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Abstract

A unified framework is proposed to select features by optimizing computationally feasible
approximations of high-dimensional conditional mutual information (CMI) between features and
their associated class label under different assumptions. Under this unified framework, state-of-
the-art information theory based feature selection algorithms are rederived, and a new algorithm is
proposed to select features by optimizing a lower bound of the CMI with a weaker assumption
than those adopted by existing methods. The new feature selection method integrates a plug-in
component to distinguish redundant features from irrelevant ones for improving the feature
selection robustness. Furthermore, a novel metric is proposed to evaluate feature selection methods
based on simulated data. The proposed method has been compared with state-of-the-art feature
selection methods based on the new evaluation metric and classification performance of classifiers
built upon the selected features. The experiment results have demonstrated that the proposed
method could achieve promising performance in a variety of feature selection problems.
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1. Introduction

Feature selection has been an important component in machine learning, especially in
studies with high-dimensional data. Since the high-dimensional data typically contain

irrelevant or redundant features, selecting a compact, informative subset of features not only

reduces the computational cost for data analysis, but also potentially improves the pattern
recognition performance [1,6,24,25]. Feature selection is also able to enhance the
interpretability of intrinsic characteristics of the high-dimensional data [5,8,22].
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In general, feature selection methods can be categorized into 3 groups: filter methods
[4,13,27,31,44], wrapper methods [23,26,35], and embedded methods [7,11,46,49,50]. The
filter methods rank features according to their relevancy to the problem under study, gauged
by proxy measures that are independent of pattern recognition models to be used in the data
analysis. The wrapper methods select features to optimize a pattern recognition model’s
performance, and they typically have higher computational cost than the filter methods. The
embedded methods typically integrate the feature selection with the pattern recognition
model learning, and can achieve good performance with moderate computational cost.
Particularly, sparsity regularization based algorithms are representative embedded methods
and have attracted much attention in recent years [11,34,37-41,50]. Recent advances in
feature selection not only improve pattern recognition performance but also expand
applications including multi-label classification, innovation management, and microarray
and omics data analysis [1,6,13,19,24,25,29,31,33,52]. In this study, we focus on the filter
methods that measure the relevancy of features to a pattern recognition problem under study
based on information theoretical criteria.

In the past two decades, many information theoretical criteria have been proposed for feature
selection [2,8,47]. Mutual information (MI) based feature selection methods, referred to as
Mutual Information Maximization (MIM), have been widely adopted in feature selection
studies [8,9,30]. MIM adopts mutual information to measure each feature’s relevancy to the
class label, which does not consider redundancy and complementariness among features. An
improved method, referred to as Mutual Information Feature Selection (MIFS), is able to
reduce the redundancy of the selected features [3], and many variants of MIFS have been
developed [28,45,48]. Particularly, Min-Redundancy Max-Relevance (MRMR) selects
features with a trade-off between relevancy and redundancy of the selected features [42].
Moreover, several feature selection methods have been proposed to take relevance,
redundancy, and joint effects of multiple features together into consideration
[14,18,20,32,36,51]. For example, Joint Mutual Information (JMI) has been adopted to
measure joint redundant and complementary effect of features in feature selection methods
[36,51], and Conditional Mutual Information Maximization (CMIM) utilizes a min-max
principle to exploit the joint effects of features in feature selection [14,18]. The feature
selection methods based on information theoretical criteria have been successfully applied to
many problems. However, most of them are manually-designed heuristics, aiming to
simultaneously maximize the relevance of features and minimize redundancy among
features [8].

In this study, we first present a theoretical framework for information theory based feature
selection using Bayesian error rate and Fano’s Inequality [17,43]. Under this framework,
most of the existing information theory based feature selection methods can be interpreted as
maximizing a lower-order approximation of conditional mutual information between
features to be selected and the class label, given features that have been selected under
different assumptions. An improved method is then proposed to select features by
Optimizing a Lower Bound of Conditional Mutual Information (OLB-CMI) with a weaker
assumption, motivated by the principle of Occam’s Razor that the assumption is weaker, the
method would have better generalization performance. The OLB-CMI method also
integrates a plug-in component to distinguish redundant features from irrelevant ones, which
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improves the feature selection robustness when most of the features to be selected are
irrelevant. To evaluate the performance of feature selection, a novel metric is proposed to
directly measure feature selection precision of feature selection methods based on data with
ground truth. This evaluation metric has been adopted to evaluate the proposed feature
selection method, 3 information theoretical methods including MIM, JMI and mMRMR, 2
classical filter methods including Fisher Score (FS) [4] and ReliefF [27], and 2 sparsity
regularization based feature selection methods including Least Absolute Shrinkage and
Selection Operator (LASSO) [46] and Discriminative Least Squares Regression for Feature
Selection (DLSR-FS) [37,50]. We also evaluated the proposed method based on
classification performance of classifiers built on the selected features on 12 publicly
available datasets, and compared it with the aforementioned 7 feature selection algorithms.

The remainder of the paper is organized as follows. In Section 2, background knowledge of
mutual information is presented; then a unified theoretical framework for information
theoretical methods is proposed in Section 3 ; OLB-CMI is presented in Section 4 ; a new
metric to gauge the performance of feature selection is proposed in Section 5 ; the
experimental results for evaluating feature selection methods is presented in Section 6 ; and
finally in Section 7 this paper is concluded with discussions.

2. Background

In this paper, upper case alphabets, such as A, B, and .X; denote random variables; lower
case alphabets, such as &, £and x, denote samples of random variables denoted by their
corresponding upper case alphabets; p () denotes a probability distribution function, and p (:
| -) denotes a conditional probability distribution function; A (:) denotes entropy, /(- ; -)
denotes M1 between two variables, and /(- ; - | -) denotes CMI. All the random variables can
be multi-dimensional.

Definition 1—For random variables A, B, and C, with domains 27, 8 and %, respectively,
the conditional mutual information between A and B given Cis defined as:

) _ . pla,b | c)
I(A;B| C) ) ;ﬂb gggc g:%p(u, b,L)lUgip(a DranE

When A and Bare conditionally independent given C, i.e., p(a 8 ¢) = p(a| ¢) p(4 ¢), or (4
ac=pfc, (A Bl O=0.

Lemma 1—/f random variable A is independent of joint random variables (B, C), the
conditional mutual information | (A, B| C) is equal to zero:

I(A;B| C)=0

Proof—Since p(a, b, ¢) = (&) (b, ©), Zpcg (& b, €) = Zpecp &) Kb, ¢). Therefore, p(a, ¢)
= p(a) p(c). Then, we have p(a| ¢) = p(4) and

plab| )= 82O = PRI — payp(p | ¢) = pla| (b | o).
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Lemma 2—/f random variable A is a deterministic function of random variable C, the
conditional mutual information | (A ; B| C) is equal to zero:

I(A;B| C)=0.

Proof—Since A= 7(O), p(H a ¢) = p(H ¢). Therefore, we have A, B| C)=0.

Note that these conclusions are valid when A, B, C are multi-dimensional random variables.

3. An unified framework for information theoretic criteria based feature

selection

Given a pattern classification problem with a training dataset {(x’, ¢), i=1, ..., AV}, where x’
is a D-dimensional training data point and ¢/ is its associated class label. x/and ¢’ are
considered as independent identically distributed (/.7.d.) samples of their corresponding
random variables X = {X, j=1, ... D} and C, respectively. Each element X, of X is referred
t 0 as a feature.

Bayesian error rate of a given classification problem has a lower bound measured by the
mutual information between features and the class label, as defined by Fano’s inequality
[17,43] :

HC) - 1(X;C) -1

P(C+C)=PE) > 708 .

where Cis the predicted classification label obtained based on given features

o 1if C#C. . : : :

X.E= if - * is a random variable of Bayesian error, P (£) is the Bayesian error rate,
0if C=C

and C is the number of classes.

Fano’s inequality theoretically indicates that if the mutual information between the selected

features and class label is larger, the low bound of Bayesian error rate will be smaller. Thus,

the feature selection can be directly modeled as an optimization problem to find Xx, a subset
of X, so that it’s mutual information with the class label Cis maximized.

X, =argmax (I(Xg: 0)),  (2)
XSGX

where Xg = Xsd= {Xq1), Xy2), ---» X} IS @ subset with d'features. We denote the set of
unselected features by Xs= {X1), Xy2), ---» Xgp-g)}, denote X swithout X;by Xg;(X; €
Xsg), and denote an unselected feature by Xja or Xj

Since it is a NP-hard problem to search all possible subsets [44], a suboptimal greedy
forward searching strategy is typically adopted to select features. Given an optimal subset of
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features, Xgg, that has been selected, then the (¢+ 1)7 feature, X+, to be selected should be

able to maximize

X, =ar max(I(X d,Xk,C)) 3)
Xy €

Since /(Xsd, C) is known, the optimization problem of Eq. (3) is equivalent to maximizing
the incremental mutual information:
X, = argmax (I(X @ X 0) = I(Xsd; O). @)
€Xg

Xk §

Maximizing the incremental mutual information can be formulated as the maximization of
CMI

X, =ar max(I(Xk,C|Xd)) (5)
Xk XS

For the forward searching based feature selection, we present another relationship between
Bayesian error rate and CMI (or increment mutual information) between the features and
class label for forward feature selection formulated in Eq. (4), as stated in Theorem 1.

With more features being selected, incremental Bayesian error rate is less or equal to zero. If
and only if conditional mutual information between the features to be selected and the class
label given the selected features is equal to zero, the equality holds.

Given an arbitrary feature X1, Bayesian error rate with X; can be derived as:

P(E)) = /P(el,xl)dxl = /‘P(e1 | x)p(x)dx,, (6)

where P(ey | x1) =min[1 - P(c|X1), 1 - P(e|Xx1), P(a|X1) ...]and [c1, &, 3, ...] IS
the sample space of the class label C.

Then, adding a feature X, Eq. (6) can be reformulated as

P(E)) = ﬂP(el,xl,xz)dxldxzz ./].P(e1 | X1, x,)p(x,, xy)dx dx,. (7)
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Similarly, Bayesian error rate with X1 and X5 is

P(E,)) = /]‘P(ez,xl,xz)a’xldx2 = -/]P(e2 | x|, x,)p(x,, x,)dx,dx,, (8)

where P(& | X1, X2) =min[1 - P(c1 | X1, X2), 1 = P(& | X1, X2), L = P(¢3] X1, X2) ...] and
[c1, &, c3, ...] is the sample space of the class label C.

Combining Eg. (7) and Eq. (8), we have

Pley | xy,x,) < Pley | x,x5) . (9)

Thus, the incremental Bayesian error rate is less than or equal to zero, i.e., P(E) — P(£) <
0. If and only if p(c| X1, X2) = p(d X1), the equality holds. Actually, when p(c| X1, X2) = p(d
X1), incremental mutual information or conditional mutual information between X, and C
given Xy is also equal to zero: X1, X5 ;0 — Xy, ;O) = (X5 ;Q Xq1) =0. Then, we can
obtain the conclusion.

Theorem 1 theoretically justifies the intuitive fact that irrelevant features and redundant
features are non-informative or useless to lower Bayesian error rate. If a feature to be
selected, Xj, is an irrelevant feature, i.e., Xjis jointly independent of the selected features
and the class label (Xs@, C), according to Lemma 1 the conditional mutual information
(X ;4 Xsd) = 0, indicating that the increment Bayesian error is equal to zero. If Xjis
redundant, i.e., Xy = f(Xsd), according to Lemma 2 the conditional mutual information
(X ,C| Xsd) = 0, indicating that the increment Bayesian error is also equal to zero.

Although the forward strategy can address the NP-hard problem, the computational cost of
high-dimensional CMI is prohibitive with the increasingly selected features because of curse
of dimensionality. In practice, most of the existing information theoretical feature selection
methods approximate the CMI with no more than 3 variables, and use heuristics to
simultaneously maximize the relevance of features and minimize redundancy among the
selected features [8]. In following, we will illustrate that most of the heuristic strategies are
essentially low-dimensional approximations of the high-dimensional CMI modeled by Eq.
(2) or Eq. (5) with different assumptions. Particularly, we choose 3 representative methods,
including MIM, JMI, and mRMR. The MIM method is the basic form of the information
theory based feature selection methods, while JMI and mMRMR have better performance for
feature selection among existing information based methods [8]. According to the principle
of Occam’s Razor, the weaker assumptions adopted in a method, the better generalization
performance the method will have. Therefore, this framework can enable us to theoretically
evaluate and compare these algorithms.

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.
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3.1. Mutual Information Maximization (MIM)

MIM selects features based on the mutual information between each feature and the class
label without taking joint effects of features into consideration [9,30], i.e.,

X, = argmax (I(X,; C)), (10)
Xk eX

which can be derived from Eq. (2) based on Assumption 1 and Assumption 2.

Assumption 1—All features are mutually independent, i.e.,

pxp= ] pxp. (1)

xkexs

Assumption 2—All features are mutually conditionally independent given the class label,
ie.,

pixglo= ] rtylo. (12

xkexs

Proposition 1— The optimization problem of MIM and Eq. (2) have the same solution if
Assumption 1 and Assumption 2 are satisfied.

Proof. is presented in Appendix. A.

MIM is a simple and intuitive information theory based feature selection method. However,
Assumption 1 and 2 are so strong that they cannot be satisfied in most real applications.
Therefore, the performance of MIM is often limited.

3.2. Joint Mutual Information (IMI)

JMI was first proposed by Yang and John [51], and was further developed by Meyer et al.
[36]. JMI can be modeled as [51] :

X, = argmax IX, X0 (13)
X €Xs\x'€X

i S

This method can be derived from Eq. (5) if Assumptions 3 and 4 are satisfied.

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.
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Assumption 3—Any one of the unselected features is conditionally independent of union
of the selected features after removing a feature given the removed feature itself, i.e.,

pxy; Xg; | x;) = plx; | x)p(xg; | x). (14)

Assumption 4—Any one of the unselected features is conditionally independent of union
of the selected features after removing any feature given the class label and the removed
feature itself, i.e.,

PO x| x,0) = plxg | x; 0p(xg,; | x;.0). (15)

Proposition 2— The optimization problem of JMI and Eq. (5) have the same solution if
Assumption 3 and Assumption 4 are satisfied.

Proof. is provided in Appendix. B.

Assumption 3 is weaker than Assumption 1. If Assumption 1 is satisfied, X is independent
of joint random variable (Xg/,; X)), and the proof of Lemma 1 indicates that p(xx; Xs/iX) =
Pxdx) p(Xsixp). Thus, Assumption 3 is satisfied, but not vice versa. Assumption 4 is also
weaker than Assumption 2. If Assumption 2 is satisfied, X} is conditionally independent of
Xgand X;given C, indicating that p(xdXss Xi €) = P(XH€) = (XX, €). Thus, Assumption 4
is satisfied, but not vice versa. Therefore, JIMI would have better feature selection
performance than MIM.

3.3. Minimum Redundancy and Maximum Relevance (MRMR)

MRMR criterion is a combination of relevance and redundancy terms [15,42]. The feature
selection based on MRMR is to find features that have the best trade-off between relevance
and redundancy of the selected features, i.e.,

1
a = X axxp| (@)
k€48 X, EXg

X, = ggmax I(X,;C)—

where d'is the cardinality of Xg, A Xy; C) is the relevance term, and ézxi c XSI(Xi;Xk) is the

redundancy term. mMRMR can be derived from Eq. (5) if Assumption 3 and Assumption 5 are
satisfied.

Assumption 5

Any one of the unselected features is conditionally independent of union of the selected
features given the class label, i.e.,

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.
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P x| o) =plx | oplxg o). (17)

Proposition 3

The optimization problem of mRMR and Eq. (5) have the same solution if Assumption 3
and Assumption 5 are satisfied.

Proof. is provided in Appendix. C.

Assumption 5 is weaker than Assumption 2. If Assumption 2 is satisfied, Xy is conditionally
independent of Xggiven C. Thus, Assumption 5 is satisfied, but not vice versa. Therefore,
MRMR would have better feature selection performance than MIM.

4. Feature selection by optimizing a lower bound of CMI

Most of the existing information theory based feature selection algorithms adopt feature
selection criteria that are low-order approximation of the high-dimensional CMI modeled by
Eq. (5) with different assumptions. Motivated by the principle of Occam’s Razor, we
propose a novel feature selection algorithm, referred to as optimizing a lower bound of CMI
(OLB-CMI), by adopting a relatively weaker assumption. Instead of directly optimizing
CMI, we propose to optimize its lower bound, i.e.,

X, =argmax| max I(X,,C;X,)—I(X;,;X,)| (18)

it [%?
XkeXS XiEXS

where X. = argmax(I(X., C;X,)).
Q% i k
Xi € XS

Proposition 4

The optimal value of OLB-CMI is a tight lower bound of the optimal value of Eq. (5) if
Assumption 3 /s satisfied.

Proof. is provided in Appendix.D.

According to Fano’s Inequality, maximizing original high-dimensional CMI in Eq. (5) is not
related to the exact Bayesian error rate, but is associated with the low bound of Bayesian
error rate. In fact, suggested by Proposition 4, OLB-CMI also tends to lower Bayesian error
rate. Furthermore, OLB-CMI reserves the property of the exact high-dimensional CMI
model in Eq. (5), i.e., the objective function value of the optimization model in Eq. (18) will
be zero if the feature to be selected, Xj, is conditionally independent of the class label C
given the selected feature X; (0(xx, dx) = p(xdx) p(dx)). Therefore, OLB-CMI will not
select such features that are fully irrelevant or redundant as suggested by Remark 1.

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.
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However, this property is not preserved in MIM, JMI and mRMR, and they may select fully
irrelevant or redundant features.

The optimization problem of Eq. (18) can be solved by following two steps:

S1 For any Xj, find Xyi s = argmax (I(X;, C; X))
Xi S XS
S2 X, = argmax (X 0 G XY — I, 5 X)),

_ Xy 0 G XP)

XkeXSandTXk)>a

where a is a parameter.
X0 G Xp)
HX))

in component for rejecting irrelevant features. In the present study, a feature Xj is deemed as
Xy 0 G Xp)
HX

In particular, S2 has an optional condition, > a, Which could be used as a plug-

an irrelevant one if < a, where H(X}) is a normalization term and a (0 <a <1)

)
k
is a parameter that can be determined using cross-validation. When a = 0, the plug-in
component does not play its role in the feature selection. The reason why we set threshold
parameter a is following.

Supposing most informative features have been selected, the remaining features are
irrelevant or redundant to the problem under study. It is worth noting that fully irrelevant and
redundant features are useless (i.e., adding 0 to the approximation of CMI). If features with
small values for the approximation of CMI in Eq. (5) are selected, they provide useful
information for the classification. Under this circumstance, one may prefer to select the
redundant features rather than select those irrelevant ones if the forward feature selection
keeps running because irrelevant features may deteriorate the performance of classification
models in practice, especially when the number of data samples is small. However, such an
issue has not been taken into consideration in the existing information theory based feature
selection methods, and they are not equipped to distinguish irrelevant features from
redundant features.

For a given feature X, if it is an irrelevant feature that is most likely independent of any of
the selected features, .Xj, and the class label C, max (/(.Xj, C; X)) will be small. However, if
it is a redundant feature that is somewhat dependent on the selected features, max (/ (X C;
X)) will be relatively large. Thus, the proposed OLB-CMI adopts a parameter a for

kl *’ C’X )

1x o .
T)k to distinguish redundant features from irrelevant features.
k

The implementation of OLB-CMI is summarized in Algorithm 1. To simplify the
implementation, we estimate probability distributions of random variables using histogram
estimators with bins of fixed width. If the number of bins is Band the number of data points
is V, the computational cost of mutual information with three variables are O (N + B3). If
the number of total features is D and the number of features to be selected is g according to
Algorithm 1, the time complexity of OLB-CMI is O(dD(N + B3)) and the space complexity

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.
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of OLB-CMI is O (dD). Therefore, OLB-CMI has a similar computational complexity as
JMI and mRMR.

Algorithm 1
implementation of OLB-CMI.

Input : Full feature set X = {Xi, X5, X3, ..., Xp}, class label C, the number of features to be selected dand threshold a
index set of the selected features: S= {}
index set of the unselected features: S={1, 2, 3, ..., D}
fori=1to Ddo
fea_lab_mi[i] = /X, O)
fea_entropy[/] = H(X)
end for

K= argmax (fea_lab_mi[i])
1<i<D
S =K
S=9K
for /=2to ddo
for k=1: D-i+1do
fea_lab_mi [/-1] [ S[K)] = A Xg;- 1, C Xgqm)

t=  argmax (fea_lab_mi [m][STKID)
1<m<i-1

X € X gy o

— 0 > gfthen
fea_entropy[S[k]]

maX_fea_lab_Cmi[S[/d] = /(XS[I]' C; XS-[k]) - I(XS[t]l XS-[/G)

else
max_fea_lab_cmi [S[A]] =0
end if
end for
k*= argmax (max_fea_lab_cmi [S[k]])
1<k<D-1
S[1=9K1
S=99K1]
end for

output: index set of the selected features S

5. Feature selection precision

A new metric is proposed to directly gauge the precision of feature selection methods based
on known information of valid (relevant) and irrelevant/redundant features given a dataset,
similar to the area under the receiver operating characteristic curve (ROC) for evaluating the
classification performance [16]. For a given feature selection result, we can compute two
ratios, one for the number of selected features to the total number of features (SF2TF) and

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.
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the other for the number of selected valid features to the total number of valid features
(SVF2TVF).

As illustrated by Fig. 1, based on the aforementioned two ratios, a curve similar to the ROC
curve can be obtained, and the area under the curve ranging from 0.5 to 1, referred to as
Feature Selection Precision (FSP), can be used to evaluate the feature selection precision.
For a random feature selection algorithm, a curve indicated by B in Fig. 1 will be obtained
with FSP = 0.5, while an algorithm better than chance will yield a curve similar to A. A
higher FSP indicates a more precise feature selection, since the valid features dominates the
selected features, while a lower FSP indicates a worse feature selection performance since
more irrelevant features are selected. Rather than resorting to proxy measures, such as
classification accuracy, this metric can directly evaluate the performance of feature selection
models.

6. Experiments

We carried out experiments based on both synthetic data and real-world data to evaluate the
performance OLB-CMI and compared it with state-of-the-art information theory based
feature selection algorithms, including MIM, JMI and mRMR. We also compared our
method with 2 classical filter methods including Fisher Score (FS) [4] and ReliefF [27], and
2 sparsity regularization based feature selection methods including Least Absolute
Shrinkage and Selection Operator (LASSO) [46] and Discriminative Least Squares
Regression for Feature Selection (DLSR-FS) [37,50].

Based on a simulated dataset, we examined the impact of parameter a in the plug-in
component on the performance of OLB-CMI, measured FSP values of different methods.
Based on real-world datasets, we compared the classification performance of OLB-CMI
with the state-of-the-art feature selection methods.

6.1. Experiments based on a simulated dataset

A synthetic dataset was generated by a similar procedure as used in [21]. Firstly, 30 binary
data points with 10-bit were randomly generated &= [a;1, @j2, ..., @jj ..-a;10] (1 <7< 30,
a;j={-1,1}) and randomly divided into 2 classes. Based on the 30 data points, /7;= 100
1.7.d. examples for each a;were generated based on a Gaussian distribution .4 (a;, /),
yielding a data set with n = 3000 examples and @), = 10 features. Secondly, d,= 10 redundant
features were added to the dataset. They were obtained by point-wise multiplying the useful
features by a random 77 x @), matrix B with uniformly distributed random numbers between
[0.9, 1.1]. Thirdly, elements of ), = 180 irrelevant features were generated with a Gaussian
distribution .4 (0, 1). Fourthly, all the elements of features were corrupted by adding
Gaussian noise ./ (0, 0. 2). Finally, 2% of class labels of the data points were randomly
exchanged.

Based on the synthetic dataset, we compared classification accuracy of classifiers built on
features selected by OLB-CMI with and without the plug-in component. Gaussian-kernel
support vector machines (SVMs) were adopted to build classifiers [12]. The dataset was
randomly split into training and testing subsets with ratio 6:4, and total 50 random trials
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were implemented. And an optimal a and hype-parameters of the SVM classifiers were
optimized by 10-fold cross validation. The classification results are shown in Fig. 2 and
Table 1.

As shown in Fig. 1 and Table 1, the features selected by OLB-CMI with and without the
plug-in component had similar classification accuracy for the top 8 selected features.
However, with more features were selected by OLB-CMI without the plug-in component,
their associated classification accuracy decreased consistently, while the features selected by
OLB-CMI with the plug-in component could further improve the classification accuracy.
These results indicated that an appropriate a in OLB-CMI with the plug-in component could
improve the feature selection performance. This is simply because redundant features
contain useful information, complementary to the selected features. In contrast, if all the
less-informative features are selected without preference, irrelevant features might be
selected, resulting in deteriorated classification performance. Therefore, selecting redundant
features rather than irrelevant features can help improve the feature selection performance.

Based on the synthetic dataset, we utilized the FSP value to evaluate feature selection
performance of different methods under comparison. Specifically, the relevant features were
10 useful features or their duplicates. A relevant feature and its corresponding duplicate
were mutual exclusive. If one of them had been selected, the other would not be treated as a
relevant feature any more. As shown in Fig. 3 and Table 2, the experimental results indicated
that OLB-CMI could select relevant features more precisely, and FSP of OLB-CMI was
close to the theoretically optimal value (0.9750), i.e., the top ten features selected by OLB-
CMI are all valid features in all 50 trials. The results also demonstrated that JMI, ReliefF,
LASSO, and DLSR-FS had better FSP values than others.

6.2. Experiments based on real-world datasets

—The feature selection algorithms were also evaluated based on 12 real-world data sets with
respect to classification accuracy of classifiers built upon selected features. The 12 datasets
are detailed in Table 3.

SEMEION and ISOLET: They were obtained from UCI. 1 SEMEION contains 1593
handwritten digits images from ~80 persons, stretched in a rectangular box of 16 x 16 with a
gray scale of 256. ISOLET is a speech recognition data set with 7797 samples in 26 classes,
and each sample has 617 features.

ARCENE and GISETTE: They were obtained from NIPS feature selection challenge.2
Both of them are two-class classification datasets with 10,000 and 5000 features,
respectively. ARCENE contains data from cancer patients and normal controls, and
GISETTE contains 2 handwritten digits: 4 and 9.

Lavailable at https://archive.ics.uci.edu/ml/index.html.
2pvailable at http://www.clopinet.com/isabelle/Projects/NIPS2003/.
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WebKB-WT and WebKB-WC3: These datasets comprise about 1200 web pages grouped
into 7 classes from computer science departments of two universities: Washington and
Wisconsin.

LUNG and TOX-171: These datasets comprise bioinformatics measures. LUNG has 3312
genes with standard deviations larger than 50 expression units [10]. TOX-171 was obtained
from feature selection @ ASU,4 comprising 171 samples with 5748 features.

UMIST®: It includes 575 face images of 56 x 46 from 20 different people, yielding a feature
dimension of 2576.

ARS: It includes face images of 50 x 40 from 120 different individuals, yielding a feature
dimension of 2000. For each individual, 14 images were acquired with different facial
expression and illuminations.

ORL: It includes 400 face images of 92 x 112 from 40 different individuals, yielding a
feature dimension of 10,304. For each individual, the images were taken by varying lighting,
facial expressions and facial details (glasses/no glasses).

CMU_PIES8: We selected the frontal pose dataset (09). It contains 64 persons and each
person has 24 face images of 64 x 64 taken with different illuminations. The number of
features is 4096.

To build classifiers based on selected features, linear-SVM was adopted in the present study
[12]. A cross-validation strategy was used to optimize the regularization parameter Cfor the
linear-SVM classification by searching a parameter set [1073, 1072, 10 71, 1, 101, 102, 109]
based on a training dataset for all the feature selection algorithms. For DLSR-FS, we also
selected an appropriate A from the candidate set [1073, 1072, 1072, 1, 10%, 102, 103] using
cross-validation, resulting in a parameter space { C, A} with 49 elements. For OLB-CMI, a
was also tuned by cross-validation and the candidate set was [0, 0.05, 0.1, 0.15, 0.2, 0.25,
0.3], resulting in a parameter space { C, a} with 49 elements.

In the experiments, each dataset was randomly spilt into training and testing subsets. The
ratio between the numbers of training and testing samples was 6:4. And a total of 10 trials
were run for generating different sets of training and testing samples and the final
classification accuracy was the average value of 10 trials. A 3-fold cross-validation was used
for datasets with less than 200 training samples, and an 8-fold cross-validation was used for
datasets with more than 200 samples.

The classification results are shown in 2 different figures by clustering the 8 feature selection
methods into 2 groups. Fig. 4 shows comparison results among our method, MIM, JMI, and

3Available at http://www.cs.cmu.edu/afs/cs/project/theo-20/www/data/.
Available at http://featureselection.asu.edu/datasets.php.
Available at http://www.sheffield.ac.uk/eee/research/iel/research/face.
Available at http://www2.ece.ohio-state.edu/~aleix/ARdatabase.html.
Available at http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html.
8available at http://vasc.ri.cmu.edu/idb/html/face/.

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.


http://www.cs.cmu.edu/afs/cs/project/theo-20/www/data/
http://featureselection.asu.edu/datasets.php
http://www.sheffield.ac.uk/eee/research/iel/research/face
http://www2.ece.ohio-state.edu/~aleix/ARdatabase.html
http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
http://vasc.ri.cmu.edu/idb/html/face/

1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Peng and Fan

Page 15

mMRMR, and Fig. 5 shows comparison results among our method, FS, ReliefF, LASSO and
DLSR-FS. The average classification accuracy and the standard deviation on the top selected
40 and 80 features for each dataset are summarized in Table 4, Table 5, Table 6 and Table 7,
respectively.

As shown in Fig. 4, OLB-CMI achieved overall better classification accuracy on almost all
the datasets with different numbers of the selected features, except for LUNG and TOX-171
that have relatively smaller number of data samples. For the classifiers built upon the top 40
and 80 selected features, as shown in Table 4 and Table 5, the performance of our method
was overall better than other mutual information based methods. Particularly, on SEMION,
ISOLET, GISETTE, ARCENE and CMU-PIE, OLB-CMI achieved much better
performance than alternative methods.

As shown in Fig. 5, OLB-CMI had better performance than FS and ReliefF with a large
margin. Our method had slightly lower accuracy than ReliefF on WebKB-WT. The results
shown in Table 6 and Table 7 demonstrated that the classification accuracy of our method
was better than FS and ReliefF on most of the datasets. The results shown in Fig. 5 as well
as in Tables 6 and 7 also demonstrated that OLB-CMI had better performance than LASSO
and DLSR-FS on most datasets with different numbers of the selected features. However,
DLSR-FS had better performance than our method on GISETTE. Overall, our method
achieved competitive classification accuracy.

In summary, on the 12 datasets, these classification results clearly demonstrated that OLB-
CMI had an overall better performance than other 7 feature selection methods, including 3
mutual information based feature selection methods, 2 filter methods, and 2 sparsity
regularization based feature selection methods.

In addition, as shown in Fig. 4, Table 4 and Table 5, OLB-CMI had overall better
performance than JMI and mRMR that performed better than MIM. The performance
ranking of these methods was consistent with the order of strength of the assumptions
adopted in these methods. Interestingly, JIMI and mRMR were built on assumptions with
similar strength, and they had similar performance too. These results also provided evidence
to support the principle of Occam’s Razor that the weaker assumptions adopted in a method,
the better performance the method will have.

6.3. Running time comparison on real-world datasets

Since LASSO was implemented in C, and other algorithms were implemented in Matlab.
Therefore we did not compare LASSO with other methods with respect to their
computational costs. In the experiments, the stop conditions of all the feature selection
algorithms were following. MIM, JMI, mMRMR, and OLB-CMI (a = 0) run until top 100
features were selected; FS and ReliefF run until all features were ranked; DLSR-FS run until
the change of its objective function value was less than 10~ between 2 successive iteration
steps or the iterative counter was more than 1000 with the regularized parameter z/= 1. We
run all the methods on a desktop PC with an Intel i7-3770 3.4 GHz CPU and 8 G RAM.
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Running time taken by different methods on the 12 widely-used datasets is summarized in
Table 8. As shown in Table 8, MIM had the lowest computational cost among all the
methods under comparison, FS and MIM had similar computational costs, and ReliefF had
moderate computational cost. However, OLB-CMI was computationally expensive
compared with other mutual information based feature selection methods. It is worth noting
that the time taken by DLSR-FS fluctuated dramatically on different datasets. Since DLSR-
FS needs to solve a least-square minimization problem whose computational complexity is
O (M2D) at each iteration step, DLSR-FS is more suitable for datasets with a small number
of samples.

7. Discussion and conclusions

Information theory based feature selection methods have achieved promising performance
for high-dimensional classification problems for its computational efficiency. However, the
mechanism behind their success is not well understood. In the present study, a new
relationship between Bayesian error rate and the mutual information between features and
their class label is discovered, and a unified framework is proposed to bring together
information theory based feature selection methods. Under this unified framework, several
successful algorithms, including MIM, JMI and mMRMR, can be derived as special cases that
optimize computationally feasible approximations of high-dimensional conditional mutual
information between selected features and their associated label under different assumptions.

A new feature selected method, referred to as OLB-CMI, was developed within the unified
framework based on a relatively weaker assumption to estimate conditional mutual
information. OLB-CMI could integrate a plug-in component to distinguish redundant from
irrelevant features, which makes the feature selection more robust. A new metric, Feature
Selection Precision, was developed to directly access the precision of feature selection. The
evaluation result demonstrated that OLB-CMI performed better than alternative feature
selection methods with respect to Feature Selection Precision. Moreover, OLB-CMI
achieved overall better classification performance than alterative information theory based
feature selection algorithms on 12 benchmark datasets. Additionally, OLB-CMI achieved
similar classification performance as LASSO and DLSR.

Our method could be further improved by developing a method to adaptively set threshold
parameter a in the plug-in component that has to be tuned empirically in the present study.
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Appendix
A. Proof of Proposition 1

Proof

If Assumption 1 and Assumption 2 are satisfied, we have

p(xg,©)
[(Xg: C) = / Pl Olog ey rdxde (A1)

/ ka e x p(xk | C)

p(xy, c)log | FIen) dxdc

xex

px kl c)

/ (x5, 0) ) log ol %
—/( D1 LS
= J PO O e

= D I(X;;0).

So, MI between the selected features and their label is equal to the sum of MI between each
individual feature and the class label. Therefore, selecting features according to their ranks
of individual Ml is equivalent to maximizing MI between the selected features and the class
label.

B. Proof of Proposition 2

Proof

The optimization problem of maximization of CMI Eq. (5) can be equivalently formulated
as

X, =argmax (I(X;;0) +I(X ;X 1 O)—1(X ;5Xp). (A2)
XkeXS— N N

For any feature .X;in the selected feature set Xg we have
IXg X)) —1(X;X,) =1(Xg,: X, | X) 2 0. (A3)
If Assumption 3 is satisfied, the equality will hold, i.e.,
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I(Xg: X, 1X;)=0. (A4)

Then, we obtain

IX; X)) =1Xg X)) . (AD)

And, it indicates

1 I(X;X) =1Xg:X,). (AB)

d
X;€Xg

Meanwhile, if Assumption 4 is satisfied, we have

IXgX, | O) = I(X, X, | O) = (X, X, | X, O) = 0. (A7)

JMI is also equivalent to

1 1
X, = argmax |[(X;: C) + 5 D IXX 10-5 > IX:X)|. (A9
€ €

eXg
K €Xg X, €Xg X, €Xg

Therefore, if Assumption 3 and Assumption 4 are satisfied, JMI is equivalent to Eq. (A.2)
and Eq. (5).

C. Proof of Proposition 3

Proof

According to the proof of Proposition 2, if Assumption 3 is satisfied, we have

LY XX =1XgX). (A9)

XieXS

If Assumption 5 is satisfied, then
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IXg X, 10)=0. (Al0)

Recalling mRMR:

IX:Xp|. (A1)
S

1
X, = argmax |[(X;;C) - 7
Xk€X§ XZ-EX

Therefore, if Assumption 3 and Assumption 5 are satisfied, MRMR is equivalent to Eq. (A.
2) and Eq. (5).

D. Proof of Proposition 4

Proof

The optimization problem of Eq. (5) is equivalent to

X, = argmax (I(Xsd, C: X,) - I(Xsd; X)). (Al12)

XkeXS

If Assumption 3 is satisfied, for any of the selected features Xjand any of the unselected
features X, we have

IXgX) - 1(X;X,) = I(Xg,:X, | X)=0. (A13)

Therefore

IXgX) =1X;X,). (Al4)

Since any conditional mutual information is greater or equal to zero,

I(Xg, C; X)) — (X, C; X)) = I(Xg,: X, | X, ©) > 0. (A15)

Thus,
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IX, C:X) <X, C:X,).  (A.16)

Combining Eqg. (A.14) and Eq. (A.16), we have

I(Xi’ C;Xk) - I(X[Q Xk) < I(XS’ G Xk) - I(XS; Xk) - (A17)

Therefore, max I(X.C; X)) —1(X;
Xi € XS t

1%

X,) is a tight lower bound of /(Xj; C1Xs0).
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0 0.2 0.4 0.6 0.8 1

Fig. 1.
Illustration of Feature Selection Precision (FSP). x axis is selected-features-to-total-features

ratio (SF2 TF) and yaxis is selected-valid-features-tototal- valid-features ratio (SVF2TVF).
The area under the curve is FSP.
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Fig. 2.

Classification accuracy of SVM classifiers built on features selected by OLB-CMI with and
without the plug-in component. The plug-in component’s a was optimized by 10-fold cross
validation based on the training samples.

Inf Sci (Ny). Author manuscript; available in PMC 2018 October 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnuely Joyiny

Peng and Fan

0.6 - % —e— MIM

—e— JMI
—— mRMR
—v— FS
—&— RliefF
0.2 —o6— LASSO
—#— DLSR-FS
—&— OLB-CMI

SVF2TVF

0.4

Page 25

0 r r 3 -
0 0.2 0.4 0.6 0.8

SF2TF

Fig. 3.
FSP Curves for different feature selection algorithms.
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Dataset information.

Table 3

Data Sets #Classes  #Features #Examples
SEMEION 10 256 1593
ISOLET 26 617 7797
ARCENE 2 10,000 200
GISETTE 2 5000 7000
LUNG 5 3312 203
TOX-171 4 5748 171
WebKB-WT 7 4165 1166
WebKB-WC 7 4189 1210
UMIST 20 2576 575
AR 120 2000 1680
ORL 10 10,304 400
CMU-PIE 64 4096 1636
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Table 4

Page 31

Mean and standard deviation of the classification rates (%) of classifiers built on the top 40 features selected

by OLBCMI, MIM, JMI and mRMR.

MIM JMI mRMR OLB-CMI
SEMEION 71.60 +1.35 7350+1.42 75.02+111 8539+1.42
ISOLET 67.99 + 1.42 79.20+0.66 81.28+1.04 90.31+1.21
ARCENE 69.13 +5.47 7475+4.96 73.38+4.25 7850+*3.25
GISETTE 92.60 +£0.37 9458 +£0.35 9522+218 95.85+3.47
LUNG 91.59 +1.39 92.68+1.09 93.66+1.95 9451+157
TOX-171 75.80+6.31 76.67+584 7754+591 7594511
WebKB-WT  89.27 + 1.48 89.49+157 89.08+1.22 91.11+1.17
WebKB-WC  88.78 £0.71 88.90+0.85 89.11+0.82 89.79+0.90
UMIST 86.78 £4.16 96.65+1.56 96.48+1.39 98.17+0.93
AR 64.60 + 3.22 84.20£2.27 86.50+2.15 86.44+1.84
ORL 46.75+11.77 86.75+251 87.13+293 8844281
CMU-PIE 76.35+2.92 88.71+1.68 88.87+132 9218+0.91
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Table 5

Page 32

Mean and standard deviation of the classification rates (%) of classifiers built on the top 80 features selected

by OLBCMI, MIM, JMI and mRMR.

MIM JMI mRMR OLB-CMI
SEMEION 85.08+1.04 8550+1.14 8560+1.01 89.59+1.07
ISOLET 84.36 £0.78 86.88+£0.53 88.02+0.70 94.23+0.37
ARCENE 73.38 +4.97 78.63+3.08 73.88+4.95 80.25+4.28
GISETTE 9552+0.64 96.20+0.52 96.50+0.35 97.14+0.45
LUNG 94.15 + 1.62 9439+1.24 93.66+1.79 94.88+2.03
TOX-171 79.42 +5.01 80.58 £6.80 82.32+4.92 82.75+4.82
WebKB-WT  90.11 +0.93 89.72+1.22 89.89+1.23 90.86+0.78
WebKB-WC  88.95+1.28 89.09+1.28 88.88+1.34 90.02+0.83
UMIST 94.30 + 1.56 97.61+0.90 96.87+153 9852+1.09
AR 81.06 +1.80 90.19+1.69 91.37+1.83 9397+1.82
ORL 63.25+10.08 89.50+2.34 90.69+2.08 92.19+2.74
CMU-PIE 85.11+1.86 90.00+1.20 90.95+1.02 93.25+0.62
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	—The feature selection algorithms were also evaluated based on 12 real-world data sets with respect to classification accuracy of classifiers built upon selected features. The 12 datasets are detailed in Table 3.SEMEION and ISOLET: They were obtained from UCI. 11Available at https://archive.ics.uci.edu/ml/index.html. SEMEION contains 1593 handwritten digits images from ~80 persons, stretched in a rectangular box of 16 × 16 with a gray scale of 256. ISOLET is a speech recognition data set with 7797 samples in 26 classes, and each sample has 617 features.ARCENE and GISETTE: They were obtained from NIPS feature selection challenge.22Available at http://www.clopinet.com/isabelle/Projects/NIPS2003/. Both of them are two-class classification datasets with 10,000 and 5000 features, respectively. ARCENE contains data from cancer patients and normal controls, and GISETTE contains 2 handwritten digits: 4 and 9.WebKB-WT and WebKB-WC33Available at http://www.cs.cmu.edu/afs/cs/project/theo-20/www/data/.: These datasets comprise about 1200 web pages grouped into 7 classes from computer science departments of two universities: Washington and Wisconsin.LUNG and TOX-171: These datasets comprise bioinformatics measures. LUNG has 3312 genes with standard deviations larger than 50 expression units [10]. TOX-171 was obtained from feature selection @ ASU,44Available at http://featureselection.asu.edu/datasets.php. comprising 171 samples with 5748 features.UMIST55Available at http://www.sheffield.ac.uk/eee/research/iel/research/face.: It includes 575 face images of 56 × 46 from 20 different people, yielding a feature dimension of 2576.AR66Available at http://www2.ece.ohio-state.edu/~aleix/ARdatabase.html.: It includes face images of 50 × 40 from 120 different individuals, yielding a feature dimension of 2000. For each individual, 14 images were acquired with different facial expression and illuminations.ORL77Available at http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html.: It includes 400 face images of 92 × 112 from 40 different individuals, yielding a feature dimension of 10,304. For each individual, the images were taken by varying lighting, facial expressions and facial details (glasses/no glasses).CMU_PIE88Available at http://vasc.ri.cmu.edu/idb/html/face/.: We selected the frontal pose dataset (09). It contains 64 persons and each person has 24 face images of 64 × 64 taken with different illuminations. The number of features is 4096.To build classifiers based on selected features, linear-SVM was adopted in the present study [12]. A cross-validation strategy was used to optimize the regularization parameter C for the linear-SVM classification by searching a parameter set [10−3, 10−2, 10 −1, 1, 101, 102, 103] based on a training dataset for all the feature selection algorithms. For DLSR-FS, we also selected an appropriate λ from the candidate set [10−3, 10−2, 10−1, 1, 101, 102, 103] using cross-validation, resulting in a parameter space { C, λ} with 49 elements. For OLB-CMI, α was also tuned by cross-validation and the candidate set was [0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3], resulting in a parameter space { C, α} with 49 elements.In the experiments, each dataset was randomly spilt into training and testing subsets. The ratio between the numbers of training and testing samples was 6:4. And a total of 10 trials were run for generating different sets of training and testing samples and the final classification accuracy was the average value of 10 trials. A 3-fold cross-validation was used for datasets with less than 200 training samples, and an 8-fold cross-validation was used for datasets with more than 200 samples.The classification results are shown in 2 different figures by clustering the 8 feature selection methods into 2 groups. Fig. 4 shows comparison results among our method, MIM, JMI, and mRMR, and Fig. 5 shows comparison results among our method, FS, ReliefF, LASSO and DLSR-FS. The average classification accuracy and the standard deviation on the top selected 40 and 80 features for each dataset are summarized in Table 4, Table 5, Table 6 and Table 7, respectively.As shown in Fig. 4, OLB-CMI achieved overall better classification accuracy on almost all the datasets with different numbers of the selected features, except for LUNG and TOX-171 that have relatively smaller number of data samples. For the classifiers built upon the top 40 and 80 selected features, as shown in Table 4 and Table 5, the performance of our method was overall better than other mutual information based methods. Particularly, on SEMION, ISOLET, GISETTE, ARCENE and CMU-PIE, OLB-CMI achieved much better performance than alternative methods.As shown in Fig. 5, OLB-CMI had better performance than FS and ReliefF with a large margin. Our method had slightly lower accuracy than ReliefF on WebKB-WT. The results shown in Table 6 and Table 7 demonstrated that the classification accuracy of our method was better than FS and ReliefF on most of the datasets. The results shown in Fig. 5 as well as in Tables 6 and 7 also demonstrated that OLB-CMI had better performance than LASSO and DLSR-FS on most datasets with different numbers of the selected features. However, DLSR-FS had better performance than our method on GISETTE. Overall, our method achieved competitive classification accuracy.In summary, on the 12 datasets, these classification results clearly demonstrated that OLB-CMI had an overall better performance than other 7 feature selection methods, including 3 mutual information based feature selection methods, 2 filter methods, and 2 sparsity regularization based feature selection methods.In addition, as shown in Fig. 4, Table 4 and Table 5, OLB-CMI had overall better performance than JMI and mRMR that performed better than MIM. The performance ranking of these methods was consistent with the order of strength of the assumptions adopted in these methods. Interestingly, JMI and mRMR were built on assumptions with similar strength, and they had similar performance too. These results also provided evidence to support the principle of Occam’s Razor that the weaker assumptions adopted in a method, the better performance the method will have.
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