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Abstract

Length-biased data are frequently encountered in prevalent cohort studies. Many statistical
methods have been developed to estimate the covariate effects on the survival outcomes arising
from such data while properly adjusting for length-biased sampling. Among them, regression
methods based on the proportional hazards model have been widely adopted. However, little work
has focused on checking the proportional hazards model assumptions with length-biased data,
which is essential to ensure the validity of inference. In this article, we propose a statistical tool for
testing the assumed functional form of covariates and the proportional hazards assumption
graphically and analytically under the setting of length-biased sampling, through a general class of
multiparameter stochastic processes. The finite sample performance is examined through
simulation studies, and the proposed methods are illustrated with the data from a cohort study of
dementia in Canada.
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1 Introduction

In prevalent cohort studies, a group of patients who have experienced an initial event (i.e.,
disease onset) at the time of recruitment are followed prospectively until an event of interest
(i.e., failure) or censoring occurs. Under the stationarity assumption, in which the initiating
events are assumed to follow a stationary Poisson process, the right-censored time-to-event
data are subject to length-biased sampling and are referred to as “length-biased data.” These
data arise in various applications such as cancer screening trials (Zelen and Feinleib, 1969)
and studies of unemployment (Lancaster, 1979; de Una-Alvarez et al, 2003). In such data,
subjects with longer failure times are more likely to be sampled. Thus, the observed data
may not be representative of the target population, which poses additional challenges in the
analysis.
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A number of studies have been conducted to estimate the association between covariates and
the survival outcome under the setting of length-biased sampling. Specifically, methods
based on the proportional hazards model (Cox, 1972) have been extensively studied. Wang
(1996) constructed the pseudo-likelihood by using a bias-adjusted risk set to address length-
biased failure time data without right censoring. Tsai (2009) generalized the pseudo-partial
likelihood approach for biased sampling data under a different right-censoring schema. Qin
and Shen (2010) proposed two inversely weighted estimating equations for observed length-
biased data subject to right-censoring. Their methods can be easily implemented with readily
available software, which is especially appealing. Qin et al (2011) and Huang and Qin
(2012) proposed more efficient full likelihood and composite partial likelihood approaches,
respectively, to estimate the covariate effects on the underlying survival outcome.

Under the proportional hazards model, the functional form of covariates and the proportional
hazards assumption are fundamental components that need to be adequately verified for
valid inferential results. Among many model checking tools for survival data, the method
proposed by Lin et al (1993), for which the building block is the cumulative sum of
martingale residuals, has been frequently adapted in the literature for various types of
complex survival data. Spiekerman and Lin (1996) extended the method to handle correlated
failure time in clustered data. Analogously, Huang et al (2011) developed the model
checking technique for recurrent gap time data, where events may be observed multiple
times for each patient, using the averaged martingale-like processes. More recently, a model
checking tool has been developed for survival data observed in nested case-control studies
(Borgan and Zhang, 2015; Lu et al, 2014). However, there is no such model checking tool
available for length-biased data. We note that the model checking technique established by
Lin et al (1993) cannot be directly applied because the martingale residual processes are
unavailable for observed length-biased data. Extensions of that technique also cannot be
utilized because of the unique structure of length-biased data.

We face some complications when checking the proportional hazards model assumptions
with length-biased right-censored data because of the sampling mechanism. First of all, the
proportional hazards model assumed for the target population may not fit the observed
biased data. Thus, checking the proportional hazards model under length-biased sampling
requires proper adjustment. In addition, the failure time can depend on the censoring time or
the duration from the initiating event to censoring. In this paper, we propose a statistical tool
for checking the proportional hazards model with length-biased data. In Section 2, we
introduce the data structure and the inferential procedure based on the proportional hazards
model. We outline the diagnostic method in Section 3, derive the asymptotic distribution
under the null hypothesis, and establish a computationally efficient resampling method. We
demonstrate the performance of the proposed model checking tools through simulations
under various settings in Section 4. In Section 5, we apply the method to a real data set
collected from a large prevalent cohort study on dementia in Canada. In Section 6, we
conclude with some remarks on the proposed method.
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2 Length-Biased Data and Statistical Inference

2.1 Notation and Model

Let 7be the duration from an initiating event to failure; A be the duration from the initiating
event to enrollment into the study; and V/be the duration from enrollment to failure. We let a
px1 vector Z denote the baseline covariates. Assume that the failure time 7 follows the
proportional hazards model

At 12) =20 exp (Byz) (1)

where S is a p x 1 vector of unknown coefficients for Z and A(9) is an unspecified baseline
hazard function. Note that we only observe failure time 7= 7when A < 7 due to length-
biased sampling. Thus, the biased failure time 7is A+ V; where A is the observed backward
recurrence time or truncation variable. Since V; the residual survival time or the forward
recurrence time, is subject to right censoring, the observed survival time is Y=min(7,A +
C) and the censoring indicator is §= (7 <A+ C), where Cis the residual censoring time.
For nindependent subjects, the data consist of (Y;A;, 6,2), i=1, ..., n. We assume that C
is independent of (A, V) given Z, and the distribution of Cis independent of Z.
Conditioning on Z, even under the independent censoring assumption on C, there exists
dependence between the failure time and censoring time (i.e., duration from an initiating
event to a censoring event) because Cov(7,A+ C| Z) = Var(A| Z) + Cov(A, V| Z) >0.
Also, model (1) is postulated for the underlying (unbiased) failure time while the observed
survival time is subject to length bias. Therefore, the observed data may not follow the
model structure assumed for the target population.

2.2 Estimation of the Covariate Effects

Among many approaches developed under the proportional hazards model with length-
biased data, we briefly review the generalized estimating equation method of Qin and Shen
(2010). Following the conventional counting process notation, we define V() = K Y;<t, &;

=1} and R{() = KY;=1 &;=1} for subject / Let the weight function w (1) = f(t)SC(u)du,

where S8 = Pr(C > b is the survival function of the residual censoring variable C. Let &0 =
1,al = a and a® = aa' for any vector a. We define

n
sOB.o=n"1 Y w R M) 2E exp (872,
i=1

for k=0, 1,and 2. Let B, H = SD(B, /508, H, and denote its limit as &8, 5. Note that
w() can be consistently estimated by w (1) = / 6§ c(wdu, Where SA(1 is the Kaplan-Meier

estimator of the residual censoring survival function. Replacing w(') with its consistent
estimator, w(-), we have

Lifetime Data Anal. Author manuscript; available in PMC 2020 January 01.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Leeetal. Page 4

n
§O@. =" Y BRI 2 exp (872
i=1

for k=0, 1, and 2. Then the estimator / for the true covariate effects B can be obtained by
solving the following unbiased estimating equation

n
ip= 3 [z, Epw)avw=o,

i=1

where zsatisfies Pr(Y'>z) >0and £(8, § = S(3)(8, 1/50)(B,

3 Model Diagnostic Methods

By following the counting process and martingale framework, a stochastic process for
length-biased data can be constructed as

t
M(6) = N (1) - A WweR W (Y)Y ™! exp (BgZ)dAgw),  (2)

for/=1,..., n where Ay(n) = /g,lo(s)ds is the cumulative baseline hazard function. The

stochastic process can be interpreted as the difference between the observed number of
events and the expected number of events under the assumed model until time £ When
model (1) is correctly specified, this becomes a mean zero stochastic process. Thus, the
process is informative for detecting violations of model assumptions. The stochastic process
(2) can be estimated by

1

P t _ ~ ~ A
M ()= N () - A DR ) (R (Y )) ™  exp (BT Z)dA (B.w

for/=1,..., n where

L 127 AN @)
I R
0 uS™(B,u

The stochastic process /|/7,(t) performs in a fashion similar to martingale residuals. However,
the process (2) does not satisfy the martingale definition due to the length-biased data
structure. Therefore, M{J) is different from the ordinary martingale residuals. To test the
model assumptions, we consider a general form of the multiparameter stochastic process
using cumulative summation, in a manner similar to the approach of Lin et al (1993),
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n

G(t.2)= Y. fZ)IZ, < DM(1). (3)

i=1

where A" is a prespecified smooth and bounded function, and (Z;<2) = (Zy <2, ..., Zjp
Sz withZ;=(Zp, ..., Zjp) T and 2= (z, ..., ;) T. As pointed out by Lin et al (1993),
approximating the distribution of (3) is more accessible than that of an individual stochastic
process, M,(i). Furthermore, individual stochastic processes evaluated with censored survival
outcomes are equal to zero, which makes it disadvantageous to detect and measure model
departure with an individual stochastic process. Therefore, we establish our model
diagnostic procedure on the basis of (3) instead of M,(t). If the assumed model (1) is true,
the process (3) will fluctuate randomly around zero.

The null distribution of the multiparameter stochastic process (3) under model (1) needs to
be studied to construct our test procedures. By applying the Taylor series expansion and
empirical process approximation techniques, we derive a stochastic process asymptotically
equivalent to (3) and approximate its distribution to obtain critical values for test statistics
later. First, define

n
sDp.t.zy=n""! -21 FZYIEZ; < 20w OR (D w (Y)Y Zhexp (872
=

for /=0, 1. Let E(B.1,2) = SO, 1,2)/5*)(8. 1), and the corresponding limit be eA, £2). We

denote the limit of the first derivatives of [ {)EZ(,H, u, z)dN (u) and / g{zi — E(B,u)} dN () with

respect to Bas

5P Buwn  $P@usDp0

I (B,t,2)=E / - dN (u)
‘ 0 sOpuy (5O :
and
2
rg =g [ SO |50 gy |
0 [sOpuw [sOpuw) |

respectively. For /=1, ..., n, we define
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dM - ()

t t
G;."(t,z)='/0 {f(Zl.)I(Zi§z)—ez(ﬂo,u)}dMi(u)+/0H(ﬂo,u)—+FZ(ﬁ0,t,z (4)

w(u

HT(By) ! /0 (Z;— e(Byu)) dM ()

where

T -2
P ﬁ‘, o fEZIZy, < Dw (Y IRY ) exp (B Z) (w (Y)Y Ty (1)
il - fare ) 2 (0) >

LR =S =3 n"S(B.Y)

t
M (0=1V;<1,5;=0) - /o 1V, > u)dA (),
Ye
(0 = 1Y, 2 1) /t S 0,

(1) = S (NS, 1),

in which A (") is the cumulative hazard function for the residual censoring time and Sy () is
the survival function of the residual survival time. It is obvious that given the covariates, (4)
is a mean zero stochastic process under model (1). We summarize the asymptotic properties

of (3) in the following theorem.

Theorem 1—Under model (1) and the regularity conditions, the stochastic process (3) can

be approximated by n~"?G(t,z) = n 23" GF(t2) + 0,(1). The process m12G(t 2)
converges weakly to a mean zero Gaussian process with covariance E{G; (1,,z,)G (t,, zz)T}

asn—> oo,

The list of regularity conditions and the proof of Theorem 1 are provided in Appendices A
and B, respectively. It is noteworthy that the stochastic process (3) can be approximately
represented by the sum of independent and identically distributed (i.i.d.) mean zero

processes as G(1,z) & X _ 1G;‘k(z, z). While the asymptotic presentation may bear some

similarity with that of Lin et al (1993) and its extensions, the approximation is in fact
different because of the extra weight terms introduced to adjust for potential dependent
censoring. Note that the representation (4) has a second term that accounts for the
uncertainty induced additionally by w(-). Since the distributional form of the stochastic
process (2) is unknown and the covariance structure is complicated in the asymptotic

distribution of (3), it is quite challenging to analytically evaluate the limiting distribution. As

an alternative method, we approximate the asymptotic distribution through Monte Carlo

simulation, which has been widely adopted in the literature (Lin et al, 1993; Spiekerman and

Lin, 1996).
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We can estimate the i.i.d. stochastic processes (4) for /=1, ..., nby replacing the
components with their respective consistent estimators as follows.

M (u)
6f(t,z)=/ [f@yz; <2) - E,(B,u.2)|dM, (u)+/ H ) ——— () +1 .1,z

PP | T PPN —~
HEB) A {2, - EB.w}a ),
where

§Pp.12=n"" 2 FEYIZ, < 20 ORMIP Y)Y Zhexp (872
i=1

for /=0, (8, u,2) = S, 1,25 p, ),

non fZ)IZ, <R IRV ) exp (B Z)0 Y)Y ()

Hp.n=

== 50,7

—~ t ~

W 0=10V,<05,=0)- A 1V, 2 u)dA (u,
Ye

h0=1, 20 [ § updu,

(1) =S (S0,

Page 7

in which /fc(~) is the Nelson-Aalen estimator for the residual censoring time and Sy, (:) is the

Kaplan—Meier estimator of the residual survival time. Also, the consistent estimators

¢ 04 15D
N no 8PGSBS D0
P =it Y [E L aN ()
i=170 | S (8Op.)
and
-1 |59 _ S“)(ﬁ,u) 2
I = Z / 0 0 dN ()
0|50, s B.0)
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can be used in place of 7 ~and 7, respectively. Define 5m(t, 7)= Z?: léf(t, 2V ., where

mi’
Vi =1, ..., n, are independent random variables sampled from a standard normal
distribution for m=1, ..., M. According to the following theorem, the limiting distribution
of the multiparameter stochastic process (3) can be approximated via Monte Carlo
simulation.

Theorem 2— Under model (1) and the reqularity conditions, m2G (t, z) converges
weakly to the same Gaussian process with the asymptotic distribution ofn™"'*¥"_ | G¥(t,2)

as n—oo,

The proof of Theorem 2 is provided in Appendix C. For a large M, the simulated realizations
Gt 2,m=1, ..., M, approximate the limiting distribution of (3). Given a fixed pair (, 2),

it follows that the estimated variance of G,,,([, 2)is n_lZL | {Gf(t, z)}2 conditional on the
observed data, which shares the same limiting variance with (3). Based on the Monte Carlo
simulation, the model assumptions can be diagnosed graphically. We can compare the
pattern of the observed stochastic process (3) with the simulated realizations of the limiting
distribution under the assumed model by plotting a few of them. When the observed
stochastic process deviates from the group of simulated processes, it possibly indicates a

sign of model misspecification.

To develop formal test procedures, we construct test statistics using the supremum test,

sup; AG(Z 2)|. The general form G(¢, 2) in (3) can be adjusted for checking two aspects of the
model assumptions. When testing the functional form of the jth component of the covariates,
we set f-) =1, = 7, and zx = cofor all k# jin (3). We construct a test statistic

Tfl' = sup, | G-{(z) |, Where G-{(z) =Y 12 < 2)M (7). To test the proportional hazards

assumption for the th component of the covariates, we set £.Z) = Zj;and z= oo, which is
also a special case of the general class of multiparameter processes (3). The test statistic

T4 = sup, | G}(1) | can be considered, where G = X7 1Zl.j1\71i(z). When it is of interest to

check the overall proportionality of hazards for all covariates, the global test statistic
T, = sup, 2§?= 1| Gé(z) | can be considered. In general, an individual test for the jth

covariate is expected to have greater power than the global test on the overall proportionality
of hazards. We note that the function £Z;) is not selected for the purpose of improving
efficiency of the test. The critical values for test statistics can be obtained by computing

sup; z |G,(t 2)| for m=1, ..., M. The p-values are estimated empirically by calculating the
proportion of critical values greater than the proposed test statistic.

The multiparameter stochastic process can be constructed based on alternative estimation
approaches with mean zero estimating functions. For the purpose of testing the proportional
hazards model assumptions, we consider the simplicity of the estimating equation
formulation as the most important feature. Hence, the proposed test procedures are
established based on the estimating equation proposed by Qin and Shen (2010), which
allows the test statistics to be implemented using existing software for conventional right-
censored data.
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4 Simulations

To assess the performance of the proposed model diagnostic method, we conducted
simulation studies with 1000 replications. We considered various scenarios for testing the
functional form of covariates and/or the proportional hazards assumption.

4.1 Testing the Functional Form of Covariates

We assumed that the failure times follow the hazard functions A(¢| Z) = 2texp{8 o(Z&1) -
2}, where g=1.5and Z = (£, 2), of which Z; was generated from a uniform distribution
on [0, 4], and 2, from an independent Bernoulli distribution with probability 0.5. We
generated failure times with sample sizes of 200 and 400. To ensure that the generated data
were subject to length-biased sampling, we sampled truncation variables from uniform
distributions, allowing for a truncation rate close to 94%. The residual censoring times were
also randomly generated from uniform distributions that satisfy censoring rates of 30% and
45%.

Under the null hypothesis, we assumed that the failure times followed the proportional
hazards model by setting g(21) = Z;. To investigate the power of our diagnostic method, we
considered five alternative functional forms of the first covariate: (a) indicator function,

HZ1) = (£ >1.5); (b) quadratic function, g(z,) = Z%; (c) square root function, g(Z,) = \/ZT;
(d) log function, g(27) = —log(21); and (e) exponential function g(27) = exp(Zy). We
computed the test statistic T} and its corresponding critical values from 1000 resampled

statistics to test the functional form of the first covariate, Z;. Table 1 summarizes the
estimated type | error rate under the null hypothesis and the power of the proposed test.
When the functional form of the first covariate is linear, the rejection rates range between
0.04 ~ 0.05 and 0.10 ~ 0.14 at significance levels of 5% and 10%, respectively, indicating
the proposed test procedure controls the type | error rate reasonably well. Overall, the power
of the test increases as the sample size increases, and decreases as the censoring rate
increases. We observe that testing the functional form of covariates under alternative (c) has
the lowest power. This is likely that the relationship between the first covariate Z; and its
alternative form \/ZT is relatively close to linear over the support of [0, 4], which eventually

results in lower power.

To further investigate the sensitivity of the power of the proposed test to the magnitude of
the coefficients, we conducted additional simulations with varying £s under the alternatives
(b)—(e). The results are presented in Table 2. The power estimated under alternative (c) is
found to be more sensitive to the magnitude of the coefficient (i.e., £), while other
alternatives present robust power estimates over different values of 8. We note that model
departure is more detectable for a functional form of the square root with a larger g. Another
interesting observation is that under (e), the power slightly decreases as g increases, which is
opposite to the pattern observed under other alternatives. This may be explained by the curve
of the exponential function becoming more linear as the exponential form of the covariate
stretches vertically by the factor S (see Figure S1, which is available online as
supplementary material). Our simulation studies imply that the power of the proposed test on
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the functional form of the covariates highly depends on the shape of the distribution of the
covariates.

4.2 Testing the Proportional Hazards Assumption

Under the null hypothesis, we generated failure times from the hazard function A(¢| Z) = 2¢
exp(Z; — 2£), generating Z; from a uniform distribution on [0, 1], and 2, from an
independent Bernoulli distribution with probability 0.5. To evaluate the power of detecting
violations of the proportional hazards assumption, we generated failure times from the
proportional hazards model with time-dependent covariate effects A(¢| Z) = exp{g(t2)} as
alternatives. We considered two alternative hypotheses: (a) time-dependent model I, g(£Z) =
{1+2log()}2, — &; and (b) time-dependent model I, g(tZ) = 2 =Kt >0.7) 2. We
conducted tests based on the global test statistic 7,. The p-values were computed on the
basis of 1000 resampled statistics. The simulation results are summarized in Table 3. Under
the null hypothesis, the estimated type | error rates are slightly greater than the nominal
levels at significance levels of 5% and 10% when = 200. However, when the sample size
increases, they range between 0.05 ~ 0.06 and 0.11 ~ 0.12 at significance levels of 5% and
10%, respectively. The proposed diagnostic tool has adequate power under the two
alternatives. Similar to the findings in Table 1, the power increases with the sample size, and
decreases for increased censoring rate.

In addition, we examined the power of the test when using f@Z;)= Zizj in (3) for the jh

component of the covariates. The additional simulation results are summarized in Table S1
in the supplementary material. We observe that the powers under the alternative hypotheses
slightly decrease compared to the test where {Z;) = Zj; (results shown in Table 3), but are
fairly robust to the choice of AZ)).

5 Applications

The dementia data were collected in Canada from a large prevalent cohort of individuals
who were 65 years of age or older, as part of the Canadian Study of Health and Aging
(Asgharian et al, 2002; Wolfson et al, 2001). Among individuals who agreed to participate,
1,132 who were confirmed to have dementia at the time of enrollment were followed
prospectively from 1991 to 1996 until death. The data consist of the date of disease
diagnosis, which was ascertained through medical records; the enrollment date; the date of
death or censoring; and the subtype of dementia. The subtypes include probable Alzheimer’s
disease, possible Alzheimer’s disease, and vascular dementia. A total of 818 patients
remained in the data cohort after excluding patients with missing entries. In the data set,
22% of the patients were alive and censored at the end of the study. Among all, 393 (48%)
were classified as having probable Alzheimer’s disease, 252 (31%) as having possible
Alzheimer’s disease, and 173 (21%) as having vascular dementia. The stationarity
assumption was verified (Asgharian et al, 2006), and thus the data were confirmed to be
subject to length-biased sampling.

We used the estimating equations of Qin and Shen (2010) to assess the effects of dementia
subtypes on the overall survival time under the proportional hazards model. We defined two
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indicator variables for probable and possible Alzheimer’s disease, respectively, with vascular
dementia as the baseline. The estimated coefficient for probable Alzheimer’s disease was
-0.07 (SE=0.10, p-value=0.47), and that for possible Alzheimer’s disease was —0.21
(SE=0.11, p-value=0.05). The results suggest that individuals with possible Alzheimer’s
disease had longer survival times compared to those with vascular dementia; whereas little
difference was detected between individuals with probable Alzheimer’s disease and those
with vascular dementia. Note that this inferential result is only meaningful when the
underlying model assumptions are not violated. We applied the proposed diagnostic method
to evaluate whether the proportional hazards model fit the data well. Specifically, we tested
the proportional hazards assumption for each covariate, indicating the subtypes of dementia

using test statistics 72, j= 1, 2. The corresponding critical values were obtained on the basis

of 1000 resampled statistics. To check the model assumption graphically, we randomly
chose 20 simulated processes among 1000, and plotted them along with the observed
process. The results are shown in Figure 1. We can see that both probable and possible
Alzheimer’s disease satisfy the proportional hazards assumption because the black solid
lines derived from the data fluctuate around 0 and lie within the grey lines, which are the 20
randomly selected processes. This is confirmed via the formal test, which gives p-values of
0.35 and 0.92 for probable and possible Alzheimer’s disease, respectively. As an alternative,
we may assess the proportional hazards model assumptions by comparing the distributions
estimated by Vardi’s estimator in each subgroup and the distributions based on the Cox
model (see Figure S2 in the supplementary material). While this approach may be intuitive,
it can only serve as a tool for exploratory data analysis and cannot provide a formal test
statistic. Thus, the proposed test procedure is desirable.

6 Discussion

To the best of our knowledge, no model diagnostic method that examines the adequacy of
the proportional hazards model has been studied for length-biased data. In this paper, we
proposed model checking tools based on the cumulative sums of mean zero stochastic
processes, which is similar to the approach of Lin et al (1993). Model checking is an
essential step that needs to be implemented for valid inference. The proposed diagnostic
method provides both graphical plots and formal analytical tests to detect model departure.
When the functional form of the continuous covariates is found to deviate from the assumed
linear functional form, one may consider the proper transformation of the covariates. If the
proportional hazards assumption fails, it is worthwhile to examine other models such as the
accelerated failure time model or the semiparametric transformation model (Shen et al,
2009).

We assume that censoring is independent of covariates in the construction of a stochastic
process in equation (2), and can relax this assumption by revising the weight function. In
application, one can first check if the censoring times are independent of covariates as in
conventional survival analyses. When the censoring distribution depends on covariates, the
weight function w4 needs to be replaced by w(z | z) = jf)SC(u | z)du, where SA¢| 2) is the
conditional survival distribution of the residual censoring time given the covariates. The
conditional weight function w(¢| Z) can be consistently estimated by
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welt|2)= [ 6§ cu | 2)du, where SA(t| 2) is estimated by the covariate-specific Kaplan-Meier

estimator when the covariates are discrete. For continuous covariates, we can either postulate
a regression model for the censoring distribution or adopt the local Kaplan—Meier estimator
(Wang and Wang, 2014). We conducted a set of simulation studies to examine the robustness
of the proposed model checking method to misspecification of the censoring distribution.
The results show that the proposed model checking method is reasonably robust to the
violation of the covariate-independent censoring assumption. In addition, we evaluated the
performance of the proposed test generalized to account for covariate-dependent censoring.
The generalized test provides adequate levels of power under the alternative hypotheses. The
simulation settings and results are summarized in the supplementary material (see Table S2).

While the proposed model diagnostics require approximating the limiting distribution of a
stochastic process, we find it easy and fast to achieve via the computationally efficient
resampling method, proposed in Section 3. Unlike the method of Lin et al (1993) or its
extensions, our method has an extra layer of complexity to adjust for sampling bias.
Specifically, the constructed stochastic processes have a term induced from the uncertainty
of the weight function. However, the additional term does not introduce much computational
burden when the resampling method is adopted.

For data subject to length bias, various semiparametric models have been considered,;
however, model checking has been less represented in the literature. It is certainly warranted
to develop test procedures to test the regression models based on the cumulative sum of
residuals for length-biased data. Under one special case, where the proportional mean
residual life model is assumed for the target population, the model checking method for
conventional survival data (Lin et al, 1993) can be directly applied to the length-biased data
because the length-biased subpopulation would follow the proportional hazards model (Chan
etal, 2012).
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Refer to Web version on PubMed Central for supplementary material.
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Appendix A: Regularity Conditions

We assume the following regularity conditions for the large sample properties:
1 (YA, 6;Z)) are independent and identically distributed for /=1, ..., n.
2. The parameters S belong to an interior of a known compact set.

3. The covariates Z are bounded, and a = 0 almost surely if a”Z = 0 with
probability one.
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4, The differentiable baseline cumulative hazard function Ag(z) < cowhere
satisfies Pr(Y=>z) >0.

5. I(B) is positive definite.
6. 0 <w(tr) <coand /6 { /;Sc(u)du}z/{S%(t)Sv(t)} dS(1) < oo Where S\, (") is the

survival function of the residual survival time.

Appendix B: Proof of Theorem 1

By applying the Taylor series expansions, we have

n t
2y A E,(B.u, 2)dN (u)

i=1

n . 1 t .
= n‘”z_z A E By, u, 2)dAN (u) +n”! Z % A E(Bys 1, )AN (B — B + 0,(1),

i=1 i=1

n t ~
> /0 E (B u, 2)AN ()
i=1

o ()] Fale))
L 18 Bpwd 8y B8 By w
+n7' Y f O | AN (B = By) + 0, (1),
=170 ST B ) {S7(Bp. )}

i=1

®)

and
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—”22/ {2,— EB,w)}dN (u)

i=1

) [ (7 Ewpolavgo e 3 35 [ (7= By o) v < i

| = 0 i=1

— B +o0,(1)

Y Z A’{Zi — E(By )} dN ()

a() 212
@By 5V By 0
-! f ol )2 Ko AN (B — By) + o (1).
Z §V%pw | SV Byw v

The stochastic processes G(. ) can be expressed in two terms, Gy(Z, 2) and Gy(¢, 2), as
follows.

G(t,2)

n
2 fE)Z, <M (o)
i=1

t o “
Zlf(Z MNZ, <N = fZIZ; < z)[) VAVC(M)R,-(M){WC(Yi)}_1 exp (ﬂTZi)dAo(u)
P

z§g)) (B.u,2)

JEZMZ; <N (1) - / dN (u)
1

0 5Og 4

! 2 t PR
1 [) { f(Zl-)I(Zl.Sz)—EZ(ﬂo,u,z)}dNi(u)+izl fo {E By 1.2) = E (B, u,2) }dN )

= Gl(t, z)+ G2(l‘, z)

We exploit the Taylor expansion and empirical process approximation techniques. It is
straight-forward that the first term can be approximated by

t
w126 (.0 =n" 12 2 f (fZ)I(Z; < 2) ~ E,(By.0.2)) AN (u)
i=1

n t
=n—1/2.21£ {f(zl,)l(zigz)—eZ(ﬂO,u,z)}dMi(uHop(l),
i=

Then, we re-express the second term based on equations (5) and (6).
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n
2 —-1/2 4 -1 2
126G, =n"" '21 /0 E By u2)dN ) —n~
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-1/2 ! A A
=n ‘Z A [E4 By w.2) = E(B w00} AN ) = Iy (B 1. 2W(B = B) + 0 (1)
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- _1/2121 foz{Ez(ﬁovu,z)—Ez(ﬂ(y”’”}dNi(”Hrz(ﬁo”’Z){r(ﬁo) “hm 0w, )+ oph)
where
rpio =gl [ |57 000 5§ b2V aN
0 sOp 1598, 1)) t
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s@pu)
sOp,u

rp)=

T
_Ef
0

The second equation can be derived by plugging in equation (5). The third equation
naturally follows by replacing yn(8 — B, with equation (6) after some algebra (Qin and

(1) 2
) (ﬂ’”)] dN ().

5O, )

Shen, 2010). Note that the leading term in the last equation can be rewritten as

n ¢ ~
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where
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FEIEZ, < 2w Y RY) exp (BT Z) (w (Y} 2y (1)

sPp,v)

1 n n
Hpn=lim 0072 Z

t
Mci(t) = I(Vi <t 6[. =0) - /(; I(Vi > u)dAC(u)

k
hk(t) = I(Yk > t)[ SC(u)du

(1) = S (NS,

in which A9 is the cumulative hazard function of the residual censoring time and S\, (9 is
the survival function of the residual survival time. The last equation can be obtained by
expressing { wo()) — w())} as an i.i.d. sum of martingales (Pepe and Fleming, 1991).
Finally, the general class of stochastic processes G(¢ Z) can be asymptotically represented by

n t
Gy =0y / {f@Z)I(Z; < 2) = e, (B, w)} AM () (7)
i=1
dM (u)

-1/2
+n Z/H(ﬂo,u) ﬂ(u)

i=1

+ By t, DI By '™ 2 Y A (Z; - e(By 1)} AM () + 0,(1)

i=1

=n 2 Y G +o ). (@)

i=1

Under the regularity conditions, for any given z, G;."(t, z) is @ mean zero process bounded on

[0, z]. This process can be classified as a Donsker class (Kosorok, 2008). Thus, as n — oo,
the summation of Gf(t, z) in (8) converges weakly to a mean zero Gaussian process, for

which the asymptotic covariance function is E {G(t,.2))G} (t,. zz)T}.

Appendix C: Proof of Theorem 2

We note that 7'A By, £2){I{By)} 1 in the third term of (7) converges in probability to a non-
random function. Conditional on the observed data, the process (7) is a linear combination
of independent normally distributed processes with mean zero. Thus, given that ,Bis a

consistent estimator for £y, we can show that n‘lz?: 1@;"(t1,z1)6;.“(t2, z2)T converges in

Lifetime Data Anal. Author manuscript; available in PMC 2020 January 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Leeetal.

Page 18

probability to the asymptotic covariance function E {G;k(tl,zl)G;k(tz, zZ)T} as n — oo, By
applying the multiplier central limit theorem (Kosorok, 2008), it follows that conditional on
the observed data and z, 712G (¢ z) and n 22:; ]Gf(z, z) converge to the same mean

zero Gaussian process.
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Fig. 1.

Graphical results of testing the proportional hazards assumption with the dementia data from
the Canadian study
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