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Amorphous packings of nonspherical particles such as ellipsoids
and spherocylinders are known to be hypostatic: The number of
mechanical contacts between particles is smaller than the num-
ber of degrees of freedom, thus violating Maxwell’s mechanical
stability criterion. In this work, we propose a general theory of
hypostaticamorphous packings and the associated jamming transi-
tion. First, we show that many systems fall into a same universality
class. As an example, we explicitly map ellipsoids into a system of
“breathing” particles. We show by using a marginal stability argu-
ment that in both cases jammed packings are hypostatic and that
the critical exponents related to the contact number and the vibra-
tional density of states are the same. Furthermore, we introduce a
generalized perceptron model which can be solved analytically by
the replica method. The analytical solution predicts critical expo-
nents in the same hypostaticjamming universality class. Our analy-
sis further reveals that the force and gap distributions of hypostatic
jamming do not show power-law behavior, in marked contrast to
the isostatic jamming of spherical particles. Finally, we confirm our
theoretical predictions by numerical simulations.
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pon compression, an athermal system consisting of purely

repulsive particles suddenly acquires finite rigidity at a cer-
tain jamming transition density ¢ at which constituent particles
start to touch each other, producing a finite mechanical pres-
sure (1-3). The jamming transition is observed in a wide variety
of physical, engineering, and biological systems such as metal-
lic balls (4), foams (5, 6), colloids (7), polymers (8), candies
(9), dices (10), and tissues (11). In the past decade, a lot of
progress has been made in understanding the jamming transition
of spherical and frictionless particles with repulsive interactions.
Key findings involve (i) the power-law behaviors of the elastic
modulus and contact number as a function of the proximity to
ws (6, 12, 13), (ii) the emergence of excess soft modes in the
vibrational density of states D(w) (6), and (iii) the power-law
divergence of the gap distribution function g(h) and power-law
tail of the force distribution function P(f) at ¢; (6, 14-16).
Those phenomena can be understood in terms of a marginal sta-
bility principle (17, 18): The system lies close to a mechanical
instability. More precisely, at ¢, the contact number per parti-
cle is z; = 2d (4, 6), which barely satisfies Maxwell’s mechanical
stability condition (19). Accepting marginal stability as a basic
principle, one can successfully predict the critical exponents of
soft spheres (17, 18) and derive a scaling relation between critical
exponents of hard spheres (20-23). The importance of marginal
stability is also highlighted by exact calculations for hard spheres
in the large-dimension limit (15) and in a perceptron model of
the jamming transition (24-26). These first-principle calculations
prove that a full replica symmetric breaking (RSB) phase tran-
sition occurs ahead of the jamming transition. In the full RSB
phase, the eigenvalue distribution function is gapless, and thus
the system is indeed marginally stable (24). This approach pro-
vides exact results for the critical exponents, which agree well
with the numerical results (15), once localized excitation modes
are carefully separated (16, 22).
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However, a system of spherical particles is an idealized model
and, in reality, constituent particles are, in general, nonspherical.
In this case, one should specify the direction of each parti-
cle in addition to the particle position. The effects of those
extra degrees of freedom have been investigated in detail in the
case of ellipsoids (2, 3, 9, 27-32). Notably, the contact number
at the jamming point continuously increases from the isostatic
value of spheres, as z; — 2d o A2, where A denotes the devi-
ation from the perfectly spherical shape. The system is thus
hypostatic: The contact number is lower than what is expected
by the naive Maxwell’s stability condition, which would predict
27 =2(d + dex) Where dex is the number of rotational degrees
of freedom per particle (9, 28, 29). As a consequence of hypo-
staticity, D(w) has anomalous zero modes at ¢, which are
referred to as “quartic modes” because they are stabilized by
quartic terms of the potential energy (29-32). Hypostatic pack-
ings are also obtained for spherocylinders (33-37), superballs
(38), superellipsoids (39), other convex-shaped particles (40),
and even deformable polygons (41). Compared with spherical
particles, the theoretical understanding of the jamming transition
of nonspherical particles is still in its infancy (29, 42). In particu-
lar, the physical mechanism that induces a scaling behavior such
as 2y — 2d o< A'/? is unclear.

In this work, we propose a theoretical framework to describe
the universality class of hypostatic jamming. As a first example of
universality, we map ellipsoids into a model of “breathing” spher-
ical particles (BP), recently introduced in ref. 43. Based on the
mapping, we show that the two models indeed have the same crit-
ical exponents by using a marginal stability argument. Next, we
propose a generalization of the random perceptron model that
mimics the BP and can be solved analytically using the replica
method. We confirm that this model is in the same universal-
ity class of ellipsoids, BP, and other nonspherical particles that
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display hypostatic jamming. This analysis further predicts the
scaling behavior of g(h) and P(f) near the jamming point. Inter-
estingly, we find that these functions do not show a power-law
behavior even at the jamming point, in marked contrast to the
jamming of spherical particles. Also the simplicity of the model
allows us to derive an analytical expression of the density of
states D(w), which exhibits the very same scaling behavior as
that of ellipsoids and BP. Finally, we confirm our predictions by
numerical simulations of the BP model.

BP Model

The BP model (43) was originally introduced to understand the
physics of the swap Monte Carlo algorithm (44), but here we
focus on its relation with the jamming of ellipsoids. The model
consists of N spherical particles with positions x; in d dimensions
and radius R; > 0, interacting via the potential energy

Vn({x},{R}) =

where, defining 6(z) as the Heaviside theta function,

Uv=> k- “0 ),

1<J

UN({x}a{R}) +MN({R})’ [1]

hij = xi —x;| — Ri — R;,  [2]

is the standard harmonic repulsive interaction potential of spher-
ical particles such as bubbles and colloids (5), and the distribu-
tion of R;, which can fluctuate around a reference value R?, is
controlled by the chemical potential term

0

i

Here, kr is determined by imposing that the dimensionless SD
Aoc+/>,(Ri — RY)2/(NR?) is constant,with Ro =N "' 3", R).
Note that A =0 (corresponding to kr = co) gives back the usual
spherical particles (5) and that the full distribution of radii,
P(R), can generically change even if A is kept fixed. Upon
approaching jamming, where the adimensional pressure p (in
units of kR>~?) vanishes, it is found that kr =p/A and P(R)
remains constant (43).

Because the BP model has Nd translational degrees of free-
dom and N radial degrees of freedom, the naive Maxwell stabil-
ity condition requires z > 2(d + 1) in the thermodynamic limit
(19, 45). However, a marginal stability argument and numeri-
cal simulations prove that the contact number at the jamming
point z; increases continuously as z; — 2d o< A'/2 (43) and the
system is hypostatic for sufficiently small A; i.e., the number of
constraints is smaller than that required by Maxwell’s stability
condition. This is very similar to ellipsoids and motivates us to
conjecture that the two models could belong to the same uni-
versality class. In the following, we show that this expectation
is indeed true: Hypostatic packings of the BP and ellipsoids are
stabilized by a common mechanism and have the same critical
exponents.

Mapping from Ellipsoids to BP

We now construct a mapping from a system of ellipsoids to the
spherical BP model introduced above. Ellipsoids are described
by their position x; and by unit vectors &#; along their princi-
pal axis, and for concreteness we model them by the Gay-Berne
potential (31, 46)

V(e (@) =Y olh), o) =0(-h), I

i<J
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where the gap function is defined as

hyy = i =%~y

g0
Oij 1

e . [5]
0 1_x (Pig ittty P + (ijii—riy ity P
2 T-Fxa;-i; 1—xd; i

Here, 7ij = (x; —x;)/ |x; —x;| is the unit vector connecting the
ith and jth particles, oo is the length of the principal axis, and
x = (% — 1)/(¢* 4+ 1), where ¢ denotes the aspect ratio. Because
we are interested in the nearly spherical case, we expand the pair
potential in small A=¢ —1 as

A L
o(hig) = v(h") = S0' () [(By -a0) + (7 - 25)°]
+ A%y, (6]

where h( ) = ryj /oo — 1 and A2w;; denotes the O(A?) term that
we do not need to write explicitly. Substituting this in Eq. 4 and
keeping terms up to A?, we obtain Vy ~ Uy + un, where

Uy = Z [v(hfjo)) + A2w¢j] s

1<j

The stiffness matrix is k> = —A~* 2y ¥ (h(o))Af #7;, where
a,b=1,...,d. Note that near the jamming point, k; behaves as
ki~v'(h)/A~p/A, which is the same scaling of the stiffness
kr of the BP model, Eq. 3. Hence, if we identify Aa; with R;,
in the vicinity of jamming the potential for ellipsoids can be ana-
lyzed essentially in the same way as in the BP model (43), as we
discuss next.

Marginal Stability

The distinctive feature of both BP and ellipsoids is that the
total potential, and thus the Hessian matrix, can be split into
two parts: one having finite stiffness and the second one hav-
ing vanishing stiffness p/A by dimensional arguments. The
zero modes of the first term are stabilized by the second one,
as recognized in refs. 29 and 32. We now provide additional
insight on this structure by generalizing a marginal stability
argument discussed for the BP in ref. 43. At jamming, p=0
and Vy = Uy because py o p. The N3 = Nz /2 constraints com-
ing from Uy, one per mechanical contact, stabilize the same
number of vibrational modes. Because the system is hypostatic,
there remain Ny = N(d+ dex) — N2/2= N(dex — 62/2) zero-
frequency modes, where 0z =z — 2d and dex is the number of
extra degrees of freedom per particle; i.e., dex = 1 for the BP and
dex = d — 1 for ellipsoids. Above jamming, where p > 0, the Ao
zero modes are stabilized by the “soft” constraint coming from
wn whose characteristic stiffness is kg ~ k; ~ k(p/A) < k, where
k is the stiffness associated to Uy. Hence, the energy scale of
these modes remains well separated from that of the A5 other
modes, and we can restrict to the Ap-dimensional subspace of the
soft modes. In this space, we have No = N (dex — §2/2) degrees
of freedom, and .y provides Ndex constraints; hence the number
of degrees of freedom is Ndz/2 less than the number of con-
straints. When 6z < 1, a variational argument developed in refs.
17 and 47 describes the low-frequency spectrum. It shows that
the soft modes are shifted above a characteristic frequency w? ~
k622 ~ kpdz? ~ A~ 1p 622, which is reduced by ~ —p by the so-
called prestress terms, resulting in w.(p)? = a1 A" pdz® — cap,
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where ¢; and ¢z are unknown constants. Assuming that the
system is marginally stable, w.(p) = 0, results in (43)

Sz~ AY2, (8]

This explains the universal square-root singularity of the contact
number z; observed in ellipsoids, BP, and several other mod-
els (9, 29, 43), as illustrated in Fig. 1. Eq. 8 holds when p < A,
because in the argument we assumed to be close to jamming
(p~0) at fixed A. On the contrary, when A < p, the contact
number should have the same scaling of spherical particles:

Sz~ pt/2. [91

Eqgs. 8 and 9 imply that p and A have the same scaling dimension
and the following scaling holds:

52 =A"f (p/A). [10]

In the A — 0 limit, Eq. 10 reduces to Eq. 9, which requires
y=1/2and f(z) — z'/? for z > 1. In the p — 0 limit, we should
recover Eq. 8, which requires f(z) — const for z < 1. For the
BP, Eq. 10 is confirmed by numerical simulations (43). Assum-
ing that f(z) is a regular function around z ~ 0, one can expand
itas f(x)=co+ ciz +--- and obtains

Z*ZJNA71/2]?, [11]

where z;=2d+ ¢oAY2. This is compatible with previous
numerical results of ellipsoids, where z — z; ~ A™935%0-1y (48).
We can also study the response to shear deformation, which
mainly excites the zero modes (30). Applying the argument in
ref. 18 to the zero modes and using Eq. 8, the shear modulus G
behaves as G ~ §zkg ~ 0zk; ~ p/v/A, in perfect agreement with
the numerical result (30).

Vibrational Spectrum
The marginal stability argument suggests that Ny soft vibrational
modes can be found in the frequency range w* Sw < kg, with

@ Breathing Particles
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Fig. 1. Universal scaling of the contact number. Symbols denote the numer-
ical result, while the solid line denotes the theoretical prediction 6z ~ A'/2,
Data for nonspherical particles are reproduced from ref. 40, and from the
sphericity A, we defined A = c(A — 1)'/2, which recovers the correct scaling
relation between the sphericity and aspect ratio of ellipses for small A. We
set c=1/6 to collapse all data. Data for the BP correspond to a pressure
p=10"5

10
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w* ~ 0 due to marginal stability and kr ~ p/A, while the remain-
ing A3 modes have finite frequency at jamming. We now refine
the argument to discuss in more detail the vibrational density of
states D (w). It is convenient to define the N x N Hessian matrix
of the BP model, with N'= N (d + dex), as the second derivative
of the interaction potential Vi w.r.t.x; and R;/A, in such a way
that it has a similar scaling to the one of ellipsoids, where R;/A
is mapped onto the angular degrees of freedom #.

Then, D(w) near jamming can be separated into the fol-
lowing three regions: (i) The lowest band corresponds to the
No = N(dex — §2/2) zero modes stabilized by uy. Their typical
frequency is w¢ ~ 8% un /O(AT R;)* ~ kr A% ~ Ap. The remain-
ing N3 =N — Ny = Nz/2 modes can be split into two bands: (ii)
an intermediate band corresponding to the extra (rotational or
radial) degrees of freedom A7 = Néz/2, with typical frequency
wi~0? Vi /O(ATIR;)? ~ A2, and (iii) the highest band corre-
sponding to the N2 = Nd translational degrees of freedom. For
A <1, the additional degrees of freedom do not strongly affect
these modes, and one can apply the standard variational argu-
ment of spherical particles (17, 47), which predicts that their
typical frequency is w3 ~ §z% ~ A. The resulting D (w) differs sig-
nificantly from that of isostatic packings of spherical particles,
which displays a single translational band.

Numerical results for D(w) of ellipsoids from ref. 30 and of
the BP from ref. 43 and analytical results for the perceptron
model introduced below are reported in Fig. 2. Details about
the simulations of the BP are explained in ref. 43; here we
show data for NV =484 particles, averaged over at least 1,000
samples for each state point. As predicted by our theory, D(w)
consists of three separated bands with characteristic peak fre-
quencies wo,1,2. Their scaling with A, also reported in Fig. 2 at
fixed p, follows the theoretical predictions wo oc A2, w; x A,
and wo < A2, We also find that wo o< p'/? for small p, while
w1,2 do not change much with p, which is again consistent with
the theory. Finally, in Fig. 3 we report the fraction f; = N; /N of
modes in each band for the BP, which also follow the theoretical
prediction as a function of A and p.

Mean-Field Model

The universality class of isostatic jamming is well understood:
It can be described analytically by particles in d — oo (15)
or, equivalently, by the perceptron model (24-26). Both mod-
els reproduce the critical exponents of isostatic jamming in all
dimensions d, leading to the conjecture that its lower critical
dimension is d = 2 (49).

We now introduce a mean-field model which describes the
universality class of hypostatic jamming in the BP, ellipsoids,
and many other models of nonspherical particles. The model,
which is a generalization of the perceptron, can be solved analyt-
ically and, as we show, the solution reproduces all of the critical
exponents of hypostatic jamming. It consists of one tracer par-
ticle with coordinate x on the surface of the N-dimensional
hypersphere of radius v/N and M obstacles of coordinates & u
and “size” o + R,. The interaction potential between the tracer
particle and the obstacles is

M M
kr 2
Vv ="Un + N, Un 23:1 U(hﬂ)a HUN = ? 3:1 R,w [12]

where v(h) = h?0(—h)/2 and the gap variable h,, is defined as

hu:x\'/fvj o R,. [13]

The €, are frozen variables, and each of their components fol-
lows independently a normal distribution of zero mean and unit

Brito et al.
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Fig. 2. Universality of the density of states. (Top) Density of states for ellipses, BP, and the perceptron. (Bottom) Evolution with A of the characteristic

frequencies at p=10—*. Solid lines denote the theoretical predictions, wo oc A'/?

from ref. 32.

variance. The dynamical variables are x and the R,,, whose vari-
ance is controlled by the chemical potential pn. We fix the value
of kg so that 307 | Rj = MA®. In the A — 0 limit, the system
reduces to the standard perceptron model investigated in ref. 26,
while for A > 0 the R,, play the same role as the particle sizes in
the BP model.

Because the model can be solved by the same procedure
as that of the standard perceptron model, here we give just a
brief sketch of our calculation. The free energy of the model at
temperature 7'=1/f can be calculated by the replica method,
—Bf =limp_0 - log Z", where Z = [ d"xd"™ Re "V~ and the
overbar denotes the averaging over the quenched randomness
§,,- Here we are interested in the athermal limit 7' — 0. Using
the saddle-point method, the free energy can be expressed as
a function of the overlap ga» = (x"-x") /N, where x* and x"
denote the positions of the tracer particles of the ath and bth
replicas, respectively. In the n — 0 limit, ¢, is parameterized by
a continuous variable z € [0, 1], ga — ¢(z). The function ¢(z)
plays the role of the order parameter and characterizes the
hierarchical structure of the metastable states (50). We first cal-
culate the phase diagram assuming a constant ¢(z) = ¢, which
is the so-called replica symmetric (RS) ansatz that describes an
energy landscape with a single minimum. The result for A =0.1
is shown in Fig. 4. The control parameters are the obstacle
density =M /N and size o. If « is small, the tracer parti-
cle can easily find islands of configurations x that satisfy all of
the constraints h, > 0: The total potential energy Ux and the
pressure vanish and the system is unjammed. The overlap ¢ <1
measures the typical distance between two zero-energy configu-

Brito et al.

, w1 o< A, and w; < A'/2, respectively. Data of ellipses are reproduced

rations. Upon increasing «, ¢ increases and eventually reaches
g =1 at «y, which is the jamming transition point (Fig. 4). Nat-
urally, due to the additional degrees of freedom when A >0,
we have a;(A) > a;(0) for equal o. For o >0, the RS ansatz
is stable for all values of « and it describes the jamming transi-
tion. For o < 0 instead, the jamming line is surrounded by a RSB
region where the RS ansatz is unstable. The jamming transition
should thus be described by the RSB ansatz where ¢(z) is not
constant, corresponding to a rough energy landscape. The qual-
itative behavior of the phase diagram is independent of A; in

Fraction
=
O\
T
[ ]
=
Il
Fraction
=
(=)
T
]
L ]
=
Il

= f = f
A . A
10—2 - fZ‘ ’ 1 1 1 : 10—2 ’ 1 1 ; 1 : f2
10° 10" 10° 10° 100 1 w0t 1w0* 107 10 1
p A

Fig. 3. Weights of the density of states. Shown is the fraction of modes
fi =Ni/N in the three bands of D(w) given in Fig. 2, plotted as functions
of p at fixed A =10"" (Left) and A at fixed p = 10~* (Right) for BP (with
d =2 and dex = 1). The theoretical predictions fo = (1 — 6z/2)/3, f; = 6z/6,
and f, =2/3 are plotted as solid lines, inferred from the measured §z.
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Fig. 4. The phase diagram of the perceptron model for A =0.1. The red
line denotes the jamming point. The blue lines denote the RSB instabil-
ity. The jamming line in the nonconvex region (o < 0) is surrounded by the
RSB lines.

particular, the jamming line for o < 0 is always surrounded by a
RSB region.
An important observable to characterize jamming is the

gap distribution p(h) =+ S°M (§(h, — h)) that also gives the

- N p=1
contact number z= LOOO dhp(h). At jamming, z counts the
gaps h, that are exactly equal to zero. For comparison with
numerical results, we introduce the positive gap distribution
g(h)=6(h)p(h)/ [;° dhp(h) and the force distribution P(f)=

G(fh)p(h)g—}”/ fi)oo p(h)g—?df, where f = —h/p (corresponding
to negative gaps), both normalized to 1. For the standard percep-
tron model with A =0 and ¢ < 0, jamming is isostatic with z =1
(26), and both g(h) and P(f) exhibit a power-law behavior (24—
26). In the jammed phase and o 2 a5, the system is described by a
“regular” full RSB solution where 1 — ¢(z) ~ y2z 2 for g(z) ~ 1,
and g(h) and P(f) are regular and finite functions. The prefac-
tor y, is predominantly controlled by the contact number z and
diverges at isostaticity when z =1 (26) and the regular solution
breaks down. At «;, the model is described by the “jamming”
solution where 1 — q(z) ~ =", g(h) ~h =", and P(f) ~ f°, with
critical exponents k ~1.42,y=(2 — k) /k,and 0 = (3 — 4) /(2 —
k) (15, 24-26). Near «, the regular solution should connect
to the jamming solution. This matching argument leads to z —
1~ p'/2, which is the same scaling behavior as that of spherical
particles (6).

The situation is completely different if A > 0. One can show
that the contact number at jamming is z; > 1, meaning that the
regular solution persists even at «;. Consequently, g(h) and
P(f) are finite and regular functions at jamming, and the square-
root behavior of the contact number is replaced by z — z; = cap.
At ay, the regular solution should connect to the jamming
solution in the limit of A — 0. Using the form of the scaling
solution derived for A — 0 in ref. 26 and z — z; ~ p, this match-
ing argument leads to the scaling behavior of ¢g(h) and P(f)
atay:

AU (hA) (A %)
s~ {3, Gos)o e
ATp(fAT) (7~ A)

P(f)~{f9 G [15]

11740 | www.pnas.org/cgi/doi/10.1073/pnas.1812457115

with new critical exponents = r/(4k —4)=0.851 and v =p —
1/2 and a universal scaling function po(z). The scaling analysis
also leads to zy — 1 ~ A2 and ca ~ A~/ consistent with the
marginal stability argument, Eqs. 8 and 11.

The simplicity of the model allows us to derive the analyt-
ical form of the density of states D(w). As before, we define
the Hessian matrix as the second derivatives of the interac-
tion potential Vy, Eq. 12, wr.t. z; and R,/A. Using the
Edwards-Jones formula for the eigenvalue density p(\) (51,
52), the density of states D(w)=2wp(w?) can be expressed
analytically in closed form as a function of 2, kr, and p.
These quantities should be obtained by solving numerically the
full RSB equations but for simplicity, because here we are
interested only in the scaling properties of D(w), to obtain
Fig. 2 we used arbitrary functions z, kg, and p which
are compatible with the analytical scaling derived from the
full RSB equation. We find that D(w) displays three sep-
arate bands (Fig. 2). As in the standard perceptron (24),
marginal stability in the full RSB phase implies that the
lowest band starts from w=0 and for small w, D(w)~ w?.
The lowest band terminates at wo ~ A'/?p?/2 near which D(w)
exhibits a sharp peak. At wi~A a delta peak is found,
while the highest band starts from wy ~A'/2. The qualita-
tive behavior of D(w) and the scaling of wo, w1, and ws are
the same as those of all of the models displaying hypostatic
jamming, such as ellipsoids (31, 32) and BP (43). This con-
firms that the generalized perceptron can reproduce analyti-
cally all of the critical properties of the hypostatic jamming
transition.

As a final check of universality, we test the prediction for the
A dependence of the gap distribution function g(h) at the jam-
ming point, Eq. 14. In Fig. 5, we show numerical results (obtained
as in ref. 43) for g(h) of the BP model at p=10"5, a value
small enough to observe the critical behavior. Here, as usual for
particle systems, g(h) is normalized by g(h) — 1 for larger h.
When A =0, g(h) exhibits a power-law divergence, g(h) ~h™",
where v=0.413, consistent with previous numerical observa-
tion (6, 14, 15). For finite A, on the contrary, the divergence of
g(h) is cut off (Fig. 5), consistent with the theoretical prediction
of Eq. 14.

Conclusions

Using a marginal stability argument, we derived the scaling
behavior of the contact number z and the density of states D(w)
of ellipsoids and breathing particles. Our theory predicts that
the scaling behaviors of the two models are identical, which
we confirmed numerically. Many other models of nonspheri-
cal particles display the same jamming criticality (40), which
defines another universality class of hypostatic jamming. We
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Fig.5. Gap distribution g(h) of BP near the jamming point, p = 105, (Left)
Symbols denote the numerical result, while the solid line denotes the the-
oretical prediction, g(h) oc h~%4'3, (Right) Scaling plot of the same data
according to Eq. 14.
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introduced an analytically solvable model which allows us to
derive analytically the critical exponents associated to this
universality class.

One of the most surprising outputs of our theory is the uni-
versality of the density of states D(w) (Fig. 2). This might be
relevant for some colloidal experiments where the constituents
are nonspherical (53), in which the vibrational modes could be
experimentally extracted from the fluctuations of positions (54,
55). Another relevant question is how nonspherical particles
would flow under shear (30). The divergence of the viscosity at
jamming is related to the low eigenvalues of D(w) (56), which
suggests that the shear flow of nonspherical particles should be
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