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Abstract

A large variety of dynamical systems, such as chemical and biomolecular systems, can be seen as
networks of nonlinear entities. Prediction, control, and identification of such nonlinear networks
require knowledge of the state of the system. However, network states are usually unknown, and
only a fraction of the state variables are directly measurable. The observability problem concerns
reconstructing the network state from this limited information. Here, we propose a general
optimization-based approach for observing the states of nonlinear networks and for optimally
selecting the observed variables. Our results reveal several fundamental limitations in network
observability, such as the trade-off between the fraction of observed variables and the observation
length on one side, and the estimation error on the other side. We also show that, owing to the
crucial role played by the dynamics, purely graph-theoretic observability approaches cannot
provide conclusions about one's practical ability to estimate the states. We demonstrate the
effectiveness of our methods by finding the key components in biological and combustion reaction
networks from which we determine the full system state. Our results can lead to the design of
novel sensing principles that can greatly advance prediction and control of the dynamics of such
networks.
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| Introduction

Reaction systems, biophysical networks, and power grids are typical examples of systems
with nonlinear network dynamics. The knowledge of the network state is important for the
prediction [1], control [2-5], and identification [6—8] of such systems. Determining the

network state is challenging in practice because one is generally able to measure the time-
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series of only a fraction of all state variables; when the complete state can be determined
from this limited information, the network is said to be observable [9]. The problem of
reconstructing the network state can be divided into two parts: (/) selection of state variables
that need to be measured in order to guarantee the network observability; (/7) design of a
state reconstructor (or observer) on the basis of the state variables selected in the first part.
Despite the recent interest in the literature, problems (/) and (//) remain open for nonlinear
networks.

The classical approaches for the observability analysis of nonlinear systems rely on Lie-
algebraic formulations [9]. However, these formulations cannot be used to optimally select
the state variables (sensors) guaranteeing network observability. On the other hand, the
problem of selecting a minimal number of sensors that may guarantee structural
observability of the network has been considered in [10]. Structural observability concerns
the study of the connectivity between the state variables and outputs, without taking into
account the precise values of the model parameters. In [10] the structural observability
problem was considered by examining the observability inference diagram (OID), which is a
graph representing the dependences between the variables. The OID is constructed for
network dynamics described by coupled first-order ordinary differential equations by
choosing the state variables as nodes and adding a directed edge from node /to node jif
variable jappears on the r.h.s. of the equation for variable /. By analyzing the structure of
this graph in terms of its strongly connected components (SCCs), it is possible to draw
conclusions on the number and location of sensors to guarantee structural observability,
namely that the minimal sets consist of one sensor in each root SCC of the OID (a root SCC
is an SCC with no incoming edges). This approach offers an elegant graph-theoretic
contribution to the structural observability problem. Purely structure-based approaches have
also been proposed for the observation and reconstruction of attractor dynamics [11, 12].
These graphical approaches are successful in providing insights into the relation between
network topology and observability. However, since these approaches do not explicitly take
into account model parameters, they are not designed to guarantee near optimal performance
of the state reconstruction.

The optimal selection of control nodes in networks with /inear dynamics has been
extensively studied in the literature (see, e.g., [13]). Since that problem is dual to the
problem of sensor selection (problem (#), in linear networks, the methods from these
previous studies can be used for sensor selection while accounting for the relevant model
parameters. In nonlinear networks, however, optimal sensor selection still remains an open
problem. For example, methods based on empirical Gramians in low-dimensional systems
[14-18] are not applicable to large-scale networks due to their high computational
complexity and, as we show in this paper, low accuracy under realistic conditions. State
estimation (problem (77)), on the other hand, has been studied extensively in nonlinear
systems, and various approaches have been proposed, such as nonlinear extensions of the
Kalman filter [19, 20], particle filters [21, 22], moving horizon estimation (MHE) techniques
[23, 24], and others [25]. However, the applicability of such approaches to large-scale
nonlinear networks has not been investigated under the realistic conditions of a limited
number of sensor nodes and a limited observation horizon.
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Here, we propose a unified, optimization-based framework for observing the states and
optimally selecting the sensors in nonlinear networks, thereby offering a general solution to
both problem (/) and problem (/i) under the same framework. \We adopt the basic
formulation of the open-loop MHE approach [23, 24], and formulate the state estimation
problem as an optimization problem. Consequently, our approach can easily take into
account various state constraints (e.g., min-max bounds and even nonlinear constraints).
Moreover, the MHE approach enables us to study the influence of the observation horizon
on the state estimation performance.

To the best of our knowledge, our approach is the most scalable procedure currently
available for sensor selection in nonlinear systems (not only in networks). We present
extensive comparisons with existing approaches for validation. In addition, unlike other
state-of-the-art methods for nonlinear state estimation [19, 26, 27], our approach is capable
of explicitly accounting for stiff nonlinear dynamics in a computationally efficient manner.

Our solution reveals the significant implication that, by virtue of realistic limitations in
numerical and modeling precision, explicit state determination often requires a larger
number of sensors than predicted from graph-theoretic approaches; moreover, the sensor
nodes can depend strongly on the dynamical parameters even when the OID remains the
same. This is illustrated in Fig. 1 for simple networks within the framework we present
below.

We validate our approach by performing extensive numerical experiments on biological [28—
30] and combustion reaction [31-36] networks, which are examples par excellence of
systems with nonlinear (and also stiff) dynamics. In particular, we specifically selected
networks whose control is a subject of current research [37-39]. The numerical results
enable us to detect which species concentrations and genes/gene products are the most
important for the accurate state determination of these networks, thus demonstrating the
efficacy of our method to reconstruct network states from limited measurement information.

The paper is organized as follows. In Section Il we postulate the models we consider, and
define the state estimation and sensor selection problems. Our approach to state estimation is
presented in Section 11, while the results on the optimal sensor selection are detailed in
Section IV. In Section V we present and discuss our numerical experiments on the
combustion and biological networks. Our conclusions are presented in Section V1.

[l Problem formulation

We focus on the general class of nonlinear networks described by a model of the form

X(1) = q(x(@), (1)

where g (x) : R” — R”is a nonlinear function at least twice continuously differentiable, and
X € R represents the network state. Without loss of generality, we assume that a single state
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variable is associated to each node in the network. With the model in equation (1) we
associate a measurement equation:

y() = Cx(1), (2)

where y( € R/, r< n, is the output (measurement) vector and C € R™”. The essential
notation used in this paper is summarized in Table 1. The entries of Care zero except for a
single entry of 1 in each row, corresponding to a sensor. For simplicity and brevity, in this
paper we do not consider the effect of noise in equation (2); however this effect can be
evaluated using existing methods.

We develop a state estimation method on the basis of models obtained by discretizing the
continuous-time model in equation (1). The discretization of the continuous dynamics at an
early stage of the estimator design is a standard technique [6, 19, 23, 24] that simplifies
calculations, and is justified by the discreteness of the data usually obtained in real
experiments [6]. In particular, we postulate models based on discretization schemes that can
perform well even if the continuous-time model in equation (1) is stiff, which is often the
case, for example, for reaction networks. We consider models based on the backward Euler
(BE), trapezoidal implicit (T1) and two-stage implicit Runge-Kutta (IRK) discretization
techniques [40]. The BE technique leads to the model x4 = X4_1 + M (X, where A> 0 isa
discretization step, X4 = x(k#), and k=0, 1, ..., is a discrete-time step. The TI technique
leads to the model X = X471 + 0.5/ (0 (X + g (X4-1)). Finally, the model postulated on the
basis of the IRK technique is

S =% _ 1+ p—a&, ). B)

Co k=% +(M1D)BQE; P +54&, ), (4)

X, =%+ (WAHWQE; ) +39&, ). (5)

where 1,402,k € R” are vectors needed to compute x once vector x4 1 has been
determined. With the introduced models we associate an output equation,

Y =Cxp, (6)

where y4 € R’ is defined analogously to X .
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Models of real networks often involve modeling uncertainties. To emulate these
uncertainties, we use the model in equation (1) as a data-generating model, acting as a “real”
physical system whose state we want to estimate. The observation data are generated by
numerically integrating equation (1) using a more accurate technigue than the ones
considered above. This way, we are able to validate the performance of our observation
strategy against the model uncertainties originating from the difference between the discrete-
time model formulations and the model in equation (1).

Using the model formulations described above, our first goal is to estimate the initial state xg
from a set of observations & 5= {yo, Y1, Y2, ..., Ya-1}, Where Ais the observation length.
The illustration in Fig. 1, for example, was generated using the IRK model for #=0.01 and
N =200. Our second goal is to choose an optimal set of rsensor nodes that allows for the
most accurate reconstruction of the initial state, where this set can be constrained not to
include specific nodes in the network.

[l Initial state estimation

To begin, from equation (6) we define

gy =¥ — Cx,

g1 =Y~ CX17 (7)

ey

gv_1'=Yy_ 1~ CXy_ -

Using the column vector g = col (gg, 91, ..., gac1) € RV, and on the basis of equation (7),
we can define the following equation:

g(x()) =0, (8)

where g(xq) : R”— RM'is a nonlinear vector function of the initial state (i.e., equation (8)
represents a system of nonlinear equations). The vector g is only a function of xg because the
states in the sequence {X1, X2, ..., Xp1} are coupled together through the postulated state-
space models, and they depend only on xq. To proceed, it is beneficial to introduce the
notation y = col (Yo, Y1, ..., Yac1) € RMand w = col (Cxg, X1, ..., CXar1) € RV, where w
= w(Xg). From equation (8), it follows that

y = W(Xg). ©)

The network is observable if the initial state X can be uniguely determined from the set of
observations & 5. A formal definition of the observability of discrete-time systems is given in
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[41]: the system is said to be uniformly observable on a setQ C R” ifAN> 0 such that the
mapw (Xo) /s infective as a function of xy. A sufficient condition for observability in Q for
some Nis given by the rank condition rank (J(xg)) = 77 Vxg € Q, where J(xg) € RV*7is the
Jacobian matrix of the map w (Xg) [41]. In order to satisfy the rank condition, the Jacobian
matrix should be at least a square matrix, which tells us that the observation length A/should
satisfy NMr= n. Beyond justifying this constraint, however, the rank condition cannot be
applied directly because Xg is unknown a priori.

It is immediate that the existence and uniqueness of the solution of equation (8) inside of a
domain guarantee the observability in this domain. For square systems in equation (8) (i.e.,
Nr= r), the Kantorovich theorem [42] gives us a condition for the existence and the

uniqueness of the solution. In particular, the Kantorovich theorem tells us that equation (8)

has a unique solution in an Euclidean ball around xg’), where this vector is an initial guess of

the Newton method for solving the equation, if 1) the Jacobian of g is nonsingular at x{)”, 2)

the Jacobian is Lipschitz continuous in a region containing the initial guess, and 3) the first
step of the Newton method taken from the initial point is relatively small. Because the
Jacobians of g (xg) and w (xp) only differ by a sign, it follows that for square systems the
observability condition based on the rank of the Jacobian at xg can be substituted by a rank

condition at XE)O). Therefore, satisfying the rank condition at XE)O) (i.e., rank (J(xgo))) =n)

implies that equation (8) has a unique solution around x{".

We determine the solution of equation (8) by numerically solving the following optimization
problem:

. 2 . _
H;:)n llg(xg)ll5, subject tox, < Xy <X5,  (10)

where < is applied element-wise and xq, %o € R” are the bounds on the optimization
variables taking into account the physical constraints of the network (these constraints can
be modified to also include nonlinear functions of xg). The problem in equation (10) is a
constrained non-linear least-squares problem [42], which we solve using the trust region
reflective (TRR) algorithm [43—46]. It is important to note that while we do not consider
measurement noise here, the effect of the noise on least-squares problems is well-studied in
the literature [47]. To quantify the estimation accuracy, we introduce the estimation error 7 =
IRg — Xgllo / IXgll, where Rq is the solution of the optimization problem (10).

[lI-A Calculating the Jacobian

In order to significantly speed up the computations of the state estimate, we derive the
Jacobians of the function g(xp) in equation (10) for the three postulated models. Without
these analytical formulas, each element of the Jacobian would have to be computed using
finite differences, resulting in unwanted computational burden. The Jacobian matrix AXg) €
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RN™7 of the function g (Xg) € RV needs to be calculated at the point xg), where /indicates

the ith iteration of the TRR method for solving the optimization problem in equation (10).
For the computation of the Jacobians we adopt the numerator layout notation. Using the

chain rule, it is possible to express the Jacobian matrix j(xg)) as follows:

(DY = —_c——2_"1
J('x() ) - Caxl aXO ’ (11)

OXy _ 10Xy _, OX;

—C— cem—
OXp _ 50Xy _ 3 axo_

where

XNjp1_ 9%l 12)
0Xj an G

That is, the derivatives of the form of 0x1/0x; /=0, 1, ..., N-1, in equation (11) are
evaluated at x(ji). Note that in equation (11) we assume that X ;1 is formally expressed as a

function of only x; (without any implicit dependence on Xj1). Under mild conditions, the
existence of such an expression follows from the implicit function theorem.

Jacobians for the BE and Tl models

The first challenge in computing the Jacobians originates from the implicit nature of the
state equations of the BE and T1 models defined in Section Il. Namely, the term x4 appears
on both sides of the corresponding equations, and consequently, the corresponding partial
derivatives will appear on both sides of equations. To see this in the case of the BE model,
for the time step jwe can write

dxj _; +h0q(xj) dxj 13)
ox, , n oX. | (h0X.
j—1 J x§.’> j—1

where j=1,2, ..., N—2and /,is the nx nidentity matrix. From this equation it follows that
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aq(x.) ‘ 0X .
I —h——1 =1, (14)
n ()Xj X('i)J an 1 n
\.—_—v_]l

A

1

where A; € R™7. Assuming that the matrix A, is invertible (which is a sufficient condition
for the implicit function theorem to guarantee the existence of x;as a function of only x; 1),
we obtain

ox
dxj

L — a7t (15)

Using a similar argument, in the case of the TI model, we obtain

ox . 0q(x ) o0q(x. 1)
a%; I +osn -V

J

=|I —0.5h

0X;_y " 0X; | (i) " 0X; 1 | ()
J

The expressions in equations (15) and (16) show that to evaluate the Jacobian matrices of the
corresponding models at the point xg), one actually needs to know the values of X(P,

x§\",)_ |- These values can be obtained by simulating the BE model or the TI model, starting

from the initial point xg). This procedure needs to be repeated for every iteration 7of the

TRR method to solve the optimization problem in equation (10).

Jacobian for the IRK model

In the case of the IRK model, defined in equations (3), (4), and (5), the evaluation of the
Jacobian matrix becomes even more involved numerically. By setting the time step kin
equation (5) to j, and differentiating such an expression, we obtain

ox;_; "4 9 ; |€gi)_0xj_l 470C,
J

a7
N OX.
&) -l

To evaluate (17) we need to determine the partial derivatives dg; j/dx ;1 and dG, 10X q. By
differentiating equations (3) and (4), we obtain
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a€1’j h aq(C]’j) _ h aq(gz’j) agl’j
dxj_ 1 I, . 4 ()Cl’j 4 0@2’1 agj_ 1 18)
0@2’] In 3h ()Q(Cl’j) 5h aq(gz,]’) agz’j
0x1._1 7’" 12 61;1 i 12 aCZi axi_l
y n < 2 - 2 > y
N A2

Assuming that the matrix (4, - Ay) is invertible, where A, € R2/™277 from the last
expression we have

S=(,,-A)"'T . (19)

After the matrix Shas been computed, we can substitute its elements in (17) to calculate the
partial derivatives.

From (18) we see that to calculate the partial derivatives, we need to know the vectors
{c(li)j, g(zi)j}, /=0,1, ..., N-1. These vectors can be obtained by simulating the system given

by equations (3), (4), and (5), with an initial condition equal to x{/.

IV Optimal sensor selection

We consider a fixed number of sensors r that represent directly observed nodes in the
network. Accordingly, we introduce a vector b € {0, 1}”, where its ith entry, denoted by b;,
is 1 if node /is observed and 0 otherwise. In total, vector b should have rentries equal to 1,

thatis 3 _ | b, = r. Then, let the parametrized output equation be defined by y,l =C,(b)x,,

where Cy(b) = diag (b) € R/, Given a particular choice of b, matrix C; is compressed into
the matrix C € R™" by eliminating zero rows of C;. Following the steps used to obtain
equation (9), we define the parametrized equation y1 = w! (b, xg), where w (b, xg) = col
(Ci(b)xo, Ci(D)Xq, ..., Ci(b)xpr1) € RV™and y' = col(yy, y1. ... vy _ ) € RV X,

Linearizing the last equation around the initial state xg, we obtain
Ay' = J'(b,xpAx,,  (20)

where Ayl = § —y1 (b, xg), ¥ is a vector of the output linearization, y! (b, Xg) = w (b, Xq),
Ax, = x("; - X, and XS is a state close to the initial state xq. Here, the Jacobian J(b, Xg) € R

N1 s calculated as

IEEE Trans Control Netw Syst. Author manuscript; available in PMC 2019 June 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Haber et al.

Page 10

C,(b) ' L,
c (b)dxl ()Xl
Mox, 2
0x, 0Xx 0x, 0X
1 2 941 2 0%
J b’ = = I C b —_— s 21
( XO) Cl(b)axl 0X ( N® 1( )) aXI aXO ( )
c (b)aXN_ 19Xy _y  0X Xy _ 10Xy _, 0%
Nox, 5 0xy _ 5 70X, »0XN_2axN_3"'6x0_

where ® is the Kronecker product. This Jacobian has a form similar to the Jacobian given in
equation (11), except for the minus sign and the parametrization b. We note that the
linearization (20) can also be performed around states different from the initial state that we
want to estimate. Importantly, our numerical experiments indicate that the approach is robust
with respect to the uncertainties in the initial state.

The main idea of our approach is to quantify observability by the numerical ability to
accurately solve (10), which depends to a large extent on the spectrum of 2 (b, xo) 7 A
(b,Xg). Our objective is to optimize this spectrum, which can be achieved, in particular, by
maximizing the product of the eigenvalues. Accordingly, we determine the optimal sensor
selection as the solution of the following optimization problem:

mbin { — log [ det (Jl(b, XO)TJl(b,Xo))”

n (22)
subject to Y. b;=r,b, € {0,1},

i=1

where ris the number of sensor nodes to be placed. Compared to other approaches in the
literature based on empirical observability Gramians [14—18] to quantify observability, our
approach has the significant computational advantage that only a single simulation of the
network dynamics is required to evaluate the cost function. In the case of empirical
Gramians, typically order nsimulations of the dynamics are required (for further details, see
Appendix C). We provide a thorough comparison of our approach for sensor placement with
other approaches in Section V. It is also important to note that, in real systems, some
variables cannot be experimentally observed at all. In our approach, such limitations can be
easily incorporated as additional constraints in (22).

Special attention in the objective function has to be given to the eigenvalues of the Jacobian.
Specifically, one should always check a posteriori that the Jacobian does not have small or
zero eigenvalues. If it does, a different observability measure should be used, such as the
negative of the smallest eigenvalue or the condition number. A discussion of matrix
measures other than the determinant is provided in Appendix C.
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The optimization problem in (22) belongs to the class of integer optimization problems and
in the general case it is non-convex. To solve it, we use the NOMAD solver, implemented in
the OPTI toolbox [14, 48, 49]. Our numerical results show that, despite being non-convex,
the problem can be solved for 7=500, A//= 200, and =50 in just a few minutes on a
standard current desktop computer. We note that in larger systems the discrete optimization
may become computationally infeasible. However, numerical solvers typically relax the
problem by searching for an approximate (suboptimal) solution, which remains scalable. In
practice, one can loosen the solver's convergence tolerances to obtain a fast approximate
solution. In subsequent iterations, the solution may be further refined using tighter
tolerances, until the solution (the set of chosen sensors) provides satisfactory state estimation
results.

As numerically illustrated in the next section, the problem in (22) can also be effectively
solved using the greedy algorithm proposed in [13]. However, the complete justification for
using such an approach in the case of this optimization requires further theoretical
developments that go beyond the scope of this paper (for more details, see Section V-C).

V Numerical results

We now demonstrate the efficacy of our approach through numerical experiments on
chemical and biological networks. The general setup of the simulations is as follows. The
observation data set 7, is obtained by integrating the continuous-time dynamics in equation
(1) using the MATLAB solver odel15s, specially designed for stiff dynamics.

V-A Applications to combustion networks

We consider a hydrogen combustion reaction network (Hy/ G,) consisting of 9 species and
27 reactions, and the natural gas combustion network GRI-Mech 3.0, which consists of 53
species and 325 reactions. The state-space model is formulated as x () = I'qAx(9), where

x(t) € IR”> 0 is a state vector whose 7 entries are the species concentrations. The matrix I' €

R™ consists of stoichiometric coefficients, where 7, is the number of reactions, and the
function g, (x(9) : R7— R consists of entries that are polynomials in x (see Appendix A).
The data to calculate the forward and backward reaction rates are taken from the reaction
mechanisms database provided with the Cantera software [50], files “h202.cti” and
“gri30.cti” for the H,/ O, and GRI-Mech 3.0 networks, respectively. The rate constants are
calculated using the modified Arrhenius law and the thermodynamic data available in the
reaction mechanisms database. We ran the simulations under isothermal and constant
volume conditions; the initial pressure used in our simulation is the atmospheric pressure
and the temperature is 2500 K. The entries of the “true” initial state xg (concentrations of
species in moles per liter) are calculated by

Xg=r;+c;, (23)
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where the entries of the vector r; € R” are drawn from the uniform distribution on the
interval (0, 1) and ¢, € R” s the vector of ones. The initial guesses x\"” for solving the

optimization problem in equation (10) are generated in the same way (but independently
from the true initial state). The lower bound xg is a vector of zeros, whereas the upper bound
Xq is omitted in the optimization problem, because Xg is not bounded from above in this
case.

The choice of the time step / for discretizing the dynamics was determined based on its
impact on the state estimation error, as shown in Fig. 2. In general, the network cannot be
fully observed when the discretization time step is much larger than the dominant time
constant in the system. We found that for the combustion networks analyzed here, the
optimal choice is /7= 10713 (seconds). Since observing real combustion experiments at the
resolution of picoseconds may be possible using femtosecond spectroscopy [51, 52],
essentially all but the fastest reacting components could be estimated in a real experiment.

The OIDs are shown in Figs. 3a and b for the A,/ O, and GRI-Mech 3.0 networks,
respectively. In each case, the OID consists of two SCCs, of which one has a single node.
This node is argon (Ar), which is an inert gas whose concentration remains constant and can
influence the concentration of other species through pressure. The large SCC has no
incoming edges and is thus a root component in both networks. From the theory proposed in
[10], the complete network observability can be ensured by placing a single sensor in the
root SCC. Accordingly, in our numerical simulations we make sure that at least one sensor is
placed in the large SCC. In addition, before solving the optimization problem (22), we place
a sensor on the node forming the small SCC. This way, we avoid scenarios in which the
observability measure would numerically overflow due to a badly conditioned Jacobian in
(22) (especially when the number of sensor nodes is constrained to be small). More
generally, some sensors may be placed a priori in non-root SCCs of any given network
(irrespective of the number of SCCs) to avoid similar scenarios. In the context of our
approach, these sensor additions can only further improve observability.

To proceed, we define the sensor fraction £= r/nas the fraction of nodes in the network that
are selected as sensors. We first compare the estimation errors 7 for the three postulated
models. The results are shown in Figs. 4a and b for a random sensor selection in the large
SCCs. These results show that the IRK model produces the lowest estimation error 7, which
is consistent with it being more accurate than the BE and Tl models. In addition, the IRK
model also provides the smallest time-dependent error £y at every step 4, as shown in Fig.
2b. The price of this is the increased computational complexity of the estimation procedure
based on the IRK model. Note that all three models exhibit a non-zero estimation error for
the sensor fraction f=1 (i.e., when all nodes are directly observed), which originates from
model uncertainties, given that the postulated models only approximate the system used to
generate the “real” data.

Next, we solve the optimal sensor placement problem given by equation (22) for /=200
and several values of £ and compute estimation error for the resulting optimal sensor
selection. From the results shown in Figs. 5a and b we conclude that the optimal sensor
selection method performs significantly better than random sensor selection. Note that the

IEEE Trans Control Netw Syst. Author manuscript; available in PMC 2019 June 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Haber et al.

Page 13

observation horizon length A has a strong influence on the sensor selection performance,
which we show in detail in Section V-C.

The probability of selecting the nodes using the optimal sensor selection method is obtained
by calculating the frequency with which each node is chosen as a sensor in the solution of
the optimal sensor selection problem for the various sensor fractions fused in Fig. 5. In this
calculation, the contribution to the selection probabilities is weighted uniformly across
different £ since the optimal sensor selection is generally unique for a given 7. The
probabilities are shown color-coded in Fig. 3.

V-B Applications to biological networks

We consider a cell death (CD) regulatory network model [29] and a survival signaling (SS)
network model of T cells [28,30], having 7= 25 and 7= 54 nodes, respectively. Each node
in these networks represents a gene, a gene product, or a concept (e.g., apoptosis), which can
be active or inactive. Both systems are modeled as Boolean networks, where the activation
of one node influences the activation of others. Following the standard practice, we
transformed the Boolean relations into continuous-time dynamics using the ODEFY
software toolbox [53]; specifically, we used the Hillcube method with the threshold
parameter of 0.5. We also simplified the state-space model of the CD and SS networks, as
follows. The original CD network contains 28 nodes, however 3 of them are input nodes
(FASL, TNF, and FADD), whose values are set to 0.5 in our simulations. This way, they are
eliminated from the network. Similarly, the original SS network contains 60 nodes, however
6 of them are input nodes. The input nodes TAX, Stimuli2, and CD45 are set to zero,
whereas the other input nodes, Stimuli, IL15, and PDGF, are set to 1. After this
simplification, the CD network has 7 SCCs and the SS network has 4 SCCs in the OID, as
shown in Fig. 6.

The entries of the initial state and the guesses for solving equation (10) are generated from
the uniform distribution on the interval (0, 1), where Xy and X are taken to be the vectors of
ones and zeros, respectively.

The estimation error, shown in Fig. 7, behaves similarly to the error observed in the
combustion networks. The results of the optimal sensor selection are shown in Figs. 8a and b
(blue lines), where we compare it with two other approaches. As in Fig. 5b, one approach is
essentially graph-theoretic and consists of random placement under the constraint of having
at least one sensor in each SCC (histograms). The other approach is a variant of our optimal
sensor selection method in which we lift the constraint of having at least one sensor in each
SCC (red lines). The results show the significant advantage of our approach compared to the
others. The probability of selecting the nodes using the optimal sensor selection method is
color-coded in Fig. 6.

V-C Comparison to other sensor selection methods

We now compare our sensor selection method to other methods available in the literature.
Two main approaches are available, one based on empirical Gramians (which can have
various definitions) and the other based on heuristic measures of observability. Further
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details on these approaches are provided in Appendix C. For our analysis, we specify the
following methods:

. Method 1. The empirical observability Gramian is computed using Definition 2
(see Appendix B) and the optimal sensor selection is performed by solving the
optimization problem in equations (53) and (54).

. Method 2. The empirical observability Gramian is computed using Definition 3
(see Appendix B) and the optimal sensor selection is performed by solving the
optimization problem in equations (53) and (54).

. Method 3. This is our approach.

. Method 4. Modified version of our approach, where we use a greedy algorithm
[13] instead of the NOMAD method to solve (22).

The motivation behind Method 4 is our conjecture that the cost function in (22) is
submodular. If the conjecture is correct then the optimization can be solved by a greedy
algorithm efficiently and potentially faster than by the NOMAD solver. However, we leave
the proof of this conjecture for future work.

Once the optimal sensor locations are determined, we estimate the initial state and compute
the estimation error 7. In order to validate the optimal sensor selection procedure, we
compare it with a random sensor selection. Namely, in the case of the A5/ O, network, we
generate all possible selections of the sensors for certain sensor fractions, whereas in the
case of the GRI-Mech 3.0 network we generate 100 random sensor selections, and for such
selections we compute the initial state estimates and the estimation errors. In the validation
step, the observation data are generated by simulating the network starting from the same
initial state that has been used in sensor selection methods to compute the empirical
observability Gramians or the cost function in equation (57). This is a “true” state, which is
generated using equation (23). The initial guess of the true state is also generated using
equation (23), and is generally not equal to the true state. We use /= 10713, the IRK model,
and vary the observation length AVto investigate the effect of the observation length on the
optimal sensor selection performance.

Figure 9 shows the comparison for the H,/ O, network and A= 50. It can be observed that all
4 methods perform relatively poorly compared to the random sensor selection. This is due to
the fact that the total number of samples A used in the computation of the cost functions and
for the state estimation, is relatively short compared to the slowest time constant in the
system. Consequently, the empirical observability Gramians and the Jacobians do not
accurately capture the network dynamical behavior. Figure 10 shows the results for the
H,/ O, network and A= 200. In sharp contrast to the case of /=50, shown in Fig. 9, the
results shown in Fig. 10 are dramatically improved. We see that the methods perform well
compared to a random sensor selection and that their performance is similar. The results can
be additionally improved by selecting even larger A, however, at the expense of the
increased computational complexity. To quantify the relative performance of the sensor
selection methods, we calculate the logarithmic error differences log 7method ) _

log 7method 3) for methods /= 1, 2, and 4, respectively. These differences are 0.0, 0.0, and
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-0.02 for =0.44. The corresponding differences are —0.01, —0.01, and 0.16 for /=0.67.
Finally, the differences are 0.24, 0.24, and 0.21 for /~=0.89. It can be observed that, compared
to the other Methods, Method 3 (our approach) has similar performance for /~0.44 and
7=0.67, while it has a significantly better performance for /~0.89.

Comparison of computational complexity—Compared to Methods 1 and 2, which
are based on the observability empirical Gramians, the computational complexity of
Methods 3 and 4 is much lower. This is because the computation of the empirical
observability Gramians requires the network dynamics simulations for a number of
perturbations of the initial condition, and each of these simulations have computational time
scaling with at least (/7). In practice, this computational complexity might be even higher
due to model stiffness. On the other hand, to compute the cost functions for Methods 3 and
4, it is only necessary to simulate the dynamics for a single initial condition. This is reflected
in the computational times of these methods shown in Fig. 11. Method 3 (our approach) is
almost an order of magnitude faster than Method 1, and two orders of magnitude faster than
Method 2, across a wide range of parameters. We note that this difference will become even
larger for larger networks. Method 4 (variant of our approach) is faster than Method 3 for the
parameters shown in Fig. 11, since the greedy algorithm evaluates the objective function
fewer times than the NOMAD solver. However, this may not always be the case when both
the network size nand the fraction of observed nodes fare large. In such cases, Method 4
may become slower because the number of objective function evaluations is proportional to
nx fin this method. On the other hand, the number of objective function evaluations in
Method 3 is determined by the convergence thresholds of the solver, which do not
necessarily depend on nor £

V-D Discussion of the results

Figures 4c and d indicate a trade-off between the sensor fraction fand the observation length
N against the estimation error 7. The results show that there exists a fundamental obstacle in
decreasing 7 below a certain value for small £ Additional error reduction can be achieved by
significantly increasing the observation length A, but our results show that 7 starts to
saturate for larger values of A. Furthermore, the value of Ais usually constrained by the
available computational power and the necessarily limited number of measurements in real
experiments, and it cannot be increased to infinity. On the other hand, for small 7 the
estimation procedure becomes ill-conditioned and the number of iterations of the TRR
method dramatically increases (see Fig. 12). This implies that, in practice, the observation
performance can be severely degraded by measurement noise and that we need more time to
compute the estimate when the fraction of observed nodes is smaller.

For the networks we consider, our sensor selection procedure ensures that at least one sensor
node is selected within each SCC of the OID. From a purely structural analysis of Figs. 3
and 6, it would appear that the initial state could be reconstructed from the measurements of
these sensors. However, from our results, it follows that in practice this is not possible in
general. As the sensor fraction Fapproaches a small number, the estimation error
dramatically increases. Furthermore, the number of iterations of the TRR method also
dramatically increases, implying that the time to compute the estimate significantly increases
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(see Fig. 13a). We have verified through supplementary simulations that these conclusions
are still valid even if the data-generating model is the same as the model postulated for
observing the state. This suggests that the observed behavior does not originate from the
model uncertainties alone—it can also be caused by limitations in numerical precision. In
the extreme case of a large network with a fraction of sensor nodes that is too small, we
would need an enormous amount of time to compute the estimate, and the estimation error
would be large. In the case of small sensor fractions, the estimation error 7 can be decreased
by increasing N however, larger NValso increases the computational complexity of the
estimation method, as illustrated in Fig. 13b.

For completeness, we have tested potential correlations with several node centrality metrics:
betweenness centrality, closeness centrality, degree (both in- and out-degrees), and pagerank,
which were calculated for every network studied here. In some cases we observe that the
nodes selected by the optimal sensor selection method have larger than average centrality
values, but beyond that we observe no clear correlation between individual centrality
measures and the probability of selecting a node. The correlation coefficients between sensor
selection probability and centrality measures are summarized in Appendix D. For the Hy/ O,
network, the most probable sensor nodes are the primary reactants and products, namely, H,,
0, and H, O. For the GRI-Mech 3.0 network, this is only partially true; several probable
sensor nodes are main reactants and products, such as CHy, O,, and H, O, but others are
unstable radicals, such as CH; and C,Hs. We can only conclude that these species are
selected because they carry the most information about the dynamics of other species in the
mechanism. Similar conclusions hold for the biological networks as well. For example, in
the CD network, two of the most frequently selected nodes (BAX and IKK) are primers for
certain activation pathways [29].

VI Conclusions

Our results indicate that there is a fundamental limitation in network state estimation that, to
the best of our knowledge, has not been considered before. This limitation stems from the
complex interaction between three quantities: the number of available sensors, the
observation length, and the condition number of the system's Jacobian. While in principle
the estimation accuracy can be improved by increasing the number of sensors and the
observation length, this is usually not feasible in practice. Apart from physical limitations of
a real system (i.e., the number of available sensors, and the amount of available data), the
fundamental limitation is the amount of computation needed to calculate the state estimate.
Either the improvement of the condition number requires an unrealistic amount of data to be
processed, or the number of iterations (and precision) remains too large due to bad
conditioning. The best possible balance between these limitations for a given system can be
found by our approach to optimal sensor selection. The results on the latter clearly illustrate
the great potential of our framework compared to what would be possible with purely graph-
theoretic approaches or approaches based on empirical Gramians, particularly as the number
of SCCs and state variables increase. Our optimal sensor selection method indeed proves to
be extremely useful in scenarios involving combinatorial explosion, such as in the case of
large networks.
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Appendices

A Combustion networks

A combustion network is defined by

n n
DMz Y M, j=1.2,..n, (24)
i=1 i=1

where M;, 7=1, 2, ..., n, are chemical species (e.g., H, O, or H), nand n,are the total
numbers of chemical species and reactions, respectively, and ajjand gj;are stoichiometric
coefficients. To equation (24) we assign 7 coupled differential equations of the form [34]

n
g= Y (Bi—apg 0, i=12,..n, (25
i=1

where x; € Rxq is the concentration of the species M, x = col (xq, X, ..., X;) € R”is the
vector of concentrations (state vector), and g;is a polynomial function. This function has the
following form:

nooa. B,
qj(x)=d§f>ﬂxif’—d§b)uxik1, r=12..n, (26)
1= 1=

where dS.f ), dS.b) e R are the forward and backward reaction rates. The equations in (25)

can be written compactly as

x=1rq.(x), (27)

where g (x) = col (g1 (X), @ (X), ..., gn, (X)) and the matrix T' = [y;] € R™/rhas entries y;;
= Bji— aj;. Equation (27) is the state-space model of the combustion networks.
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B Empirical Gramians of Nonlinear Systems

Definition 1

Some of the approaches proposed in the literature for sensor placement are based on the
concept of empirical observability Gramian of nonlinear systems [14-18]. Here, we review
previous definitions of the empirical observability Gramian and introduce a new definition
that is more suitable for the class of network systems we consider. We also provide
guidelines for numerical computation and parameter selection.

We first consider the definition of the empirical observability Gramian introduced in [15].
Let77={Ty, T ..., T,} be asetof vorthogonal, 7xnmatrices; M = {cy, &, ..., ¢} be a
set of spositive constants; and let 87 = {e4, ey, ..., e} be a set of n7standard unit vectors in
R”. Furthermore, let us introduce the mean @ of an arbitrary vector u as follows:

For the network dynamics with an output equation,

X(1) = q(x(1)), (29)

y(@®) = Cx(r), (30)

the empirical observability Gramian )?1 € R™7is defined by

=R % N 1 o) . T
X=y ) ZA T,¥Y"(1)T,dt. (31)

[=1m=1T5C,
Here ¥/™(f) € R™"is a matrix whose (/, j)th entry is defined by
1 i <ilm T _ji <jl
?’if’}(t) ="O -y "0 -7, (32)

where y/™(§) is the output of the network corresponding to the initial condition xg = ¢, 7E;.
The sets # and .7 " are chosen by the user. Typical choices reported in the literature are [14,
15]: | ={0.25,0.5,0.75, 1} and 7 "= {/,, -1}
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An alternative definition of the empirical observability Gramian [16, 17] is
% 1 o Ty
X)(1)=— O'(t)’ ®’(r)dt, (33)
4y~ Jo

where

@) = [y -y ). -y @) (34)

Here the vector y*/ (9, /=1, 2, ..., n, is the output of the network at the time ¢for the initial
condition xg £ ye; where X is an arbitrary vector and y > 0 is a user choice. This definition
is more attractive from the computational point of view, compared to the definition in
equation (31), because with the choice of the initial condition xy we can freely choose the
initial point around which we want to compute the empirical Gramian.

The initial conditions xg £ ye;used to compute the empirical observability Gramian in
equation (33), are not the most optimal choices from the computational point of view.
Namely, ye;perturbs Xq only in a single direction. We would like to construct a perturbation
that is richer, such as the perturbation ¢, 7g,used to compute the empirical observability
Gramian in equation (31) (where 7;is not an identity matrix). This motivates us to combine
the above two definitions into a single one definition. We define the empirical observability
Gramian as the following matrix:

4 N

=% 3

l=1m=14rsc

T
> A To"0 o™ 01T dr, (35)

m

where
(1) = [+ =y @), L ) -y @) (36)
and y*m(f, j=1, 2, ..., n, is the output of the network at time #for the initial condition xg

cmTRj, where Xg is an arbitrary vector.

It can be easily shown that in the case of the linear dynamics
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x=Ax, (37)

y=Cx, (38)

where A € R™"and C € R™"are the constant system matrices, and for z = ooin (33), the
definitions in equations (31) and (33) become equal to the observability Gramian of the
linear system given in equations (37) and (38):

o0
W= f exp (ATHCTC exp (Apdr,  (39)
0

where exp(A) € R™is the matrix exponential. In the sequel we show that the definition in
equation (35) is equal to the definition given in equation (39) for linear systems. For the
linear dynamics in equations (37) and (38), and an arbitrary initial condition z € R”, we
have

y() = Cexp (An)z. (40)
From equation (40), it follows that

y Iy — y (@) = C exp (An(x, + ¢, Tje;) — C exp (AN(X, — ¢, T/e),
= 2¢,,Cexp (ANT e,

(41)

which implies that the (/ j)th entry of the matrix ®/7(3 7®™(# in equation (35) is given by
G =y () — ) = 42l TT exp (ATHCT exp (AT, (42)

On the other hand,

(43)

Tra —
€; Zej =% p

where Z= [z ] is an arbitrary matrix. From equations (42) and (43), we have
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70" &"™)TT = 42 exp (ATHCTCexp (Ar).  (44)

The last expression implies that

R v s T
X5(0) = z z rls /0 exp (ATHCTC exp (Andt
1

I=1m=

(45)
_ [T T\ T
= f exp (A" 1)C" C exp (At)dt,

0

which for =00 in equation (35) reduces to equation (39).

Computation of the observability Gramians

To compute any of the empirical observability Gramians previously introduced, we first need
to approximate the integrals. We use a trapezoidal method for approximating integrals
because its computational complexity is low. To compute the expressions in equation (35),
we need to approximate the integral

¥ = f TFlm(t)dt, (46)
0

where
Fim@y = T o™yl . (47)
First we divide [0, ] into Q segments divided by points
O=ty<t;<t,<.. <tg=1, (48)
The approximation of y is defined by

1

0
2~ X F @)+ Fa)Ar,  (49)
i=1

8]
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where At;= t;— t; 1. Taking this into account, the approximate empirical Gramian of X3, has
the following form:

N

_ 0
X3=l; D 1 ';l(Flm(tiz1)+Flm(tl.))Ati. (50)

me1 8rsc,2nl

Similarly, we can define the approximate Gramians of )?1 and )?2.

To compute equation (50), we need to evaluate the matrix function ~77(z,) at the discrete-
time steps ¢, /=0, 1, ..., Q. This requires the knowledge of the state sequences x(¢) from
different initial states. For simplicity, we choose equidistant time steps AZ;= const. In the
results reported in Section V-C, the discrete-time sequences are computed on the basis of the
IRK model.

Parameter choice of the observability Gramians

To compute the empirical observability Gramians we need to choose the sets .7 7 and @, the
parameters y and z, as well as the initial condition Xq. The principle for choosing these
parameters is that all the initial states from which the computation of the state trajectory
starts, should be within the physical limits of the state variables. For example, in the case of
the combustion networks, the entries of the initial states should be positive, whereas in the
case of the biological networks the entries of the initials states should be in the interval [0,
1]. For brevity, we explain the parameter selection for the case of combustion networks.
Similar principles can be used in the case of biological networks. In all three definitions, the
initial conditions are specified by equation (23).

In Definition 1, we choose .7 7 = {/,} (unlike the choice of {/,, —/,} reported in [14, 15])
and @ = {0.25, 0.5, 0.75, 1}. The improper integral is approximated by replacing the oo by
a finite value z. A rule of thumb for the selection of the parameter zis to choose it in such a
way that for an arbitrary initial condition the majority of state trajectories approximately
reach the steady states. However, because the computational complexity of computing the
empirical observability Gramians increases with z, its value should not be very large. That
is, there is a trade-off between the computational complexity and the value of z. As we show
in Section V-C, the value of = dramatically influences the results, and it should be as large as
possible.

In Definition 2, we choose y = 0.5. Our numerical results show that for the selection of the
initial condition given by equation (23), the entries of the perturbed initial conditions
(almost) always stay positive. The value of zis selected in the same manner as in Definition
1.

In Definition 3, the matrices 7;that are elements of the set.7 7 are chosen using the
following procedure. First, we generate random matrices S;, /=1, 2, ..., v, whose entries are
drawn from the standard normal distribution. After these matrices are constructed, we
perform QR decompositions [6]:
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S,;=QR, i=12..0. (51

[y

The matrix Qjis orthogonal, and consequently, we chose 7;= Q;for all i With this choice of
7;we are able to perturb more directions in the state-space around xg compared to selecting
7;as identity matrices. The set # is chosen as @ = {0.25, 0.5, 0.75, 1}. Our results show
that for such a selection of 7”7and #, and for the selection of the initial condition given by
equation (23), the perturbed initial states almost always stay positive. The value of zis
selected in the same manner as in Definition 1.

C Existing approaches for optimal sensor selection

We briefly summarize the two approaches from the literature against which our optimal
sensor selection method is compared in Section V-C.

The starting point of both approaches is the parameterized output equation:
yi = Cib)x,.  (52)

where Ci(b) = diag (b) € R”™"and b € R” is the parametrization vector. Once we have
selected the sensors, the matrix Cy is compressed into the matrix C € R/ that is used to
define the output equation (2).

First approach

The first approach is based on the empirical observability Gramians defined in Appendix B.
This approach is explained on the example of the empirical observability Gramian
introduced in Definition 3. It can be easily modified such that it is based on the empirical
Gramians introduced in the other two definitions.

We start from the approximate empirical Gramian X3 defined in equation (50). By
substituting equation (52) into equation (36), the matrix ®/7(# becomes a function of the
parametrization vector b, that is, ®/7(# = ®/™(¢. b). Then, substituting such an expression in
equation (47), we similarly obtain that 77 = F™(¢, b). This implies that the approximate
Gramian in equation (50) also becomes a function of the parametrization vector b: X3 = X3

(b).

Several criteria have been used to quantify the degree of observability using empirical
Gramians. Widely used criteria are the minimal singular (eigenvalue), trace, condition
number, and the determinant of the empirical observability Gramian [14, 16, 18]. The degree
of observability based on the matrix determinant is attractive from the optimization point of
view, mainly because the matrix determinant is a smooth function of the matrix entries [14].
Accordingly, we measure the degree of observability using the matrix determinant. Similarly
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to equation (22), the optimal sensor locations are determined as the solution of the following
optimization problem:

min { — log [ det (Xy(b)1}  (53)
subject to ) b, =r, b;€ {0,1}. (54)
i=1

We solve this optimization problem using the NOMAD solver implemented in the OPTI
toolbox [14, 48, 49].

Second approach

An elegant approach to the sensor selection for linear systems has been developed in [13].
This approach determines the optimal sensor locations by performing a finite number of
evaluations of a set function that measures the observability degree of a network. It is shown
that this method works well for linear systems provided that the set function is submodular
(for more details, see [13]). Although it is developed for linear systems, we apply this
approach to nonlinear systems without providing explicit proofs that justify the application
of such a method for nonlinear systems. Our results show that this approach works relatively
well even for nonlinear systems.

Let V={1, 2, ..., n} be a set where nis the total number of nodes in our network. Let a set
function /: 2V — R assign a real number to each subset Sof V. The subset Sis the set of
sensors that we want to choose. For example, if we select S= {1, 2, 9} then for such a
choice, the function /returns a real value quantifying the degree of observability. The
problem of optimal sensor selection of 7nodes can be formulated as the following
optimization problem:

cfax I(S). (55)

It is easy to see that the optimization problems defined in equations (53) and (54), and in
equations (22), belong to the same class of optimization problems as the optimization
problem in equation (55). The greedy algorithm for solving the optimization problem in
equation (55) has the following form. We start with an empty set S, then for /=1, 2, ... r
and perform the following two steps:

1. Compute the gain A (4S) = /(S;U {a}) - /(S) for all elements a€ V| ;.

2. Define the set Sj1 by adding the element ato the set S;with the highest gain,
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S;ip1<S;ufarg max AalS)lae W\S;}. (56)

It is known that the greedy algorithm performs well for submodular functions / In [13], it is
shown that the logdet(:) function of the controllability Gramian of a linear system is
submodular. Motivated by this we define the function /to be

() = — log [ det (7'(b,xp)"7'(b.xp))].  (57)

where g is fixed and it is not considered as an argument of the /function and 2 (b, x) is
the Jacobian used in equation (20). In equation (57) we slightly abuse the notation since /is
originally defined as a function that maps the set Sinto a real value. On the other hand, the
definition in equation (57) maps an r+~dimensional vector into a real value. However, the
sensors are marked by the position of the non-zero entries of b. The proof of the
submodularity of the function /defined in equation (57) is left out and it is a future research
topic.

D Sensor selection and centrality measures

The correlations between sensor placement and centrality measures are reported in Table 2.
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Figure 1.
State estimation in spring-mass networks. Networks of (a) two masses subject to linear

forces, (b) two masses subject to nonlinear forces, and (c, d) four masses subject to
nonlinear forces. In each case, the point masses are restricted to move vertically and the
forces (including the nonlinear ones) are emulated by linear springs in the plane. The spring
constants k; rest lengths £, friction coefficients g, and masses 1 are color-coded (legend on
the right); the dimensions of the systems are marked on the figure (the dimensions in c and d
are the same as in b). The initial states (position and velocity) of each mass are estimated
only from the direct observation of the position of the subset of masses marked on the plots.
The plots compare the true trajectories over time (solid lines) and those calculated from
estimated initial states (dashed lines), color-coded as the masses. In a (linear case),
estimation is successful from the observations of either mass, whereas in b (nonlinear case),
estimation is successful only if the smaller mass is observed. In ¢ and d (larger networks),
estimation is only successful if at least two masses are observed; comparison between ¢ and
d further shows that the optimal sensor placement (directly observed masses) depends not
only on the OID but also on the dynamical parameters. Note that this is the case even though
each network has as single (root) SCC.
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Figure 2.

Accuracy of the discretization methods. (a) Estimation error nas a function of the
discretization step size A, for the H,/ O, (squares) and GRI-Mech 3.0 (circles) networks,

using the IRK model. (b) Comparison of the time-dependent error &, = ||x;, — xz||2/||x,’:||2 for
each step & where x, € an o Is computed using the BE (red line), Tl (blue line), and IRK

(black line) discretization methods. This comparison is for the H,/ O, network, with /=
200, #=10713 and xz computed using odel5s. In both panels, the results are averaged over

100 realizations of random initial conditions, as defined in equation (23).
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Figure 3.
OIDs and sensor selection probabilities for combustion networks. OIDs of the (a) Fo/ &>

network and (b) GRI-Mech 3.0 network, where self-loops are omitted for clarity. Color-
coded is the probability of selecting the node using the optimal sensor selection method (see
text). Each network consists of two SCCs, one formed by Ar (always taken as a sensor) and
the other by the remaining nodes. The data were computed using the IRK model for A//=200
and h=10713,
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Figure 4.
Estimation error 5 as function of the sensor fraction fand observation length A. Results for

the (a, ¢) Ho/ O, network and (b, d) GRI-Mech 3.0 network. Panels a and b compare the
three models (A-IRK, O-Tl, and O-BE) for A/= 50, whereas panels ¢ and d compare
different AV for the IRK model. Each data point is an average over 100 realizations of the
random sensor placement and initial guesses of the solution in the GRI-Mech 3.0 network
and over all possible placement configurations in the H>/ O, network. The discretization step
was /2= 10713 in all simulations.
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Figure 5.
Optimal sensor selection for the combustion networks. Estimation error 7 for the (a) Ho/ O,

network and (b) GRI-Mech 3.0 network. For each network and sensor fraction 7, the
histogram presents m for an exhaustive calculation in panel a and for 100 realizations of the
random sensor placement in panel b. The blue line marks the estimation error for the
calculated optimal sensor selection. The results are generated using the IRK model for V=
200 and /7= 10713,
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Figure 6.
OIDs and sensor selection probabilities for biological networks. Same as in Fig. 3 for the (a)

CD network and (b) SS network. Yellow indicates single-node SCCs, whereas the remaining
nodes belong to a giant SCC. Sensors are placed on the yellow nodes a priori, which are then
excluded from the optimal sensor selection. The data were computed using the IRK model
for V=100 and /= 0.02 in panel a, and for /=100 and /= 0.05 in panel b.
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Figure 7.

Estimation error 7 for the (a) CD network and (b) SS network as a function of the
observation horizon and sensor fraction. The results are generated for the IRK model with /
=0.02 in panel aand /= 0.05 in panel b. The results are averages over 100 realizations of
the random sensor selections and random initial conditions.
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Optimal sensor selection for the biological networks. Estimation error 7 for the (a) CD
network and (b) SS network. For each network and sensor fraction £, the histogram presents
7 for 100 realizations of the random sensor placement. The blue line marks the estimation
error for the calculated optimal sensor selection; the red line indicates the corresponding
result when information about the OID is ignored. The results are generated using the IRK

model for /=100 and /= 0.02 in panel a, and for /=100 and /= 0.05 in panel b.
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Figure 9.
Four methods for sensor selection validated and compared on the H,/ O, network for short

observation length. Estimation error 7 for (a) Method 1, (b) Method 2, (c) Method 3, and (d)
Method 4. The histograms correspond to the estimation errors for all possible combinations
of the sensor nodes. The network is sufficiently small that exhaustive calculation of all
combinations is possible in this case. The blue line represents the estimation error for the
optimal sensor selection. The results are obtained for A= 50, #= 10713, and the IRK model.
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Figure 10.

Same as in Fig. 9 for the longer observation time of A/= 200.
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Computational time for sensor selection as a function of (a) the fraction of observed nodes £
and (b) the observation horizon N. The various curves correspond to Method 1 (H), Method
2 (@), Method 3 (), and Method 4 (¥), applied to the GRI-Mech 3.0 network. Results are
averaged over 10 random initial guesses for the selected sensors, using the IRK model and /
=10713, for M= 200 in panel aand 7= 0.5 in panel b.
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Figure 12.
Convergence and condition numbers of Jacobians of the nonlinear least-squares problem

defined by equation (10). (a, b) Number of iterations zto compute the estimate as a function
of the sensor fraction fand the observation horizon A. (¢, d) Condition number « of the
Jacobian matrix at the final estimate. Panels a and ¢ correspond to the H»/0O, network,
panels b and d correspond to the GRI-Mech 3.0 network. The parameters are the same as the
ones used in Fig. 4, panels c and d.
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Figure 13.

Computational complexity of solving the nonlinear least-squares problem defined by
equation (10). The computational complexity is shown for the A,/ O, (B) and GRI-Mech 3.0
(@) networks as a function of (a) the fraction of the observed nodes fand of (b) the
observation horizon A. In panel a the results correspond to an average of 100 samples of
randomly selected sensors and A/ = 200, whereas in panel b the results correspond to = 0.6.
In both panels, the results are obtained for the IRK model and /7= 10713,
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Table 1
Table of definitions
symbol description
X(t) vector of state variables at time ¢
y(t) output vector at time ¢
q() vector function defining the dynamical equation of the system
col (Xq, ..., Xp)  Vector formed by collating the (column) vectors Xy, ..., Xy
n number of nodes (state variables) in the network
r number of directly observed nodes (state variables)
N observation length
f fraction of directly observed nodes (state variables)
A=la] matrix with entries a;;
Iy identity matrix of size Ax k
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Correlation coefficients between the probability of selecting a node as a sensor (shown color-coded in Figs. 3
and 6) and various node's centrality measures in the OID.

Centrality H,/O;,  GRI-Mech 3.0 CD SS
in-degree -0.57 -0.02 -0.63 -0.37
out-degree -0.55 -0.04 -0.50 0.06
in-closeness -0.57 -0.05 -0.52 -0.40
out-closeness  —0.55 -0.19 -0.43 0.05
betweenness ~ -0.09 -0.13 -0.69 -0.38
pagerank -0.57 -0.02 -0.03 -0.25
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n = {T1, T2, …, Tυ} be a set of υ orthogonal, n×n matrices; ℳ = {c1, c2, …, cs} be a set of s positive constants; and let ℰn = {e1, e2, …, en} be a set of n standard unit vectors in ℝn. Furthermore, let us introduce the mean ū of an arbitrary vector u as follows:(28)For the network dynamics with an output equation,(29)(30)the empirical observability Gramian X̂1 ∈ ℝn×n is defined by(31)Here Ψlm(t) ∈ ℝn×n is a matrix whose (i, j)th entry is defined by(32)where yilm(t) is the output of the network corresponding to the initial condition x0 = cmTlei. The sets ℳ and 
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n are chosen by the user. Typical choices reported in the literature are [14, 15]: ℳ = {0.25, 0.5, 0.75, 1} and 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="12.481px" height="9.643px" viewBox="5.269 -1.447 12.481 9.643" enable-background="new 5.269 -1.447 12.481 9.643"
xml:space="preserve">
<path d="M14.288-0.3c-0.486,0.43-0.925,1.041-1.316,1.834c-0.303,0.698-0.604,1.397-0.906,2.096
c-0.553,1.255-1.232,2.282-2.039,3.08C9.021,7.7,7.933,8.197,6.762,8.197c-0.995,0-1.493-0.342-1.493-1.026
c0-0.227,0.074-0.429,0.223-0.605s0.334-0.266,0.556-0.266c0.293,0,0.439,0.135,0.439,0.403c0,0.321-0.156,0.481-0.468,0.481
c-0.118,0-0.238-0.059-0.36-0.177C5.611,7.069,5.587,7.147,5.587,7.24c0,0.236,0.14,0.418,0.418,0.546
c0.217,0.099,0.46,0.148,0.729,0.148c0.812,0,1.555-0.345,2.229-1.034c0.42-0.42,0.913-1.113,1.479-2.081
c0.539-0.949,1.079-1.897,1.622-2.847c0.693-1.118,1.385-1.944,2.074-2.478L14.288-0.3z M17.75-1.256
c-0.727,0.444-1.481,0.666-2.266,0.666c-0.344,0-0.859-0.073-1.547-0.22c-0.687-0.146-1.207-0.22-1.561-0.22h-0.064
c-0.448,0.005-0.93,0.102-1.443,0.291c-0.709,0.26-1.367,0.661-1.976,1.204C8.157,1.116,7.789,1.761,7.789,2.398
c0,0.189,0.068,0.347,0.205,0.475s0.3,0.191,0.488,0.191c0.666,0,1.334-0.432,2.004-1.296c0.637-0.816,0.961-1.569,0.97-2.259h0.22
c0,1.072-0.281,1.942-0.843,2.613c-0.26,0.312-0.608,0.585-1.048,0.821C9.319,3.198,8.894,3.325,8.511,3.325
c-0.273,0-0.506-0.088-0.697-0.266C7.622,2.883,7.528,2.657,7.528,2.384c0-0.732,0.405-1.444,1.217-2.139
c0.652-0.566,1.389-0.996,2.209-1.288c0.676-0.241,1.327-0.361,1.955-0.361c0.358,0,0.896,0.042,1.61,0.124s1.252,0.124,1.61,0.124
c0.463,0,0.975-0.097,1.537-0.291L17.75-1.256z"/>
</svg>
n = {In, −In}.Definition 2An alternative definition of the empirical observability Gramian [16, 17] is(33)where(34)Here the vector y±i (t), i = 1, 2, …, n, is the output of the network at the time t for the initial condition x0 ± γei, where x0 is an arbitrary vector and γ > 0 is a user choice. This definition is more attractive from the computational point of view, compared to the definition in equation (31), because with the choice of the initial condition x0 we can freely choose the initial point around which we want to compute the empirical Gramian.Definition 3The initial conditions x0 ± γei used to compute the empirical observability Gramian in equation (33), are not the most optimal choices from the computational point of view. Namely, γei perturbs x0 only in a single direction. We would like to construct a perturbation that is richer, such as the perturbation cmTlei used to compute the empirical observability Gramian in equation (31) (where Tl is not an identity matrix). This motivates us to combine the above two definitions into a single one definition. We define the empirical observability Gramian as the following matrix:(35)where(36)and y±ilm(t), i = 1, 2, …, n, is the output of the network at time t for the initial condition x0 ± cmTlei, where x0 is an arbitrary vector.It can be easily shown that in the case of the linear dynamics(37)(38)where A ∈ ℝn×n and C ∈ ℝr×n are the constant system matrices, and for τ = ∞in (33), the definitions in equations (31) and (33) become equal to the observability Gramian of the linear system given in equations (37) and (38):(39)where exp(At) ∈ ℝn×n is the matrix exponential. In the sequel we show that the definition in equation (35) is equal to the definition given in equation (39) for linear systems. For the linear dynamics in equations (37) and (38), and an arbitrary initial condition z ∈ ℝn, we have(40)From equation (40), it follows that(41)which implies that the (i, j)th entry of the matrix Φlm(t)TΦlm(t) in equation (35) is given by(42)On the other hand,(43)where Z = [zi,j] is an arbitrary matrix. From equations (42) and (43), we have(44)The last expression implies that(45)which for τ = ∞ in equation (35) reduces to equation (39).Computation of the observability GramiansTo compute any of the empirical observability Gramians previously introduced, we first need to approximate the integrals. We use a trapezoidal method for approximating integrals because its computational complexity is low. To compute the expressions in equation (35), we need to approximate the integral(46)where(47)First we divide [0, τ] into Q segments divided by points(48)The approximation of χ is defined by(49)where Δti = ti – ti–1. Taking this into account, the approximate empirical Gramian of X̄3, has the following form:(50)Similarly, we can define the approximate Gramians of X̂1 and X̂2.To compute equation (50), we need to evaluate the matrix function Flm(ti) at the discrete-time steps ti, i = 0, 1, …, Q. This requires the knowledge of the state sequences x(ti) from different initial states. For simplicity, we choose equidistant time steps Δti = const. In the results reported in Section V-C, the discrete-time sequences are computed on the basis of the IRK model.Parameter choice of the observability GramiansTo compute the empirical observability Gramians we need to choose the sets 
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n and ℳ, the parameters γ and τ, as well as the initial condition x0. The principle for choosing these parameters is that all the initial states from which the computation of the state trajectory starts, should be within the physical limits of the state variables. For example, in the case of the combustion networks, the entries of the initial states should be positive, whereas in the case of the biological networks the entries of the initials states should be in the interval [0, 1]. For brevity, we explain the parameter selection for the case of combustion networks. Similar principles can be used in the case of biological networks. In all three definitions, the initial conditions are specified by equation (23).In Definition 1, we choose 
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n = {In} (unlike the choice of {In, −In} reported in [14, 15]) and ℳ = {0.25, 0.5, 0.75, 1}. The improper integral is approximated by replacing the ∞ by a finite value τ. A rule of thumb for the selection of the parameter τ is to choose it in such a way that for an arbitrary initial condition the majority of state trajectories approximately reach the steady states. However, because the computational complexity of computing the empirical observability Gramians increases with τ, its value should not be very large. That is, there is a trade-off between the computational complexity and the value of τ. As we show in Section V-C, the value of τ dramatically influences the results, and it should be as large as possible.In Definition 2, we choose γ = 0.5. Our numerical results show that for the selection of the initial condition given by equation (23), the entries of the perturbed initial conditions (almost) always stay positive. The value of τ is selected in the same manner as in Definition 1.In Definition 3, the matrices Ti that are elements of the set 
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n are chosen using the following procedure. First, we generate random matrices Si, i = 1, 2, …, υ, whose entries are drawn from the standard normal distribution. After these matrices are constructed, we perform QR decompositions [6]:(51)The matrix Qi is orthogonal, and consequently, we chose Ti = Qi for all i. With this choice of Ti we are able to perturb more directions in the state-space around x0 compared to selecting Ti as identity matrices. The set ℳ is chosen as ℳ = {0.25, 0.5, 0.75, 1}. Our results show that for such a selection of Tn and ℳ, and for the selection of the initial condition given by equation (23), the perturbed initial states almost always stay positive. The value of τ is selected in the same manner as in Definition 1.C Existing approaches for optimal sensor selectionWe briefly summarize the two approaches from the literature against which our optimal sensor selection method is compared in Section V-C.The starting point of both approaches is the parameterized output equation:(52)where C1(b) = diag (b) ∈ ℝn×n and b ∈ ℝn is the parametrization vector. Once we have selected the sensors, the matrix C1 is compressed into the matrix C ∈ ℝr×n that is used to define the output equation (2).First approachThe first approach is based on the empirical observability Gramians defined in Appendix B. This approach is explained on the example of the empirical observability Gramian introduced in Definition 3. It can be easily modified such that it is based on the empirical Gramians introduced in the other two definitions.We start from the approximate empirical Gramian X̄3 defined in equation (50). By substituting equation (52) into equation (36), the matrix Φlm(t) becomes a function of the parametrization vector b, that is, Φlm(t) = Φlm(t, b). Then, substituting such an expression in equation (47), we similarly obtain that Flm = Flm(t, b). This implies that the approximate Gramian in equation (50) also becomes a function of the parametrization vector b: X̄3 = X̄3 (b).Several criteria have been used to quantify the degree of observability using empirical Gramians. Widely used criteria are the minimal singular (eigenvalue), trace, condition number, and the determinant of the empirical observability Gramian [14, 16, 18]. The degree of observability based on the matrix determinant is attractive from the optimization point of view, mainly because the matrix determinant is a smooth function of the matrix entries [14]. Accordingly, we measure the degree of observability using the matrix determinant. Similarly to equation (22), the optimal sensor locations are determined as the solution of the following optimization problem:(53)(54)We solve this optimization problem using the NOMAD solver implemented in the OPTI toolbox [14, 48, 49].Second approachAn elegant approach to the sensor selection for linear systems has been developed in [13]. This approach determines the optimal sensor locations by performing a finite number of evaluations of a set function that measures the observability degree of a network. It is shown that this method works well for linear systems provided that the set function is submodular (for more details, see [13]). Although it is developed for linear systems, we apply this approach to nonlinear systems without providing explicit proofs that justify the application of such a method for nonlinear systems. Our results show that this approach works relatively well even for nonlinear systems.Let V = {1, 2, …, n} be a set where n is the total number of nodes in our network. Let a set function l : 2V → ℝ assign a real number to each subset S of V. The subset S is the set of sensors that we want to choose. For example, if we select S = {1, 2, 9} then for such a choice, the function l returns a real value quantifying the degree of observability. The problem of optimal sensor selection of r nodes can be formulated as the following optimization problem:(55)It is easy to see that the optimization problems defined in equations (53) and (54), and in equations (22), belong to the same class of optimization problems as the optimization problem in equation (55). The greedy algorithm for solving the optimization problem in equation (55) has the following form. We start with an empty set S0, then for i = 1, 2, … r and perform the following two steps: 
1.Compute the gain Δ (a|Si) = l (Si ∪ {a}) – l (Si) for all elements a ∈ V \ Si.2.Define the set Si+1 by adding the element a to the set Si with the highest gain,(56)It is known that the greedy algorithm performs well for submodular functions l. In [13], it is shown that the logdet(·) function of the controllability Gramian of a linear system is submodular. Motivated by this we define the function l to be(57)where x0 is fixed and it is not considered as an argument of the l function and J1 (b, x0) is the Jacobian used in equation (20). In equation (57) we slightly abuse the notation since l is originally defined as a function that maps the set S into a real value. On the other hand, the definition in equation (57) maps an n-dimensional vector into a real value. However, the sensors are marked by the position of the non-zero entries of b. The proof of the submodularity of the function l defined in equation (57) is left out and it is a future research topic.D Sensor selection and centrality measuresThe correlations between sensor placement and centrality measures are reported in Table 2.
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