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Abstract

Vascular patterning is a key process during development and disease. The diffusive decoy receptor 

sVEGFR1 (sFlt1) is a known regulator of endothelial cell behavior, yet the mechanism by which it 

controls vascular structure is little understood. We propose computational models to shed light on 

how vascular patterning is guided by self-organized gradients of the VEGF/sVEGFR1 factors. We 

demonstrate that a diffusive inhibitor can generate structures with a dense branching morphology 

in models where the activator elicits directed growth. Inadequate presence of the inhibitor leads to 

compact growth, while excessive production of the inhibitor blocks expansion and stabilizes 

existing structures. Model predictions were compared with time-resolved experimental data 

obtained from endothelial sprout kinetics in fibrin gels. In the presence of inhibitory antibodies 

against VEGFR1 vascular sprout density increases while the speed of sprout expansion remains 

unchanged. Thus, the rate of secretion and stability of extracellular sVEGFR1 can modulate 

vascular sprout density.
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1. Introduction

Diffusion-limited growth can create various branching patterns, from snowflakes to bacterial 

colonies and epithelial structures [1, 2]. While these processes are highly diverse in physical 

details, each share the following common mechanism. A moving boundary, for example the 

surface of a crystal, interacts with a diffusive field, like the temperature. The dynamics of the 
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field and the boundary is mutually interdependent as the expansion alters the surrounding 

field, while the field at the boundary determines the speed of expansion. This interdependent 

dynamics can give rise to the Mullins-Sekerka instability: steep gradients develop in the field 

around a protruding tip and promote its further extension. In this process, branching 

structures can be generated by progressive splitting of growing tips.

Vascular networks are also established by a series of branching events. Each vascular 

segment extends autonomously and contains several endothelial cells. While vascular 

patterning likely utilizes a variety of guidance mechanisms [3, 4, 5], one of the best 

established regulator of vascular growth is the response of endothelial cells to growth factors 

within the tissue environment, in particular to vascular endothelial growth factor type A 

(VEGF) [6, 7, 8, 9, 10]. In cultured endothelial cells, VEGF induces cell motility [11, 12], 

proliferation [13, 14] and directed movement (chemotaxis) [13, 15]. The chemotactic 

response is a sustained bias towards the growth factor gradient in the otherwise randomly 

directed cell movements [16]. While growth factors readily diffuse in culture, in a tissue 

environment growth factors are sequestered within the extracellular matrix – restricting both 

their diffusion and availability [17, 18].

Endothelial cells can be guided by a VEGF pre-pattern in the extracellular environment [17, 

18]. Vasculogenesis in fish, where major vessels assemble directly (i.e. without forming an 

intermediate vascular plexus) also seems to be guided by a genetic pre-pattern, as specific 

vascular malformations are correlated with genetic defects [19]. However, a VEGF pre-

pattern, similar to the one in the retina, has not been demonstrated in the ECM associated 

with the lateral plate mesoderm in avian embryos [20]. Furthermore, endothelial cells can 

self-assemble vascular networks in artificial culture environment [21, 22], an important 

factor in recent tissue engineering reports [23]. Thus, there is a biological interest to explore 

potential self-organization principles of vascular patterns.

Recent experiments demonstrated that secreted type 1 VEGF receptors (sVEGFR1 or sFlt1) 

can modulate vascular patterns. In particular, biochemical data indicates that sVEGFR1 can 

function as a “decoy receptor” by binding and inactivating VEGF within the tissue 

microenvironment [24, 25, 26, 27]. While the absence of sVEGFR1 does not fully eliminate 

vascular sprouts within mouse embryonic stem cell-derived embryoid bodies, the direction 

of and distance between the sprouts becomes irregular when endothelial cells are deficient in 

expressing sVEGFR1. Re-introduction of sVEGFR1 expression into deficient cells restored 

normal vascular morphology [26, 28]. Furthermore, vascular sprouts elongate faster when 

endothelial cells immediately adjacent to the sprouts express more sVEGFR1. In summary, 

the following patterning mechanism is consistent with the available experimental data: when 

endothelial cells secrete sVEGFR1, the diffusing decoy receptors antagonize the pre-existing 

VEGF within the tissue microenvironment. Interestingly, in this guidance mechanism the 

concentration of active (not antagonized) VEGF forms a gradient pointing away from 

endothelial cells. This patterning mechanism therefore operates with a functional VEGF 

gradient that is the opposite of what was predicted by previous models aimed to explain 

vascular patterning [29, 30, 31].
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While the biological foundation of sVEGFR1-related vascular guidance is well explored, 

less is known how these processes modulate vascular patterns. Expansion of the cells is a 

simple consequence of cells being programmed to follow an outward directed gradient. 

However, could such a mechanism in itself promote sprouting (self-organized branching), 

and how does the pattern change when parameters such as the lifetime or the affinity of the 

diffusive inhibitor changes? To understand the connection between the multicellular-scale 

organization and the molecular signaling mechanism, we investigated computational models 

of the core patterning process. In particular, we considered sVEGFR1 to be a diffusive 

inhibitor of VEGF, which promotes the expansion of the vasculature. While sVEGFR1 is 

secreted by endothelial cells, most of the VEGF is produced by other cell types and 

sequestered in the ECM environment [32, 33, 34, 9].

To represent a biological system, a typical mathematical model makes several – often 

implicit – assumptions. Most of these modeling choices are thought to be irrelevant and not 

driving the behavior emerging within the model. To demarcate the relevant and irrelevant 

model details, one can use multiple complementary modeling approaches: the same 

biological mechanism, thought to be relevant, can be represented by distinct models that can 

differ greatly in several modeling choices [35]. When the complementary models yield the 

same behavior, the particular hidden or implicit assumptions in each model are thus likely 

irrelevant. In this paper we explore if and when a specific, sVEGFR1-like diffusive inhibitor 

can generate branching patterns. We introduce two, complimentary computational models to 

study the reaction-diffusion guided patterning process. One is a simple lattice model where 

cells can expand in discrete steps. The second represents the vascular structure by a 

continuous phase-field variable and associated partial differential equations to describe its 

growth. For various research questions we use either the lattice model or the phase-field 

model based on practical considerations. Computer simulations of both models as well as 

analytical dissection of conditions for boundary propagation reveal three modes of behavior: 

(i) arrested growth, (ii) formation of branching patterns and (iii) uniform expansion. The 

emerging patterning mechanism was found to be similar, but not equivalent to the Mullins-

Sekerka type diffusion limited growth. We conclude that tissue vascularization (number of 

blood vessels in a unit volume) can thus be effectively controlled by the secretion rate of a 

diffusing inhibitor. Model predictions 65 were validated by morphometric analysis of time-

lapse recordings in a 3D vascular sprout assay.

2. Materials and methods

2.1. Cell culture

Human umbilical vein endothelial cells (HUVEC, Lonza) were maintained in EGM-2 

medium (Lonza) under normal cell culture conditions: 37oC with a humidified 5% CO2 

atmosphere. HUVEC aggregates and sprouts were studied in an assay medium prepared by 

supplementing EGM-2 with 80 nM PMA (Merck), 40 ng/ml bFGF (Pierce), 40 ng/ml 

VEGF-A165 (Pierce) and 50 μg/ml ascorbic acid (Sigma). Cells were fixed with 4% 

paraformaldehyde for 30 minutes at room temperature. Fixed cultures were stained with 0.25 

mg/ml toluidine blue solution in phosphate buffered saline (PBS, pH 7.4).
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2.2. VEGFR1 inhibitor

Anti-VEGFR1 antibody [AP-MAB0702, Abcam] was used to sequester soluble isoform of 

VEGFR1. This antibody is directed against the extracellular domain of recombinant human 

VEGFR1. Based on earlier data [36], 20 μg/ml of final concentration was used in the assay 

medium to sequester the soluble receptors.

2.3. Spheroid formation

Cell aggregation chambers were made by casting liquid 2% agarose (Invitrogen) in a PDMS 

micromold (3D Petri Dish, Microtissues) and allowing it to gelate. The micromold contains 

35 pillars that define 35 wells with a diameter and depth of 800 μm. After removing the 

agarose gel from the micromold and placing it into a 35 mm culture dish (Greiner), the wells 

were equilibrated with cell culture medium for 2 hours before transferring the cells.

Cell suspensions were obtained by incubation of the cell monolayer with trypsin-EDTA 

(Sigma) for 2 minutes and washing the cells off. Cell suspensions were transferred into the 

wells formed by non-adherent agarose walls. An average of 3000 cells were transferred into 

each well and the agarose chamber was filled up with EGM-2 medium and kept under 

normal cell culture conditions. In 24 hours HUVEC cells formed a single spheroid 

(aggregate) within each well.

2.4. Sprouting assay

HUVEC spheroid aggregates were embedded in fibrin gels. Fibrin gels were prepared using 

fibrinogen (Sigma), aprotinin (Sigma), human Factor XIII (gift from Dr. Balazs Dome, 

National Koranyi Institute for TB and Pulmonology, Budapest, Hungary) and thrombin 

(Sigma) following the protocol of Helm et al. [37, 38]. Briefly, fibrinogen solution (3 

mg/ml) containing aprotinin and Factor XIII was made and transformed into fibrin gel by 

supplementing thrombin enzyme. Before gelation, HUVEC aggregates were added to the 

fibrinogen solution and the mixture was transferred into 6 mm diameter circular wells. Three 

of such polylactic acid (PLA) wells were fused filament deposition- (3D-) printed into tissue 

culture dishes (Greiner) using a suitably modified Ultimaker Original printer. After gelation, 

fibrin gels filling the circular wells were covered with assay medium and kept under normal 

cell culture conditions within a microscope stage-top incubator.

2.5. Time lapse imaging

Time-lapse recordings of the fibrin gel-embedded HUVEC aggregates were performed on a 

Zeiss Axio Observer Z1 inverted microscope with 10× Plan Neofluar objective. The 

microscope was equipped with a Zeiss Axiocam MRM CCD camera and a Marzhauser 

SCAN-IM powered stage. Cultures within tissue culture Petri dishes (Greiner) were kept in a 

stage-mounted incubator providing 37oC and a humidified 5% CO2 atmosphere. Stage 

positioning, focusing and image collection were controlled by Zeiss Axiovision 4.8 software 

and a custom experiment manager software module. Phase contrast images were collected 

every hour from each microscopic field for durations up to 72 hours.
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2.6. Image analysis

Images recorded by time-lapse microscopy were analyzed by a custom-made segmentation 

algorithm using the NumPy [39], Scipy [40, 41, 42], Scikit-Image [43] and OpenCV [44] 

modules of Python 2.7. To identify the initial spheroid aggregates, the first frame of each 

image sequence was segmented by one of the following four methods: (i) Otsu’s 

thresholding, (ii) manual thresholding, (iii) Hough Circle Transform, (iv) adaptive 

thresholding. After segmentation, aggregates were reconstructed by using basic 

morphological operations and removal of small connected components. To detect sprout 

formation, images were preprocessed by extracting the background using a Gaussian 

mixture-based background segmentation algorithm [45, 46]. The resulting foreground image 

was blended with the reconstructed image of the initial aggregate, then basic morphological 

operations and small object removal were applied to reduce noise and to remove sprouts 

belonging to other aggregates. The sprouting spheroid was identified as the largest cluster of 

connected pixels. The image processing tools are available at https://github.com/

doraelakatos/sprout-density-analyzer.git. All data files are available from the Open Science 

Framework database (https://osf.io/5e4px/).

2.7. Sprout density

To quantify sprout density around the spheroids, we calculated the radial density profile 

ρ0(r,t) for each frame as:

ρ0(r, t) =
Asprout(r + δr, r − δr, t)

Aring(r + δr, r − δr) , (1)

where r+δr and r−δr are the outer and inner radii of a ring, respectively. The area of the ring 

is Aring = 4πrδr. Within this ring, at a certain time t the area occupied by sprouts is denoted 

by Asprout(r + δr,r − δr,t). The ring has the same center as the minimal enclosing circle of the 

initial spheroid aggregate, and we choose δr = 5 μm. To eliminate differences due to the 

initial conditions, we normalized the radial density profiles as

ρ(r, t) = ρ0(r, t) − ρ0 r, t0 , (2)

where ρ0(r, t0) is the density profile of the first frame.

The cumulative density profile of a sprout can be calculated at a certain time point as

ρcum(r) =
Asprout(r)

r2π
, (3)

where Asprout(r) is the area occupied by the sprouts within a circle of radius r.
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3. Models

3.1. Reaction-diffusion

For simplicity, we consider only a single VEGF isoform, VEGF-A165, that readily binds the 

extracellular matrix (ECM) [47, 48, 3]. We investigate a scenario in which a vascular sprout 

invades an area where VEGF is immobilized by the ECM, its concentration is spatially 

uniform (V0), and its availability as an extracellular signaling ligand is limited only by 

binding cell-secreted sVEGFR1 molecules. In our model VEGF can be either active (V ) or 

inactivated by forming a complex with sVEGFR1 (Rb), thus

V = V0 − Rb (4)

holds. Active VEGF concentration (V ) is determined by the local concentrations of free (Rf) 

and bound (Rb) sVEGFR1 according to the following reaction-diffusion dynamics:

∂tV = − ∂tRb = − konVR f + koffRb + γRb, (5)

∂tR f = − konVR f + koffRb − γR f + Γ + DR∇2R f , (6)

where kon and koff are the association and dissociation rates of the VEGF-sVEGFR1 

complex, and DR, γ and Γ denote the diffusivity, degradation and the local secretion rate of 

sVEGFR1, respectively, and ∂t represents the partial derivative with respect to time. For 

simplicity we assume that the degradation rate of sVEGFR1 is the same irrespective of 

forming a complex with VEGF, and its secretion rate is uniform Γ* in areas occupied by 

cells and zero elsewhere (Fig. 1).

As the kinetics of receptor-ligand binding and complex dissociation is much faster than 

changes in the total amount of the protein, we apply quasi steady state approximation 

(QSSA, see Appendix A) for Eqs. (5) and (6). The concentration of bound sVEGFR1, Rb, 

can be expressed as a function of the concentration of free sVEGFR1, Rf, as

Rb R f =
KR f V0

1 + KR f
, (7)

where the equilibrium constant K denotes

K =
kon
koff

. (8)
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Subtracting Eq. (5) from Eq. (6) and replacing Rb by expression (7) yields the QSSA 

dynamics of the inhibitory receptor as

∂tR f = 1 +
KV0

1 + KR f
2

−1

DR∇2R f + Γ − γR f 1 +
KV0

1 + KR f
. (9)

We couple the dynamics of sVEGFR1, Eq. (9), to vascular patterning by the following 

assumptions. First, the secretion rate of sVEGFR1 is uniform for each cell. Second, the 

extension of the cell-covered area is promoted – by a combination of chemotaxis, increased 

motility and proliferation of endothelial cells – by the locally available VEGF. According to 

Eqs. (4) and (7), the VEGF concentration can be determined as the function of unbound 

inhibitor:

V =
V0

1 + KR f
. (10)

By introducing the total receptor concentration (R) as

R = R f + Rb, (11)

and substituting it into Eq. (7), the VEGF concentration can be expressed as a function of R, 

after solving the quadratic equation for Rb(R) (see Appendix A):

V =
KV0 − 1 − KR + (1 + KV0 + KR)2 − 4K2RV0

2K . (12)

The binding affinity, 1/K, between VEGF and the decoy receptor sVEGFR1 is in the range 

of 2–30 pM [24, 49, 50, 51]. Accordingly, we set our concentration unit as c0 = 20 pM, and 

explored 1/K values between 6 − 20 pM. The steady-state sVEGFR1 concentration in 

culture media conditioned by a monolayer of HUVEC cells was reported in the range of 100 

− 200 pM, i.e., 5–10 c0 [32, 52]. Our choice of simulation time unit, which must be much 

smaller than the time scale of patterning, is t0 = 10 s. We set the parameter γ characterizing 

spontaneous protein degradation in the range 4·10−5/t0 to 10−3/t0, corresponding to a lifetime 

range between 3 h and 3 days. The lifetime of most proteins falls in this range [53] and is 

also consistent with data characterizing the accumulation of sVEGFR1 in HUVEC culture 

[32, 52]. In a spatially homogeneous steady-state environment (Γ = Γ*) lacking binding 

partners or cellular uptake, Eq. (6) yields γ = Γ*/Rf. We selected the production rate Γ* in 

the range of 10−3 − 10−2c0/t0, corresponding to 7 – 70 pM/h. The experimental estimate for 

HUVEC monolayers is Γ* = 5 − 15 pM/h [32, 52]. Our choice of Γ* and γ parameters thus 

yields steady-state inhibitor concentrations in the range of 3 − 7 c0, comparable with 

experimental data (5–10 c0 [32, 52]).
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The diffusion parameter of sVEGFR1 is not known in dense gels or tissues. As the molecule 

exhibits heparin binding sites [54, 55, 56, 57], we expect that it can bind to the extracellular 

matrix environment, and thus assumed rather low diffusivity. We used DR in the range of 

10−8 − 10−7 mm2/s, the value reported for bFGF diffusion in basement membrane ECM [58] 

and three-four orders of magnitude less than diffusion coefficients of proteins in aqueous 

solutions. These values reflect that the diffusion of sVEGFR1 involves repeated binding and 

unbinding events which substantially restrict the molecule’s free diffusion [59]. The natural 

length scale of our simulation is that of the cells, thus we choose 𝓁0 = 1 μm. This choice 

leads to DR ≈ 0.1 − 1 𝓁0
2/t0, when expressed using the natural units of our simulations. The 

commonly used minimal concentration of exogenous recombinant VEGF to elucidate 

motility or proliferative effects on endothelial cells is 5 ng/ml = 100 pM = 5 c0 (R&D 

Systems, Catalog # 293-VE/CF). ECM-bound VEGF, however is much more potent [17, 60] 

– exerting signaling activity at concentrations as low as 0.1 ng/ml = 2.5 pM = 0.1 c0. The 

initial, spatially uniform, VEGF concentration was therefore chosen in our simulations as V0 

= c0 = 20 pM.

3.2. Lattice model

To express the interdependence of vascular growth and sVEGFR1 diffusion, we augmented a 

simple lattice model with the reaction-diffusion equations (9) and (10). In this model the 

state σ of each lattice site x  can be either empty (σ( x ) = 0) or occupied by cells (σ( x ) = 1). 

The inhibitor, sVEGFR1, is produced with a rate Γ* at lattice sites occupied by cells:

Γ( x ) = Γ*σ( x ) . (13)

In the model, cells spread by the following mechanism. In each elementary step of the 

stochastic simulation, two neighbor sites x  and x ′ are selected randomly. If x  is occupied 

by cells, they can spread to x ′ (by leaving x  also occupied) with a probability p. The 

spreading process represents both VEGF-induced proliferation and motility. During a 

sufficiently short time period dt, the spreading probability is a linear function of χ(V ), the 

VEGF sensitivity function as

p( x x ′) = νχ(V( x ′))dt, (14)

Where

χ(V) =
V − V* for V > V*
0 otherwise.

(15)

Parameter ν characterizes the strength of VEGF response, both proliferative and motogenic. 

As in a single elementary step (of duration t0) the interface advances a lattice unit 𝓁0, Eq. 

(14) gives rise to a propagation speed of
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v = νℓ0/t0χ(V) . (16)

Eq. (15) assumes a simple linear behavior above a threshold V*. The existence of a threshold 

is a crude approximation of the nonlinear behavior of binding between VEGF and its main 

cell surface receptor, VEGFR2, its neuropilin co-receptors, and subsequent dimerization of 

the receptors to initiate intracellular signal transduction reactions [14, 61]. In our simulations 

we used the threshold V* = c0/2, approximately corresponding to a 10 pM affinity between 

VEGF and its cell surface receptor complex. Our choice of ν = 0.025/c0 corresponds to a 

typical spreading speed of νc0𝓁0/t0 ≈ 10 μm/h – similar to the typical speed of endothelial 

cell motility observed in culture [62, 63, 64].

3.3. Phase-field model

In the phase-field formulation the discrete state variable σ is replaced by a density-like 

variable, ϕ(x, t). Cell-free and cell-occupied areas are distinguished by the values ϕ = 0 and 

ϕ = 1, respectively. Instead of a sharp boundary separating these values, however, phase-field 

models operate with transition zones where the phase value changes gradually between the 

two extremes. We expect that the boundary is stationary except when it responds to a local 

driving force, a biological signal in the problem considered here. Thus, we require the 

propagation speed of the boundary, v, to be a monotonically increasing function of the local 

free VEGF concentration, VX:

v = h VX , (17)

where h(0) = 0.

To generate such a model, we consider the simplest, commonly used [65, 66, 67] equation 

determining the time evolution of the phase-field ϕ as

∂tϕ = − δϕF = Dϕ∇2ϕ − ∂ϕ f , (18)

where F is a functional, analogous to the free energy of a physical system, written in the 

form of

F(ϕ) = ∫
Ω

Dϕ
2 | ∇ϕ |2 + f (ϕ, …) dx . (19)

Integration in Eq. (19) encompasses the entire system and the free energy density function 

f(ϕ, …) encodes the relative stability of the two phases for various values of external 

parameters [68, 69, 70, 71]. The parameter Dϕ needs to provide a microscopic dynamics 

compatible with the time and length scales of the patterning process. Thus, gradients in ϕ 
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need to be orders of magnitude steeper than those characteristic for the external field, hence 

we have chosen Dϕ = 5 · 10−3DR.

To describe VEGF-induced vascular growth, we cast f in the form of

f (ϕ, V) = 1
τ (g(ϕ) − μχ(V)p(ϕ)), (20)

where τ sets the characteristic time scale of changes within the phase-field and parameter μ 
is analogous to ν, the parameter characterizing VEGF sensitivity in the lattice model.

The double-well potential

g(ϕ) = 1
4ϕ2(1 − ϕ)2 (21)

exhibits two minima at ϕ = 0 and ϕ = 1. The expression μχ(V )p(ϕ) modulates the minima of 

g and thus characterize – in the presence of VEGF – the preference of the cell-covered state 

over the cell-free state. The interpolating function p(ϕ) satisfies p(0) = 0 and p(1) = 1, and its 

usual choice [68, 70] is

p(ϕ) = ϕ3 10 − 15ϕ + 6ϕ2 . (22)

Substitution of Eqs. (21 - 22) into the free energy density function Eq. (20) and derivation 

with respect to ϕ yields the phase-field equation for expanding endothelial cells:

∂tϕ = Dϕ∇2ϕ + 1
τ ϕ(1 − ϕ) ϕ − 1

2 + 30μχ(V)ϕ(1 − ϕ) . (23)

Parameters τ and Dϕ are taken from the literature (Table 1) [72]. To set the parameter μ of 

the phase-field model, we consider a simpler, one dimensional version of the problem – the 

steady-state propagation of a straight interface with a velocity v. In this scenario the phase-

field satisfies the advection equation

v∂xϕ + ∂tϕ = 0, (24)

and replacing the time derivative of Eq. (18) with Eq. (24) yields

0 = Dϕ∇2ϕ + v∂xϕ + ∂ϕ f (ϕ, V) . (25)

Lakatos et al. Page 10

J Theor Biol. Author manuscript; available in PMC 2019 November 07.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Next we examine how the speed of propagation, v, depends on a pre-determined uniform 

VEGF response parameter μχ(x,t) = χ0. Close to the interface (ϕ(x) ≈ 1
2 ) the derivative ∂ϕf is 

dominated by the VEGF response term of Eq. (23) as

∂ϕ f (ϕ) ≈
30χ0

τ ϕ2(1 − ϕ)2 . (26)

We rescale our variables by a positive factor s as

x = x
s (27)

and define the rescaled field ϕ as

ϕ(x) = ϕ(x) . (28)

Expressing Eq. (25) in terms of the rescaled variables and using the approximation (26), we 

obtain

0 = Dϕϕ′′ x
s + vsϕ′ x

s + 30
τ χ0s2ϕ2 x

s 1 − ϕ x
s

2
. (29)

Thus, if ϕ(x) is a solution of Eq. (29) with velocity v0 and VEGF response χ0, then 

ϕ(x) = ϕ x
s  is also a solution with velocity v = sv and VEGF response χ0 = s2χ0. Thus,

v = sv =
v χ0

χ0
, (30)

yielding Eq. (17)

v χ0 . (31)

To validate and calibrate the scaling relationship (31), we performed simulations of the 

phase-field model equation (23) with a fixed, spatially uniform VEGF response χ0. The 

initial condition corresponds to the setting considered in our analysis as

ϕ(x, y) = ℋ( − x), (32)
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where ℋ() is the step function:ℋ(x) = 1 for x > 0 and zero otherwise. The boundary position, 

X, was defined as ϕ(X,0) = 1/2. In agreement with Eq. (31), the velocity v of the advancing 

front for our choice of Dϕ and τ could be well fitted as

v = a χ0 (33)

for a wide range of the prescribed driving force 0 1/c0 ≤ χ0 ≤ 16 1/c0 with a = (7.6 ⋅ 10−3 

± 1%) 𝓁0/t0 ≈ 5.5 μm/h. To obtain spreading speeds similar to that of the lattice model (10 

μm/h) at typical VEGF concentrations V − V* = c0, we set μ = 13.3 1/c0. Substitution of Eq. 

(15) into Eq. (33) then yields the propagation speed of the boundary as a function of VX, the 

concentration of VEGF at the boundary:

v =
aμ VX − V* for VX > V*,
0 otherwise.

(34)

4. Results

4.1. Endothelial sprouting modulated by VEGFR1

To obtain time-resolved quantitative data about the role of sVEGFR1 in vascular sprouting, 

we performed two independent sets of experiments with human umbilical cord vein 

endothelial cells (HUVECs) and commercially available function blocking antibodies that 

bind both the soluble and membrane-bound form of VEGFR1. Our sprouting assay consisted 

of HUVEC aggregates embedded in fibrin gel and supplemented with exogenous VEGF. 

During a time course of a day, endothelial cells left the aggregates in multicellular sprouts 

and created a vascular structure (Fig. 2A, Supplemental Movie C.1). Physical cross sections 

revealed lumen-forming vessels with a diameter comparable to the size of an individual 

endothelial cell, within the range of 10 − 30 μm. While most vascular segments grew straight 

during our one day long time-lapse observation period, some formed branched structures. 

After six days in culture, however, a branching network is more prominent (Supplemental 

Fig. B.1).

Vascular sprouts grown in the presence of function blocking VEGFR1 antibodies were 

denser (exhibited more sprouts per unit volume) than those grown in control cultures (Fig. 

2B). To quantitatively characterize vascular sprouting in this experimental model system, we 

segmented the area covered by cells by an image processing algorithm (Supplemental Movie 

C.2). The segmented image sequence was evaluated in terms of normalized radial density 

profiles ρ(r,t): for a sequence of concentric rings with various radii r, we determined the 

fraction of cell covered area within each ring (Fig. 2C-D). To focus on sprouts, density 

profiles were normalized by removing the contribution of the original aggregate. The time-

dependent radial density profiles reveal that irrespective of the presence of antibodies, the 

sprouts expanded with a steady rate of 70 μm/day= 3 μm/h (Fig. 3B), which is substantially 

slower than the speed of individual endothelial cells in culture (10–20 μm/h, [62, 63, 64]). 

The density of vascular branches, however, is higher in the presence of function blocking 
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VEGFR1 antibodies. To quantitatively characterize this phenomena, we determined ρmax(t), 
the maximal value of ρ(r,t), for each time-lapse frame t. For untreated cultures, vascular 

sprouts cover 40–50% of the area close to the aggregate. In contrast, the presence of 

VEGFR1 antibodies increases the maximal coverage to 60%. The density difference 

between treated and untreated cultures is visualized in Fig. 3A, by subtracting the population 

average ρmax
control(t)  of control cultures from the population average ρmax

treated(t)  of treated 

cultures for each time point t. Data pooled from 19 distinct sprout networks supports the 

observation that the sprout network is denser in the presence of function blocking VEGFR1 

antibodies throughout the entire recorded time period. The cumulative distribution function 

of normalized sprout densities within each sprout systems is shown in Supplemental Fig. B.

2A. Statistical significance of the differences were established by t-tests (p < 0.05).

4.2. Simulations

To explore the reaction-diffusion guided patterning mechanism formulated in our models, 

we performed computer simulations in two dimensions. The reaction-diffusion equation Eq. 

(9) was coupled to either the phase-field equation (Eq. (23)) or to the spreading probability 

(Eq. (14)) in the lattice model. Discretized equations were solved on a uniform, N × N grid 

by employing the forward Euler method. The lattice size was 𝓁0 and 𝓁0/2 in the lattice and 

the phase-field simulations, respectively. To avoid numerical instabilities, the time step Δt = 

0.1 t0 was chosen in accordance with stability conditions. In case of the lattice model, the 

continuous variables were updated after N2 elementary steps. To suppress the inherent 

anisotropy of the square lattice in phase-field simulations, we introduced a multiplicative 

“quenched” noise 0 < n( x ) < 2 with unit mean and 1/ 3 standard deviation in the 

chemotactic sensitivity as μ( x ) = n( x )μ [73].

As experimental data leave a substantial uncertainty about the parameter values, here we 

present results obtained with distinct choices (see Table 1) for the lattice and phase-field 

simulations. Despite using different parameter sets and different mathematical model 

formulations, the reaction-diffusion mechanism can produce branching patterns in a robust 

manner (Figs. 4, 5). Moreover, using the same set of parameters yields similar patterns in 

both implementations (Supplemental Fig. B.3).

Thus, model simulations indicate the presence of tip-splitting instability as the initial cluster 

of cells expands into a branching pattern (phase-field model results shown in Fig. 6). The 

secretion of sVEGFR1 inactivates the VEGF in the vicinity of the sprouts, and the threshold 

condition Eq. (15) is required to freeze those boundaries which are behind the expanding 

envelope of the branch tips. When the threshold concentration V* is not substantial enough 

(i.e., V* ⪡ c0), vascular segments continue to widen even far behind the branch tips and thus 

create a compact structure.

The profile of the self-generated VEGF gradient was determined – along the longitudinal 

direction – at selected branch tips of the phase-field model (Supplemental Fig. B.4). We also 

determined the profiles corresponding to the Mullins-Sekerka system, in which an external 

diffusive field (i.e., VEGF) drives the propagation of the boundary [72] (Supplemental Fig. 
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B.5). The obtained profiles indicate that the gradient is 2–3 times steeper in the reaction-

diffusion system than in the Mullins-Sekerka system with comparable parameters.

The typical branch width of the simulations is in the range of 10–30 μm, in accord with the 

experimentally observed values. Branches expand with a speed of 4.8 ⋅ 10−2 − 9.6 ⋅ 
10−2𝓁0/t0 ≈ 1.7 − 3.4 μm/h, values close to the experimental observations (3 μm/h). The 

interbranch distance as well as the diffusion length of sVEGFR1 are both ~ 80𝓁0, consistent 

with the theoretical estimate DR/γ. Indeed, both increasing DR and decreasing γ leads to 

sparser branches as shown in Fig. 7 for the lattice model (parameter dependency of 

branching in both models are shown in Supplemental Figs B.6-7). The typical magnitude of 

VEGF gradients that develop in the model is 7 − 12 ⋅ 10−3c0/𝓁0 ≈ 140 − 240 pM/mm = 5–10 

ng/(ml mm) – the same magnitude that the endothelial cells are able to detect in cell culture 

experiments [74].

Our parameter choice yields an average cell coverage of 20% in the lattice model – which 

can be increased by faster sVEGFR1 degradation, but is unaffected by changing its 

diffusivity DR. In general, our simulations suggest that when parameters favor expansion 

(decreased threshold concentration, increased chemotactic response, etc) the branches are 

wider, and eventually they merge into a smooth propagating front. When parameters are less 

conductive to cell expansion, branches became thinner, and below a threshold, expansion 

ceases in both models (Supplemental Figs B.6–7).

4.3. Model validation

We validated our model by comparing it to experimental sprouting data obtained in the 

presence and absence of VEGFR1-blocking antibodies. These antibodies are thought to 

block both the membrane-bound and diffusive form of the inhibitor. As we detail below, the 

computational model can predict the consequences of blocking either form of the receptor.

To represent in our models the experimental perturbation of function blocking antibodies 

interacting with the soluble receptor, we altered the VEGFR1 degradation rate parameter γ 
as VEGFR1 can be inactivated both by degradation and by dimerization with a high affinity 

antibody. Since in the experiments antibodies were given in large excess, its concentration is 

approximately constant, A. Thus, inactivation of sVEGFR1 is given by

∂tR = − γ + kon
A A R = − γ′R, (35)

where kon
A  is the association rate of the sVEGFR1-antibody complex and γ′ is the increased 

degradation rate (γ′ > γ). In agreement with experimental observations, when γ is 

increased to γ′ both the lattice and the phase-field model predicts denser sprouts (Fig. 3A, C 

and Supplemental Fig. B.8). While both model implementations predict a slight (less than 

10%) increase in expansion speed (shown for the lattice model in Fig. 3D), this was not 

observed in experiments (Fig. 3B).
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To represent antibody binding to cell surface receptors, we shift the VEGF-response curve 

(15) by a factor α as

χ(V) =
αV − V* for αV > V*
0 otherwise.

(36)

Thus, we assume that competitive binding at the cell surface changes the EC-50 value of the 

VEGF dose-response curve. As the antibodies remove an inhibitory effect, we expect α > 1. 

Again, simulations predict an increase in vascular density, with a larger increase in the speed 

of pattern propagation (lattice model results shown in Fig. 3D).

The experimental findings and simulation results are thus in reasonable agreement. As in the 

experiments the increase in sprout growth speed is smaller than the increase in vascular 

density, we suggest that the effect of the antibodies are mainly exerted through their 

association with the diffusive form of VEGFR1.

4.4. Analysis of front propagation

4.4.1. Concentration profile generated by a moving front—To better understand 

the simulation results, we need to connect the self-organized concentration profile of the 

inhibitor and the expansion speed of the pattern. In particular, we would like to understand 

the three regimes: compact, branching, and arrested expansion. We consider a plane 

boundary propagating according to the locally available VEGF concentration. First, we 

determine the steady state concentration profile of the diffusive repressor field when the 

boundary propagates with a steady speed v. In order to solve our reactiondiffusion system 

analytically, we simplify our problem and assume that (i) the inhibitor diffuses irrespectively 

whether it is in a complex or not, and (ii) the boundary is sharp. Under these assumptions the 

total receptor concentration satisfies

∂tR = DR ∂xx + ∂yy R − γR + Γ . (37)

Reflecting a sharp boundary located at x = X0(t), the secretion rate is given by

Γ(x, y) = Γ*ℋ X0(t) − x . (38)

To calculate the stationary planar front solutions of Eq. (37), translating with a steady 

velocity v, we introduce the co-moving coordinate ξ = x − vt. The boundary position and the 

secretion rate then change to X = X0(t) − vt and Γ(ξ, y) = Γ*ℋ(X(t) − ξ), respectively. With 

appropriate choice of t, we can set the position of the planar front to X(t) = 0. The new 

spatial variable ξ transforms the partial time derivative as ∂t x
= ∂t ξ

− v∂ξ t
. Hence, in this 

scenario the total receptor concentration r0 and secretion rate Γ0(ξ) can be written as

Lakatos et al. Page 15

J Theor Biol. Author manuscript; available in PMC 2019 November 07.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



R(ξ, y) = r0(ξ) (39)

and

Γ(ξ, y) = Γ0(ξ) = Γ*ℋ( − ξ), (40)

respectively.

Since the front has a stationary profile in the co-moving frame, the time derivative vanishes 

and Eq. (37) reduces to an ordinary differential equation for r0:

DR∂ξξr0 + v∂ξr0 − γr0 + Γ0(ξ) = 0. (41)

It is convenient to construct r0 from two distinct spatial components as

r0(ξ) =
r0

−(ξ) for ξ < 0

r0
+(ξ) for ξ > 0

. (42)

By solving the corresponding homogeneous differential equations, we obtain the eigenvalues 

of the characteristic equation as:

λ+, − =
−v ± v2 + 4DRγ

2DR
. (43)

For a front propagating from left to right, the boundary and continuity conditions are

r0
−(ξ − ∞) =

Γ*
γ ,

r0
+(ξ ∞) = 0,

r0
+(ξ = 0) = r0

−(ξ = 0),

∂ξr0
+(ξ = 0) = ∂ξr0

−(ξ = 0),

(44)

respectively. Conditions (44) allow to fully specify the solution for Eq. (41):
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r0
− =

Γ*
γ 1 −

λ−
λ− − λ+

e
λ+ξ

,

r0
+ = −

Γ*
γ

λ+
λ− − λ+

e
λ−ξ

.

(45)

The concentration of the inhibitor at the interface, rX, can be expressed as a function of the 

front velocity v as

rX(v) = r0
−(ξ = 0) =

Γ*
2γ 1 − v

v2 + 4DRγ
. (46)

Substitution of rX(v) into Eq. (12) yields an analytic estimate for the VEGF concentration at 

the interface as a function of v (Fig. 8) as

VX, est(v) =
KV0 − 1 − KrX(v) + 1 + KV0 + KrX(v) 2 − 4K2rX(v)V0

2K . (47)

To verify the correctness of the above picture, we also obtained VX(v) from the full reaction-

diffusion equations, i.e., without the simplifications of Eq. (37). In the co-moving frame the 

stationary profile of the free sVEGFR1 repressor satisfies

0 = DR∂ξξR f + v 1 +
KV0

1 + KR f
2 ∂ξR f + Γ(ξ) − γR f 1 +

KV0
1 + KR f

. (48)

The boundary conditions for Rf

R f (ξ ∞) = 0, (49)

R f (ξ − ∞) =
− KV0γ + γ − ΓK + KV0γ + γ − ΓK 2 + 4γKΓ

2γK . (50)

specify a boundary value problem (BVP) for Eq. (48). The BVP was solved numerically for 

several v values and the free VEGF concentration at the boundary was obtained using Eq. 

(10). The resulting VX, BV P(v) curves (Fig. 8) exhibit very similar behavior to our analytic 

estimate Eq. (47).
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4.4.2. Velocity selection—The velocity of the front and the concentration profile are 

mutually interdependent: The velocity of the front is determined by the concentration value 

at the boundary. On the other hand, the concentration profile is determined by Eq. (47), 

which depends on the propagation velocity. Thus, a front propagating in a steady state needs 

to satisfy both Eq. (47) and Eq. (34) for the phase-field model or Eq. (16) for the lattice 

model. These are equations for two unknowns, v and VX. As Fig. 8 demonstrates, the v(VX) 

and VX(v) functions may or may not have intersections.

When intersection points exists, their v and VX values specify possible steady states of 

moving fronts. However, when two intersection points are present, we expect the first one, 

i.e. the one corresponding to the smaller velocity, to be unstable. When VEGF concentration 

is slightly increased at the interface, this perturbation speeds up the advancement of the 

boundary. In the vicinity of the first fixed point faster propagation further increases the 

VEGF concentration, thus the front will accelerate and reach the second, stable fixed point.

If there are no intersections of the v(VX) and VX(v) functions, propagating steady state 

fronts cannot arise in the system. Branching, however, allows a steady expansion of the 

vascular sprouts even under such conditions. As the inhibitor can diffuse away from the 

branches in the lateral directions, its concentration is reduced at the branch tips. The crude 

approximation of infinitely efficient azimuthal diffusive transport across the branches yields 

the previously analyzed planar front problem where the envelope of branch tips form the 

expanding boundary. The propagation of this coarse-grained sprout system is then subject to 

the same velocity selection conditions Eq. (47) and Eq. (34). However, as the inhibitor is 

produced only at a fraction (ρ) of the surface, we need to scale its spatially uniform 

production factor as Γ′ = Γ/ρ. Indeed, simulations performed using the full set of equations 

(23), (9) and (10) and started from an initial condition consistent with boundary conditions 

Eq. (50), confirm that our analysis correctly provides the selected velocity and VEGF 

concentration at the boundary (Fig. 8). Hence, when a compact front cannot propagate, 

branching can be seen as an effective way to reduce inhibitor production and restore the 

possibility of growth. The approximation of an infinitely efficient azimuthal transport cannot 

hold when the sprout structure is so sparse that the characteristic distance between the 

branches is larger than the diffusion length. At this point the inhibitor concentration at the tip 

of the branches cannot be lowered further by increased distance between the branches, hence 

for high enough inhibitor 410 secretion branching structures will not be able to grow.

4.5. Generalizations of the model

The above results establish that a diffusing inhibitor (sVEGFR1) secreted by the cells can 

generate gradients of an activator (VEGF). The interplay between the diffusive fields and the 

moving source of the inhibitor can generate tip-splitting instabilities, reminescent of the 

multicellular sprouting behavior of endothelial cells in culture. Our simplified model, 

however, does not take into account several known aspects of endothelial biology. There is 

good evidence that the endothelial cells are not uniform: one can distinguish a population of 

leader cells with specific molecular and functional features [78, 79, 80] including the 

difference in sVEGFR1 secretion [28]. Endothelial cells are also known to internalize and 

eliminate VEGF [81, 82, 83], thereby altering the reaction-diffusion system considered in 
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this work. To explore how these effects may change the basic patterning 420 mechanism, we 

augmented our model with two sets of rules.

4.5.1. Spatial variation in sVEGFR1 secretion—Without explicitly representing the 

tip cell selection process in our models, we introduced spatial inhomogeneity by restricting 

inhibitor secretion in areas recently occupied by the cells in the lattice model. Thus, we 

modify Eq. (13) to describe inhibitor secretion at time t as

Γ( x ) =
Γ*σ( x ) for t > t0( x ) + T*
0 otherwise.

(51)

where t0 denotes the time lattice site x  was occupied, and the T* ≥ 0 threshold is an 

adjustable parameter. For T* = 0 we recover our original model. Increasing T* excludes 

secretion from increasingly larger areas beyond the leading edge of the sprouts, thus 

represents an increasing fraction of tip cell phenotypes at the branch tips. Simulations with a 

small excluded area (T* = 300 t0) does not alter the dynamics substantially (Fig. 9A-C).

Simulations with T* = 500 t0 yield branches and excluded areas ≈ 10−20 μm wide, 

corresponding to multicellular sprouts 1–2 cells wide headed by a single tip cell. In this 

scenario the branches are wider, but are more sparse, and the overall density of the cell-

covered area is decreased (Supplement Fig. B.9). Further increase in T* yields ≈ 100 μm 

wide branches, each led by an area corresponding to 10–100 leader cells. In this limit the 

expansion becomes oscillatory: the lack of inhibitor production results in a quick expansion 

of a compact cluster. As the inhibitor production turns on, the extended spatial production of 

the inhibitor yields a VEGFR1 concentration high enough that it can choke the further 

expansion of the cells. In a wide range of parameters, however, the tip splitting mechanism 

is robust even if the tip cells do not produce diffusing inhibitors. Accordingly, branching 

patterns do develop in experiments where the population density of tip cells were altered 

[84].

4.5.2. VEGF internalization by the cells—Internalization of VEGF by endothelial 

cells [81, 82, 83] is expected to alter the spatial distribution of sVEGFR1 by freeing up 

molecules that could have bound in the absence of internalization. To gauge the effect of 

VEGF internalization on the patterning mechanism, we keep track of VT, the local total 

amount of VEGF

VT = V + Rb, (52)

and expand Eqs (5) as

∂tV = − konVR f + ko f f Rb + γRRb − γVVσ, (53)
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∂tRb = konVR f − ko f f Rb − γRRb, (54)

where γV denotes the internalization rate of VEGF, thus its internalization is assumed to 

follow first order kinetics, where cells are present (σ = 1). We performed simulations with 

the lattice model, using the quasi steady state approximation.

As expected, for large enough values of γV, the free VEGF concentration V drops close to 

zero around the cell-covered area (Fig. 10). This change translates into slightly lower overall 

cell densities, comparable with the effect of an increased inhibitor release rate Γ* 

(Supplemental Fig. B.6) – but does not effect the basic patterning mechanism.

5. Discussion

5.1. Vascular patterns are formed by multiple guidance systems

Vascular patterning in amniotes is an adaptive, self-organized process [5]. At the tissue scale 

a hypoxia sensing feedback mechanism controls vascular density [85], and hemodynamic 

forces of blood flow – that depend on the state of the entire vasculature – can guide the 

remodeling of vascular network topology [86, 87]. An important element of vascular 

patterning is the formation of new blood vessels through a process of multicellular 

sprouting, which is – in itself – a complex process likely involving multiple guidance 

mechanisms [5].

Besides the sVEGFR1 system considered here, endothelial cells could also be guided by 

ECM structures, which can serve as a spatial “memory” [88, 89, 90]: both endocardial [91] 

and endothelial [92] cells were reported to leave degraded ECM fragments or “channels” 

behind. Multicellular sprouts readily develop when a positive feedback between the direction 

of active cell movement (cell polarity) and ECM “memory” is assumed [93, 94, 95] – a 

mechanism very similar to ants use to organize pheromone trails [96]. ECM structures may 

also be generated by mechanical forces [97, 98, 99, 100], a mechanism likely determining 

patterning on highly malleable matrigel substrates [101].

A special type of cell-cell interaction, a temporary lateral inhibition mediated through delta 

and notch cell surface receptors is also operational within angiogenic sprouts [80] and 

thought to be responsible for restricting the invasive (tip) phenotype to a few cells of the 

sprout [79]. While lateral inhibition of tip cells through the delta-notch system strongly 

influences vascular morphology, however, branching continued to occur in experiments 

where delta-notch signaling was blocked [84, 102]. Endothelial cells can frequently switch 

phenotype: leading tip cells are frequently overtaken by follower cells which then assume a 

tip cell phenotype [103, 80, 102]. The interplay between the Delta-Notch and sVEGFR1 

guidance systems remains an interesting problem for future studies.

Endothelial cell movements guided by autocrine chemotactic signaling were proposed as a 

potential mechanism for vascular pattern emergence [29, 30, 104]. The mechanism relies on 

the secretion of a diffusing chemotactic morphogen, likely to be VEGF. An autocrine 
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chemoattractant is expected to result in cell aggregation [105], but an interplay between 

elastic compression and active motility can yield branching patterns [106, 31]. While such 

autocrine VEGF signaling may also contribute to the patterning of vascular sprouts [30], it is 

unlikely to be a required mechanism for sprouting activity: endothelial sprouts readily 

elongate even in the presence of large concentrations of exogenous VEGF in the culture 

medium [107, 108]. A mathematically similar patterning process can also result from a 

number of other considered mechanism: If a secreted proteolytic agent increases the 

availability or “activates” ECM-bound VEGF, then a local gradient of the bio-active VEGF 

may be produced in the microenvironment of an endothelial cell cluster. Similarly, the 

binding of paracrine growth factors to angioblast-produced ECM can drive patterning by 

creating spatially-restricted guidance cues required for directed cell migration [109]. The 

common feature of these mechanisms is that it operates –contra-intuitively– with attractive 

gradients pointing towards the endothelial cells.

Following experimental evidence for the possible role of secreted inhibitors in vascular 

patterning, here we investigate a markedly distinct mechanism, where endothelial cells are 

guided by self-generated VEGF gradients, pointing away from the vascular structure. 

Branching patterning under similar, diffusion-limited conditions is well studied. In 

particular, the Mullins-Sekerka instability [110], which renders a smooth interface unstable 

by triggering a spontaneous tip-splitting process, was shown to yield a characteristic dense 

branching morphology. As a tip extending into the diffusive external field senses 

increasingly steep gradients, it further enhances its growth creating the amplification 

mechanism underlying the instability.

Here we explore a diffusive patterning mechanism in which the gradients are produced by a 

reaction between an immobile activator (the VEGF) and a diffusive inhibitor (the 

sVEGFR1). As Eq. (9) can be reduced to a diffusion equation in the Rf ⪢ 1 limit, in this 

case 1 − Rf will be identical to the field variable of the Mullins-Sekerka diffusion limited 

growth model. However, the biologically relevant regime is different, as cells are not 

expected to secrete inhibitors in a great excess compared with the activator (VEGF). The 

three growth regimes (compact, tip splitting and arrested) are not present in the standard 

diffusion limited growth models, although were reported in bacterial patterning where 

additional equations complicate the simple Mullins-Sekerka analysis [1]. We found that the 

reaction-diffusion system can generate steeper gradients in the stationary expansion state 

than those develop in a Mullins-Sekerka system. Thus, the presented model is an interesting, 

biologically motivated generalization of the diffusive patterning problem.

5.2. The VEGF system

VEGF-A and its receptors VEGFR1 (Flt1) and VEGFR2 (Flk1) play a key role in the 

regulation of vasculogenesis and angiogenesis. VEGF-A isoforms are secreted by a variety 

of cell types except the majority of the endothelial cells [33, 34, 9], whereas VEGFR1 and 

VEGFR2 receptors are expressed primarily by those [9, 111]. VEGF-A has multiple 

isoforms generated by alternative mRNA splicing, having different binding affinities for 

heparan sulphate proteoglycans (HSPGs) and Neuropilins as well as for VEGF receptors. 

Except for one, all isoforms contain a HSPG binding domain, and therefore can be 
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sequestered in the extracellular matrix (ECM). Mouse embryos lacking all HSPG-binding 

VEGF-A isoforms indicated that ECM-binding isoforms are essential for the establishment 

of steep extracellular VEGF-A gradients [112, 78].

ECM-bound VEGF can be released after a protease cleavage as a diffusible, active protein 

[113, 114, 48, 112, 3, 115]. Recent analysis of available kinetic data, however, do not 

support the view that a localized VEGF release is required for an effective signalization 

process – instead it appears to be a multicellular cooperative phenomenon [81]. As the 

binding sites of VEGF for ECM and sVEGFR1 are distinct, VEGF and sVEGFR1 could 

interact in the ECM-bound form [116, 117]. Moreover, ECM-bound VEGF (without 

cleavage) can effectively activate endothelial cells [118, 119]. Given these complexities, in 

the model we focus on the ECM-bound VEGF population and do not represent the freely 

diffusing VEGF proteins. Our study suggest, however, that effective VEGF concentrations in 

tissues are much lower than the 100 pM required in vitro to elicit detectable proliferative or 

migratory response. This could also reflect the finding, that endothelial cells are more 

sensitive to VEGF in the presence of appropriate ECM in the tissue environment [17, 60]. 

Hence, without ECM binding the sVEGFR1-VEGF control system operates in a regime 

(high V*) which is not sensitive enough to guide patterning.

A variety of VEGF-induced changes (proliferation, migratory activity and chemotaxis) are 

likely to contribute to the expansion of the vasculature. Vascular sprouts contain highly 

motile cells, and a directional bias towards the tip provides vascular building blocks in 

excess of local proliferation both in mouse allantois explants [103] and during the formation 

of the first vascular plexus in avians [120]. Endothelial cell streaming along the dorsal aorta 

also provides cells from the extraembryonic blood islands to the expanding vasculature 

around the heart [121]. Similar directed endothelial motion is also present in the sprouts 

forming within a 3D gel environment [102]. Long-range migration of endothelial cells along 

vascular segments can thus locally expand the vasculature. We condensed this complex 

process into a phenomenological formalism, directed growth.

In our experiments, we applied an antibody which targets both membrane-bound and 

diffusive forms of VEGFR1. Hence, while our experiments can test model predictions (Figs 

2 vs 3), they leave the possibility open that the membrane-bound form of VEGFR1 could 

also guide endothelial sprouting behavior through some completely different mechanism. 

For example, tip cell selection involves the VEGF pathway and the excess of tip cells also 

yields to denser vascular sprouts [84]. The close correspondence of experimental and model 

simulation 535 results, however, support the plausibility of a vascular patterning mechanism 

guided by a diffusing inhibitor.

5.3. Model choices

The regulation of endothelial cell behavior is in the forefront of research interest due to its 

relevance in normal development and in various diseases. Recent quantitative models 

focused on the dynamics of extracellular factors [82], including sVEGFR1 [122]. In this 

study we focus on how well established molecular interactions can shape the developing 

vascular morphology. The morphology of the vasculature is of key importance, it determines 

the density of vascular segments in a given area, thus it determines how blood vessels can 
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supply tissues with oxygen and other necessary factors, or how much tumor cells need to 

migrate to enter circulation. The aim of this work is to establish how the sVEGFR1/VEGF 

diffusing inhibitor/activator system can guide vascular patterning. Hence, we intentionally 

left out several other known details of endothelial cell biology, like the delta-notch 

mechanism underlying the cellular decision to engage in invasive behavior, or the 

complexity of growth factor processing within cells or in the environment. Instead, we 

constructed a model which contains the relevant molecular interactions between the 

morphogens, but is still simple enough to allow mathematical analysis. After establishing the 

patterning mechanism with the simplest modeling assumptions, we augmented the models to 

learn how spatial variation in inhibitor production or activator internalization modulate the 

self-organized patterns.

We used 2D lattice and a phase-field models to represent the interactions of cells and the 

diffusive inhibitor sVEGFR1. We argue that any mathematical model of a complex system 

contains several hidden assumptions. Therefore, employing multiple and complementary 

modeling approaches is crucial to increase our confidence in explicitly stated model 

components. Moreover, both models offer advantages: the lattice model is simple and 

transparent, while the phase-field method opens up the possibility of analytical calculations. 

The lattice model can be considered as a variant of the Eden model [123], often used to 

represent biological growth patterns.

The phase-field method has been successfully applied to various problems, such as dendritic 

crystal growth [66, 67, 124], morphological changes in biological membranes [125, 126], 

cell motion [127, 128] and describing the dynamics of multicellular systems [71, 129]. 

Recently the phase-field approach has been also adapted to model tumor angiogenesis [130, 

131, 132]. In these models the tumor cells and the adjacent stroma tissue produces VEGF, 

thereby forming a concentration gradient guiding the growth of pre-existing capillaries. 

However, during vasculogenesis a steep VEGF concentration gradient is unlikely to develop 

spontaneously since VEGF is expressed throughout the embryo and a large amount is stored 

in the ECM. The model proposed here thus expands these previous studies to explain 

vasculogenesis, the early embryonic vascular patterning process.

Matching model variables to experimentally observable quantities is of key importance in 

every investigation relying on mathematical models. Here we compare quantities at two 

scales: both at the level of signaling molecules (like binding and diffusion properties) and at 

the scale of multicellular structures (like sprout density, branch width and growth speed). 

Fortunately there are empirical constraints for most of these parameters – albeit their values 

may vary within an order of magnitude. Our parameters (Table 1) includes two unusual 

choices: the value for VEGFR1 diffusivity (DR), and the value for VEGF threshold (V*). 

The choice of the low value of V* reflects our judgment based on the available literature, 

and it is not required for dense sprouting morphology: simulations performed with V* = 100 

pM can also yield branching patterns (data not shown). Two or three orders of magnitude 

larger diffusivity values, however, were estimated for diffusion of proteins in aqueous 

solutions or in porous gels [82, 133]. In our model, as well as in other reports [82], 

simulations performed with such a high diffusivity creates shallow gradients in the order of 1 

pM/mm, two orders of magnitude below the experimentally observed VEGF sensitivity 
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threshold [74]. Moreover, D in the range of 10−5 − 10−4 mm2/s yields unrealistically wide 

branches or compact growth. Such estimates for protein diffusivity, however, do not take into 

account the binding of sVEGFR1 to the ECM environment. In the presence of reversible 

adsorption and desorption, theoretical estimates for the effective diffusion parameter scale 

with the ratio of free and bound molecules [134]. Thus, if the adsorption of the diffusing 

agent is efficient enough to keep 99% of the molecules immobilized, the effective diffusivity 

will drop by two orders of magnitude. Based on the presented data, we suggest that such a 

limited diffusivity of sVEGFR1 is crucial to guide blood vessel patterning.

5.4. Conclusion

The presented results demonstrate that endothelial cells are capable to effectively regulate 

vascular morphology at the multicellular scale – utilizing a secreted inhibitor and a reaction-

diffusion mechanism. The mechanism yields a spontaneous dense branching morphology 

with a constant vessel density, an ideal distribution architecture for capillaries. In a tissue 

environment this control mechanism is likely to guide endothelial cells in combination with 

other factors, like ECM biochemical and mechanical patterning, hypoxia sensing, and 

various intercellular signaling interactions.
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Appendix A. Quasi steady state approximation

The model equations obtained in Reaction-diffusion subsection are:

∂tV = − ∂tRb = − konVR f + koffRb + γRb, (A.1)

∂tR f = − konVR f + koffRb − γR f + Γ + DR∇2R f , (A.2)

that can be reduced by applying quasi steady state approximation (QSSA). We exploit that 

receptor-ligand binding and complex dissociation evolve in a much faster time scale than 

changes in the total amounts of receptor and ligand. Hence complex formation equilibrates 

rapidly and can be assumed as a steady-state process:

konR f V = koffRb, (A.3)
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and the association and dissociation rates, kon and koff respectively, can be replaced by the 

equilibrium constant:

K =
kon
koff

. (A.4)

Thus, the concentration of bound sVEGFR1 can be expressed as a function of the 

concentration of free sVEGFR1 as

Rb R f =
KR f V0

1 + KR f
, (A.5)

and the time derivative can be written as

∂tRb =
KV0

1 + KR f
2 ∂tR f . (A.6)

By introducing the total receptor concentration (R)

R = R f + Rb, (A.7)

and substituting it into Eq. (A.5) we obtain a quadratic equation for Rb as a function of R 
with two positive real roots:

Rb =
1 + KR + KV0 ± 1 + KV0 + KR 2 − 4K2RV0

2K . (A.8)

Since VEGF can be either active or inactivated by sVEGFR1 and its concentration is 

spatially uniform, the active VEGF can be written as

V = V0 − Rb, (A.9)

and substitution of Eq. (A.8) into Eq. (A.9) yields only one positive solution for V :

V =
KV0 − 1 − KR + 1 + KV0 + KR 2 − 4K2RV0

2K . (A.10)

The subtraction of Eq. (A.1) from Eq. (A.2) yields the time derivative of the total receptor 

concentration:
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∂tR = DR∇2R f + Γ − γR, (A.11)

replacing Eqs. (A.5–A.6) into this equation gives the QSSA dynamics of the freely diffusible 

receptor:

1 +
KV0

1 + KR f
2 ∂tR f = DR∇2R f + Γ − γR f 1 +

KV0
1 + KR f

(A.12)
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Highlights

• Pattern formation guided by an autocrine inhibitor through a reaction-

diffusion process

• Connected molecular parameters to statistical characteristics of the 

vasculature

• Specific model predictions tested by experiments
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Fig. 1: 
Model of sVEGFR1 driven vascular pattern formation. The concentration of VEGF (blue), 

immobilized by the ECM, is considered to be spatially uniform in the vicinity of the 

endothelial cell-covered area (yellow). The motility and proliferation of endothelial cells are 

promoted by the locally available VEGF via their cell surface receptors, VEGFR2 (green). 

Endothelial cells secrete a diffusive repressor, sVEGFR1 (red), that binds and inactivates 

VEGF. Thus, the concentration of active VEGF forms a gradient pointing away from 

endothelial cells (yellow arrow). As a protruding tip senses higher concentration and steeper 

gradients of active VEGF, it expands more rapidly, and further enhances its extension.
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Fig. 2: 
Sprouting assay using HUVEC spheroids in fibrin gel. Representative phase-contrast images 

from time-lapse recordings (Supplemental Movie C.1) of untreated control cultures (A), and 

of cultures exposed to function blocking antibodies against VEGFR1 at a concentration of 

20 μg/ml (B). Exposure to the antibody reduces the interbranch distance and yields denser 

sprouts. Vascular components recognized by the image analysis algorithm are colored blue. 

Representative radial density profiles, ρ(r,t) are shown as a function of radius, for untreated 

(C) and a-VEGFR1 treated (D) sprout structures. The color saturation of the lines indicates 

the in vitro age of the culture between 10 and 30 hours, plotted for each frame.
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Fig. 3: 
Soluble VEGFR1 increases sprout density both in experiments and in simulations. A) 

Density difference ρmax
treated(t) − ρmax

control(t)  values demonstrate that cultures where 

VEGFR1 was blocked develop a denser sprout network than untreated cultures do. The lines 

show the average difference in density as a function of the age of culture t – obtained from 

two distinct experiments containing n = 8 and n = 11 HUVEC spheroids. B) Sprout 

expansion in experiments is insensitive to the presence of VEGFR1 antibodies. Sprout extent 

was established from normalized radial density profiles (ρ(r,t), see Fig. 2) as the radius R 
where ρ(R,t) is the half of the maximal density ρmax(t). Blue and red lines represent control 

and a-VEGFR1 treated cultures, respectively from two distinct experiments. Irrespective of 

the presence of antibodies, the sprouts expanded at similar rates: 3.13 ± 0.15 μm/h and 2.97 

± 0.09 μm/h (control), 3.43 ± 0.14 μm/h and 2.82 ± 0.09 μm/h (treated) in the two 

experiments respectively. C) Density difference in lattice simulations where soluble (red), 

membrane-bound (green) or both (yellow) population of VEGFR1 was blocked, according 

to Eqs. (35), (36) or both, respectively. In the simulations a 10% increase in the degradation 

rate (Eq. 35) represents the presence of a-sVEGFR1 antibodies, and a 10% shift in the 

VEGF response curve (Eq. 36) represents the inhibition of cell surface receptors. Each line 

indicates mean values obtained from n = 4 distinct simulations. D) Sprout expansion in 

lattice simulations was calculated by the same method used to evaluate experimental results. 

Expansion speed baseline (blue): 1.7±0.01 μm/h, sVEGFR1-blocked (red): 1.9±0.01 μm/h, 

mVEGFR1-blocked (green): 2.4±0.02 μm/h, both population blocked (yellow): 2.49±0.02 

μm/h. Shaded areas represent the standard error of the mean, calculated from individual 

spheroids treated in identical manner (A, B) and distinct simulations (C, D). Expansion 

speed was obtained by fitting the position of half of the maximal density as a linear function 

of time.
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Fig. 4: 
Time development of the lattice model. The area occupied by the cells and the concentration 

fields of the free growth factor (VEGF) and of the inhibitor (sVEGFR1) are shown in the 

left, middle and right columns, respectively. The state of the simulation is shown at the 

beginning (top) and after 20000, 40000 and 60000 (bottom) time units, corresponding 

approximately to 2, 4.5 and 7 days in culture. Parameters of the 800×800 lattice simulation 

are summarized in Table 1.
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Fig. 5: 
Time development of the phase-field model. As in Fig. 4, the area occupied by the cells and 

the concentration fields of the free growth factor (VEGF) and of the inhibitor (sVEGFR1) 

are shown in the left, middle and right columns, respectively. The state of the simulation is 

shown at the beginning (top) and after 5000, 12500 and 20000 (bottom) time units, 

corresponding approximately to 14, 35 and 55 hours of development. Parameters of the 1200 

× 1200 lattice simulation with Δx = 𝓁0/2 mesh spacing are summarized in Table 1.
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Fig. 6: 
Tip-splitting event in the phase-field model. A) The area occupied by the cells are shown at 

every 1000 t0 simulation steps (∼ 2.7 h) of a representative tip splitting event. B) The 

concentration field of the free activator (VEGF) is shown at three different time points. The 

thicker and the thinner black lines correspond to a VEGF contour (V = 0.65c0) and to the 

boundary of the vasculature (ϕ = 0.65) respectively. Red arrows point to sites of future 

branches: border segments that experience especially high VEGF concentrations.
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Fig. 7: 
The lattice model yields a dense branching morphology. The cumulative radial density (A, 

B) reaches a steady value, indicating a space-filling structure with a fractal dimension of 2. 

Morphologies are shown for three values of the diffusivity (C) and the degradation rate (D) 

of the inhibitor. The radial density profiles in panels (A,B) can be matched by the color code 

to the morphologies in panels (C,D). γ0 = 10−3 1/t0.
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Fig. 8: 
Velocity selection in the lattice (A) and phase-field (B) models. The red curves represent the 

expected propagation speed of the boundary for a prescribed value (VX) of VEGF at the 

interface. The black and blue curves show the calculated (blue) and analytically estimated 

(black) VX values for a pre-determined propagation speed of the boundary (v0). Intersection 

of the red and blue curves determine the emergent propagation speed in the full model. In 

the absence of intersections, a planar front cannot propagate. By forming branches, the 

effective secretion rate of the inhibitor is decreased (dotted curves) allowing for the 

propagation of the leading tips of dense branching morphologies. VX,est(v0): analytic 

solution for V as the function of the propagation speed obtained from the differential 

equation of the simplified system; VX,BV P(v0): numerical solution of the reaction-diffusion 

equation of the free repressor in a co-moving frame with BVP solver; v0(VX): propagation 

speed of the boundary as the function of V obtained from simulation of the phase-field 

equation with uniform driving force; simulation: operating point obtained from the 

simulation of the full differential equation system.
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Fig. 9: 
Time development of the lattice model with heterogeneous sVEGFR1 secretion. The 

inhibitor is not produced at the branch tips: cells that were occupied less than T* time ago. 

Cell-occupied areas are shown for different values of T* ( A-C: T* = 300 t0, D-F: T* = 500 

t0, G-I: T* = 1000 t0) at three snapshots of the simulations. Insets show branch tips at higher 

magnification (1 : 4.2). Orange colors indicate areas where the inhibitor is not produced, i.e., 

the presumed location of tip cells.
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Fig. 10: 
Patterning in the presence of VEGF internalization. The area occupied by the cells (A) and 

the concentration fields of the free growth factor (VEGF, B) and of the inhibitor (sVEGFR1, 

C) are shown for a lattice model simulation (γV = 10−3). Cumulative radial density profiles 

(ρ(r,t), D) and maximal density values (E) are shown for four values of γV, the degradation 

rate of VEGF. F) Sprout expansion in simulations calculated by the same method used to 

evaluate experimental results. Each line indicates mean values obtained from n=4 distinct 

simulations and shaded areas represent the standard error of the mean.
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Table 1:

Parameters and emergent properties.

Parameter experimental value reference value in lattice model value in phase-field model

sVEGFRl parameters

    diffusivity (DR) 10−7 mm2/s [58] 1 ℓo2/to = 10 7 mm2/s 0.25 io2/to = 2.5 · 10−8 

mm2/s

    binding affinity to VEGF (1/K) 2 – 30 pM [24, 49, 50, 
51]

1 co = 20 pM 0.333 co = 6.67 pM

    secretion rate (Γ*) 5 – 15 pM/h [32, 52] 10−2 co/to = 72 pM/h 10−3 co/to = 7.2 pM/h

    degradation rate (γ) 0.03 – 0.8 1/h [53] 10−3 1 /to = 0.36 1/h 4 · 10−5 1/to = 0.01 1/h

    steady state concentration 100 – 200 pM [32, 52]     3.5 co = 70 pM 7 co = 140 pM

VEGF parameters

    cellular sensitivity (ν, μ) 10−2 1/co 26.67 1/co

    threshold concentration (V*) 2.5 pM < [60, 75, 76] 0.5 co = 10 pM 0.5 co = 10 pM

other simulation parameters

    phase-field diffusivity (Όφ) 5 · 10−3 ℓo2/to

    characteristic time scale (t) 200 to

    time step (Δί) 0.1 to 0.1 to

    mesh spacing (Δχ) 1 ℓo 0.5 ℓo

emergent properties

    branch width 10.6 – 29.2 μm * 5.8 – 13.7 ℓo = 5.8 – 13.7 
μm

13.2 – 37.2 ℓo = 13.2 – 37.2 
μm

    branch growth speed 3.05 ± 0.52 μm/h * 4.8 · 10−3 

± 13% ℓo/to
= 1.73 ± 0.22 
μm/h

9.6 · 10−3 ± 5% 
ℓo/to

= 3.46 ± 0.16 
μm/h

    VEGF gradient 50 pM/mm < [74, 77] 7 · 10−3 

± 10% co/io
= 140 ± 14 
pM/mm

1.2 · 10−2 

± 10% co/io
= 240 ± 24 
pM/mm

time unit: to = 10 s, length unit: ℓo = 1 μm, concentration unit: co = 20 pM

Mvegf = 40 kDa, Msvegfri = 100 kDa,

*
: experimental values obtained in this study
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