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Abstract

Learning in educational settings emphasizes declarative and procedural knowledge. Studies of
expertise, however, point to other crucial components of learning, especially improvements
produced by experience in the extraction of information: perceptual learning. We suggest that such
improvements characterize both simple sensory and complex cognitive, even symbolic, tasks
through common processes of discovery and selection. We apply these ideas in the form of
perceptual learning modules (PLMs) to mathematics learning. We tested three PLMs, each
emphasizing different aspects of complex task performance, in middle and high school
mathematics. In the MultiRep PLM, practice in matching function information across multiple
representations improved students’ abilities to generate correct graphs and equations from word
problems. In the Algebraic Transformations PLM, practice in seeing equation structure across
transformations (but not solving equations) led to dramatic improvements in the speed of equation
solving. In the Linear Measurement PLM, interactive trials involving extraction of information
about units and lengths produced successful transfer to novel measurement problems and fraction
problem solving. Taken together, these results suggest 1) that PL techniques have the potential to
address crucial, neglected dimensions of learning, including discovery and fluent processing of
relations, 2) PL effects apply even to complex tasks that involve symbolic processing, and 3)
appropriately designed perceptual learning technology can produce rapid and enduring advances
in learning.

What aspects of scientific research on learning have relevance for education? In the
educational literature, we find discussions of fact learning, conceptual understanding,
procedure learning, constructing explanations, analogical reasoning, and problem solving
strategies. Except for an occasional mention of pattern recognition, little hints at any role for
perceptual learning. Likewise, studies of perceptual learning involving sensory
discriminations among a small set of fixed stimuli appear to have little connection to real

Correspondence concerning this article should be addressed to Philip J. Kellman, Department of Psychology, University of California,
Los Angeles, 405 Hilgard Avenue, Los Angeles, CA, 90095-1563. Email correspondence may be sent to <
kellman@cognet.ucla.edu>.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Kellman et al.

Page 2

world learning tasks, least of all to high-level, explicit and symbolic domains such as
mathematics. Despite this apparent irrelevance or neglect, perceptual learning —
improvements in information extraction as a result of practice -- is one of the most important
components of learning and expertise in almost any domain, including mathematics. It is
also the component least addressed by conventional instruction; thus, problems of
information selection and fluent extraction of structure pose major obstacles for many
learners.

In this article, we describe the relevance and promise of applications of perceptual learning
(PL) to high-level cognitive domains. We focus on mathematics learning but we hope the
relevance to other areas of learning will be obvious. Applying PL to such domains is a
startling and exciting endeavor. It is startling because some current conceptions of PL would
preclude this kind of connection, and it is exciting because considerable evidence suggests
that PL technology can address crucial and neglected dimensions of learning, offering the
possibility of major advances in the effectiveness of learning in many domains.

We first summarize some characteristic improvements in human information extraction that
derive from PL. Next we explain the connection between these changes in high and low level
PL tasks, focusing on the notions of discovery and selection as unifying concepts. We then
describe three examples of research on perceptual learning modules (PLMSs) that apply these
ideas to mathematics learning, each illustrating a separate strength of PL interventions. The
current treatment is brief, and we refer the reader to other sources for more expansive
discussion of some issues (Garrigan & Kellman, 2008; Kellman, 2002; Kellman, et al, 2008;
Kellman & Garrigan, in press).

Characteristics of Expertise Generated by Perceptual Learning

In contrast to the literature on learning, scientific descriptions of expertise are dominated by
PL effects. In describing their studies of master level performance in chess, Chase & Simon
(1973) wrote: “It is no mistake of language for the chess master to say that he ‘sees’ the
right move; and it is for good reason that students of complex problem solving are interested
in perceptual processes.” (p. 387). Table 1 summarizes some of the well-known information
processing changes that can derive from PL. Kellman (2002) suggested that these can be
divided into discovery and fluency effects. Discovery pertains to finding the features or
relations relevant to learning some classification, whereas fluency refers to extracting
information more quickly and automatically with practice. Both discovery and fluency
differences between experts and novices have since been found to be crucial to expertise in a
variety of domains, such as science problem solving (Bransford, Brown & Cocking, 2001;
Chi et al, 1981; Simon, 2001), radiology (Kundel & Nodine, 1975; Lesgold, et al., 1988),
electronics (Egan and Schwartz, 1979), and mathematics (Robinson & Hayes, 1978).

Scope of Perceptual Learning

Eleanor Gibson, who pioneered the field of PL (for a review, see Gibson, 1969), defined it as
“an increase in the ability to extract information from the environment, as a result of
experience...” (1969, p. 3). She described a number of particular ways in which information
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extraction improves, including both the discovery and fluency effects noted above. Of
particular interest to Gibson was “...discovery of invariant properties which are in
correspondence with physical variables” (Gibson, 1969, p. 81). This view of PL applies
directly to many real-world learning problems; although Gibson did not mention
mathematics learning, her examples included chick sexing, wine tasting, map reading, X-ray
interpretation, sonar interpretation, and landing an aircraft.

Much contemporary PL research differs from these earlier ideas, both in the types of
learning problems studied and in theoretical context. It is common to consider PL as
described by Fahle & Poggio (2002): “...parts of the learning process that are independent
from conscious forms of learning and involve structural and/or functional changes in
primary sensory cortices.” This emphasis derives from several related ideas. PL effects often
show specificity to stimulus variables (such as orientation or motion direction) or observer
variables (such as the eye or part of the visual field used in training). Specificity in learning
(lack of transfer) has been assumed to indicate a low-level locus of learning effects,
implying that mechanisms of PL are modifications, such as receptive field changes, in early
sensory areas.

Confining PL to changes early in sensory systems would separate it from most real-world
learning tasks involving higher order relations and extraction of invariant patterns from
varying instances. If the supporting assumptions are correct, then the type of PL being
studied recently has little to do with mathematics learning. Perhaps the discovery of
invariance in complex tasks and modification of receptive fields in simple discriminations
have little do with each other, and the best course would be to adopt different names for
these different kinds of learning.

Such a division would be unfortunate, for two reasons. First, the assumptions supporting
confinement of PL to early sensory cortices and simple sensory phenomena are not
sustainable. Those that are logical assumptions, such as the idea that specificity of learning
implies a low-level locus, are fallacies (Mollon & Danilova, 1996). Those that are empirical
hypotheses appear to be false (for more extended discussions, see Garrigan & Kellman,
2008; Kellman & Garrigan, in press). For example, data about transfer from PL experiments
have been inconsistent, and small task variations can lead to large differences in generality
of learning (e.g., Liu, 1999; Sireteanu & Rettenback, 2000); single-cell recording data offer
little support for receptive field modification as the explanation for PL, at least in vision
(e.g., Ghose, Yang, & Maunsell, 2002). Furthermore, substantial evidence suggests that PL,
even when oriented toward a low-level sensory discrimination, is guided by higher-level
tasks (Ahissar & Hochstein, 2004), and attention (Seitz et al, 2005; Seitz & Watanabe,
2005), and may in fact be required to work through constancy-based representations
(Garrigan & Kellman, 2008).

Perhaps the most important rationale for considering “high” and “low” level tasks together
in PL is that they may share common principles and mechanisms. For Gibson, a key to PL
was selection. Recent experimental results suggest that selection is a better explanation of
many low-level PL phenomena than receptive field modification (Petrov, Dosher & Lu,

2005; Ahissar, et al 1998). Higher levels of processing receive inputs from below; learning

Top Cogn Sci. Author manuscript; available in PMC 2018 September 05.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Kellman et al.

Page 4

processes discover which inputs are most relevant, and these inputs become more heavily
weighted (Mollon & Danilova, 1996; Petrov et al, 2005). Processes of discovery and
selective weighting offer concepts that apply to both laboratory studies of sensory
discrimination and discovery of high-level invariance in ecologically important tasks.

Applications of PL to High-Level Learning Domains

Assuming the relevance of PL to complex tasks, one might still wonder about symbolic
domains such as mathematics. Even Gibson’s examples -- wine tasting, recognizing aircraft
or reading X-rays -- seem much less “cognitive.” Mathematics might be thought to involve
only declarative knowledge and procedures. There are inherently symbolic aspects of
mathematical representations that cannot be apprehended via information “in the stimulus.”
This is true, but it is also true that mathematical representations pose important information
extraction requirements and challenges. Characteristic difficulties in mathematics learning
may directly involve issues of discovery and fluency aspects of PL. A number of studies
indicate the role of PL in complex cognitive domains, such as mathematics (Goldstone,
Landy & Son, 2008; Silva & Kellman, 1999), language or language-like domains (Reber &
Allen, 1978; Reber, 1993; Saffran, Aslin & Newport, 1996; Gomez & Gerken, 1999), chess
(Chase & Simon, 1973) and reading (Baron, 1978; Reicher, 1969; Wheeler, 1970). Some
have asserted that in general, abstract concepts have crucial perceptual foundations
(Barsalou, 1999; Kosslyn & Thompson, 2000; Landy & Goldstone, 2008). Moreover, in
complex cognition it is important to realize that conceptual and procedural knowledge must
work together with structure extraction. Both declarative and procedural knowledge depend
on pattern recognition furnished by PL. Which facts and concepts apply to a given problem?
Which procedures are relevant? How do we appropriately map parts of the given information
into schemas or procedures? These are fundamentally information selection and pattern
recognition problems.

Perceptual Learning Technology

The lack of PL techniques in instructional contexts owes not only to its neglect in learning
research but also to the lack of suitable methods. The expert’s pattern extraction and fluency
are thought to develop separately from formal instruction, as a result of experience. Yet
recent efforts suggest that there are systematic ways to accelerate the growth of perceptual
expertise, in areas as diverse as aviation training (Kellman & Kaiser, 1994), medical learning
(Guerlain et al, 2004), language difficulties (Tallal, Merzenich, Miller, & Jenkins, 1998), and
mathematics (Silva & Kellman, 1999; Kellman et al 2008).

In our work, we implement PL principles in perceptual learning modules (PLMs). Although
a full description is beyond our scope here, we mention some elements of PL interventions.
Although we lack complete models of PL in complex tasks, it appears that information
extraction abilities advance when the learner makes classifications and (in most cases)
receives feedback. Digital technology makes possible many short trials and appropriate
variation in short periods of time, allowing the potential to accelerate PL relative to less
frequent or systematic exposure to structures in a domain. Unlike conventional practice in
solving problems, learners in PLMs typically discriminate patterns, compare structures,
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make classifications, or map structure across representations. In this short report, we
summarize three applications of PLMs to mathematics learning, each highlighting a
particular issue. The goal is to illustrate a range of applications of the approach.

Mapping Across Multiple Representations: The MultiRep PLM

METHOD

Mathematical representations are aimed at making concepts and relations accurate and
efficient, but they pose complex decoding challenges for learners. Each representational type
(e.g., a graph, or an equation) has its own structural features and depicts information in
particular ways. Perceptual extraction of structure from individual representations and
mapping across representations present learning hurdles that are not well addressed by
ordinary instruction. We developed the Multi-Rep PL M to help middle and high school
students develop pattern recognition and structure mapping with representations of linear
functions, in graphs, equations, and word problems. As in many PLMs, rather than having
students solve problems for a numerical answer, we presented them with short, interactive
classification tasks which facilitated fluent extraction of important features and patterns.

Participants.—68 9t and 10t grade students, taking algebra or geometry at a diverse
private school in Santa Monica, California participated in this study.

Design.—Students received a paper-and-pencil pretest and posttest containing two kinds of
problems. Four problems required solving word problems involving linear functions. Eight
translation problems involved presentation of a word problem, graph, or equation with the
student being asked to translate the given target to a new representation -- specifically, to
generate an appropriate graph or equation in response. There were four types of translation
problem: equation to graph (EG), graph to equation (GE), word problem to equation (WE),
and word problem to graph (WG). Students were not asked to generate word problems (i.e.,
equation or graph to word problem) because of the variability in possible correct responses.

Students in the PLM condition used a self-contained computer program that ran on a
Windows platform with a point-and-click interface. The PLM consisted of short mapping
trials, where students were presented with a target equation, graph, or word problem, and
were asked to select among three possible choices for an equivalent representation depicting
the same information. An example is shown in Figure 1. There were six types of mapping
trials, comprising all possible pairs of word, equation, and graphical representations given as
targets and choices. All equations were in the slope-intercept (y = mx + b) form. The
program tracked responses and speed. Visual and auditory feedback followed each student
response. Training consisted of two sessions of 60 trials each.

In a Control condition, students were asked to practice the same kinds of translation
problems that appeared on the assessments. They were given packets with 32 problems
including equal numbers of the four generation problem types, designed to closely resemble
the translation problems on the assessments. Every time students completed a section of the
practice packet, they were given an answer key to check their answers. Feedback stated the
correct answer and offered no further explanations.
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Procedure.—The students used two class periods on two consecutive days to complete the
pretest, the instructional intervention, and the posttest. On the first day, students completed a
brief background questionnaire, the pretest, and began their learning intervention (either
practice packets or PLM). On the second day, students completed their learning
interventions and took the posttest. Control and PLM conditions took comparable amounts
of time.

RESULTS AND DISCUSSION

Primary results for translation problems for the PLM and Control conditions are shown in
Figure 2. There were no significant differences in pretest accuracy between the Control and
PLM conditions, 467) = 1.11, p=.27. There was a robust interaction of test by condition,
F(1,66) = 21.17, indicating that the PLM group improved from pretest to posttest more than
the control group. Word problem solving (not shown) averaged about 85% in the pretest in
both groups and did not vary between groups.

These results, from two short sessions of PLM use, indicate that practice in mapping
problems across multiple representations led to strong improvements on a transfer task —
generating the correct equation or graph from a word problem, graph, or equation. In
contrast, for the Control group, the translation task in the posttest was not one of transfer; it
was the same task practiced during training. The remarkable fact that the PLM group
performed better on this transfer task than a control group that practiced the actual task
suggests that the PLM produced improvements in structure extraction that are useful to other
mathematical skills, such as representation generation.

We have carried out further studies in this paradigm; these raise a number of interesting
issues and will be reported elsewhere (Son, Zucker, Chang & Kellman, in preparation). We
include here, however, a 12t grade sample for comparison (Figure 1, rightmost data).
Pretest scores indicate that even in grade 12, the initial ability to generate correct equations
and graphs is poor. The large posttest gains for PLM users, however, indicate that older
students may have greater readiness to benefit from the PLM.

From Knowledge to Fluency: Algebraic Transformations

METHOD

One prediction of a PL approach is that it should be possible for a student to have relevant
declarative and procedural knowledge in some domain and yet lack fluent information
extraction skills. We tested this idea in work in algebra learning with students who had been
instructed for half of a school year on the basic concepts and procedures for solving
equations. The hypothesis was that despite reasonable student success in declarative and
procedural learning, the “seeing” part of algebra is poorly addressed by ordinary methods
and might be accelerated by a PL intervention focused on structures and transformations.
For more complete details see Kellman et al (2008).

Participants.—Participants were 30 8" and 9t grade students at an independent
philanthropic school system in Santa Monica, California, tested after mid-year of a year-long
Algebra I course.
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Apparatus and Materials.—The PLM was tested on standard PCs using the Windows
operating system in computer-equipped classrooms. All assessments and the PLM were
presented on computer, with participants’ data being sent to a central server.

Design and Procedure.—The experiment was set up to assess the effects of PL
techniques on learners’ speed and accuracy in recognizing algebraic transformations and the
transfer of PL improvements in information extraction to algebra problem solving. A pretest
was given on one day, followed by 2 days in which students worked on the PLM for 40
minutes per day. A post-test was administered the next day. For a subset of subjects, a
delayed posttest was administered two weeks later. In the Algebraic Transformations PLM,
participants on each trial selected from several choices the equation that could be obtained
by a legal algebraic transformation of a target equation. An example is shown in Figure 3.
Problems involved shifts of constants, variables or expressions. Accuracy and speed were
measured, and feedback was given. Parallel versions of assessments were constructed such
that corresponding problems on separate versions varied in the specific constants, variables,
or expressions appearing in each equation. Each participant saw a different version in
pretest, posttest and delayed posttest, with order counterbalanced across participants. Each
version of the assessment contained recognition problems similar to those in the PLM and
solve problems, used as a transfer test. Solve problems were basic Algebra | equations in a
single variable, ranging from simple items (such as x — 5 = 2) to more complex “two step”
problems (such as -6 = 3t/ 5).

RESULTS AND DISCUSSION

Figure 4 shows the data from this study on the transfer task of equation solving, for students
who completed the pretest, learning phase, posttest and delayed posttest. A key insight from
this study comes from the pretest data. The accuracy of algebra problem solving was quite
high for learners at the beginning of the study, averaging almost 80%. This level of
competence indicates the success of instructional efforts in conveying concepts and
procedures for solving equations. Yet students’ explicit knowledge contrasts with an obvious
difficulty in fluent processing of structure: Students take about 28 sec per problem to solve
simple algebra problems! This aspect of their problem solving was dramatically improved
from PLM use. After two sessions, speed of solving had dropped to about 12 sec per
problem. These gains were fully preserved after a two-week delay. Note that these learners
never practiced solving equations in the learning phase; the PLM activity focused on
recognizing structure and transformations. That this short intervention led to large and
lasting gains in fluency suggests that PL methods can produce rapid advancement on
dimensions of learning that are not well developed by conventional instruction.

Fostering Structural Insight: Linear Measurement

U.S. students perform poorly on measurement problems on national and international
standardized tests. Even basic skills, such as linear measurement with rulers, show
significant deficits. For example, National Assessment of Educational Progress (NAEP)
results indicate that many elementary and middle school students are unable to use a ruler
that has been broken to measure a 2 % inch toothpick whose left end is aligned with 8 rather
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than 0 (NCES, 2008). Students’ incorrect responses suggest that they do not conceive of
units of linear measurement as having extent. Further, they do not make a clear distinction
between position and distance, and they have great difficulty using fractions to represent
subdivisions of units.

In a current project, we are applying PL principles to concepts of measurement and
fractions. One PLM addressed learning difficulties related to linear measurement.
Explanations and demonstrations that students normally receive may be insufficient for them
to extract relevant features and relations in measurement. As a result, they learn blind
procedures that involve misunderstandings of measurement. We applied PL principles using
interactive trials that emphasized students’ discrimination of position and distance and
fostered their structural intuitions about units, including fractional units, in measurement
problems.

Participants.—Participants were 63 6Mgraders who participated in a PLM instructional
intervention plus 78 7t graders and 8t graders who served as uninstructed control
participants, all from an urban public middle school serving a predominantly low-income
neighborhood.

Design.—The web-delivered PLM presented learners with a graphic display showing a ball
on top of a ruler and a billiard cue poised to strike it. Learners were presented with four
types of trials that varied the information given and what information was to be found (e.g.,
given the start and endpoint, find the distance traveled; or given the start point and distance
traveled, find the endpoint). The user entered responses by keying them in using an onscreen
interface or by dragging a marker on the ruler to the desired point. Once the learner had
entered his or her response and pressed a button labeled “strike,” the billiard cue would carry
out the event on the screen. Animated feedback was provided on each trial.

The learning items in the database varied in numerical values, whether rulers were fully or
partially labeled, and whether they were partitioned in the most economical way to solve the
problem or were over-partitioned (e.g., a ruler marked in units of 1/16 for a problem
involving 1/8s). Items in the learning set were classified into 8 categories, including both
fraction and integer problems.

Procedure.—6™ grade students first completed a 44-point pencil and paper assessment
with a variety of items related to linear measurement with integers and fractions, and adding
and subtracting fractions. Equivalent versions were used in counterbalanced fashion for
posttests and delayed posttests. Virtually all items were transfer items in that they did not
directly resemble the trials presented to students during the PLM training. The control group
of 71 and 8! graders, who did not participate in any study-related instruction, were
administered the assessment just once, providing a baseline comparison for the 6! graders’
scores. After completing the pretest, 61 graders participated in a single introductory
classroom lesson lasting 40 minutes that served to introduce the PLM and the main concepts
involved. They then used the PLM software until they either met mastery criteria for all
categories or until they had completed 6 sessions. Within 1 to 2 days of completing their last
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PLM session, students completed a posttest. Four months later, the 6! graders completed a
delayed posttest, with no study-related activities occurring in the interim.

RESULTS AND DISCUSSION

As can be seen in Figure 5, prior to instruction, the 6! graders and the 7" and 8! grade
control groups scored similarly. This result suggests that the substantial focus on these topics
in normal curricula for these grades produces little improvement through the middle school
years. PLM use produced significant improvement in the 6! grade intervention group,
confirmed by a one-way ANOVA comparing the 6%, 7t and 8t grade groups (F (2, 138) =
19.687, p < 0.001). The 6™ graders achieved nearly identical scores on a delayed posttest
administered four months later, indicating that their learning gains were fully maintained.
Among the subscales, students’ performance improved in reading and constructing lengths
with conventional and broken rulers, and they also made strong gains in fraction problem
solving. As assessment problems were transfer items of varied kinds, it appears that the
PLM guided students to see the relevant structures underlying units, measurement and
fractions, replacing blind procedures used initially by many students.

General Discussion

The study of PL interventions in education and training has barely begun, yet the promise is
already clear. PL techniques have the potential to address crucial, neglected dimensions of
learning. These include selectivity and fluency in extracting information, discovering
important relations, and mapping structure across representations. Each PLM described here
addressed an area of mathematics learning known to be problematic for many students. In
each case, a relatively short intervention produced major and lasting learning gains, and in
each case the learning transferred to key mathematical tasks that differed the training task.

Taken together, these results suggest that PL components play a strong role even in complex
tasks that involve symbolic processing. They further indicate that appropriately designed PL
technology can produce rapid advances in learning. Few learning interventions produce large
learning improvements and transfer from short interventions as occurred in each experiment
reported here. Further research will undoubtedly reveal even more about how to optimize
discovery of structure and fluency in complex domains. Moreover, the synergy in complex
tasks among perceptual, declarative and procedural learning poses important questions
regarding both the detailed nature of the interactions and how in instruction they may be
optimally combined.
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Figure 1.
Example of a display in the MultiRep PLM. (See text.)
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Figure 2.
Results of MultiRep PLM study for translation problems by condition and test. Translation

problems required students to generate a correct equation or graph given a word problem,
graph, or equation. Control and PLM conditions from the experiment are shown in the left
and middle sections. A comparison group of 12t graders run in a separate sample is shown
in the rightmost column. Error bars indicate + 1 standard error of the mean.
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Figure 3.
Example of a display in the Algebraic Transformations PLM. (See text.)
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Figure 4.
Results of Algebraic Transformations PLM study for the transfer task of solving algebraic

equations. Data for pretest, posttest, and delayed posttest are shown for accuracy (left panel)
and response time (right panel). Error bars indicate + 1 standard error of the mean.
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Figureb.
Results of Linear Measurement PLM. Pretest, posttest, and posttest accuracy after a 4-month

delay on a battery of measurement and fraction problems are shown in the leftmost three
columns. Seventh and 8t grade control groups are shown in the two columns to the right.
Error bars indicate £ 1 standard error of the mean.
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Table 1.

Some characteristics of novice and expert information extraction. (See text.)

NOVICE EXPERT

DISCOVERY Effects

SELECTIVITY: Attention to irrelevant and relevant information  Selective pickup of relevant information/Filtering

UNITS: Simple features “Chunks”/Higher-order relations
FLUENCY Effects

SPEED: Slow Fast

ATTENTIONAL LOAD: High Low

SEARCH TYPE: Serial processing Some parallel processing
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