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Abstract

High Angular Resolution Diffusion Imaging (HARDI) can characterize complex white matter
micro-structure, avoiding the Gaussian diffusion assumption inherent in Diffusion Tensor Imaging
(DTI). However, HARDI methods normally require significantly more signal measurements and a
longer scan time than DT, which limits its clinical utility. By considering sparsity of the diffusion
signal, Compressed Sensing (CS) allows robust signal reconstruction from relatively fewer
samples, reducing the scanning time. A good dictionary that sparsifies the signal is crucial for CS
reconstruction. In this paper, we propose a novel method called Tensorial Spherical Polar Fourier
Imaging (TSPFI) to recover continuous diffusion signal and diffusion propagator by representing
the diffusion signal using an orthonormal TSPF basis. TSPFI is a generalization of the existing
model-based method DTI and the model-free method SPFI. We also propose dictionary learning
TSPFI (DL-TSPFI) to learn an even sparser dictionary represented as a linear combination of
TSPF basis from continuous mixture of Gaussian signals. The learning process is efficiently
performed in a small sub-space of SPF coefficients, and the learned dictionary is proved to be
sparse for all mixture of Gaussian signals by adaptively setting the tensor in TSPF basis. Then the
learned DL-TSPF dictionary is optimally and adaptively applied to different voxels using DTI and
a weighted LASSO for CS reconstruction. DL-TSPFI is a generalization of DL-SPFI, by
considering general adaptive tensor setting instead of a scale value. The experiments demonstrated
that the learned DL-TSPF dictionary has a sparser representation and lower reconstruction Root-
Mean-Squared-Error (RMSE) than both the original SPF basis and the DL-SPF dictionary.

1 Introduction

Diffusion MRI (dMRI) is a unique non-invasive imaging technique to explore white matter
in human brain by measuring the diffusion of water molecules. The diffusion process is fully
characterized by the diffusion propagator AR), called the Ensemble Average Propagator
(EAP), in the displacement R-space [1]. With the narrow pulse assumption, the diffusion
signal attenuation £{(q) is the 3D Fourier transform of AR), i.e., AR) = ['r3 £Q)
exp(-27q'R)dq. A hot topic in dMRI is to recover the continuous signal £(q) and the EAP
AR) from a limited number of signal samples with noise.
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Diffusion Tensor Imaging (DTI) [2] is the most popular method for diffusion data
reconstruction. With the Gaussian diffusion assumption, £(q) = exp(-4727q7Dq) where zis
the diffusion time and D is the 3 x 3 diffusion tensor. Many other methods, categorized as
High Angular Resolution Diffusion Imaging (HARDI), were proposed to avoid the Gaussian
assumption and characterize more general diffusion processes due to complex
microstructure. Diffusion spectrum imaging [3] does not impose any assumption on
diffusion signal, but it requires a long scan time, and only estimates diffusion signal and
propagator in discretized samples, not in a continuous domain. MAP-MRI [4,5] and
Spherical Polar Fourier Imaging (SPFI) [6,7] are two state-of-the-art methods, which
estimate continuous £(q) and AR) from arbitrary sampling schemes by representing £(q)
using orthonormal basis functions with analytic Fourier transform.

The Compressed Sensing (CS) technique recovers a signal from measurements by
considering the sparsity of the signal under a dictionary. CS methods have been proposed in
dMRI to recover diffusion signal and propagator using both discretized [8] and continuous
bases [7]. The most important advantage of the continuous basis representation is that it
allows the analytical Fourier transform without numerical error. In CS reconstruction, a
dictionary that yields sparse representation of diffusion signals plays an important role.
MAP-MRI was first proposed using an isotropic tensor in its basis [4], then using a general
tensor [5]. SPFI first used SPF basis [9,6], then learned an adaptive sparser dictionary based
on SPF basis from continuous Gaussian signal space [7]. All those evolutions make the
dictionaries in MAP-MRI and SPFI sparser and more suitable for CS reconstruction.
However, existing MAP-MRI in [5] still uses manually devised basis without performing
dictionary learning, and existing SPFI in [6] and DL-SPFI in [7] use isotropic Gaussian
diffusion in its dictionary, which is limited to represent diffusion signals with high
anisotropy.

In this paper, we propose Tensorial SPFI which generalizes SPFI [6] by considering a
general adaptive tensor setting instead of using just a simple scalar value, and we also
propose TSPFI with optimal dictionary learning, called DL-TSPFI, to learn an even sparser
dictionary from only a small subspace of SPF coefficients of Gaussian diffusion signals. The
learned dictionary is proven to be capable to sparsely represent an arbitrary mixture of
Gaussian diffusion signals, by considering an adaptive tensor setting. The learned dictionary
is then adaptively applied to all voxels using a weighted LASSO optimization with adaptive
tensor setting from DTI for CS reconstruction. Experiments demonstrated that TSPFI and
DL-TSPFI provide sparser representation and yield low RMSE in CS reconstruction than the
state-of-the-art SPFI [6] and DL-SPFI [7].

2 Tensorial Spherical Polar Fourier Imaging (TSPFI)

The SPF basis is a continuous orthonormal basis that can sparsely represent Gaussianlike 3D
signal [9,6]. In SPFI, the diffusion signal is represented by the SPF basis

{ B (@10 =G, OY]'w} e,
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where g = qu, u € $2, (is the scale parameter and Y}"(u) is the real spherical harmonic basis.

It was proven that the EAP can be analytically represented by dual SPF basis [6]:

P(Rr1{) = Z Z Z P (RIOY] (1) BYS(RIO) = F(RIOY](®)  (2)

n=0/=0m= —

where R = R, r €S2, and the definition of F,{Al¢) can be found in [6]. It can be seen that
Byoo(q) is just an isotropic Gaussian function, which makes the SPF representation sparse
for isotropic Gaussian signal £(q) = exp(—4727q’Dq). However it requires more basis
elements to represent a Gaussian signal with a highly anisotropic tensor. The representation
error is actually inevitable for any finite order AVand L, although increasing the orders can
reduce the representation error. DL-SPFI was proposed in [7] to learn a sparser dictionary
from Gaussian diffusion signals with different mean dif-fusivity and fractional anisotropy
(FA), and adaptively set the scale value ¢ based on the mean diffusivity. [7] also
demonstrated that the DL-SPF dictionary keeps the same level of sparsity for Gaussian
diffusion with different FA, while the sparsity in SPF dictionary decreases for signals with
higher FA.

Theorem 1 (T SPF Basisand Dual TSPF Basis). Let D be 3 x 3 positive definite matrix
with eigen-decomposition D = QA2Q7, QTQ = /, then { IAIB (AQTqIC)} is an orthonormal

nlm

basis set, called the Tensorial SPF (TSPF) basis. Its Fourier transform is
dual

{M nlm

in the dual Fourier space.

A~ QTRIC)} called the dual TSPF basis, which is also complete and orthonormal

We propose Tensorial SPFI (TSPFI) to further sparsely represent Gaussian-like signals.
Theorem 1 demonstrates TSPF basis and dual TSPF basis which are the affinely transformed
SPF basis and dual SPF basis!. TSPFI represents diffusion signal £(q) using TSPF basis in
Eqg. (3), then the diffusion propagator is analytically represented as dual TSPF basis in Eq.

(4), where we set (o = (8727)~! such that yIAIBy,,(40” q1¢,) is proportional to Gaussian

function exp(-4 2 1q'Dq).

1Al proofs in this paper are omitted due to space limitation, available upon request.
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The representation using TSPF basis is sparse for Gaussian-like diffusion signals when we
set tensor D appropriately, and the first basis is enough to represent Gaussian diffusion
signals. Note that MAP-MRI basis [5] also uses an anisotropic Gaussian function as the zero
order basis, while it can be proven that MAP-MRI basis can be linearly represented by the
TSPF basis with a finite order, but the opposite is not true, which means TSPF basis is more
general than MAP-MRI basis.

Similarly with [7], considering £(0) = 1, we have Zf)vanlmGn(O) = W&?, 0<s/<sL,-Ism<

_ . T
/. Then we can separate the coefficient vector ainto a = (ag,a’T) , Where ag = (a0, - -

ar1)’,a’= (a0, ..., ane ), and represent ag using a”; i.e

N
1 0
aozm:m\/ﬂ@—z G, O, 0<I<L ~I<m<i (5

n=1

Then based on Eq. (3), a“can be estimated from measurements of £(q) via weighted
LASSO.

M ! fy! ! 2 ’
min [M'a’ —e’l|; + [|[Ha'll,  (6)
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where { £} are signal measurements in g-space, e is the measurement vector removing its
Gaussian part, M’ is the basis matrix used for reconstruction, H is the regularization matrix.
After estimating a ’, ap can be obtained using Eq. (5), then £(0) = 1 is automatically
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satisfied. For Gaussian diffusion signal, if D is estimated correctly, then e”= 0, a”’= 0, and
only ayqo is non-zero. Thus Eq. (6) mainly focus on the non-Gaussian fitting.

3 TSPFI with Optimal Dictionary Learning (DL-TSPFI)

Based CS theory [10], a dictionary with sparser representation gives better reconstruction.
Following DL-SPFI in [7], we consider a more general formulation:

min [|[M'We —e'[[3 + [ Vell ;. (7)

Note that Eq. (7) actually considers a general dictionary represented as a linear combination
of TSPF basis, i.e., M”W, where W is the combination matrix and c is the new coefficient
vector under transformed dictionary. When W is identity, Eq. (7) becomes TSPFI in Eq. (6).
As we discussed that MAP-MRI basis can be linearly represented by TSPF basis, W can be
specifically designed such that MW is the MAP-MRI basis removing its Gaussian part,
then Eq. (7) becomes MAP-MRI.

Instead of using specific W in TSPFI and MAP-MRI, we would like performing dictionary
learning to learn a good W as well as a good dictionary M “W from a set of given signals
{ e;}. such that the representation {c} are all sparse, i.e.

. . We — o Il < .
Cfl‘l}%ll’l])zucl”l st IM'We;—e' Il < €.Vj. (g

i

Considering real data always suffers from noise and a limited number of samples, similarly
with [7], we perform dictionary learning in synthetic mixture of Gaussian signals.
Considering simulated signals can be generated in continuous g-space and TSPF basis is an
orthonormal basis showed in Theorem 1, Eq. (8) is equivalent to Eq. (9), where the
dictionary learning can be performed in the space of TSPF coefficients with a small
dimension, not the space of simulated measurements of £(q) with infinite dimension.

i . t. —a' . < .
N Nl st IWe;—al, < €.V) ()

The learned result (W*, D*) is actually determined by the chosen space of diffusion signals.
We have several theoretical results to design a small space for training data to learn a general
dictionary. 1) Theorem 2 proved that the single tensor model

{ E@) = exp (- 47%1q"Dq)ID € Sym? }, where Sym? is the space of 3 x 3 positive definite
matrices, is sufficient to learn a dictionary to sparsely represent signals from mixture of
tensor models. The theorem works for both DL-SPFI in [7] and DL-TSPFI. 2) Theorem 3
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shows that the dictionary (W*, D*) can be learned from a small space S, Symi, then the

learned dictionary can be affinely transformed to another tensor space. Note that for every
single Gaussian signal, the sparsest c is 0 once we set the tensor D correctly. However this
does not help us to handle arbitrary mixture of Gaussian signals with noise where a single
tensor D cannot fully represent all Gaussian components. Thus we have to learn a common

dictionary for a subspace of Symi, such that even when the tensor D is not correctly set, the

learned dictionary still yields a sparse representation. 3) Theorem 4 demonstrated that we
can fix a tensor Dy and learn a sparse dictionary W* from Gaussian signals with D in a
geodesic ball dDg, D) < 4[11]. Then the learned dictionary can be adaptively applied to
Gaussian signals with D in another geodesic ball D1, D) < 4 by adaptively setting tensor in
TSPF basis as D1. The geodesic ball actually mimics the difference between the tensor used
in TSPF basis and the ground truth tensor in each Gaussian component in the mixture of
Gaussian model.

Theorem 2 (Sparsity of Mixture of Tensors[7]). A dictionary learned from signals
generated by single tensor model can sparsely represent signals generated by arbitrary
mixture of tensor model.

Theorem 3 (Optimal Dictionary). For signals generated from the single tensor model with
tensors {exp(-42q’Dq) | D € Sy}, if the dictionary {W*, D*} is the optimal solution for
(9), then for another space {exp(-472zq”ADA'q) | D € S} with non-singular A, {W*,
AD* AT} is still the optimal solution.

Theorem 4 (Traning Space and Adaptive Tensor). Let Dg be a fixed tensor. If training
signals are from {exp(—472q'Dq) | Dy, D) < A}, where o{Dy, D) is the Riemannian
distance between Dg and D [11], and if we set D* = Dg and estimate W* in dictionary
learning, then (W, D;) can sparsely represent signals from {exp(-4727q’Dq) | (D1, D) <
A}

Because of Theorem 4, it is possible to choose any Dg and generate signals from the
geodesic ball of Dg. In practice, in order to better mimic the representation error of tensors,
we simply set Dg = 0.7 x 1073| as a typical isotropic tensor in human brain, and then
generated Gaussian signals with mean diffusivity (MD) in range [0.5, 0.9] x 10=3mn?/s, FA
in range [0, 0.9], uniformly orientated in 321 directions from sphere tessellation. Note that
we used a relatively small range of MD, while a relatively large range of FA. It is because
when using a tensor model to fit a mixture of Gaussian signal, the MD value of the tensor
model normally has relatively less error than its FA value compared to the ground truth MD
and FA in each Gaussian component. For example, considering a mixture of three Gaussian
functions with FA = 0.9 and MD = 0.7 x 1073 respectively along x, yand zaxises, after DTI
fitting, the estimated MD is still close to 0.7 x 1073, but the estimated FA is close to 0. Note
that when choosing isotropic Dg, the TSPF coefficients {a;} become SPF coefficients with
the corresponding scale, and the dictionary learning process is the same as the one used in
DL-SPFI [7]. The SPF coefficients of the Gaussian signals were calculated via numerical
inner product with /=4, L = 8. Then we performed an efficient online learning method
implemented in the SPAMS toolbox [12] to learn W with 250 atoms using the initialization
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of identity matrix. We added the atoms {BnOO(q)};V_ . back to sparsely represent isotropic

signals. Thus we have total 254 columns in the learned W. Then we estimated the energy
{A} of dictionary atoms via the coefficients {c;}, and set V in Eq. (7) as a diagonal matrix

with elements V= hiﬂ, where A is a tuning regularization parameter, Sis the dimension of
J

measurements. This is to penalize the dictionary atom with low energy of coefficients. With
the learned W and V, Eq. (7) first performs DTI to estimate a tensor D for TSPF basis
matrix M ’, then performs weighted LASSO for CS reconstruction of ¢, then a“= Wc, and a
can be obtained accordingly based on Eq. (5).

4 Experiments

Signal Sparsity in Miture of Gaussian Model

We would like to demonstrate the importance of adaptive tensor setting and validate the
theorems. We generated Gaussian diffusion signals with different FA in range [0, 0.9], along
different directions, and with two MD values respectively 0.6 x 1073 and 1.1 x 1073, These
signals from single tensor model with the same FA and MD but different orientations were
also randomly mixed to obtain mixture of Gaussian signals. Then with N=4, L =8, we
performed adaptive scale setting to obtain adaptive SPF basis and DL-SPF basis, and
performed adaptive tensor setting to obtain adaptive TSPF basis and DL-TSPF basis. Then
for each signal, we calculated the coefficients a “respectively for SPF basis and TSPF basis
using numerical inner product, then calculated the coefficients ¢ respectively for DL-SPF
and DL-TSPF basis using Eq. (9). For the obtained coefficients under each basis, we
calculated the number of non-zero values as the sparsity of the representation. The value in a
“or cis considered to be non-zero if its absolute value is larger than 0.01lla 1l or 0.01 licll.
The sparsity of signals with two MD values were showed in the top two subfigures of Fig. 1.
The top left subfigure showed that although DL-TSPF basis was learned from signal
Gaussian diffusion signals, it can sparsely represent signals from mixture of Gaussian
functions, which validated Theorem 2 The top right subfigure showed that although the MD
value 1.1 x 1073 is outside of the MD range used in dictionary learning, the sparse
representation still holds by adaptively setting diffusion tensor in DL-TSPF basis, which
validates Theorem 3 and 4. Both subfigures demonstrated the DL-TSPF basis obtains
sparser representation than DL-SPF basis [7], and TSPF basis is sparser than SPF basis.

RMSE in Cylinder Model

We evaluated the different basis using the Soderman cylinder model [13] which is different
from the Gaussian signals used in dictionary learning. Using the DSI sampling scheme in [8]
With b, = 8000s/mm?, 514 measurements, we generated ground truth DWI signals from
the cylinder model with the default parameters in [13]. Then we estimated the coefficients
under different basis from an under-sampled dataset with 170 samples and reconstructed the
DWI signals in all 514 samples. Root-Mean-Square Error (RMSE), which is defined based
on the difference of the estimated signal and ground truth signal in these 514 samples, was
used to quantify the reconstruction accuracy. We also added Rician noise with signal-to-
noise ratio (SNR) of 20 and performed Monte-Carlo simulation. We set A = 1,= 1,,= 1078
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for the noise-free dataset and 107> for the noisy dataset for all methods. The second row of
Fig. 1 indicates that DL-TSPFI yields the lowest RMSE than DL-SPFI and L1-SPFI in both
noiseless and noisy conditions.

RMSE in Real Data

We also tested CS reconstruction using DL-TSPFI on a real DSI data set released by Bilgic
2 which was also used to validate DL-SPFI [7]. This dataset uses the same DSI sampling
scheme as the above cylinder data experiment. With DL-SPFI and DL-TSPFI, we perform
CS reconstruction with A = 1076 respectively using full 514 measurements and a subset of
170 samples, then we calculated two RMSEs, one is based on the difference of coefficients
using full measurements and the subset of measurements, and the other one is based on the
difference of recovered DWI signals in these 514 points using full samples and subsamples.
Fig. 2 showed that DL-TSPFI obtains less RMSE than DL-SPFI, especially for RMSE
defined using coefficients in white matter area.

5 Conclusion

In this paper, we propose a novel Tensorial SPFI (TSPFI) which allows a continuous
representation for both the diffusion signal and the diffusion propagator. TSPFI is a
combination of existing DTI and SPFI. We also propose a dictionary learning strategy, called
DL-TSPFI, to learn a sparser dictionary from mixture of Gaussian signals. The learned
dictionary can be optimally and adaptively applied to different voxels by adaptive tensor
setting. The proposed TSPFI and DL-TSPFI yield a sparser representation with lower CS
reconstruction error than existing SPFI and DL-SPFI. The source codes of TSPFI and DL-
TSPFI will be available in the DMRITool package3.

Acknowledgments

This work is supported in part by NICHD and NIBIB Intramural Research Programs, a UNC BRIC-Radiology
start-up fund, and NIH grants (EB006733, EB009634, AG041721, MH100217, and 1UL1TR001111).

References

1. Callaghan PT. Principles of nuclear magnetic resonance microscopy. Oxford University Press; 1991.

2. Basser PJ, Mattiello J, LeBihan D. MR diffusion tensor spectroscropy and imaging. Biophysical
Journal. 1994; 66:259-267. [PubMed: 8130344]

3. Wedeen VJ, Hagmann P, Tseng WY1, Reese TG, Weisskoff RM. Mapping Complex Tissue
Architecture With Diffusion Spectrum Magnetic Resonance Imaging. Magnetic Resonance in
Medicine. 2005; 54:1377-1386. [PubMed: 16247738]

4, Ozarslan E, Koay C, Shepherd T, Blackband S, Basser P. Simple harmonic oscillator based
reconstruction and estimation for three-dimensional g-space MRI. ISMRM. 2009

5. Ozarslan E, Koay CG, Shepherd TM, Komlosh ME, irfanoglu MO, Pierpaoli C, Basser PJ. Mean
apparent propagator (map) mri: a novel diffusion imaging method for mapping tissue
microstructure. Neurolmage. 2013; 78:16-32. [PubMed: 23587694]

thtps://www.martinos.org/~berkin/software.html
3https://github.com/DiffusionMRITooI

Med Image Comput Comput Assist Interv. Author manuscript; available in PMC 2018 August 21.


https://www.martinos.org/~berkin/software.html
https://github.com/DiffusionMRITool

1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Cheng et al.

10.

11.

12.

13.

Page 9

. Cheng J, Ghosh A, Jiang T, Deriche R. Model-free and Analytical EAP Reconstruction via

Spherical Polar Fourier Diffusion MRI. In: Jiang T, Navab N, Pluim JPW, Viergever MA,
editorsMICCAI 2010, Part I LNCS. Vol. 6361. Springer; Heidelberg: 2010. 590-597.

. Cheng J, Jiang T, Deriche R, Shen D, Yap PT. Regularized Spherical Polar Fourier Diffusion MRI

with Optimal Dictionary Learning. In: Mori K, Sakuma I, Sato Y, Barillot C, Navab N,
editorsMICCAI 2013, Part | LNCS. Vol. 8149. Springer; Heidelberg: 2013. 639-646.

. Bilgic B, Setsompop K, Cohen-Adad J, Yendiki A, Wald LL, Adalsteinsson E. Accelerated diffusion

spectrum imaging with compressed sensing using adaptive dictionaries. Magnetic Resonance in
Medicine. 2012

. Assemlal HE, Tschumperlé D, Brun L. Efficient and robust computation of PDF features from

diffusion MR signal. Medical Image Analysis. 2009; 13:715-729. [PubMed: 19665917]

Donoho D. Compressed sensing. IEEE Transactions on Information Theory. 2006; 52(4):1289-
1306.

Pennec X, Fillard P, Ayache N. A Riemannian Framework for Tensor Computing. International
Journal of Computer Vision. 2006; 66:41-66.

Mairal J, Bach F, Ponce J, Sapiro G. Online learning for matrix factorization and sparse coding.
The Journal of Machine Learning Research. 2010; 11:19-60.

Ozarslan E, Shepherd TM, Vemuri BC, Blackband SJ, Mareci TH. Resolution of complex tissue
microarchitecture using the diffusion orientation transform (DOT). Neurolmage. 2006; 31:1086—
1103. 14. [PubMed: 16546404]

Med Image Comput Comput Assist Interv. Author manuscript; available in PMC 2018 August 21.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuely Joyiny

Cheng et al.

180 :
160 —fJ— SPF, single tensor

—F3— DL-SPF, single tensor
140

—+F— TSPF, DL-TSPF, single tensor
120 A
100 —A— DL-SPF, mixture of tensors

SPF, mixture of tensors

——~—— TSPF, mixture of tensor

80 —4A—— DL-TSPF, mixture of tensor /

Number of Nonzero Coefficients

=)

0.05

—A— 11-SPFI

0.04 —A— DL-SPFI

—~A— DL-TSPFI
0.03 //\
i /.
V4
0.02 M*“Q//A\/\;

RMSE

0.01
N
| W

Crossing Angle (no noise)

Fig. 1. Synthetic Experiments
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First row: the average number of non-zero coefficients for SPF, DL-SPF, TSPF and DL-
TSPF basis. Second row: RMSE of different methods using the Séderman cylinder model

with and without noise.
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Fig. 2. Real Data Experiment
RMSE calculated from estimated SPF coefficients and recovered 514 DWI samples.
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