity, continuity, and momentum were set to
1� 106. Total simulation time was 30 h for two cycles (results are
presented for the second cycle only) in parallel mode with 141
GB RAM and 30 processors at a clock speed of 2.3 GHz.

Numerical Sensitivity Studies. Computational fluid dynamics
results were verified by numerical sensitivity studies for time-
step size, cycle, and mesh resolution (Table 2) with respect to
velocity and cyclic mean velocity (Fig. 2) using an improved
methodology from that of Khani et al. [25]. For these studies,
we quantified sensitivity of z-velocity and cyclic mean z-
velocity (steady-streaming) at three locations within the model
for a “coarse,” “medium,” “fine,” and “X-fine” mesh with wall
prism layers (Figs. 2(a) and 2(b)). Based on these results, a
single “fine” mesh was carried forward for completion of sub-
sequent cycle and time-step sensitivity studies. Time-step sensi-
tivity was then checked with time-step resolution given by
fractions of the cardiac cycle, T¼ 0.84 s, for T/168, T/84, and
T/42. Cycle sensitivity was checked over three complete car-
diac cycles.

Fig. 2 Numerical sensitivity study for velocity and cyclic mean velocity results: (a) 3D geometry of the sensitivity study and
axial plane positions, (b) line location along each plane, (c) simulated peak systolic z-velocity component along each line for
the four grids (coarse, medium, fine, and X-fine), and (d) simulated cross-sectional mean velocity, Uz-mean, along each line for
the four grids

Journal of Biomechanical Engineering AUGUST 2018, Vol. 140 / 081012-5



Computational Fluid Dynamics Model Comparison With In
Vivo Magnetic Resonance Imaging Cerebrospinal Fluid Flow
Measurements. Dural wall motion was set to reproduce the local
CSF flow rate waveform measured by MRI along the spine. The
simulated flow rates were compared to the MRI flow rates at three
axial locations (Fig. 1(b)). Percent error was defined as the maxi-
mum difference between the unsteady flow rate produced by the
CFD model, QCFDðtÞ, and the corresponding flow rate measured
by MRI, QMRIðtÞ, divided by the mean of the absolute value of
CSF flow rate over the cardiac cycle, %error ¼ jððmax
ðQCFDðtÞ � QMRIðtÞÞÞ=ðmeanjQMRIjÞÞj.

Geometric and Hydrodynamic Quantification. Based on the
3D reconstruction and meshing, the following geometric and
hydrodynamic parameters were calculated along the spine at
1 mm intervals using our previously described methods [25].
Reynolds number based on hydraulic diameter was calculated as
Re ¼ ððjQmaxjDHÞ=ð�AcsÞÞ, where jQmaxj is the absolute value of
the peak flow rate from the flow rate waveform at each cross sec-
tion, DH is hydraulic diameter, Acs is the cross-sectional area, and
v is the kinematic viscosity. Reynolds number for external flow
around NR was quantified as: ReNR ¼ ððU1DNRÞ=�Þ where NR
cylinder diameter, DNR, was given by the axial distribution of NR
diameters along the spine provided by Sass et al. [54] (ranging
from 0.5 to 1.5 mm) and free-stream velocity, U1, was approxi-
mated based on the maximum value of the peak CSF velocity
quantified for each axial slice. Stokes–Reynolds number (Reyn-

olds number based on the Stokes layer thickness d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2v=xÞ

p
)

was calculated as Red¼ ððjQmaxjdÞ=�AcsÞ. To assess possibility of
instabilities in an oscillatory flow around cylinders, Keulegan–
Carpenter number was computed as: K ¼ ððU1&TÞ=DNRÞ, and

the value of beta is given by, b ¼ ððReNRÞ=KÞ ¼ ðD2
NR=vTÞ. Flow

instabilities occur for values of K> 2 under a given b as shown
experimentally by Honji [57] and theoretically by Hall [58].

Womersley number was quantified as a ¼ ðDH=2Þ
ffiffiffiffiffiffiffiffiffi
x=�

p
, where

x ¼ 2p=T is the angular velocity. The following indicators of the
possible presence of turbulent flow were quantified, (1) maximum
Reynolds number Re> 2300 at each location along the spine, and
(2) Stokes–Reynolds number Red> 550 for conditional turbulence
in oscillatory flow or for a given Womersley number and
Red< 550 for weak turbulence [59]. Mean cross-sectional CSF

velocity at peak systolic and diastolic flow, �Upeak, was computed

at 1 mm slice intervals along the spine where �Upeak ¼ ðQpeak=AcsÞ,
with Qpeak defined as the maximum flow rate at peak systole and
diastole at each slice.

Quantification of Steady-Streaming Cerebrospinal Fluid
Flow. Oscillatory flow (zero mean flow) can result in steady-
streaming due to nonlinear cumulative effects of convective accel-
eration [60]. To help quantify steady-streaming of CSF, the cyclic
mean velocity in the z-direction, Uz�mean, was computed for each
node in the computational mesh. A positive value for Uz�mean

indicates steady-streaming in the rostral direction. Uz�mean was
visualized at multiple axial slices and for a midsagittal slice.

The axial distribution of steady-streaming, UssðzÞ, was estimated
by computing the cross-sectional average of Uz�mean magnitude

UssðzÞ ¼

X
cell

����Uz�meanðzÞ
����VðzÞX

cell

VðzÞ
(3)

where V is cell volume, and the summations were conducted over
every cell in the cross section. UssðzÞ was calculated for z-slices at
1 mm intervals along the spine. To understand the effect of NR on
steady-streaming, UssðzÞ and Uz�mean were compared for cases
with and without NR. To further quantify the magnitude of
steady-streaming flow, a nondimensional fraction of the specified
flow rate amplitude was defined as:

Qss zð Þ ¼
Uss zð ÞAcs

2Qpeak

(4)

where Qss was divided by two to obtain a unidirectional steady-
streaming flow rate, because the positive flow is always equal the
negative flow for a closed SSS.

Results

Numerical Sensitivity Studies. Numerical sensitivity study
was confirmed based on an assumed error threshold of <5% under
increasing degrees of resolution. Maximum z-velocity error for

Fig. 3 Comparison of numerical model axial flow rate distribution with subject specific
PCMRI measurements: (a) CSF flow waveforms measured by PCMRI at three axial locations
along the spine. Dots indicate experimental data and lines denote CFD results. Note: negative,
or peak systolic, CSF flow is in the caudal direction. (b) Spatial–temporal distribution of the
average dura radial displacement along the spine.

081012-6 / Vol. 140, AUGUST 2018 Transactions of the ASME



the fine versus X-fine grid was 4.4% and medium versus fine grid
was 15.7% (Table 2 and Fig. 2). Uz�mean error was similar (<5%
between the fine versus X-fine grid). Thus, subsequent sensitivity
studies were carried out with the fine grid. A time-step size of
0.01 s (T/84) produced a maximum error of 2.7% for z-velocity
and was selected for future studies. Similarly, cycle sensitivity
results for unsteady z-velocity showed that z-velocity variation
after the first cycle was negligible (�3.6%). Thus, the results for
the final CFD study were analyzed based on the second cycle with
a fine grid and time-step size of 0.01 s (T/84).

Reproduction of Magnetic Resonance Imaging-Derived
In Vivo Cerebrospinal Fluid Flow Measurements. The results
showed a maximum flow rate error of 2.3% (Fig. 3). This degree
of error is similar to previous CSF flow studies [61]. The flow rate
waveforms applied to the model had a similar amplitude to previ-
ous in vivo MRI studies [52,62–64]. For those studies, mean
velocity at peak systole near C2 vertebral level was �2.5 cm/s. In
the present model, the mean velocity at C2 was �2.4 cm/s with
NR and stroke volume at that location was 0.77 cm3.

Hydrodynamic Parameters. Hydrodynamic results are
reported in detail for the 3D model with NR only. CSF volume
within the SSS from the FM to spinal sac was 97.3 ml at the
beginning of cardiac systole (t¼ 0). Spinal cord and NR volumes
were constant at 19.9 and 5.8 ml, respectively. Peak CSF velocity
showed maximum values in the cervical spine of 3.9 and 2.9 cm/s
for the cases with and without NR, respectively (Fig. 4(a)). Cross-
sectional area was reduced with NR by up to 13.8% (Fig. 4(b)).
Maximum of the cross-sectional mean velocities, �Upeak, from

MRI data (interpolated flow) were present at the cervical spine
near the C4–C5 level (Fig. 3(a)). Minimum �Upeakoccurred in the
lower thoracic spine about 40 cm below the FM (�T11 to T12).
Hydraulic diameter, omitting the filum terminale, had a minimum
value of 3.4 mm occurring at a distance of 95 mm caudal to the
FM within the cervical spine (Fig. 4(c)—y-axis left). Hydraulic
diameter was larger at both the FM and within the thoracic spine
than elsewhere. Womersley number ranged from 22.96 to 1.64
(Fig. 4(c)—y-axis right). Local maxima for Womersley number
were present within the FM level (a¼ 23.0) and at the thoracic
spine (a¼ 16.1). Womersley number had local minima within the
cervical spine and just rostral to the intrathecal sac. Maximum Re
with NR was 184 (Fig. 4(d)) and located in the cervical spine
where the SSS had a relatively small hydraulic diameter and peak
flow rate was maximum. Maximum ReNR, Red and
Keulegan–Carpenter number was 78.2, 14.2, and 30.8 (b ¼ 3:8),
respectively (Figs. 4(e) and 4(f)).

Cerebrospinal Fluid Flow, Velocities, and Flow Features.
Comparison of flow rates at the three MRI slice locations (Fig.
3(a)) showed that CFD results were nearly identical to MRI meas-
urements (error< 2.3%), verifying the dural motion inputs. Peak
flow rates at C2–C3, C7–C8, and T10–T11 were 3.44, 1.95, and
0.53 ml/s, respectively. Stroke volumes at these locations were
0.77, 0.69, and 0.25 ml, respectively. Spatial–temporal distribu-
tion of dura radial displacement over the cardiac cycle showed
that maximum dural displacement was 122.52 lm and located at
595 mm below the FM (Fig. 3(b)). Average dural displacement
along the entire spine was 16.41 lm. Note, interpolated values of
dural displacement should not be used for model validation

Fig. 4 Hydrodynamic parameter distribution computed along the spine in terms of: (a) peak CSF velocity, (b) cross-sectional
area, (c) hydraulic diameter and Womersley number, a, (d) Reynolds number, for internal flow within a tube, Re, (e)
Stokes–Reynolds number based on Stokes-layer thickness, Red, and (f) Reynolds number for external flow over a NR, ReNR
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purposes. The empirical data are only derived from MRI measure-
ments at the three axial levels investigated.

Velocity profiles at T¼ 90 ms (peak systole, Fig. 5) in the coro-
nal, sagittal, and axial planes exhibited peaks in the cervical spine.
Note: peak systolic timing was obtained for CSF flow at C2–C3.
Depending on the timing, the velocity profile changes due to non-
uniform deformation of the dura. The axial distribution of peak
CSF velocities over the entire cardiac cycle is shown in Fig. 4(a).
As expected, spinal cord NR decreased nearby velocities and
resulted in “jets” between dorsal and ventral NR pairs in the cervi-
cal spine (Fig. 5(c), C5–C6 level). Note, to better visualize results
along the entire spine, Fig. 5 and similar figures are contracted at
1=2 scale in the z-direction (maximum spine curvature with respect
to the z-axis is <15 deg). At peak flow (Fig. 6(a)), the CSF veloc-
ity profile on the posterior side of the spinal cord and between NR
showed a characteristic “m-shaped” profile (Fig. 6(b)).

Recirculation and vortices occurred upstream, downstream,
within, and around dorsal and ventral NR bundles within the cer-
vical spine depending on the location and phase of the cycle (Fig.
6(c)). Vortices were not present in the thoracic and lumbar spine

where the NRs are oriented in a streamwise direction. These vorti-
ces formed at time points corresponding to flow reversal (Fig. 6(a)
at T1, T3, and T4). Vortices did not form at peak flow rate (T2)
when flow streamlines were more uniformly axial.

Steady-Streaming Cerebrospinal Fluid Velocity Quantifica-
tion. The presence of spinal cord NR was found to have a large
impact on Uz�mean and UssðzÞ. Overall, NR resulted in greater
steady-streaming velocity magnitude and more complex steady-
streaming velocity profiles (compare Figs. 7 and 8). The coronal
Uz�mean velocity profile (Fig. 7(a)) indicated rostral streaming
near NR. With NR present, the sagittal Uz�mean velocity profile
(Fig. 7(b)) exhibits a large region of caudally directed steady-
streaming in the posterior SSS in the middle thoracic spine and
anterior SSS in the cervical spine. In addition, streaming
“pockets” were visualized on axial slices (Fig. 7(c)) and were
located laterally between dorsal and ventral NR at the interface of
adjacent vortices (Fig. 6(c)). These features changed considerably
without NR present (Fig. 8(a)). For example, CSF streaming

Fig. 5 Thru-plane CSF velocity profiles simulated by CFD at T 5 90 ms (peak systole) for three different
views: (a) coronal, (b) sagittal, and (c) axial at six slice locations. Note: peak systolic timing was obtained
for CSF flow at C2–C3. The axial distribution of peak CSF velocities over the entire cardiac cycle is shown
in Fig. 4(a). Also, to help visualize the entire spine, z-scaling of the geometry is set at 0.5 with respect to
x- and y-dimensions. Thus, spine curvature appears greater than without scaling.
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pockets were still present (Fig. 8(b)), albeit, located anterolater-
ally to the spinal cord and with a lesser steady-streaming velocity
magnitude (Fig. 8(c)). Similar to NR, rostral-directed streaming
was present in the dorsal thoracic SSS and somewhat in the ven-
tral cervical SSS (Fig. 8(b)). Relatively little steady-streaming
was present in the lumbar spine.

The presence of NR increased steady-streaming CSF velocity
magnitude, UssðzÞ, to a great degree within the cervical spine and
to a lesser degree in the thoracic and lumbar spine (Fig. 9). Aver-
age value for Uss was 0.1160.12 and 0.0560.04 mm/s (mean-
6 stdev) for the model with versus without NR (120% greater
with NR). The region of greatest difference in Uss values was the
cervical spine that had up to 5� larger value of Uss with NR com-
pared to without. On closer inspection, it was noted that the local
regions of elevated Uss were located between spinal cord NR in
the region located from C1 to T2 (see vertical dotted lines in Fig.
9). These localized increases were not present elsewhere along the
spine. Qss(Fig. 9—right axis) showed a nearly identical trend as

Uss. The average value for Qss was 0.02360.026 and
0.01260.009 (mean 6 stdev) for cases with and without NR.

Discussion

The presence of spinal cord NR has an important impact on
CSF flow dynamics in terms of velocities and steady-streaming
effects.

Moving Boundary Mesh to Reproduce Subject Specific Cer-
ebrospinal Fluid Flow Distribution. Spatial–temporal interpola-
tion of MRI-measured flow rates resulted in simulated velocities
that were in opposing directions along the spine at some time
points (Figs. 5(a) and 5(b) plotted at T¼ 90 ms). Maximum defor-
mation of the dura was 122.52 lm and located in the cervical
spine (Fig. 3(b)). This value is lower than the threshold that is pos-
sible to detect by current 3T anatomic MR imaging resolution.
Therefore, because dural motion was specified and verified based

Fig. 6 Vortices form around SC NR in the cervical spine at time-points corresponding to CSF flow reversal. (a) CSF flow rate
at C2–C3 section, (b) velocity contour for C2–C3 section, and (c) streamlines showing vortices that form around NR pairs (FM-
C1, C1–C2, C2–C3, and C3–C4) at four different time steps. The interfaces of these vortices are located upstream and down-
stream of NR pairs. Note: velocity contours and streamlines are colored with different scales.
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on CSF flow waveforms, uncertainty remains about the validity of
the exact velocity profile results.

Spinal Cord Nerve Roots Impact Cerebrospinal Fluid
Hydrodynamics. The presence of NR decreased DH , Re, and a
(Fig. 4). NR increased cross-sectional mean velocity and area by
up to 13.8%, as dictated by the reduction in cross-sectional flow
area. Peak CSF velocities increased by up to 70%, indicating that
the velocity increase was greater than what can be attributed to
reduction in cross-sectional area with NR (Fig. 4(b)). Axial distri-
bution of these parameters had larger variation in the cervical
spine due to the transverse orientation of NR that resulted in local
reduction in SSS cross-sectional area (Figs. 1(c) and 4(b)). In the
thoracic and lumbar spine, NR were oriented parallel to the flow
direction and, therefore, had a smaller impact on axial variation in
Re. Assessment of Re likely indicated laminar flow (<184 for
model with NR). Re increased without NR present due to a larger
hydraulic diameter in that case, in particular in the dural sac of the
lumbar spine (Fig. 4(c)).

The measured values for hydrodynamic parameters in this study
are within the range of previously published studies [52,65]

(Table 1). In specific, maximum Re was reported to be 187 by
Heidari Pahlavian et al. [35], 150–450 by Loth et al. [52], and 140
by Martin et al. [46] in CFD models of the cervical spine. These
values support that CSF flow is likely laminar. These and the
value measured for our subject, Re< 250, suggest that the flow,
were it steady, would be laminar. Although it should be noted that
SSS geometry is complicated with multiple levels of anatomic
complexity that include tiny anatomic structures such as arachnoid
trabeculae and denticulate ligaments. Anatomic complexity can
lead to flow instabilities at Re> 600 in a stenosis [66], at Re in
the range of 200–350 in aneurysms [67,68], in the heart [69], and
within CSF in the SSS [40,70]. Sources of flow instability related
to nerve roots are discussed in the section of Vortices Form
Around Cervical Spinal Cord NR During Cerebrospinal Fluid
Flow Reversal. In addition, the unsteadiness of the flow presents a
different set of turbulent transition criteria. The Stokes–Reynolds
number, Red, was less than 14.2, which is below the threshold of
550 for conditional turbulence in oscillatory flow [59]. On the
other hand, the Womersley number was greater than 5, which pla-
ces the flow in the weakly turbulent flow regime. Weak turbulence
is characterized by instabilities that appear during flow

Fig. 7 Presence of SC NR result in a complex distribution of cyclic mean CSF velocities within the SSS.
Cyclic mean CSF velocity profiles simulated by CFD for three different views: (a) coronal, (b) sagittal, and
(c) axial at six slice locations. Note: Cyclic mean CSF velocity is calculated based on one complete CSF
flow cycle.
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acceleration and disappear during deceleration [59]. Generally,
for pulsatile flow, the instabilities appear on deceleration and dis-
appear during acceleration. This is due to the unfavorable pressure
gradient in deceleration and a favorable pressure gradient in
acceleration.

Velocity profiles showed similar presence of localized flow jets
(Fig. 5) similar to previously published studies [8,43,65]. How-
ever, the NR in this study were modeled as anatomically realistic
individual rootlet fibers. Previous studies [22,35] idealized NR as
airfoil- or rod-shaped structures.

Vortices Form Around Cervical Spinal Cord Nerve Roots
During Cerebrospinal Fluid Flow Reversal. The finding of tran-
sient vortices in the vicinity of NR during deceleration (Fig. 6(c))
may be consistent with the appearance of instabilities in oscilla-
tory flow around cylinders. Such instabilities have been docu-
mented in a number of experiments for large b and small K, and
the critical Keulegan–Carpenter number for these limits has been
calculated as: Kcr ¼ 5:778b�1=4ð1þ 0:205b�1=4Þ given by Hall
[58]. Thus, for the current results, for which b ¼ 3:8, Kcr has a

value of 1.18. The value for the current results, K ¼ 30:8, is well
above this threshold. However, the results do not conform to the
large b and small K limits. Therefore, the occurrence of Honji-
type instabilities [57] in the SSS is uncertain. If such instabilities
exist, the flow rate waveform applied in our study had multiple
points of flow reversal and, therefore, multiple periods during
which vortex formation could affect mixing. Honji rolls have also
been shown to induce transverse streaming [71], which would
tend to increase longitudinal dispersion. We hypothesize that this
and other factors causing flow reversal and vortical structures,
e.g., medical device interventions or abdominal maneuvers, etc.,
could be leveraged to increase flow mixing to a therapeutic
degree, in particular within the cervical spine. Further, the pres-
ence of adjacent vortices may be leveraged to increase axial solute
transport within the SSS due to “blinking” vortex formation
[72,73].

The observed vortical structures around NR in our model
(Fig. 6) are in a different location than the vortices reported by
Pahlavian et al. [35] and Tangen et al. [29] who found vortices
located between axial NR (e.g., between C1 and C2 NR). The dif-
ference in vortex location is likely due to the more idealized NR

Fig. 8 Cyclic mean CSF velocities decrease and change profiles without NR present in the numerical
model. CSF cyclic mean velocity profiles, Uz-mean, for the case without SC NRs at three different views: (a)
coronal, (b) sagittal, and (c) axial at six slice locations. Compare profiles to Fig. 7 to see impact of NR.
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geometry applied by Pahlavian et al. that modeled NR as airfoil-
shaped structures with a greater thickness than this study. Also,
Tangen et al. had all NR in the model oriented relatively orthogo-
nal to the primary flow direction (see Fig. 4, Tangen et al.). This
resulted in vortex formation throughout the spine. In our model,
vortices were only observed in the cervical spine where NR were
oriented relatively orthogonal to the primary flow direction (Fig.
6(c)) and did not appear in the lumbar or thoracic spine (Fig.
1(c)). It should be noted that our current model lacked denticulate
ligaments located between NR pairs. These ligaments may impact
flow to some degree and therefore could alter where vortices are
located in the present model.

Nerve Roots Increase Steady-Streaming Cerebrospinal
Fluid Dynamics. Nerve roots increased steady-streaming velocity
magnitude, UssðzÞ, to a great degree within the cervical spine and
to a lesser degree in the thoracic and lumbar spine (Fig. 9). Local
elevation of Uss was located within the spaces above or below NR
(see spikes in the blue curve for the case with NR, Fig. 9). These
values coincided with more complex mean z-velocity profiles and
increased the value of Uz-mean for the case with NR (Fig. 7) com-
pared to without NR (Fig. 8). We hypothesize that these regions
are due to adjacent “blinking” vortices [73,74] that touch in the
space above or below NR. It may be possible to leverage the loca-
tion of this increased steady-streaming transport to assist solute
spread in the SSS (e.g., inject medication at this location).

To put numbers in context, the maximum value of Uss was only
0.15 mm/s without NR and 0.71 mm/s with NR (Fig. 9) compared
to mean velocities (at peak systole) up to �25 mm/s. Thus, for the
presented model boundary conditions, Uss was more than 35�
smaller than transient velocities. In addition to steady-streaming,
Tangen et al. [22,29] found CSF pulsation magnitude to play an
important role on SSS transport. CSF pulsation magnitude in com-
bination with flow reversals might be optimized to increase SSS
mixing.

Uz-mean profiles (Figs. 7 and 8) show that NR impact the distri-
bution of cyclic mean CSF velocities around the spinal cord (axial
orientation), but the overall streaming structures in the sagittal ori-
entation are similar both with and without NR. For example, the
caudal directed flow in the posterior thoracic spine with NR

(Fig. 7(b)—negative value) was still present in the model without
NR (Fig. 8(b)). Also, in the coronal orientation (Fig. 7(a) and
8(a)), rostral-streaming flow was located laterally with and with-
out NR present. Thus, since the overall posterior versus anterior
steady-streaming flow profiles were relatively unaffected by the
presence of NR, it is possible that posterior versus anterior steady-
streaming profiles may be due to eccentricity of the flow cross
section and spine curvature. However, NR did affect steady-
streaming velocity profiles lateral to the spinal cord (Figure 7(c)
versus 8c). We hypothesize that changing eccentricity and spinal
curvature (kyphosis/lordosis) could be applied strategically to
direct steady-streaming solute transport. Steady-streaming of CSF
flow has been previously reported by Kuttler et al. [30] in an
eccentric SSS. However, quantitative results were not provided in
that study and therefore are not comparable to this work. Kuttler
applied the steady-streaming velocity field as a “frozen flow field”
and used it with the molecular diffusion equation to solve for drug
transport along the SSS. This approach should be tested against
in vitro experiments for validation.

Fig. 9 Steady-streaming velocity magnitude, Uss, and nondimensional fraction of flow rate amplitude, Qss,
increases with NR compared to without NR. Dotted lines indicate that maximum Uss occurs upstream/down-
stream of NRs in the cervical spine at the interface of adjacent vortices (see vortices in Fig. 6(c)).

Table 3 Verification of results by factor of safety method—
values show the global error for velocity in the z-direction for
the three axial planes analyzed (Fig. 2)

Parameter Study group
Grid

uncertainty (%S1)

Mean velocity,
Uz-mean

Group 1 (X-fine, fine, medium) 0.72
1.06
0.34

Group 2 (fine, medium, coarse) 1.09
1.02
0.59

Z-velocity Group 1 (X-fine, fine, medium) 1.13
2.69
0.728

Group 2 (fine, medium, coarse) 10.64
36.94
1.5
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Limitations

This study included one healthy adult volunteer as a platform to
analyze the impact of NR on the CSF flow field. As such, the
results are subject-specific. We expect that the exact values could
change considerably with alterations in flow waveform shape and
amplitude as well as overall SSS geometry for different subjects.
Shifting of the brain and/or spinal cord position due to posture
changes was not analyzed. This study did not take into account
the impact of other fine structures within the SSS, such as arach-
noid trabeculae, blood vessels, and denticulate ligaments.

We sought to verify the model with in vivo subject specific
measurements of CSF flow rate at three axial locations along the
spine. Results showed <2.3% error. A more accurate model
would measure flow rate at additional axial levels. Our approach
was to deform the dura to match MRI-derived CSF flow. In real-
ity, it is possible that the dura does not deform at all, but rather,
veins within the CSF are compressed. With current MR imaging
techniques, it is difficult to verify which is the exact location of
deformation. The MRI measurements conducted in this study did
not allow direct validation of steady-streaming velocity results as
these were <1 mm/s. This value is below MRI velocity detection
limits that typically are set at 5 cm/s for phase-contrast MR imag-
ing studies.

A source of error in the comparison of Uss between cases with
and without NR is that cross-sectional area was reduced with NR,
which increased the cross-sectional mean velocities (given that
CSF flow rate was imposed identically across the two simula-
tions). Maximum percent area of the SSS occupied by the NR was
13.8% (average percent NR area over the entire SSS was 5.5%).
Therefore comparison of Qss, which is normalized by the imposed
flow rate, is more valid. Qss increased a maximum of 434% with
NR compared to without NR (average increase in Qss was 91%).
This supports that the relatively small change in SSS cross-
sectional area due to NR does not on its own account for the rela-
tively large increase in Qss with NR.

The z-slice orientation through the model was orthogonal to the
z-axis. Thus, since the spine has curvature, the values for Uss are
not computed exactly in the streamwise direction. We estimated
that the maximum angle of the spine with respect to the z-axis is
<15 deg (omitting lumbar spine where nearly zero flow velocities
were present). This would result in a maximum Uss error of 3.4%.
Note: To help visualize the entire SSS, Figs. 5, 7, and 8 are scaled
at 0.5� in the z-axis, making the spine curvature appear more
curved than actual.

Conclusion

A subject-specific model of the complete SSS with anatomi-
cally realistic NR and accurate reproduction of nonuniform flow
rate was used to investigate the impact of NR on CSF dynamics.
NR were found to alter CSF dynamics in terms of velocity field,
steady-streaming and vortical structures. Vortices occurred in
the cervical spine upstream and downstream of NR during CSF
flow reversal. Steady-streaming increased with NR, in particular
within the cervical spine. These findings suggests that future
studies should investigate how solute transport within the SSS
could be increased and/or controlled by: (a) delivery of solutes
either upstream or downstream of NR, (b) control of CSF pulse
magnitude and/or number of flow reversals per cardiac cycle,
and (c) changing eccentricity or spinal curvature (kyphosis/
lordosis).
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Nomenclature

A ¼ area
CFD ¼ computational fluid dynamics
CNS ¼ central nervous system
CSF ¼ cerebrospinal fluid
FM ¼ Foramen magnum
HD ¼ hydraulic diameter

MRI ¼ magnetic resonance imaging
P ¼ perimeter

PCMRI ¼ phase-contrast magnetic resonance imaging
Q ¼ flow rate

Re ¼ Reynolds number based on hydraulic diameter
ReNR ¼ Reynolds number based on nerve root diameter

Red ¼ Stokes–Reynolds number based on Stokes-layer
thickness

ROI ¼ region of interests
SC ¼ spinal cord

SSS ¼ spinal subarachnoid space
U ¼ velocity
V ¼ cell volume

3D ¼ three-dimensional
a ¼ Womersley number
d ¼ Stokes layer thickness
l ¼ dynamic viscosity (Pa�s)
� ¼ kinematic viscosity (m2s�1)
q ¼ density (Kg/m3)
x ¼ angular velocity (Rad/s)

Appendix: Quantitative Solution Verification Using

Factor of Safety Method

To further verify the numerical results, the following factor of
safety method was applied as developed by Xing and Stern
[75,76]. The accuracy of this method has been evaluated for
uncertainty estimates [77]. The use of the L2 norm and factor of
safety method has an advantage over methods based on local error
estimates, as applied above and in a number of previous CSF sim-
ulations [9,35,78,79], as the former accounts for the errors across
the whole solution domain and convergence of errors on three not
two grids. As such, we present the methodology to assist research-
ers in verification of numerical results.

Let S1, S2, S3 represent the X-fine, fine, and medium grid solu-
tions for velocity, respectively. The relative difference between
the fine grid solution and correlation value, A, is calculated as:

d% ¼
����A� S1

A

����� 100% (A1)

The solution verification study requires the use of the following
equations:

e21 ¼ S2 � S1 (A2)

e32 ¼ S3 � S2 (A3)

RG ¼ e21=e32 (A4)

pG ¼
In e32=e21ð Þ

In rGð Þ
(A5)

The grid refinement ratio rG is 2. This value was specified in
ANSYS by dividing the maximum mesh size by two for each simu-
lation (see Table 2, mesh size values). Evaluation of the conver-
gence ratio RG, order of accuracy pG for point variables on the
velocity profiles can be problematic when the solution changes e21
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and e32 both go to zero so that their ratio is ill-defined. This was
overcome by using the following Separate L2 norms of e21 and e32

for RG and PG [80], i.e.,

hRGi ¼ ke21k2=ke32k2 (A6)

hpGi ¼
In ke32k2=ke21k2

� �
In rGð Þ

(A7)

where <> is used to denote a profile-averaged quantity (with
ratio of solution changes based on L2 norms), and kk2 is used to
denote the L2 norm defined below:

ke32k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

i¼1

jS3;i � S2;ij2
s

(A8)

ke21k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

i¼1

jS2;i � S1;ij2
s

(A9)

In Eqs. (A6) and (A7), n is the number of points on the velocity
profiles, which is the same for the three meshes. Monotonic con-
vergence is achieved when 0< hRGi< 1. The ratio of the esti-
mated order of accuracy to the theoretical order of accuracy is
defined as

P ¼ hpGi
pth

(A10)

where Pth is the nominal order of accuracy of the numerical
schemes applied, which is set to be 2.

The estimated numerical error, dRE, and grid uncertainty, UG,
are defined as

dRE ¼
ke21k2

r
hpGi
G � 1

(A11)

UG ¼
1:6Pþ 2:45ð1� PÞjdREj 0 < P � 1

1:6Pþ 14:8ð1� PÞjdREj P > 1

�
(A12)

Using dRE, the exact solution can be estimated as Sexact ¼ S1 � dRE.
Grid uncertainty UG is an estimate of an error such that the interval
6UG contains the true value of numerical error dRE at least 95 times
out of 100, i.e., at the 95% confidence level. An uncertainty interval
thus indicates the range of likely magnitudes of dRE. A lower UG

value indicates a more accurate solution.

Factor of Safety Method Results. The factor of safety method
gives additional confidence in the velocity results (Table 3). For the
mean velocity profiles, grid uncertainties decreased with grid
refinement for all three profiles (Figs. 2(c) and 2(d)), although the
magnitudes for group 1 (X-fine, fine, medium) were the same order-
of-magnitude as for group 2 (fine, medium, and coarse). A similar
trend was observed for z-velocity, but the difference between grid
uncertainties for groups 1 and 2 was much greater. Grid uncertain-
ties for group 1 were one order-of-magnitude smaller than that for
group 2, which suggests that the z-velocity is much more sensitive
to grid refinement than the mean velocity profile.
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