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Abstract

Although Kramers’ theory for diffusive barrier crossing on a 1D free energy profile plays a central 

role in landscape theory for complex bio-molecular processes, it has not yet been rigorously tested 

by experiment. Here we test this 1D diffusion scenario with single molecule fluorescence 

measurements of DNA hairpin folding. We find an upper bound of 2.5 μs for the average transition 

path time, consistent with the predictions by theory with parameters determined from optical 

tweezer measurements.

Introduction.

The most frequently used theoretical description for the self-assembly of biological 

macromolecules, such as the folding of a protein or a nucleic acid, employs what has come 

to be known as landscape theory. According to this theory, the kinetics of folding is 

described by diffusion on a low-dimensional free energy surface. Most often only a one-

dimensional surface is employed with an order parameter as the reaction coordinate. In this 

case, the mean first passage time (the inverse of the rate coefficient) for the transition from 

the unfolded to the folded state is calculated from the celebrated equation of Kramers for the 

escape of a Brownian particle from a well over a harmonic barrier separating states [1],

tMFP = 2π βD* kwkb
−1exp βΔG* (1)

where β = 1/kBT, D* is the diffusion coefficient at the free energy barrier top, kw and kb are 

the stiffness (curvatures) of the free energy surface in the well and at the barrier top, 

respectively, and ΔG* is the free energy barrier height (Figure 1A). Although this simple 

one-dimensional diffusion scenario described by equation (1) is widely used in 

experimental, theoretical, and computational studies of protein and nucleic acid self-

assembly and other complex biomolecular processes [2–15], it has not yet been rigorously 

tested by experiments.

An important quantitative test of this 1D diffusion scenario that uses no adjustable 

parameters is now possible due to advances in single molecule force and fluorescence 

spectroscopies. The first step consists of determining the free energy surface from constant-

force optical tweezer measurements [16–21], which yields kw, kb, and ΔG*, and using the 

values of these parameters together with the measured tMFP to obtain D*. With these 
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parameters it is possible to calculate a new experimental measurable, the average transition 

path time, which can be compared with the value determined from single molecule Förster 

resonance energy transfer (FRET) measurements [22, 23]. The transition path time is the 

tiny fraction of an equilibrium trajectory when the barrier crossing actually happens, 

producing a jump in the experimental observable (Figure 1), and contains all of the 

mechanistic information on how the molecule self-assembles. Szabo showed that the mean 

transition path time (tTP) is given by

tTP ≈ βD*kb
−1 ln 2eγβΔG* (2)

where γ is Euler’s constant (= 0.577…) [24–26].

Using the parameters determined from long trajectories containing thousands of folding and 

unfolding transitions in constant-force optical tweezer experiments on DNA hairpins, 

Woodside and coworkers [17, 27] calculated transition path times from equation (2). 

However, they could not measure them, because they were all less than 50 μs, the time 

resolution of their instrument. In this work we take advantage of the much better time 

resolution of single molecule fluorescence measurements. We use the single molecule FRET 

method and compare our results for the mean transition path time of a DNA hairpin (Figure 

2) with the time predicted for this hairpin by Woodside and coworkers and a theoretical 

prediction on how the transition path time depends on stem length by Frederickx et. al. 
based on a polymer physics model [28].

Experimental results.

The ideal comparison would be to study the same DNA hairpins used in the force 

experiments. However, that is not yet possible because their high stability and low transition 

frequency make them inaccessible to single molecule FRET measurements, which require 

folding and unfolding times on the millisecond time scale or less for acquiring data before 

fluorophore bleaching at the necessarily high illumination intensities terminates the photon 

trajectories. The DNA hairpin employed in our study has a stem of four base pairs with a 

flexible loop consisting of 21 thymines (Figure 2). This hairpin was selected because the 

loop is sufficiently long to result in a significantly lower FRET efficiency in the unfolded 

compared to the folded state and the several hundred microsecond folding and unfolding 

times [29, 30] are sufficiently short for the acquisition of many transitions. In addition, 

analysis of the photon trajectories is much simplified by the fact that this hairpin behaves 

like a two-state system, i.e. a system with only folded and unfolded populations detectable at 

equilibrium and at all times in kinetic experiments

Single molecule fluorescence measurements were made using a confocal microscope system 

(see SI for details). Initial measurements carried out at power densities of ~2 kW/cm2 

resulted in an average detection rate of 120 photons/ms and produced photon trajectories 

that were long enough to observe multiple folding and unfolding transitions prior to 

bleaching of either the donor or acceptor fluorophore. The transition frequency, however, 

was too high to obtain waiting time distributions for the determination of rate coefficients 
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from FRET efficiency [E = nacceptor /(nacceptor + ndonor)] trajectories. Instead, precise rate 

coefficients were determined from a photon-by-photon analysis of the trajectories using the 

maximum likelihood method of Gopich and Szabo [24, 31]. By maximizing a likelihood 

function, their method yields the parameters of an assumed model that are most consistent 

with the photon trajectories consisting of colors (donor or acceptor) and intervals between 

detected photons. The likelihood function for the jth trajectory consisting of N photons is

L j = 1T ∏
i = 2

N
F(ci)exp Kτi F(c1) peq (3)

where ci is the color of the ith photon in the trajectory, τi is the time interval between the ith 

and the (i-1)th photon, F is the photon color matrix where F(acceptor) = E and F(donor) = I 
– E, E is a diagonal matrix of the FRET efficiencies of the states, I is the identity matrix, K 
is the rate matrix that depends on the specific model, peq is a column vector that gives the 

equilibrium populations of folded and unfolded states, and 1T is the row vector (1 1) for a 

two-state system. This form of the likelihood function is valid if the total (acceptor plus 

donor) photon count rate is approximately the same in each state, as is the case in our 

experiments. The two-state rate matrix is K2 − state =
−kU kF
kU −kF

. The rate coefficients and 

FRET efficiencies that resulted from applying equation (3) to 200 photon trajectories with an 

average length of 60 ms and an average count rate of 120 photons/ms are given in Table SI 

of the Supplementary Information.

The adequacy of the two-state model was confirmed using several criteria. First, 50 μs 

binning of the data collected at high illumination intensity shows only 2 peaks, 

corresponding to folded and unfolded states, with widths accounted for by shot noise (Figure 

3D). In addition, the histogram constructed from 1 ms binning at lower intensity (120 

photons/ms) used for determining rate coefficients is nearly identical to the histogram 

constructed by re-coloring the trajectories assuming a two-state model (see SI and Figure 

S2) [24, 31]. Finally, the decay rate of 3.7 ms−1 for the donor-acceptor cross-correlation 

function, which is a totally independent analysis of the immobilization data [32], is close to 

the sum of the rate coefficients of 5.1 ms−1 (Figure S3 and Table S1) from the maximum 

likelihood, the difference being readily explained by donor blinking [33].

As in previous studies [22, 23], to analyze trajectories at high illumination intensity (Figure 

3A, B and C,) for transition path time measurements, we employed a model consisting of the 

simplest discretization of a transition path, with a single virtual “step” state treated as a 

kinetic intermediate having a FRET efficiency midway between the folded and unfolded 

states (Figure 4). The average time spent between the folded and unfolded states during the 

transition path – the lifetime of this step state (τS = 1/2kS) – is therefore identified as the 

average transition path time. This simplification allowed us to use a 3-state kinetic model for 

calculating the value of likelihood function. The rate matrix K of equation (3) now becomes
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K3‐state =

−kU' kS 0
kU' −2kS kF'
0 kS −kF'

, (4)

where kU’ and kF’ are related to parameters known from the low intensity experiments (see 

details in SI and parameters in Table SI), so only a single parameter, kS, the rapid rate from 

the step state to the folded or unfolded state, needs to be varied to maximize the likelihood 

function. The values of the likelihood function for each trajectory were computed as 

described in Ref. [22] with unique values of EF, EU, and ES for each trajectory, since the 

local environment of each molecule immobilized on the glass slightly affects its FRET 

efficiency. The total log-likelihood for a data set of n transitions is given by 

lnL = ∑m = 1
n lnLm. The likelihood function for the mth segment containing a single 

transition is given by equation (3), but with peq replaced by vinitial and 1T replaced by vfinal, 

since the initial and final states are known.

Figure 4B shows the difference in the values of the log-likelihood functions, 

ΔlnL = lnL(τS) − lnL(0), where the likelihood function, L, is for the three state model as 

described above for 780 transitions between folded and unfolded states. L(0) represents the 

case for an instantaneous transition between the folded and unfolded states in a two-state 

model. Thus, the plot shows whether a three-state model with a finite transition path time or 

a two-state model with an instantaneous transition is more likely by comparing the values of 

the likelihood function for each model. The dashed horizontal lines correspond to the 95% 

confidence levels defined by L(τS)/[L(τS) + L(0)] = 0.95 or L(0)/[L(τS) + L(0)] = 0.95. For a 

given value of τS, ΔlnL = 0 indicates that both models are equally consistent with the data, 

while values of ΔlnL > 0 indicate that the 3-state model is more likely and the value of τS at 

a peak in ΔlnL > 3 corresponds to the average transition path time [22, 23]. When no peak is 

observed, the value of τS at ΔlnL = - 3 indicates with 95% confidence that an instantaneous 

model is more consistent with the data and that there is no lifetime detected in the 

trajectories larger than this value [22]. For our data ΔlnL = - 3 when τS = 2.5 μs, which is 

therefore an upper bound for the average transition path time. Re-coloring the same set of 

trajectories for several fixed values of τS demonstrates that for the number of observed 

transitions, photon count rate and FRET efficiencies in our experiments no significant peaks 

could possibly be observed for tTP ≲ 5 μs.

Discussion.

Our determination of 2.5 μs for the upper bound for the average transition path time of this 

DNA hairpin represents a major improvement in time resolution compared with the 50 μs 

upper bound that could be obtained in the force spectroscopic experiments [17]. A 

comparison of our experimental result with the predictions from the optical tweezer 

experiments based on equation (2) (Figure 5) raise interesting and important issues. To 

explain the predicted dependence of the average transition path time (tTP) on the number of 
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base pairs in the stem (N) (Figure 5) Woodside and coworkers made the assumption that tTP 

~ N [17]. On the other hand, Frederickx et al. developed a theoretical model for the 

transition path time at zero force, confirmed by coarse-grained simulations, that yielded a 

power law, tTP ~ Nα, with α = 1 + ν, where ν = 0.59 is the Flory exponent [28]. Their 

theoretical curve with a best-fit α of 1.6 ± 0.4 corresponds remarkably well with the 

experimental data (Figure 5). The non-linear dependence in their theory results from a 

diffusion coefficient that is position dependent because of an increase in strand tension as 

the stem zips up.

Comparison between our measured upper bound for the transition path time and the 

predicted value from the parameters determined in Woodside’s force measurements has 

several caveats, including the fact that the polythymine loop in the fluorescence 

measurements is much larger (21 compared to 4) and the important assumptions that both 

the experimentally-determined diffusion coefficient and barrier-top curvature used by 

Woodside and coworkers in calculating the transition path times from equation (2) are 

unchanged when the force is removed. Nevertheless, the close correspondence of our upper 

bound of 2.5 μs, compared to the predicted values of 3.6 μs and 1 μs from the linear and 

power law fits to the force data, respectively, is a significant result, for it is one of the most 

convincing pieces of experimental evidence that the diffusion on a 1D free energy surface 

scenario may indeed provide a quantitative description of a complex self-assembly process. 

Another important test of the 1D scenario is currently being carried out by analyzing the all-

atom molecular dynamics simulations of protein folding by the D.E. Shaw group. 

Comparisons of mean first passage and transition path times with those calculated from the 

1D free energy surface and diffusion coefficient from the simulations using the number of 

native contacts as the reaction coordinate are so far in good agreement (Chung, Piana, Shaw, 

and Eaton, unpublished results; Zheng and Best, unpublished results). If both experiments 

and atomistic simulations show that the theory for motion of a single Brownian particle on a 

1D surface does turn out to be near quantitatively perfect for folding DNA hairpins and 

proteins, it raises the interesting and important question of why such a simple theory works 

so well.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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FIG. 1. 
(A) A one-dimensional free energy surface (blue curve) for folding with x as the reaction 

coordinate (from [22]). The transition path is the rare segment of the folding trajectory 

during which there is a successful crossing of the barrier between the unfolded and folded 

states and is defined as a trajectory which crosses x0 and reaches x1 on the other side of the 

barrier without re-crossing x0 (violet curve). (B) Trajectory of an experimental observable, 

such as the FRET efficiency in single molecule fluorescence experiments or molecular 

extension in constant-force optical tweezer experiments, illustrating that in experiments the 

transition path appears as a nearly instantaneous jump.
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FIG. 2. 
Schematic diagram of the single-stranded DNA construct [5’-AACC(T21)GGTT-3’] in an 

unfolded and a hairpin-folded conformation with fluorescent dye labels and immobilized on 

a polyethylene glycol coated coverslip via a biotin-streptavidin-biotin linkage. kF and kU are 

the folding and unfolding rate coefficients. The 2 thymines that form base pairs in the folded 

hairpin are distinguished by a darker shading.
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FIG. 3. 
Representative single molecule FRET data for immobilized DNA hairpin at high power 

density (20 kW/cm2 and an average count rate of 870 photons/ms). (A) FRET efficiency 

trajectory. FRET efficiency was calculated for photons collected in 50 μs bins (B) 
Trajectories of donor (green) and acceptor (red) fluorescence (50 μs bins). (C) Photon 

trajectory. Each circle represents a detected photon. Red circles (upper row) are acceptor 

photons. Green circles (lower row) are donor photons. The dashed line indicates a transition 

predicted by the Viterbi algorithm [34, 35]. (D) FRET efficiency histogram (power density 

of 20 kW/cm2; 870 detected photons/ms) calculated from photons in 50 μs bins [36]. The 

continuous red curves are Gaussian fits to the 2 peaks of the histogram using the width 

expected from shot noise. Intermediate values of the FRET efficiency contribute to the 

histogram, because ~15% of the bins used to construct the histogram contain a transition 

between folded and unfolded states.
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FIG. 4. 
Kinetic model and maximum likelihood analysis of photon trajectories. (A) The noisy curve 

is a schematic of the instantaneous FRET for a transition path from the unfolded to folded 

states. The step curve is the simplest discretization of the path with average FRET 

efficiencies EU for the unfolded state, EF for the folded state, and an intermediate value ES = 

(EU + EF)/2 for the virtual step state, (B) Comparison of the values of the likelihood function 

from the three state analysis, L(τS), and a two-state analysis with an instantaneous transition, 

L(0), calculated for 780 transitions from immobilized molecules. The result of the 

calculation is that no lifetime greater than 2.5 μs is detected by the measurement, so the 

average transition path time is shorter than 2.5 μs. Acceptor blinking can interfere with the 

transition path time analysis [33], but was effectively eliminated by not including transitions 

in which there are nearby strings of 8 or more donor photons (See the Supplementary 

Information for details).
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FIG. 5. 
Transition path time as a function of the number of base pairs in the stem of the folded 

structure. The green circles with error bars were calculated from equation (2) by Neupane et 
al. [17] from force spectroscopic determinations of ΔG*, D*, and kb for DNA hairpins with 

stem lengths of 20 and 30 base pairs and a DNA aptamer with a stem of 9 base pairs. The 

red square with an arrow attached is the upper bound of 2.5 μs determined in this work for 

the 4-base-pair stem of the DNA hairpin using single molecule FRET. The broken curve is 

from Neupane et al., which assumes that tTP ~ N, while the continuous curve is tTP ~ Nα 

with α = 1.6 from Frederickx et al. [28]. Insert is same points and curves on a linear scale.
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