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Abstract

A mathematical model of oxygen (O5) transport within a capillary utilizes axisymmetric red blood
cell (RBC) shapes that were predicted theoretically by Zarda et al. in 1977. Chemical kinetics and
both free and facilitated diffusion of O, are accounted for in this time-dependent model. The
finite-element method is used to solve the governing partial differential equations. It is found that
the shape of RBCs, characterized by the shape parameter 6 adapted from Zarda et al., affects such
important O, transport characteristics as capillary wall O, flux and hemoglobin (Hb) saturation.
At an RBC residence time (time for an RBC to travel from the capillary inlet to a given point) of
0.22 s, a change in the shape parameter 6 from 0 (undeformed cell) to 26 (parachute-shaped cell)
decreases the spatially averaged O, flux by 26%. The dependence of O, flux on RBC shape
diminishes as the RBC residence time increases. The difference in Hb saturation at the RBC
residence time of 0.22 s can be as large as 10% for different values of 6. The mass transfer Nusselt
number, which is inversely proportional to transport resistance, decreases with increases in 6. The
fractional transport resistance in the plasma region accounts for approximately 65-80% of the total
intracapillary resistance. Calculations show that local chemical equilibrium in the O,—Hb chemical
reaction is attained everywhere except within a thin boundary layer adjacent to the erythrocyte
membrane, where significant deviation from chemical equilibrium occurs.

INTRODUCTION

Recent studies of the effects of the particulate nature of blood flow [2, 4, 5, 12, 13] and of
oxygen-hemoglobin kinetics [2, 3, 17] on oxygen release in capillaries provide new insights
into the questions: (1) Does intracapillary [including red blood cell (RBC) and plasma]
resistance account for a significant fraction of the total oxygen transport resistance in the
diffusion pathway from RBC to tissue mitochondria? (2) Is there a true chemical equilibrium
between oxygen and hemoglobin in RBCs?

Hellums [12] modeled the capillary as a circular tube and the erythrocytes as cylindrical
slugs that fill the lumen of the capillary in single-file fashion, separated by gaps of plasma,
which he assumed were not functional for oxygen exchange. Because only half of the
capillary surface area is available for exchange at a hematocrit of 50%, he predicted that
intracapillary resistance accounts for a significant frac-tion of the total transport resistance to
tissue. Aroesty and Gross [1], Homer et al. [13], and Federspiel and Sarelius [4] considered
the diffusion of oxygen in the gaps of plasma between the cylindrical slugs representing
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RBCs and determined the oxygen tension (P, ) distribution within the gaps. Oxygen
2
transport inside the cells was not considered; instead, P at the cell surface was specified.
2

They found that the diffusion limitation of O, transport in the gap resulted in a decrease in
P_Wwhen a constant O, flux was imposed at the boundary and a decrease in O; flux when a
2

constant boundary P, was imposed. Thus, it was concluded that the plasma gaps are part of
2

the pathway for oxygen transfer to tissue, but these gaps have limited carrying capacity.

Federspiel and Popel [5] further extended the theory by considering spherical RBCs in a
cylindrical capillary and investigated the dependence of transport characteristics on RBC
clearance (gap width between cell and capillary wall) and cell spacing. Oxygen—hemoglobin
kinetics and free and facilitated diffusion of oxygen inside the cells were taken into account.
They concluded that the capillary resistance could account for 30-70% of total resistance to
transport between RBCs and tissue cells. Groebe and Thews [7, 8] represented RBCs as
cylindrical particles and showed that RBC movement not only enhances oxygen release but
also renders more uniform the oxygen flux out of the capillary wall. In these investigations,
the effect of RBC shape on oxygen transport was not addressed.

Sheth and Hellums [17] and Baxley and Hellums [2] investigated the effects of hemoglobin
diffusion and oxygen—hemoglobin kinetics on oxygen transport from RBCs in capillaries
and found both effects of significant importance under typical microcirculatory conditions.
Clark et al. [3] also took these effects into account and developed a simple asymptotic
expression for the rate of oxygen unloading from red blood cells.

In the present study, we investigate the effect of RBC shape on capillary oxygen transport.
Since accurate data on the deformed RBC shape are not available from either in vivo or in
vitro studies, the choice of specific shapes is not obvious. Gaehtgens et al. [6] observed that
RBC shape was sausage-like in very small capillaries (5 pm), whereas a variety of shapes
were seen in larger capillaries (12 pm). This finding suggests that a hypothetical RBC shape
of cylindrical slugs may be adequate for very small capillaries. For larger capillaries, the
deformed shape of an RBC when it traverses a capillary is typically parachute-like, with the
leading end bulging out and the trailing end flattened. Because no accurate experimental
data on RBC shape are available, the axisymmetric shapes calculated by Zarda et al. [19] for
a capillary diameter of 8.2 ym are used in the present work. Hematocrit-dependent transition
of blood flow pattern from single-file to multifile, which usually occurs in capillaries of
larger diameter, is not considered in this investigation. The model also includes hemoglobin
diffusion, hence facilitated oxygen transport, and oxygen—hemoglobin kinetics, which is
represented by a variable reaction coefficient model [3, 5].

FORMULATION OF THE PROBLEM

Consider a train of RBCs flowing through a capillary in single file. The shape of the RBC is
dependent upon flow rate. The present theoretical study examines the effect of the shape of

RBC on the oxygen transport in capillaries. Figure 1 illustrates the geometry and coordinate
system used in the model. The coordinate system is moving together with the cells, so in this
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system the cells are stationary. The shape of each RBC is based on the theoretical study of
Zarda et al. [19] and is characterized by a dimensionless pressure drop 6, henceforth referred
to as the shape parameter. It is assumed that RBC volume and surface area remain constant
for different degrees of deformation. All lengths are normalized by the capillary radius Rg.

TRANSPORT EQUATION

Equations of oxygen transport inside an RBC were derived in [3] and [5]. The equations for
free oxygen and oxyhemoglobin are

oP 10 ( 0P\, o*P (Nso a )"
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In the plasma region, convective transport of oxygen is neglected [1], and diffusion is
described by
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Here r= R/ Ry is a dimensionless radial coordinate, z= Z/ Ry is a dimensionless axial

. —05]. .. . . o
coordinate, = 1/1, = t[kO'S(NTR%/DlNSO) ] is dimensionless time, 2is oxygen tension in

mm Hg, and Sis oxyhe-moglobin saturation (dimensionless). All parameters are defined in
Tables 1 and 2.

The hematocrit level of 26% is appropriate for the capillaries and represents roughly 50% of
systemic hematocrit. For convenience, oxygen tension Pis kept dimensional, because it is
easier to assess the results in dimensional units. Equations (1) and (2) are consistent with the
Hill oxyhemoglobin dissociation curve under the equilibrium conditions

Pl’l
S= TRy @)
50

where Psq is the oxygen tension at 50% saturation (Mg = aPsp), and n7is the Hill exponent.

BOUNDARY AND INITIAL CONDITIONS

At the capillary wall (R = /), the oxygen tension, P, was set to zero to simulate the rate of
oxygen uptake by tissue under maximal oxygen demand. At R = 0, the capillary centerline,
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the radial flux of oxygen disappears (dP/JR = Q) because of the axial symmetry of the
problem. At the cell—plasma boundary both P02 and normal oxygen flux are continuous,

0 0

where Nis the unit normal to the RBC boundary. At the lateral sections surrounding the cell,
sections Ly and Lz in Figure 1, periodic boundary conditions are imposed for both Pand S.

The initial conditions at #= 0 are such that P, is constant in the cell and plasma, P= A, and
2

the oxygen and hemoglobin are in the chemical equilibrium described by the Hill equation

S 1/n
0
PO:PSO(—I—SO) .6

where & is the initial hemoglobin saturation.

NUMERICAL METHOD

The problem was solved with a finite-element program, IMSL PDE/ PROTRAN. To
implement the model, two modifications were made. First, because of the difficulty in
implementing the periodic boundary conditions for a single RBC, a train of three or five
cells was consid-ered, as shown in Figure 1b, and no-flux boundary conditions were
imposed on the lateral sections denoted Ly and Ls. As a result, the condition of periodicity
on sections L, and L3 was satisfied with sufficient accuracy (errors in local oxygen fluxes
were less than 1%). Second, to avoid dealing with internal boundaries in the computational
domain, hemoglobin concentration was defined in the entire domain, including the plasma.
However, the diffusivity of hemoglobin in the plasma was set to a very small value so that
the governing equation for hemoglobin saturation in the plasma region was reduced to
approximately dS/ dt= 0. The initial value of Swas set to zero, and thus S~ 0 for all Zin
the plasma region. The advantage of this approach was that the equations for Pand Swere
solved in the entire cylindrical domain; hence, the “internal” conditions of continuity for
oxygen tension and normal flux at the cell boundary were satisfied automatically.

The number of triangles in the computational domain was typically 1200. This triangulation
was created to generate a higher grid density near the RBC—plasma interface. The
conjugate gradient method and a second-order Crank-Nicolson scheme were used in the
calculations.

PARAMETERS OF THE MODEL

Numerical values of the parameters are given in Table 1. These values are the same as in [5]
except for capillary diameter and RBC volume, which are taken from [19]. Because the
shape of an RBC cannot be expressed by a single one-to-one function, every cell contour
was divided into two parts, and each part was fitted, with a high degree of accuracy, by a
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fourth-degree polynomial. Errof in RBC volume calculated from the fitted contours did not
exceed 4%. Results were obtained for four RBC shapes that represent different degrees of
RBC deformation, 8= 0, 3, 10, and 26.

The Nusselt number, a dimensionless group expressing the relationship between the oxygen
flux and P, gradient, that is, transport conductance, is defined by
2

RyF

Nu=—r
D,a”((P) - P,)

O

where { P) is the spatially averaged RBCPOZ, and Fis the spatially averaged flux of oxygen

out of the capillary,

L
_ 1 2 (0 9P _
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This definition of Nusselt number is similar to that of the mass transfer coefficient &*
defined in [5]. The difference is in the calcula-tion of concentration gradient: Federspiel and
Popel [5] calculated the gradient to be a(A(P* — P,,), the product of the plasma oxygen
solubility coefficient and the difference between P* (oxygen tension corresponding to
spatially averaged saturation { S) of an RBC through the Hill equation) and A, (the
capillary wall oxygen tension), but in Equation (7) P* is substituted by { 2 (the spatially
averaged RBC oxygen tension). We will show that despite the difference in definition, the
values of &* and Nu are very close under the conditions of interest.

OXYGEN TENSION AND HEMOGLOBIN SATURATION DISTRIBUTION

Figure 2 presents the surface and contour plots of PO for the central cell of the train. Due to
the difference in effective oxygen diffusivity (free and facilitated diffusion) between the
RBC and plasma and the oxygen replenishment from oxyhemoglobin inside the RBC, the
gradients of oxygen tension inside the RBC are significantly smaller than those in the
plasma. Axial and radial P02 profiles are shown in Figure 3. Recall that the boundary

conditions (5) at the RBC—plasma interface require continuity of the normal O flux.
Oxygen flux in other directions may be discontinuous at the interface. In addition, because
the diffusion and solubility coefficients inside and outside the RBC are different, the first
derivatives of P02 on both sides of the interface are, generally, different (P02 is always

continuous). Graphs shown in Figures 2 and 3 and elsewhere in this paper are smoother at
the RBC boundaries and do not reflect these discontinuities because of limitations of the
software used in the present study.
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The plasma fractional resistance, y, can be characterized by the ratio of the Nusselt number
Nu and the Nusselt number Nug, calculated in the hypothetical case when intraerythrocytic
transport resistance is neglected,

y=Nu/Ny,. (9)

The Nusselt number Nug is calculated with a boundary condition of constant oxygen tension
P, at the RBC—plasma interface, hence no resistance inside the RBC. The values of
depend on the RBC shape, clearance, and residence time and the spatial dimensions and are
summarized in Table 3. Particle clearance is defined as A = (1 — &/ Rp)~L, where bis the
minimum plasma sleeve thickness. For the shape parameter &ranging between 0 and 26, the
values of y range between 0.63 and 0.82. Because Nusselt number is inversely propor-tional
to transport resistance, we conclude that the intraerythrocytic resistance accounts for
approximately 20—35% of the total intracapillary resistance.

Figure 4 depicts the spatially averaged RBC P02 and plasma P02 and oxygen tension

corresponding to spatially average saturation, ~*, as a function of RBC residence time for
shape parameter &= 10. At the capillary entrance, RBC P, and plasma P, are assumed to
2 2

be equal. However, both RBC P02 and plasma P02 drop quickly within the initial 0.02 s of

RBC residence, by 15 and 40 mm Hg, respectively. This time course is consistent with an
estimate of the characteristic time required for oxygen to diffuse from the plasma gap

between RBCs: 1, ~ R3/D'P = 0.007. It i also consistent with the time course of oxygen

unloading from RBCs reported by Clark et al. [3]. The significant difference between RBC
P, and plasma P, found in the present study corroborates predictions of Gutierrez [9]
2 2

obtained with a continuum capillary model; this result will be further commented on in the
Discussion. It can also be seen from this figure that the difference between the values of P*
and the spatially averaged RBC oxygen tension, { 2), is small.

It is interesting to determine whether the chemical reactions are fast enough for the oxygen
and hemoglobin to be nearly in local chemical equilibrium. This point is illustrated in Figure
5a, where the spatially averaged hemoglobin saturation { S) is plotted against the spatially
averaged oxygen tension, { ). Figure 5b displays the local oxygen tension and hemoglobin
saturation values. The numbers of the reaction path diagram correspond to the residence
time of RBC in seconds (Figure 5a) and the radial coordinate within the RBC (Figure 5b). It
can be seen that the deviation from local chemical equilibrium is significant only in a
boundary layer near the RBC—plasma interface. Since the volume of this thin layer
constitutes only a very small fraction of total RBC volume, the relationship between
spatially averaged values, { P) and { ), falls closely on the sigmoidal oxygen—hemoglobin
equilibrium dissociation curve. This finding corroborates the results of several studies [3,
18].
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EFFECT OF RED BLOOD CELL SHAPE ON OXYGEN TRANSPORT

Figure 6 shows the variation of local P, and hemoglobin saturation for different degrees of
2

RBC deformation. Agand Bgrepresent the points on the cell contour at the capillary
centerline for a given @ (same notation as in Figure 2b). In Figures 6b and 6c¢, the oxygen
tension and hemoglobin saturation are higher at point Ag (at the trailing edge of the cell)
than at point By (at the leading edge) for 6= 3, 10, and 26, even though the two points are
equidistant from the capillary wall.

As @increases from 0 to 26, the difference in both P and Sbetween points Agand Bg
2

increases. These uneven values indicate that geometric shape affects the microscopic
distribution of oxygen tension, flux, and hemoglobin saturation. RBC geometry prevents
some sites (like A) from effectively transporting oxygen into tissue. However, the increase in
6 makes the capillary wall flux more uniform (Figure 6d). The ratio of peak to bottom
oxygen flux decreases from 4 to 1.5 with the increase in @ from 0 to 26. Figure 6e displays
the axial oxygen flux profile at section L’, which is depicted in Figure 6a by a vertical
dashed line. The axial fluxes are the highest at &= 0 and 26; however, they are of opposite
sign. Since the cell contour at = 0 of the neighboring cell to the right is much closer to
section L "than to the cell contour of this unit cell, the negative value of the axial flux means
that the diffusional flux from the neighboring cell dominates in this region. Similarly, for 6=
26, a significant positive axial flux is obtained because this contour is more elongated along
the capillary and is much closer to section L “than its neighbor. For 8= 3 and 10, the axial
fluxes are low because both cell contours are away from section L.

The effects of shape parameters on oxygen transport, specifically on spatially averaged
oxygen flux, hemoglobin saturation, and Nusselt number are shown in Figure 7. In Figure
7a, the hemoglobin saturation is plotted as a function of time. The decrease in fyields a
faster oxygen release rate. Figure 7b shows that oxygen flux decreases as time and 6
increase. For the undeformed RBCs (8= 0), oxygen flux drops from 2.3 x 1078 to 1.13 x
1078 mol/(cm?-s) within 0.198 s. The corresponding decrease for the highly deformed RBCs
(6= 26) is from 1.48 x 1078 to 0.84 x 1078 mol/(cm?-s). Comparison between fluxes from
the present model and those from Clark et al. [3] shows that in the latter case the initial flux
is higher and the rate of decrease in higher. The difference in oxygen unloading rates results
from the fact that in [3] a zero P02 boundary condition was imposed at the RBC membrane,

whereas our zero P, boundary condition was imposed at the capillary wall. The slower
2

oxygen unloading rate in our model is due to the transport resistance in the plasma region.
Figure 7c¢ shows that the Nusselt number remains approximately constant with time for each
shape. As @increases, the Nusselt number decreases. The values of Nu and &* defined
above, both representing capillary conductance to oxygen transport, are very close for all
values of parameters studied.
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DISCUSSION
TRANSPORT RESISTANCE

There are several steps in the transport pathway for oxygen from blood to the tissue cell
mitochondria. First, oxygen dissociates from oxyhemoglobin in RBCs, and then it diffuses
out of the RBCs into the plasma. Oxygen continues to diffuse outward across the
perierythrocytic carrier-free region, consisting of a plasma gap, the capillary endothelium,
and the interstitial space, until it reaches the parenchymal cell membrane. Our simulation
shows that the oxygen tension drop inside the RBCs and plasma is approximately 5 mm Hg
and 20 mm Hg, respectively, under conditions simulating maximal tissue oxygen demand,
that is, zero P02 at the capillary wall. This result is consistent with the prediction of Honig et

al. [15]; they proposed that the drop of oxygen tension from the interior to the surface of an
RBC is 3-4 mm Hg at maximal O, consumption, and the carrier-free region of
approximately 1.5 4m may account for 30 mm Hg drop or 20 mm Hg/ 4m gradient.
Therefore, this region behaves as a functional barrier in the microcirculatory transport

pathway. It should be noted, however, that the O flux value corresponding to zero wall P,
2

is higher than the typical reported experimental values for working skeletal muscle. A more
detailed model, combining capillary and tissue regions, is needed for a quantitative
comparison with experimental data. We also note that the uniform capillary oxygen
conductance shown in Figure 7c differs from that predicted by Baxley and Hellums [2].
They reported an increasing conductance along the capillary that was derived from a
constant-flux boundary condition. This difference is a result of the different boundary
conditions in the two studies.

RBC TRANSIT TIME

One other important capillary transport parameter is the erythrocyte transit time that
determines the fractional capillary oxygen extraction. For a longer RBC transit time, a larger
fraction of oxygen is extracted, and therefore better oxygen utilization is accomplished. Only
limited direct measurements of RBC transit times in striated muscle are available (e.g.,

[16]); however, several indirect estimates have been obtained. Honig and Odoroff [14]
estimated mean transit times of 300 ms at stimulation rates of 4 Hz and 100 ms at 8 Hz for
working dog gracilis muscle. The boundary condition of zero capillary wall P02 in our

model is a lower bound for the conditions of maximal tissue oxygen demand. RBC transit
time in our simulation is assumed to be 220 ms, in accordance with the above values.

COMPARISON WITH OTHER CAPILLARY TRANSPORT MODELS

Capillary oxyhemoglobin desaturation was investigated by use of several previous
microcirculatory models. We compare our model geometry and the results of these previous
studies in Table 4.

Honig et al. [15] modeled the RBC as a cylinder of 1 or 2 gm radius. In their model, the
RBC was surrounded by a resistance layer that accounted for the diffusional resistance of the
plasma, endothelium, and extracellular regions that separated the RBC from muscle fiber.
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The boundary condition for P, at the edge of this resistance layer was set to zero to
2

simulate the oxygen transport under maximal tissue oxygen demand. However, the diffusion
from the two “end-caps” of the RBC cylinder was neglected.

In a similar way, Groebe and Thews [7, 8] approximated erythrocyte, plasma, and tissue
spaces by axially symmetric coaxial cylinders. The cylinder representing the RBC was filled
with hemoglobin and was shorter than the other; RBCs in capillaries were separated from
each other by plasma gaps. On the lateral cylinder surface, a constant P02 or constant

oxygen flux was specified. Hence, these boundary conditions provided an upper-bound
estimate of the nonuniformity of capillary wall oxygen flux and tension.

The novelty of the present model is that the RBC shape is no longer limited to cylindrical or
spherical shapes. The deformation of RBCs allows for the nonuniform, asymmetric
distribution of oxygen flux at the capillary wall, providing a more realistic simulation of the
passage of an erythrocyte along a capillary. Figure 6d shows the normal oxygen flux
distribution along the capillary wall. Due to the shape of the deformed RBC, the flux curve
shows asymmetric slopes around the peak value. There is a higher oxygen transport rate near
the tail of each cell. It can be seen that the nonuniformity of capillary wall oxygen flux
decreases with the increase in 8. Comparison of the results shows that Groebe and Thews
predicted a curve with a wider plateau than ours. This difference can be attributed primarily
to the difference between the model geometries.

EFFECT OF RBC SHAPE

Our analysis showed that oxygen flux and Nusselt number decrease as shape parameter 8
increases at a constant hematocrit. Even though each RBC has the same volume and surface
area, some of the surface area is not functional for oxygen unloading because of the
geometrical hindrance. Because these “dead” surface areas are shielded by other parts of the
cell, they do not provide for efficient diffusive transport between the RBC and plasma.

As O decreases, the plasma gap between the RBC and the capillary wall becomes thinner,
and this effectively increases the oxygen exchange area; thus both the oxygen flux and
Nusselt number increase. Since the RBC shape is closely related to the hydrodynamic
pressure drop across the two sides of the cell and this pressure drop depends on the RBC
velocity, the velocity may influence the intracapillary transport of oxygen not only via
convective transport but also indirectly via diffusive transport.

In comparing the results of the present model with previous results obtained for spherical
and cylindrical particles, it should be kept in mind that values of the parameters used in
simulations have a significant effect on the predictions. Baxley and Hellums [2] reported
Nusselt number values ranging between 4 and 12 in modeling erythrocytes as cylindrical
slugs that alternate with plasma gaps such that oxygen is transported by radial diffusion.
Their Nusselt number values are similar to ours (Table 3), even though a different boundary
condition, hemat-ocrit, and other parameters are used. The higher value of hematocrit (50%)
in their model tends to predict a higher transport conductance; however, it is difficult to
identify the respective role of each factor.
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EFFECT OF CHEMICAL KINETICS

Theoretical and experimental studies of Gutierrez [9] and Gutierrez et al. [10, 11] suggest

that chemical kinetics is an important factor to be considered in tissue oxygenation. They

observed a higher difference between mean tissue P, and venous P, in hypoxemia and
2 2

anemia than in normoxia. The effect was attributed to chemical kinetics. The assumption of
instantaneous release of oxygen from RBC to plasma, which leads to a chemical equilibrium
between oxygen and hemoglobin inside an RBC, might not be valid for every point in the
capillary. Gutierrez [9] explained the deviation between end-capillary P02 and venous P02

predicted by his model by the following arguments. The chemical reaction limits oxygen
replenishment from hemoglobin-bound to free form, the result being that plasma oxygen
tension lags behind the “equilibrium”Poz. When RBCs reach the venous pool, the

hemoglobin and plasma reequilibrate, causing oxygen tension to rise. These results suggest
that venous P, may not be an accurate measure of tissue P, under hypoxic conditions. In
2 2

addition to the kinetic effects explanation, the discrepancy between tissue and venous P
2

values might be explained by functional peripheral shunts that decrease the efficiency of
oxygen utilization, such as arteriovenous anastomoses, or by diffusional transport of oxygen
between arterioles and venules.

Our results showed that for the shape parameter 8= 10, end-capillary plasma P02 is about
15 mm Hg lower than RBC P, (Figure 4), a finding that is in qualitative agreement with the
2

results of Gutierrez. However, major differences in the two models make it difficult to
compare the results quantitatively. First, Gutierrez’s model is a continuum model, whereas
ours is discrete. Second, the values of oxygen flux used in the models are probably different;
and, third, the reaction coefficients used in these two simulations are different. Gutierrez’s
kinetic coefficients are smaller than ours, apparently because his coefficients include both
true kinetic and passive diffusion effects. These smaller values may account for the
diffusional resistance of oxygen inside and outside the red blood cell in his model.
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FIG. 1.
Model geometry in cylindrical coordinates. r= R/ Ry is dimensionless radial coordinate; z=

Z 1 Ry is dimensionless axial coordinate. (a) Different RBC shapes correspond to & ranging
from 0 to 26. (Adapted from Zarda et al. [19].) (b) Five-cell model. The unit cell length L is
normalized by the capillary radius Rg.
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FIG. 2.
Oxygen tension distribution at #=0.22 s. Shape parameter 6= 10. (a) Surface plot; (b)

contour plot. The RBC contour is also shown in (b) by the heavy solid line.

Math Biosci. Author manuscript; available in PMC 2018 September 05.

Page 13



Page 14

WANG and POPEL

1
1.0

|
0.5
Z

(a)

1
0.0

Math Biosci. Author manuscript; available in PMC 2018 September 05.

Author Manuscript

Author Manuscript

Author Manuscript

Author Manuscript



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

WANG and POPEL

Page 15

40

FIG. 3.
Oxygen tension distribution at #=0.22 s. Shape parameter &= 10.P, distribution is shown
2

for (a) constant radial position (r= 0, upper curve; r= 0.6, lower curve) and (b) constant
axial position (z=0.37), marked in Figure 2b by dashed lines. Points A, B, C, D, E, and F
are the points of intersection of these lines with RBC contour or capillary centerline.
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FIG. 4.
Spatially averaged RBCP, , plasma P, , and oxygen tension corresponding to spatially
2 2

averaged saturation, P*, versus time. Shape parameter 6 = 10.
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FIG.5.
Deviation from local chemical equilibrium for 6= 10. Solid lines: Equilibrium curve. (a)

Spatially averaged Hb saturation, { S), versus spatially averaged oxygen tension { 2). The

numbers on the reaction path diagram correspond to RBC residence time in seconds. (b)

Hemoglobin saturation versus local P, at #=0.22 s. Points to the left of dashed line deviate
2

from equilibrium P02 by more than 5%. These local data points were obtained from the

radial profiles along line E-F of Figure 2b. The numbers on the reaction path diagram
correspond to the radial coordinate r.
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FIG. 6.
Dependence of local transport characteristics on RBC shape. Agand Bgrepresent the points

of intersection of RBC contours and capillary centerline for shape parameter 6. (a) Unit cell
geometry. (b) P, profiles at capillary centerline. (c) Hemoglobin saturation Sprofiles at
2

capillary centerline. (d) Radial oxygen flux at capillary wall. (e) Axial oxygen flux at section
L ’shown in (a) by a vertical dashed line
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Hemoglobin saturation, oxygen flux, Nusselt number, and mass transfer coefficient versus
time for different RBC shapes. (a) Spatially averaged hemoglobin saturation versus time; (b)
spatially averaged radial O, flux at the capillary wall versus time; (c) transport conductance
(Nusselt number and &* ) versus time.
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TABLE 1
Values of Parameters
Parameter Value
Ry, capillary radius, characteristic length 4.12 ym
L, unit cell length 6.8 um
Vkec, RBC volume 94.1 ym3
H, hematocrit 0.26

D, diffusivity of oxygen in RBC
D, diffusivity of oxyhemoglobin in RBC

D(lp) diffusivity of oxygen in plasma

a, solubility coefficient for oxygen in RBC
a'? solubility coefficient for oxygen in plasma
Psp= N5 /a, oxygen tension at 50% Hb saturation

n, Hill exponent

S, initial value of hemoglobin saturation
Py, initial value of oxygen tension

Py, capillary wall oxygen tension

N7, total heme concentration

k, oxyhemoglobin dissociation constant

9.5x 106 cm?/s
1.44 x 1077 cm? /s

2.4 %105 cm? /s

1.56 x 107 mol/(cm3mm Hg)
1.4 x 1079 mol/(cm3mm Hg)
26 mm Hg

2.7

0.9

59.6 mm Hg

0 mm Hg

2.03 x 10_% mol/cm?

44571
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TABLE 2

Definition and Values of Dimensionless Groups

Group

Value

B 2
p = kN REND,
_1p2
p=kR2ID,
& =p%*Nso/ Ny

_ (p)
52 = 51D1/D1

385
51

0.039

0.017
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TABLE 3

Nusselt Number and y for Selected Values of Shape Parameter 6

® Nu Nug Y A

0 57 91 063 105
3 46 65 070 110
10 39 51 076 118
26 33 40 082 130
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Comparison of Parameters of Several Models

TABLE 4

Page 25

Parameter Hon[ifs?t al. Groebeand Thews Feder spiel and Popel [5] Groebe and Thews[8] Present work

Capillary radius 2.5 /m 275 um 22-3u 2.75 tm 4.12 ym
RBC shape Cylindr Cylindr Sphere Cylindr See Figure 1

; Radiu=1or Radiu=1-2ym; . Radius =2 gm; length = .
RBC size 2 um length = 7.32 ym Radiu=2 #m 5.25 ym See Figure 1
RBC volume a 92 umd 33.5 ym?3 66 um? 94.1 ym?3
RBC surface area _a 117.12 ym? 50.25 ym? 91.10 #m? 134.1 pm?
Capillary wall — o - P,,=3 mm Hg or corresp.
boundary condition Fu=0 P =2-3 mm Hg Fw=00r10mmHg boundary flux Pi=o
Cell spacing _a 1 RBC length 0.1-3 RBC diameters 1-4 RBC lengths ggim“ length =
Thickness of Plasma sleeve, 0.75 Thickness of endothelium
perierythrocytic lor2m 4m; resistance layer; Variable and interstitial space, 0.8—  Variable
resistance layer 1-2 ym 3.2 /m
Capillary inlet
hemoglobin 85% 85% 90% 85% 90%
saturation

a - .
RBCs are distributed continuously, no plasma gap between cells.
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