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Abstract

Finding the optimal treatment regime (or a series of sequential treatment regimes) based on
individual characteristics has important applications in areas such as precision medicine,
government policies and active labor market interventions. In the current literature, the optimal
treatment regime is usually defined as the one that maximizes the average benefit in the potential
population. This paper studies a general framework for estimating the quantile-optimal treatment
regime, which is of importance in many real-world applications. Given a collection of treatment
regimes, we consider robust estimation of the quantile-optimal treatment regime, which does not
require the analyst to specify an outcome regression model. We propose an alternative formulation
of the estimator as a solution of an optimization problem with an estimated nuisance parameter.
This novel representation allows us to investigate the asymptotic theory of the estimated optimal
treatment regime using empirical process techniques. We derive theory involving a nonstandard
convergence rate and a non-normal limiting distribution. The same nonstandard convergence rate
would also occur if the mean optimality criterion is applied, but this has not been studied. Thus,
our results fill an important theoretical gap for a general class of policy search methods in the
literature. The paper investigates both static and dynamic treatment regimes. In addition, doubly
robust estimation and alternative optimality criterion such as that based on Gini’s mean difference
or weighted quantiles are investigated. Numerical simulations demonstrate the performance of the
proposed estimator. A data example from a trial in HIV+ patients is used to illustrate the
application.

Keywords

dynamic treatment regime; nonstandard asymptotics; optimal treatment regime; precision
medicine; quantile criterion

1 Introduction

A treatment regime can be described as a function from the space of covariates to the set of
treatment options. Depending on the application, a treatment can represent a drug, a device,
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a program, a policy, an intervention or a strategy. The problem of estimating an optimal
treatment regime has recently received considerable attention. Medical doctors have long
been interested in tailoring a patient’s medical treatment according to the individual’s unique
genetic information, health history, environmental exposure, needs and preferences.
Economists are interested in finding the most effective active labor market programs (job
search training, computer training, etc.) for an unemployed job seeker (Frélich (2008),
Behncke et al. (2009), Staghgj et al. (2010), Wunsch (2013)). In political science,
researchers are interested in selecting the best strategies (personal visits, phone calls,
mailings, etc.) to increase voter turnout (Gerber and Green (2000), Imai and Ratkovic
(2013)).

Existing work on estimating an optimal treatment regime has mainly focused on the mean-
optimal treatment regime, which if followed by the whole population would yield the largest
average outcome (assuming a larger outcome is preferable). Popular approaches for
estimating mean-optimal treatment regimes include model-based methods such as Q-
learning (Watkins and Dayan, 1992; Murphy, 2005b; Chakraborty et al., 2010; Moodie and
Richardson, 2010; Goldberg and Kosorok, 2012; Song et al., 2015), A-learning (Robins et
al., 2000; Murphy, 2003, 2005a), and model-free or policy search methods (Robins and
Rotnitzky, 2008; Orellana and Robins, 2010; Zhang et al., 2012a; Zhao et al., 2012, 2015a).
Other relevant work includes Robins (2004); Moodie et al. (2007, 2009); Henderson et al.
(2010); Cai et al. (2011); Qian and Murphy (2011); Thall et al. (2011); Imai and Ratkovic
(2013); Huang et al. (2015); Tao and Wang (2017), among others. We refer to the recent
books (Chakraborty and Moodie, 2013; Kosorok and Moodie, 2016) and review articles
(Qian et al., 2012; Chakraborty and Murphy, 2014; Laber et al., 2014; Schulte et al., 2014;
Wallace and Moodie, 2014) for a more comprehensive list of references. In econometrics, an
independent line of interesting work explored a decision theory framework for estimating
statistical treatment rules (Manski, 2004; Dehejia, 2005; Hirano and Porter, 2009; Stoye,
2009; Bhattacharya, 2009; Bhattacharya and Dupas, 2012; Tetenov, 2012).

In a variety of applications, criteria other than the mean (or the average) may be more
sensible. When the outcome has a skewed distribution (e.g., survival time of patients), it may
be desirable to consider the treatment regime that maximizes the median of the distribution
of the potential outcome. Sometimes, the tail of the potential outcome distribution is of
direct importance. When evaluating government job training programs to improve earnings,
policy makers may ask which program does best to improve earnings on the lower tail. An
optimal treatment regime with respect to the tail criterion is even more attractive if the
sacrifice is little at the central part of the potential outcome distribution as compared to the
mean-optimal treatment regime. A simple numerical example illustrating phenomenon of
this nature is given in Section 2. The same numerical example also reveals that the mean-
optimal treatment regime may work poorly (or even have detrimental effect) at the tails.

In this paper, we study a general framework for estimating the quantile-optimal treatment
regime in both static and dynamic settings, the latter of which involves estimating a
sequence of treatment regimes that may vary over time based on a longitudinal study. Given
a class of treatment regimes, we consider a robust estimator of the quantile-optimal
treatment regime that does not require specifying an outcome regression model. By now, it
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has been widely recognized (Qian and Murphy, 2011; Zhang et al., 2012a; Zhao et al., 2012;
Matsouaka et al., 2014; Zhao et al., 2015b) that a fundamental challenge in estimating the
optimal treatment regime is specifying a reliable outcome model, which describes how the
treatment and covariates influence the outcome and how they interact with each other. A
misspecified outcome model can result in biased estimation of the optimal treatment regime.
The difficulty of specifying outcome models is more pronounced when estimating the
optimal dynamic treatment regime using longitudinal data, for which model-based
approaches would require specifying a sequence of outcome models, one for each decision
point. However, complete nonparametric estimation of optimal treatment regimes suffers
from the curse of dimensionality and does not provide easy-to-interpret treatment regimes.

Although some recent work has made important contributions to estimating the optimal
treatment regime without an outcome model (Robins and Rotnitzky, 2008; Robins et al.,
2000; van der Laan et al., 2005; Orellana and Robins, 2010; Zhang et al., 2012a, 2013; Zhao
etal., 2012, 2015b), they have considered only the mean-optimal criterion and have not
studied the asymptotic distribution of the estimated optimal treatment regime. In fact, as will
be shown later in the paper, the classical asymptotic theory does not apply to this class of
estimators even for the mean-optimal criterion.

We propose a novel formulation of the estimator as a solution of an optimization problem
with an estimated nuisance parameter. This representation allows us to further investigate the
asymptotic theory of the estimated optimal treatment regime using empirical processes
techniques. Our study reveals that the theory involves nonstandard asymptotics. We have
rigorously established that: (1) the estimated parameter indexing the quantile-optimal
treatment regime converges at a cube-root rate to a nonnormal limiting distribution that is
characterized by the maximizer of a centered Gaussian process with a parabolic drift; and
(2) the value function corresponding to the quantile optimal treatment regime can be
estimated at an Op(n‘llz) rate. This new framework is broad in the sense that it also provides
an alternative formulation of the mean optimal criterion, for which the same type of
nonstandard asymptotics would arise. Thus, we fill an important gap in the literature.
Moreover, the framework can be adapted to alternative criteria such as those based on
weighted quantile or Gini’s mean difference (Section 1.2 of online supplement). The main
practical advantage of the proposed estimator is that it circumvents the difficulty of
specifying a reliable outcome regression model, which has undue influence on estimating
the optimal treatment regime. We also investigate doubly robust estimation (Section 1.1 of
online supplement), which can incorporate an outcome regression model when it is
available.

In the causal inference context, several authors have considered estimating the quantile
treatment effects for comparing several pre-determined treatment regimes (Rubin, 1974;
Rosenbaum and Rubin, 1983; Hogan and Lee, 2004; Chernozhukov and Hansen, 2005;
Zhang et al., 2012b). These authors have not investigated the fundamental problem of
estimating the optimal treatment regimes in the quantile framework, which is much more
complex than estimating the quantile specific treatment effect when the treatment
assignment is given. Potentially, the recent work on discrete Q-learning in Moodie et al.
(2014) can be applied to first estimate the probabilities and then invert them to estimate
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quantiles, but this application has not been systematically studied. Linn et al. (2015)
independently considered estimating quantile-optimal treatment regime. However, their
approach depends on applying threshold interactive model-based Q-learning at a sequence
of thresholding values and then performing inversion. The method requires specifying the
underlying outcome models and is computationally intensive even for homoscedastic error
outcome models. Furthermore, Linn et al. (2015) has not studied the asymptotic theory we
considered here.

The rest of the paper is organized as follows. The quantile-optimal treatment regime is
proposed in Section 2. The estimation procedure and asymptotic distribution are introduced
in Section 3. Section 4 investigates quantile-optimal dynamic treatment regimes. Simulation
studies and a data example are reported in Section 5. Section 6 considers doubly robust
estimation and alternative optimality criteria. The proofs are given in the Appendix.
Additional technical details and numerical results can be found in the online supplement.
The methods proposed in this paper can be implemented using the R package quantoptr
(Zhou et al., 2017).

2 Quantile-optimal treatment regime

Let A be the binary variable denoting treatment (0 or 1 corresponding to two treatment
options), and let Y denote the outcome. Without loss of generality, we assume that a larger
value of the outcome is preferable. To evaluate the treatment effect, we consider the potential
or counterfactual outcome framework (Neyman (1990), Rubin (1978)) for causal models.
Let Y*(1) be the potential outcome had the subject been assigned to treatment 1; and Y*(0)
be the potential outcome had the subject been assigned to treatment 0. For each individual in
the sample, we observe either Y*(1) or Y*(0), but not both. It is assumed that the observed
outcome is Y= Y*(1)A+ Y*(0)(1 - A), that is, the observed outcome is the potential
outcome corresponding to the treatment the subject actually receives. This is often referred
to as the consistency assumption in causal inference. We also adopt the stable unit treatment
value assumption (Rubin (1986)), that is, a subject’s outcome of receiving a treatment is not
influenced by the treatments received by other subjects.

Let X denote an /~dimensional vector of covariates. A treatment regime is defined as a
function o X), that maps the covariates vector Xto the set of treatment options, here {0,1}.
For example, o .X) = /(X < 3/5) would assign a subject with X'= 0.2 to treatment 1. Given
treatment regime a(X), the corresponding potential outcome is Y*(d) = Y*(1)a(X) + Y*(0)
(1 - d X)), thatis, Y* (d) is the outcome one would observe if a subject with covariate value
Xis assigned to treatment 1 or 0 following treatment regime o X). We assume that ( Y*(1),
¥Y*(0)) is independent of A conditional on X (unconfoundedness assumption, Rosenbaum
and Rubin (1983)), which is automatically satisfied in randomized trials.

Given a collection D of treatment regimes, the optimal treatment regime is typically defined
as the one that maximizes the average of the potential outcome: £ Y*(a)). Here, we consider
a new quantile-optimal treatment regime, which is defined as
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arg max, c pQ (Y"(d)), (1)

where t € (0, 1) is the quantile level of interest and Q, (Y*(d)) is the zth quantile of Y*(d),
specifically, @/ Y*(a)) = inf {¢: F*(§) = =} with F* denoting the distribution function of

Y*(a).

To illustrate how the quantile-optimal treatment regime differs from the mean-optimal
treatment regime, we consider a simple but instructive example. The outcome, Y/, satisfies
Yi=1+3A;+ X;—5AX;+ (L + A;j+ 2A:X)ej where g;~ M0,1) X;~ Uniform[0, 1], and
A;=1 (or 0) if subject /receives treatment (or control). We consider the following six
treatment regimes: (1) A;=0,V 7, (2) A;i= (X;<3/5); (3) A;j= (X< 1/2); (4) Aj= [ X;<
1/5) ; (5) A;j= A X;< 1/10); (6) Aj=1, V /, and (7) random assignment A(A;=1) = 0.5. It is
easy to derive that treatment regime 2 is the mean-optimal treatment regime. Table 1
summarizes the mean, the 0.25 quantile (Qy 25) and 0.10 quantile (Jp.10) of the potential
outcome distribution corresponding to each of the six treatment regimes, based on a Monte
Carlo experiment with 108 observations. We observe that regime 3 is the best if one is
interested in maximizing the first quartile of the potential outcome distribution; whereas
regime 4 performs best with respect to the 0.10 quantile. If we consider the hypothetical
setting where the outcome is the survival time of cancer patients, then regime 2 (mean-
optimal treatment regime) may have detrimental effect for patients at the lower tail,
corresponding to weaker patients. Regime 3 significantly improves the survival time of the
patients at the lower tail, while its mean value is comparable to that of regime 2. Thus,
regime 3 is preferable if doctors wish to improve the life span of more severely ill patients
without sacrificing the average treatment benefit of the population.

3 Estimation and large sample theory

3.1 Estimating quantile-optimal treatment regime

To explain the idea, we first consider a randomized trial with two treatment options (denoted
by 1 and 0). Extensions to observational studies and dynamic treatment regimes will be
discussed later. The observed data { X}, Y; A}, i=1, ..., n, are independent and identically
distributed copies of {.X; Y; A}. Our aim is to estimate the quantile-optimal treatment

regime given a class of feasible treatment regimes D = {I(XTﬁ >0):8€ B] where S indexes

different treatment regimes and B is a compact subset of R, This class of single-index
decision rules has been popular in practice (Zhang et al., 2012a, 2013; Zhao et al., 2012) due
to its simplicity and interpretability. It is straightforward to show that this class contains the
mean-optimal treatment regime corresponding to some popular choices of outcome models.
For example, for the outcome model E( YA, X) = By + SLX1 + B Xo + A(Bs + Ba X1 +
BsX>), the corresponding mean-optimal treatment regime is B3 + B4 X1 + BsX> >0). An
alternative class of treatment regimes that are practically appealing is the class of
thresholding rules of the form Xy > By, ..., X1 > By), for some constants g, ..., B1. Even
for these relatively simple forms, asymptotic theory for the estimated optimal treatment
regime, no matter what the criterion is, is nontrivial. It is worth pointing out that it is not
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necessary that the class of candidate treatment regimes includes the theoretically global
optimal treatment regimes, as the interpretability of the treatment regime is often of
fundamental importance.

We will focus on the single-index treatment regimes, as the theory for the thresholding
decision rules is similar and simpler. Given a g, € B, let d.X, §) = KX7B8 >0} be the
treatment regime indexed by B, which is sometimes denoted by dj for notational simplicity.
For a quantile level of interest 7 (0 < z< 1), we would like to estimate 5 = arg

maxge gQ Y*(dp)), the parameter indexing the quantile-optimal treatment regime. To do so,
we make use of an induced missing data framework motivated by Zhang et al. (2012a). Let
ap) = Ad X p) + (L - A1 - dX p). Inthe induced missing data framework, the “full
data” of interest, but not completely observed, are { Y*(dj), X}; and the observed data are
{AB), Ap) r(dp), X} ={AB), AP Y, X} If AP) =1, then potential outcome Y*(dp) is
observed; if () = 0 then Y* (dp) is “missing”. Furthermore, Y*(djp) and ((p) are
independent conditional on X. Thus, the induced missing data structure satisfies the missing
at random assumption. Let

~

0,(p) = argminn™' ¥’ C(Pp,(¥;~a). (2)

i=1

where p (1) = u(z— Ku<0)) is the quantile loss function. As stated in the following lemma
(proof given in the online supplement), QT(/}) is a consistent estimator of the zth quantile of

Y*(dp).

Lemma 1—If condition (CZ) in Section 3.3 is satisfied, then we have Qf(ﬂ) - QT(Y*(dﬂ)) in
probability, V S € B.

The estimator for 5, that corresponds to the quantile-optimal treatment regime is

B, = argmax 0.(). (3)
peB

The estimated quantile-optimal treatment regime is d/} = I(xT B > 0). Section 2.1 of the

online supplement provides the calculation details.

3.2 Alternative formulation of the proposed estimator

As the treatment regimes involve indicator functions, the nonsmoothness leads to
nonstandard asymptotics even when the mean criterion is used. The asymptotic theory is
challenging and involves a cube-root convergence rate and a non-normal limiting
distribution, see Section 3.3 for details. Even for the mean criterion, the asymptotic
distribution theory of the estimated optimal treatment regime has not yet been systematically
developed in the literature.
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To facilitate the development of theory, we introduce a novel reformulation that represents
the quantile-optimal treatment regime parameter estimator (3) as a solution of an
optimization problem with an estimated nuisance parameter. To motivate the reformulation,
let

g(-. pom) = C(HI{Y —m >0}, (4)

my = supim: sup Pg(-,p,m) > (1 -1)/2;, (5)
peB

ﬁ(): argmaXPg(-,ﬁ,mo), (6)
pebB

The function g(-, B, /m) is motivated by the first-order condition of the maximization problem
in (2). For a randomized trial, P(C(f) = 11X) = P(C(p) = 01X) = % Thus,

P(g(-,p.m)) = %P(Y*(dﬁ) > m), which is equal to ! ;T if m= QL Y*(dp)). For any given 3,
because g(-, B, m) is monotonically decreasing in /m, it follows that @, Y*(djp)) is the largest

1-7
2

is the largest achievable zth quantile of Y*(dj) over SE B ; and /& defined in (6) is the
population value of the parameter that indexes the optimal treatment regime.

value of msuch that Pg(-, B, m) is greater than or equal to . Therefore, nm defined in (5)

Now, let /7, denote the empirical expectation, that is, P, f(2) = n_lz?z @), where 273, ...,
Z,is a random sample and 7(:) is an arbitrary function. Then,
m, = sup{m:supﬁ, cmPu8C s pm) = (1 - T)/2} is the estimator of the largest achievable zth

quantile of Y*(ajp) over the class of treatment regimes under consideration. We have the
following alternative expression of the estimator in (3):

Bn = argmax P g(-,p,m,). (7)
pebB

In other words, Bn is the value of g at which the supremum of Pg(-,p.m,) is achieved, thus

it is the estimator of the parameter that indexes the optimal treatment regime. This
reformulation was partly motivated by the least median of squares estimator of Rousseeuw
(1984). A benefit of this reformulation is that we also obtain the convergence rate of 7i,,

which is the estimator for the maximally achievable value function (here, the maximally
achievable zth quantile of the potential outcome) as a by product (see Lemma 2 in Section
3.3).
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3.3 Asymptotic properties

We assume the following regularity conditions.

(C1) Potential outcomes Y*(1) and Y*(0) both have continuous distributions with
bounded, continuously differentiable density functions.

(C2) The population parameter indexing the optimal treatment regime, 4, € R/, which

satisfies || Bo | =1, where | - || denotes the Euclidean norm, is unique and is an
interior point of B, a compact subset of the parameter space.

(C3) Xhas a continuously differentiable density function £-). The angular
components of X, considered as a random element of the unit sphere s in R has a
bounded, continuous density with respect to the surface measure on S.

(C4) Let g( X, 8) = S1,x(rmy + 6) — So, x(mMg + 6), where Sy, () and S, x(+) denote the
conditional survival functions of Y*(1) and Y*(0) give X, respectively; and ¢(X, 0)
and f(X) denote the gradients with respect to .X. The /x /matrix

V= %fI{XTﬂO = 0}(f(X)4(X, 0) + q(X, O)f(X))’/)’OXXTd(r is positive definite, where o
is the surface measure on the hyperplane {X: X7, = 0}.

Condition (C1) is a standard assumption on the potential outcomes in causal inference.
Condition (C2) is an identifiabilitv condition for By. Conditions (C3) and (C4) are technical
conditions to evaluate the quadratic drift and covariance function of the Gaussian process
that are used to characterize the asymptotic distribution of /?n. The matrix V in (C4)

characterizes the quadratic drift of the Gaussian process. These two conditions are similar to
those in Example 6.4 of Kim and Pollard (1990). In particular, condition (C3) is mainly
imposed for the convenience of calculating the derivative of the surface integral in the proof
of Lemma 2. It can be relaxed to allow some of the components of Xto be discrete at the
expense of a more complex expression for V. The new formulation in Section 3.2 connects
the problem of estimating S to the class of estimation problems with cube root asymptotics
(Kim and Pollard, 1990). However, the result of Kim and Pollard (1990) is not directly
applicable because our estimator of 5 contains an estimated nuisance parameter 7,. Lemma

2 below shows that /?n nearly maximizes the objective function in (7) in which m, is replaced

by the limiting value m.

Lemma 2—Under conditions (CI)—(Cf),

(1), =my+ OP(n_”z).

2)Pg(- ,Bn my) = Sup; & gPaeC pmy) — Op(n_2/3).

The first part of Lemma 2 shows that 7, has a root-n convergence rate. This result is of

independent interest as it tells us how well we could estimate the theoretically largest
achievable value of the criterion function. The details of the derivation of the lemma are
given in the Appendix. Lemma 2 confirms that En nearly maximizes Png(:, B, mp). This
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allows us to further derive the asymptotic distribution of /?n, which is expressible as a
functional of two-sided Brownian motion with a quadratic drift. This result is stated in the
following theorem.

1/3,%

Theorem 1—Assume conditions (C2)—~(C4) are satisfied. Then, n" (8, — ) converges in

distribution to arg max;Z(9, where the process Z(r) = — %ZTVI + W(), Visan /x [positive

definite matrix and WAY) is a centered Gaussian process with continuous sample paths and
covariance kernel function K{(:, -). The expressions for Vand K-, -) are given in the proof of
the theorem in the Appendix.

Remark 1: If the mean-optimal criterion is of interest, then we let g*(:, B, 1) = AB)(Y - 1)
and i, = sup{y:supﬂ c BPng*( B > 0}. The estimated parameter indexing the mean-
optimal treatment regime has the representation 5" = argmax P g+ (-4, ji ). It is

peB
straightforward to adapt the techniques developed in this paper to show that the estimated
parameter indexing the mean-optimal treatment regime has a non-standard convergence rate
and a non-normal limiting distribution. This fills an important gap in the literature.

Remark 2: If the observed data arise from observational studies, the above formulation and
theory can be extended using propensity score weighting. For observational studies, we have
Y* (dp) LAB)| X, which is guaranteed under the common causal inference assumption
{Y*(1), Y*(0)} L AX. Thus, the “missing at random” assumption is satisfied in the induced
missing data framework of Section 3.1. Let z(X) = AA = 1| X), then the propensity score
ACp=1|X) has the expression (X)X, ) + (1 = =(X))(1 - a( X, B)). We denote the
propensity score by /X, B) for notational simplicity. We then estimate the zth quantile of

n cp

i 1W,DT(Yi - a), where 7 (X, §) is an estimator of the

Y*(dg) by 0 (p) = argminn™ 'y

propensity score /X A). A simple way to obtain z (X , §) is to estimate rz(.X) based on

{A;, X}, i=1, ..., n,using logistic regression, which models r(X) as (X, y) =
exp(XTp)I(1 + exp(X7y)). One may also use semiparametric or nonparametric models,
which renders greater flexibility but demands heavier computation. The estimated parameter
indexing the quantile-optimal treatment regime is given by a;gm[%x QNQT(/}).

S

4 Quantile-optimal dynamic treatment regimes

When treating chronic medical conditions, it is frequently necessary to vary the treatment
(e.g., drug type, dose) over time according to how the patient responds to the previous
treatment. This motivates us to consider estimating the quantile-optimal dynamic treatment
regime (DTR) using data from longitudinal studies, which can also help catch possible
delayed treatment effects. Comparing with the static treatment regime discussed earlier, a
new challenge is the presence of time-dependent covariates that may be simultaneously
confounders and intermediate variables.
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Consider a two-stage longitudinal study in which the subject receives treatment A; € {0,1}
at stage 1 and treatment A, € {0, 1} at stage 2. We are interested in the outcome at the end
of the study. We would like to estimate the optimal DTR &= (a1, &), where gjcan depend
on the realized covariates and treatment history before the jth decision, j=1, 2. The baseline

vector of covariates is denoted by X, the potential outcomes are denoted by {X;(d D Y*(d)},

where Xz(dl) is the covariate information between decisions ¢} and &, had the subject

received treatment ¢;; and Y*(d) is the potential outcome had the subject received treatment
d= (a4, db). As before, we define the quantile-optimal DTR as ¢°" = argmax 0.(Y'@). Hy =
deD

{X1} and H = { X, A1, Xo}. We adopt the no unmeasured confounder or sequential
ignorability assumption (Robins (1997)), that is, given any regime (a;, &),
A, L{X3(a,).Y*(a;.ay)}1H | and AyL Y*(ay, &)|Ho. In other words, treatment A; received in

the jth stage (f= 1, 2) is independent of any future (potential) covariate or outcome
conditional on the history. We also adopt the positivity assumption, that is, there exist
positive constants ¢; < ¢, such that o < AA; = 4H)) < ¢, with probability one, for a € {0,
1} j=1.2. Assume that the class of candidate treatment regimes is indexed by

t=(" /" eB=B xB,, d;=(dyd,), where d(H ) = I(H{ > 0)and d (H,) = I(H}y > 0).

The observed data are denoted by {Xn, Ax, Xp, Ap, Y} =1, ..., n,where X, denotes the
baseline vector of covariates for subject /, Aj; is the treatment subject /receives at stage 1,
X denotes the vector of intermediate information observed between the two stages, Ap is
the treatment subject 7receives at stage 2, and Y;is the observed outcome for subject /7 (as
before, a larger value is preferred). To estimate the optimal treatment regime, we consider a
similar induced missing data structure, as motivated by Zhang et al. (2013). For a given

treatment regime d, the “full data” are (XI,X;(dﬂ), Y*(dg))- Let Cg= 0 if Ay = ggand A, =
0’7. In this case, (X, X,,Y) = (Xl,X;(dﬁ), Y*(d{:)), and we observe the potential outcome. Let

Cp=2if Ap = dgbut A; # dg (dropout before decision 2); and let Cg=1if Ay # dgand A; #
ag (dropout before decision 1). Note that this induced missing data structure mimics the
monotone dropout scenario for longitudinal data. We can verify that the setup satisfies the
missing at random assumption, that is, missingness may be related to the observed
information but is conditionally independent of what is missing.

_ _ - T
Let 1 (Hh) = AAL = 1| Hy) and n,(H,) = 7)(X,, ay) = P(A, = 11X,.a,), where X, = (X],X3)

is an ~dimensional vector. It is important to note that A, depends on the treatment received
at the first stage. If the subject receives A; = & € {0, 1} at the first stage, we sometimes
write fH; as Ho(ar) = { X1, 4, Xz} to emphasize the dependence, for which case X, = X;(al)

by the consistency assumption. Similarly, for Ay = dg(#H1), we sometimes write A, as Ho(d)p)
= {dp(X1), X2}. The potential outcomes correspond to dare denoted by

[x,. X5 ), Y} or simply {x3(d . Y*(@,)}.
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I(C, = o)
n P(C§OO|H2)’DT(Y -
Y*(dg). Note that Cg = oo if and only if A; = ag(X1) and A = d,(Ha(dp)), in other words,
Ha = Hy(dp) or the observed history is the potential history corresponding to dg. Thus, in the
above inverse probability weighted quantile loss function

As before, we would minimize P a)| to estimate the zth quantile of

*

P(C.= ooIHZ) =P, = ooIXl,X;(dﬁ(Xl))) = P(A1 = dﬁlxl’XZ(dﬁ(Xl)))P(Al = dyIA1 = dﬂ(Xl)’Xl’XZ

¢ ¢
(dg(X ) = P(Ay = dglX ). P(Ay = d IH(d )

where AA = dgXq) = [m(H)dp+ (1 - m(H))(1 - dg)] and AA; = d,|Ho(dp)) =
[2(Ha(dp))d, + (1 = m2(Ha(dp))(1 = d,)]. For notational simplicity, we denote A(Cg = o
Ho) by rr(£). Formally, the estimate of the zth quantile of Y*(dj) is given by

~ I(C,. .= o)
o1 g ; et 7
0,6 = arg;mn n 27: IWpT(YI. —a), where Ceris the value of Cgfor subject /.

The consistency of Qr(g) is established in the online supplement. The estimator of the

parameter indexing the optimal DTR from the class D is defined as
&= argmax Qf(g). The estimated quantile-optimal treatment regime is d. = (d~,d.).
e=6"/") e T

In the following, we assume that the data arise from a SMART (sequential, multiple,
assignment randomized trials), which has been recommended as a standard design for
optimal DTR estimation (Lavori and Dawson, 2000; Murphy, 2008). For a SMART, m1(H)

and 1 (H,) are both known by design, thus rt(£) is known for any given &. Let
I(Cy= )
g(-,&m)= @

following alternative expression En = argmax P g( -, m,). Let mg = sup{m: sup¢ Po(:, &,
4

1Y > m)and /i = sup{m:sungng( LEm > (1— r)]. We have the

m)z(1- 7)}and &, = argmax Pg(-,¢& mg). Under similar conditions as for Theorem 1, it can
¢

1/3(5

be derived that the limiting distribution of » . — $o) Is that of the maximizer of a centered

Gaussian process with a quadratic drift.

Under conditions (C1*)-(C4*) given in the online supplement, »'/3(¢

. — o) converges in
distribution to argmax.2*(f), where the process Z*(r) = — %tTV*t +W¥@) Visan Ix /

positive definite matrix and W*(2) is a centered Gaussian process with continuous sample
paths and covariance kernel function K*(C;, G,). The expressions for V* and K* (-, -) are
given in the online supplement.

JAm Stat Assoc. Author manuscript; available in PMC 2019 June 08.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Wang et al. Page 12

5 Numerical results

5.1 Simulations

Example 1 (single-stage optimal treatment regime)—\We compare estimating the
conventional mean-optimal treatment regime and quantile-optimal treatment regime in this
example. We generate random data from the model

X
Y=1+X,— X+ X3+¢ T+ AB3 5K, +2X, = 3X;+ X,) + (L + AL+ X, + X, + X3+ X,)e,

where Xy (k=1,..., 4) are independent Uniform(0, 1) random variables and e ~ N/ (0, 1) is
independent of the covariates. The binary treatment indicator A satisfies log (A A = 1| X)/P
(Ai=0]X)) =-05-0.5 (X1 + Xo + X3+ X3), where X'=(Xq,..., X4)/.

We consider the class of treatment regimes A7y + n’.X> 0), where (7o, 71,..., 7a) " has L,-
norm 1. Let i(a X) = E(Y/A = a, X), where a € {0, 1}. The mean optimal treatment regime
is given by A1, X) > 140, X)). In our example, itis (3 —5X; + 2X5 — 3X3 + X3 > 0),
which belongs to our class of candidate treatment regimes. We compare the proposed
method with two popular methods for estimating the mean-optimal treatment regime: a
model-based approach and a model-free approach. For the model-based approach we impose
models for (&, X) and then estimate the mean-optimal treatment regime by

I(a(1, X) > (0, X)), where /i is the estimated value of g We consider two posited models for
ua X): (1) correctly specified regression function

X
3 4 .
Hla, X) = vy + 71X +1Xy +13X5+v4e T alrs+ rgX | + X, +rgX5+ 719X, and (2)
misspecified regression function
Hpla, X) = explyy+ 7 X + 7, X, + }/SXg Falyy +v5X | +rgXy +77X5 +rgX 1 For the model-

free approach, we consider the estimator in Zhang et al. (2012a). We denote these three
estimators by mean_RG , , mean_RG and mean_ZTLD, respectively.
t

m

For the quantile criteria, we consider z=0.25 and 0.1, and denote the corresponding
criterion as 0.25qt criterion and 0.10qt criterion, respectively. We do not have a closed form
expression for the quantile-optimal treatment regime. In Table 2, based on a Monte Carlo
experiment with sample size 10°, we report the values of the 7’s indexing the optimal
treatment regimes corresponding to different criteria; the last three columns of the table
contain the mean, the 0.25 quantile and the 0.1 quantile of the outcomes if the corresponding
optimal treatment regime is applied. These values will serve as our gold standard.

Table 3 summarizes the estimated optimal treatment regimes corresponding to the mean

criterion (using mean_RG , , mean_RG, and mean_ZTLD, respectively), the 0.25qt criterion
t m

and the 0.10qt criterion for sample sizes 7=500 and 1000. The last three columns of Table 3
report the estimated mean, the 0.25 quantile and the 0.1 quantile of the outcomes if the
estimated optimal treatment regime is applied. We observe the model-based approach for
estimating the mean-optimal treatment regime is sensitive to the specified regression model
and can be biased when the regression model is misspecified ( mean_RGﬂm gives very biased

estimators for 7 and 7). Also, the estimated optimal treatment regimes (and their
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achievable performance in terms of the value of the criterion functions) using the model-free
approach get closer to the ideal ones reported in Table 2 as the sample size increases.

Example 2 (two-stage DTR)—We generate random data from the following model Y'=1
+ X1+A; [1-3 (X - 0.2)2] +Xo+ Ay [1 -5 (Xo — 0.4)2] +(1+0.54; — A;.X; +0.54, -

A Xo)e, where e~ N (0, 0.4) Xq ~ Uniform (0, 1) X5|{ X1, A1} ~ Uniform(0.5.X7, 0.5.X3
+0.5), A1l X1 ~ Bernoulli (expit (0.5 + X1)), and Ax|{ X1, A1, Xo} ~ Bernoulli (expit (-1 +
X5)) with expit () = /(1 + €). We consider sequential treatment regimes of the form (A,
Ap), where Ay = 1{X1 < m} and Ay = 1{X5 < mp}. We note that this class contains the
mean-optimal sequential treatment regimes which are given by A; = /(X1 <0.777) and A, =
/(X <0.847).

The popular Q-learning procedure relies on specification of models for the so-called Q-
functions. In this example, we compare with standard application of Q-learning based on
linear models, that is, the Q-functions are specifies as

Q(H,A.B)= HIT’Oﬁt’O +A1H21ﬂt’ 1= 1.2, where Fho = (1, X, Ay, X141, Xo) T, Ho1 = (1,

X2)T, Hio= (1, X)7; and Hy 1 = (1, X1) 7. We note that in practice the Q-learning procedure
usually misspecifies the Q-function. We also compare with the model-free approach for
estimating the mean-optimal dynamic treatment regime (Zhang et al. (2013)).

Table 4 reports the parameters indexing the optimal treatment regimes and the corresponding
mean, median and 0.75 quantile of the outcome if the optimal treatment regime is applied,
based on a Monte Carlo experiment with sample size 10°. Table 5 summarizes the estimated
parameters indexing the optimal treatment regimes and their estimated performance
corresponding to different criteria for sample sizes /=500, 1000, based on 400 simulation
runs. The estimated optimal treatment regimes and their achievable performance are quite
close to the ideal ones reported in Table 4, particularly when the sample size is large.

5.2 ACTG175 data analysis

We illustrate the proposed quantile-optimal treatment regime estimation method on the
ACTG175 data set from the R package spef f 2t ri al , which contains measurements on
2139 HIV-infected patients. The patients were randomized to four treatment arms:
zidovudine (AZT) monotherapy, AZT+didanosine (ddl), AZT+zalcitabine(ddC), and ddl
monotherapy. The goal of the original clinical trial was to evaluate whether treatment of HIV
infection with one drug (monotherapy) was the same as, better than, or worse than treatment
with two drugs (combination therapy) in patients with CD4 T cells between 200 and

500/ mm? (Hammer et al., 1996). Figures 1 and 2 of the online supplement display the
histograms of the response variable (CD4 count at week 96) for each of the two treatment
arms for different subgroups of patients for which the subgroups are formed by the observed
values of the CD4 count at week 0 or baseline weight. The varying shapes of the histograms
across different ranges of both covariates indicate heteroscedastic treatment effects. It is also
observed that the distribution of the response variable tends to be asymmetric and skewed to
the right.
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A basic conclusion from the study is for patients who had taken AZT before entering the
trial, treatments with ddl or AZT — ddl are better than continuing to take AZT alone. There
are n=562 patients with full CD4 information that had taken AZT before the study and
received AZT+ddl or ddl monotheraphy in this trial. Motivated by the aforementioned
finding, we consider the problem of how to assign treatment to the patients who had taken
AZT before, either to the AZT+ddl combination therapy or to the ddl monotheraphy. The
quantitative outcome is the CD4 count at 96+ 5 weeks from baseline (denoted as cd496) as
CD4 count represents a vital signal for disease progression for HIV-infected patients. The
treatment indicator A;is set to 1 if patient /is assigned to the AZT + ddlI therapy, and A;is
set to O if the patient is assigned to the ddI monotheraphy. Because this trial is randomized,
the propensity score ;= 1 LA;= 0.48 is taken as a constant for all subjects.

Two covariates are considered for estimating the optimal treatment regimes: X; (baseline
weight of patient, measured in kg) and X, (baseline CD4 T cell count, denoted by cd40). It
has been observed that body weight has a significant role on AZT pharmacokinetic profile.
Burger et al. (1994) reported that AZT clearance is significantly lower in patients with a
lower body weight, which indicates a qualitative interaction with AZT. In medicine, drug
clearance is a pharmacokinetic measurement of the rate at which the active drug is removed
from the body, and drug clearance is correlated with the time course of a drug’s action
(Hammer et al., 1996).

Let X'= (X1, X2), where both X7 and X5 are standardized to the interval [0, 1]. We consider
the class of candidate regimes of the form Kmng + m.X1 + ;X5 < 0}, where (1, m1, 10) €
(-1, 1)3. When the decision rule takes the value 1, the patient is assigned to the AZT+ddI
combination therapy; otherwise the patient is assigned to the ddl monotheraphy. For
identifiabilitv, we impose the restriction || 7| = 1. We estimate the optimal treatment
regimes using the median criterion, quartile criterion and the mean criterion. The median
criterion is motivated by the robustness consideration; the quartile criterion is motivated by
the desire to improve the treatment effect for weaker patients. Table 6 summaries the
estimated optimal treatment regimes for the three criteria.

The estimated median of the potential outcome when the median-optimal treatment regime
is applied is 360; whereas the median of the observed outcome is 339.5. The estimated first
quartile of the potential outcome when the 0.25qt criterion is applied is 263; whereas the
0.25 quartile of the observed outcome is 237. The estimated mean of the potential outcome
when the mean-optimal treatment regime is applied is 403.9; whereas the mean of the
observed outcome is 355. Figure 3 of the online supplement depicts the three estimated
regimes graphically, from which we observe that they are dramatically different from each
other.

6 Conclusions and discussions

In a variety of applications, it is of interest to consider a treatment regime that maximizes the
median or other quantile of the potential outcome distribution. This paper studies robust
estimation of quantile-optimal static/dynamic treatment regimes. We propose a novel
representation that expresses the parameter indexing the optimal treatment regime as a
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solution to an optimization problem with a nuisance parameter. Employing this
representation and empirical process techniques, we prove that the estimated parameter
indexing the quantile-optimal treatment regime has a nonstandard convergence rate and a
non-normal limiting distribution. Our approach does not rely on the specification of an
outcome regression model. We also investigate the doubly robust estimator for the quantile-
optimal treatment regime, which can improve the estimation efficiency when a reliable
outcome regression model is available (Section 1.1 of the online supplement).

Our proposed novel representation applies to a general class of policy search estimators for
optimal treatment regimes defined by a general class of criteria. In particular, our approach
can be applied to investigate the asymptotic distribution for the estimators of the mean-
optimal treatment regimes in Zhang et al. (2012a, 2013) and fill in an important gap in the
theory. The aforementioned nonstandard asymptotics will also arise when the mean-optimal
criterion is used. For alternative criteria, we discuss optimal treatment regimes defined by
the Ginhs mean difference criterion and the weighted quantile criterion in the online
supplement, where an outline of the theory and some numerical examples are provided.

It is worth noting that the nonstandard asymptotics discussed in this paper are different from
the nonregular asymptotics for Q-learning estimators. The Q-learning method models the
stage-specific conditional mean functions and is a popular indirect method for estimating
mean-optimal treatment regimes. Consider the Q-learning method in a two-stage dynamic
setting and denote the estimated parameters indexing the optimal treatment regimes for the
two stages as (7, y,). The asymptotic distribution for i, is standard but the asymptotic

distribution for 7, is nonregular in the sense that it does not converge uniformly over the

parameter space (Robins, 2004; Chakraborty et al., 2010; Laber et al., 2014). The asymptotic
distribution of y, can change abruptly from being asymptotically normal to being non-

normal depending on whether a certain event occurs with probability zero or not. This
happens because 7, is a nonsmooth function of y,. The results in this paper and those in the

literature on Q-learning demonstrate the challenges of asymptotic theory for optimal
treatment regimes estimation. In general, classical asymptotic theory is no longer applicable.

An interesting future research direction is to investigate estimating quantile-optimal
treatment regimes for survival data, where the response variable is randomly censored.
Censored data arise in diverse fields such as economics, medicine and sociology. For
example, in a clinical trial censoring occurs when a study ends before all patients experience
the event of interest. Several authors (Goldberg and Kosorok (2012); Zhao et al. (2015c);
Geng et al. (2015); Jiang et al. (2016)) recently studied estimating optimal treatment regimes
with survival outcomes but have not considered the quantile criterion. When censoring is
heavy, it can be difficult to estimate the mean survival time accurately but it is often possible
to reliably estimate the median and the lower quantiles.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Technical Proofs

We provide below the proofs of Lemma 2 and Theorem 1. The proofs of Lemma 1, Theorem
2, and derivation of the theory for Section 6.2 are given in the online supplement.

Proof of Lemma 2

(1) Note that g(:, B, m) = [AKXTB >0) + (1 - A)AXTB< 0)]AY — m >0). The classes
{I(XTﬂ > 0):4€ B} and {I(Y —m > 0):m € R} are both VVC subgraph classes and hence

bounded Donsker classes. Therefore, the class {g( -, 3,m): p € B,m € R} is Donsker (van der
Vaart and Wellner (1996)). We thus have

sup P+, B,m)—Pg(-,pm)l = 0,07, (8)
peB meR

We denote the supremum at the left side of the above expression as A, For any given S,
Pg(-, B, m) is a decreasing function of m. Hence the assumption about the density ensures

that there exists a constant x; > 0 such that sup pepl 8. pmy+e)< % - k¢, for

each small enough e >0. Taking e = A,/ x1, to all nsufficiently large, it follows from (8) that

A
1-7 n 1-1 .. . ~
SUp; ¢ BPu8C  Bomy+ A [k <A+ ——— KIK—I =— This implies m < my+ A, 1K for all

nsufficiently large. Similarly, there exists a constant x, > 0 such that
SUp; ¢ gPs(-.pmy—e) 2 % + K¢, for all small enough e > 0. If follows that

A
1-— ..
supy ¢ gPo8(- By = B, /ky) > = A, +— ‘_ KZK—; = (1 — 7)/2 for all nsufficiently large.

This implies 7, > m,— A /x, for all nsufficiently large. Since A,= Oy(7/2), we have

o -1/2
m, = mg+ Op(n

). (2) Observing (i) ﬁn = argmax P g(-,p,m,), (ii) B= o uniquely
pebB
maximizes Pg(:, B, mg) and (iii) Sup; ¢ gl P8( . p.m,) —Pg(-,p,mpl = op(l), we conclude

that 4 is consistent for 5 by applying standard arguments of the A estimation theory
(simple modification of Theorem 5.7 in van der Vaart (1998)). Next, we will show

2 -1/3
ﬁn_ﬂoz OP(n )-

Let 0= (87, 87, where 6 = m~my, and A(-, B, 8) = QB K Y-mg - & >0} - Qo) KY — my
- & >0}. By definition, En = argmax P h(-,p,m, —mg). We will consider a Taylor expansion
pebB

of PH(, B, 8) around 6, = (5. o). Note that (-, o, 0) = 0 and that
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0=3> o]] = %EII(XT,B > OI(Y —my— 5> 0)IA = 1] + %E[I(XTﬂ < O)I(Y —m,
= 0} = %E{I(XT/% > 0)8) ymy+ 5)} n %E{I(XT,B <0)S) ymy+ 5)} - %E{I(XT,B > 0)(S, y(mg + )

E[C(ﬁ)[{Y—m -0>0)IA

- SO, X(mO + 5))} + %E{SO, X(mO + 5)},

where S;, x (+) and Sy, x (+) are the conditional survival functions of Y*(1) and Y* (0) given
X; respectively. Let g(.X, 6) = S, x(my + 8) — Sp. x (Mg + 6), then

Eh(-,p,6)) = %E[(I(XT,B >0) - 1(x" g, > 0))q(x, 5)] .

2
. P _ a . _
Itis easy to see J=E(h(-.4.0)l; _ fpd=0= 0 and ;E(h( BN = Pps=07 0. Note that

the transformation 7, = (/ - 1141 2871 — popd)+ 115117 ppg, where /denotes the
identity matrix, maps the region A = {X7 By >0} onto A(B) = {X’B> 0}, taking A to
0A(B). The surface measure ogon dA(S) has the constant density pg (X) = BT Bolll Al with
respect to the image of the surface measure o= oy under 75 The outward pointing unit
vector normal to A(p) is the standardized vector — g/|| || and along 0 A the derivative (d/
08) TH(X) reduces to —||8|"2[BX7 + (B7X)/]. Using the result from Section 10.7 of Loomis
and Sternberg (1968) on derivatives as surface integrals, we have

F) D P -2 ,.T T, _
0/75(};(.,/5,5))_ SUBITZB B+ 1B pp )fl{x ﬂo_O}q(Tﬂ(X),zS)f(Tﬂ(X))Xda.

a 1 1 1 —
Note that we have WE(h( -, B.9) Iﬁ —Ppd=0"= Obecause E(/(-, B, 0)) is maximized at B =

Bo. Combining with the observation that 7(X) = Xalong {X 75 = 0}, we have /' KX =
O X, 0)F(X) X do =0 Using this and the fact || || = 1, we have
)

_ 1 T, _ . oo T T
pa TP 50 = =3 f 1T 5y = 0}(rx0dx.0) + (x, 0170 " By xx" do,

where 4(X,0) and f(X) denote the gradients with respect to X Also,

2
J 1 T
mwz( By fp5=0"7 / I{X By = 0}(sL X = g, x ) (X)X,

where s, xand &, x are the derivatives of S;, xand Sy, x with respect to &, respectively. We
write

62
V= = T B0 O
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2
0 .
anda; = %E(h( B0, then the Taylor expansion of PA(-, 5, &) around (B,

=ﬁ0y5=0’

0) has the form

Ph(-.$.8) = 2B~ o) V(B = ) +al (B~ oo+ o115 = ol P) + (D). (10)

For a given positive constant R, let Hy = sup;,_ o || < gl(-,5,8). We observe that A(-, B, &)
O -

is nonzero if and only if C(B) and C(B) take different values. Hence,

Hy <SWyg_g 11 < 1x"p>0>x" ) +1x" g, > 0= x"p)}. The envelope function Hpis

bounded by an indicator function of a pair of multidimensional wedge shaped regions, each
subtending an angle of order O(~), from which we deduce that E(Hi) = O(R). The conditions

of Lemma 4.1 of Kim and Pollard (1990) are satisfied. Hence, for each fixed & > 0,

uniformly for |0~ &l < R, Po/(-, B, 8) < PI(-, B, 8) + &(|B~ Boll? + &) + O 2R).
Combining with the upper bound in (10), we have

P h(-.5.6) < —(%ﬂmm(V)—E)l 1p— Byl 12+ lay 11115~ Byl 151 +(e+o(1))52+0p(n‘2’3),

where A, V) denotes the smallest eigenvalue of V. Choosing & = A V)/4, we derive
that

B . PR 1 - 2 —1/2,,, 2
0="P h( -, By, —m) <P (.3 i —mg) < = Frmin 1B, = Bl ” + 0 " DB, = fli+ 0,

min
(n_2/3) )

Completing the square in 11 3, — 4,1, we derive that 115, — B,|1 = Op(n_1/3).

Next, we show that /?n nearly maximizes P,/(-, B, 0). A similar argument as above shows
that AA(-, 61) — M-, &) = ]|y — 6| for 61, & near G. It follows from Lemma 4.6 of
Kim and Pollard (1990) that the process J{-, a, y) = AP, — PI-, By + a3, yi1/3)
satisfies the stochastic equicontinuity condition of Theorem 2.3 of Kim and Pollard (1990).

Since n1/3(nA1n —mg) = o,(1), this implies that for g uniformly in a O(/71/3) neighborhood of

B o0 P = Bon' i, = m) = 1, n'2B = B, 0) = 0 (1), Thatis,

P - oy =mg) = P (- B,0) + Ph -, B, i, = mg) = Ph( -, $.0) + 0 (>

), uniformly over
an Op(n‘1/3) neighborhood of By. Within such a neighborhood, Taylor expansion similarly as
before shows that Pa( -, g, m, —my) — Ph(-, B,0) = op(n_2/3). Suppose

B = argmax P h(-,,0). An analysis similar to that for 3, shows that 5, = 0 (n='"3).
fEB P

Hence,
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~ ~ o =) ~ -2 ~
PJC B0 = P By = mg) =0 0723 2 P B iy = m) =0 7P = P 00— 0
(n_2/3)

where the inequality follows because ﬁn = argmax P h(-,p,m, —mg). Therefore,
peB

P h(- ,,EHO) 2 Supg o gP (- B.0) — op(n_2/3), O

Proof of Theorem 1

1/3, %

Following Lemma 2(2), to find the asymptotic distribution of n™"“(, — p), it suffices to

apply the main theorem of Kim and Pollard (1990) to the one parameter process
{h(-,p,0):p € B}. Recall that (-, B, 0) = QB KY >mg} - ABo) { Y > mp}. In the
following, we will verify conditions (iv) and (v) of the main theorem of Kim and Pollard
(1990). Other conditions of the theorem are relatively easier and can be checked using
similar techniques as those in the proof of Lemma 2.

2
For condition (iv), it can be shown that J i
0pop

Eh(-, B, 00l By = " v, where Vis defined

in (9) in the proof of Lemma 2. Next, we calculate the kernel function in condition (v).
Similarly as in the calculation in the proof of Lemma 2, for each C;, G in &, and >0,

C 2

1 G
P - By + =, 0| =il -+ —=,0]

= tP{IC(/)’O +C, /1) = C(By + CoDII(Y > mo)}
- %IP{II(XT(ﬂO +C /1) > 0) = IXT (B + Cyl0) > O (1) > mo)] + %tP{II(XT(ﬁO +C, 1) < 0) = IXT (B + Cyl1) < OUY*(0) > my)

= tP{(Sl’ X0+ Sy ) T By + €10 > 0= 1T (B + Cy 1) > 0)|} .

To evaluate the above expression, we make use of the local coordinates (Example 6.4 of Kim
and Pollard (1990)), for which we define p(z) =41 — | |T||2ﬂ0 + 7, where zis orthogonal to &

and ranges over a neighborhood of the origin. It is noted that as the parameter space is on the
sphere (|| Goll = 1, ||| = 1), such a decomposition can be obtained by taking = = o(8) = 7y,

where T, = 1 - §,55 Then we can write g = (6 §)p, + T, such that gl s = /1 - I1z1* and
ﬁgTOﬂ =0. Also, By + Ci/D) = ToCi/t, o(Fy + Col) = TGyt Similarly, we can decompose
Xas X= rfy+ Zfor some random variable rand random vector Z, with Zbeing orthogonal
to fo. Let C; = T,C, € T, k=1,2, then

X1 (By+ C 10y = By + 2) (1 = ICTIPy+ City = |1 = TP 1% + 27 Cl 1. Let p(-,) be

the joint density function of (7, 2), which can be deduced from the density of X; With a
change of variable w= tr, tP{(Sy, x{mp) + So.x{mo))|AX(Bo + CilD) > 0) = KXT(By + ColD) >
0)|} is equal to
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/][ ~Zresa-ncpid” V2 ws —7Tc sa-nchitid)” V2 ; (mp+S (mg
L hy+Z 0.5 py+Z
Npwit, Z)dwdZ + [/ { ~Zicka-nchitid” V2o s T ca-1cy 27!
S (mpy) + S (mp) |[p(w/t, Z)dwdZ .
w 0 w 0
1,7/}0+Z 0,7ﬁ0+Z
Integrating over w and letting #—ooto get
lim, _, tPIh(-, o+ C,/1,0) = h(-, B+ Cy/t, 0)I> . We denote this limit as L(C—-G). Using
= / 1Z1(C} = CEDIES, Hmg) + Sy my)p(0, 2)dZ
= / 1Z7(C, = CIES, Hme) + Sy 7pmy)p(0, Z2)dZ
the identity 2xy = x>+ )2—(x-))2, we deduce that the limiting covariance kernel function can
be written as
K(C,.Cy =lim, __ ootP[h( By + C/1.0) = (- . fy+ Cylt/1,0) = lim, _ _TiPIA(- ., fy+ C,/1,0).
—h(-. By OF +1im, _ 002zPlh( ﬁ0+ Cy/1,0)~h(- .y O1F —lim, _ oo%hmt_) WPV By
+Cy11.0) = h( - By + Cylt.O)F = 2(L(C}) + L(Cy) = L(C; = Cy)
The asymptotic distribution of n”3(/3 - By then follows by applying the main theorem of
Kim and Pollard (1990) O
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