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Abstract

Plasma glucose in mammals is regulated by hormones secreted by the islets of Langerhans 

embedded in the exocrine pancreas. Islets consist of endocrine cells, primarily α, β, and δ cells, 

which secrete glucagon, insulin, and somatostatin, respectively. β cells form irregular locally 

connected clusters within islets that act in concert to secrete insulin upon glucose stimulation. 

Varying demands and available nutrients during development produce changes in the local 

connectivity of β cells in an islet. We showed in earlier work that graph theory provides a 

framework for the quantification of the seemingly stochastic cyto-architecture of β cells in an islet. 

To quantify the dynamics of endocrine connectivity during development requires a framework for 

characterizing changes in the probability distribution on the space of possible graphs, essentially a 

Fokker-Planck formalism on graphs. With large-scale imaging data for hundreds of thousands of 

islets containing millions of cells from human specimens, we show that this dynamics can be 

determined quantitatively. Requiring that rearrangement and cell addition processes match the 

observed dynamic developmental changes in quantitative topological graph characteristics strongly 

constrained possible processes. Our results suggest that there is atransient shift in preferred 

connectivity for β cells between 1–35 weeks and 12–24 months.
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1. Introduction

Insulin, an essential hormone for cellular glucose uptake and hence, arguably, the key factor 

in the regulation of plasma blood glucose concentration, is produced by pancreatic islet β 
cells. Blood glucose homeostasis does not fall solely on the shoulders of β cells. Other 

pancreatic islet cells, such as glucagon-producing α cells and somatostatin-producing δ 
cells, play critical roles in its regulation. Although not electrically coupled, these cells can 

normally be found in the periphery around a core β-cell cluster in rodent and small (effective 

diameter <60 microns) human islets.
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The architectural arrangement of cells in larger human islets differs from that of small islets 

in that α and δ cells intermingle with β cells. This cyto-architecture was first described as 

mantle-core subunits [1] or lobules [2]. Since then it has been described as a ribbon-like 

structure [3], a cloverleaf [4] and a trilaminar plate [5]. However, there is evidence for 

alternative structures [6] and the placement of endocrine cells in islets maybe random [7,8] 

or non-random [9,10].

The correct anatomical arrangement of β cells in their clusters and, possibly, of α and δ cells 

in relation to these clusters is essential for optimal production of insulin as β cells work 

more efficiently when in contact [11–13]. Clustering allows electrical coupling between 

neighboring cells, achieved through gap junction proteins (Cx36) [14,15] found on the cell 

surface, and this interaction leads to the observed 2-fold increase in insulin production when 

β cells are in a cluster compared to when they are isolated [16]. Gap junction coupling has 

not been proven in αα-αδ-, or δδ-cell interactions, though neighboring cells modulate 

activity through autocrine and paracrine interactions [17]. Given this, the optimal functional 

arrangement is controversial as islets are irregular in shape, sample sizes are typically quite 

small, and quantitative characterizations of their stochastic morphology have not been 

adequately developed.

β cell mass and its associated architecture is dynamic and adaptable to changes in energy 

needs, for example, during pregnancy [18], and changes in nutrient availability, as in obesity 

[19, 20]. During development, humans have changing energy needs and available nutrients, 

and this may also impact pancreatic islet cyto-architecture. We consider the following 

division of the stages of development: gestation, 1–35 weeks after birth, 12–24 months after 

birth and 28 months and after. During gestation most glucose is absorbed through the 

placenta from the mother along with endocrine hormones. After birth, during 1–35 weeks, 

infants are either breast- or formula-fed. In the period 12–24 months, children are eating 

solids, though a diet with liberal intake of unsaturated fat ensuring adequate intakes of 

omega-3 fatty acids is recommended [21]. In the last stage, the dietary difference between an 

adult and a child is minimal [21,22].

Stochastic graph theory, with its quantitative measures of neighborhood characteristics, 

provides an unbiased and mathematically rigorous framework for deciphering key 

architectural features found in islets. However, applications of graph theory to islet biology 

require data on the endocrine cell content and placement in a large number of islets, as the 

quantitative measures will display large fluctuations for small sample sizes. In previous 

work, with large-scale imaging data, this technique was used to quantify differences between 

human control and type 2 diabetic (T2D) β-cell cluster cyto-architecture. Surprisingly, the 

quantitative results suggested an increase in β-cell connectivity and number of β cells per 

cluster and a decrease in the number of clusters in T2D islets as compared to control islets. 

This could be an indication that the T2D environment needs higher connectivity for β cell 

survival compared to control. Graph theory was also used by Stozer et al [23] to analyze the 

small world activity of β cells in islets.

Given that β cell mass is dynamic, a natural question arises: How is optimal β cell function, 

as evidenced in islet cyto-architecture, regulated, given changes in energy needs and 
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resources? Alternatively phrased, given a set of graphs representing β cell cyto-architecture, 

what stochastic processes acting on graphs, if any, can recapitulate changes in graph 

measures observed between developmental stages? The crux of this approach, proving the 

existence of such processes, was illustrated in [24] where an optimal stochastic model of 

vertex addition and deletion was found for maintaining the architecture observed in a large 

set of control and diabetic islet graphs. Using a simple analogy, the former descriptive 

quantification is akin to modeling a set of normally distributed random numbers by 

calculating their mean and standard deviation, and this latter dynamic view is similar to 

determining the Ornstein-Uhlenbeck process that would maintain the observed distribution.

Here, we have access to dynamic data in the form of islets from subjects with a wide range 

of ages. This is obviously not in the form of sequential time measurements, but can be 

grouped in four age intervals to preserve a balance between continuity in time and a 

sufficiency of data for each age interval. Thus, in the language of stochastic processes, we 

can roughly determine the non-equilibrium processes producing changes in the probability 

distribution on the space of graphs representing β cell cyto-architecture even though the 

partial time-derivative in the Fokker-Planck equation is replaced by the rough substitution of 

a discrete time step between age intervals. Therefore, we first use graph theory to shed light 

on the placement of α and δ cells relative to β cell clusters by quantifying the cyto-

architecture found in β cell clusters, the non-β cells, and the interactions between the 

clusters and non-β cells at each developmental stage. With this quantification in hand, we go 

beyond the static equilibrium in islet graph architecture that we found in [24], to elucidate 

the dynamic processes underlying observed architectural differences between developmental 

stages. This, to our knowledge, is the first use of data to determine a time-dependent 

stochastic process on a space of graphs in the context of biology.

2. Methods

2.1. Data acquisition

Human pancreatic tissues were obtained from the University of Chicago Human Tissue 

Resource Center with an exemption from the Institutional Review Board. The two-

dimensional sections were stained for insulin, glucagon, somatostatin and nuclei. Cells were 

labeled based on the hormone concentration surrounding each nucleus determining the 

cellular composition of each islet.

2.2. Graph creation

Graphs consist of vertices and edges. The vertices represent endocrine cells found in each 

individual islet (a representative islet is shown in figure 1(a)). To define edges between 

vertices, it is necessary to use the measured spatial separation between two cells to decide if 

the cells can interact, either by surface interactions or by intercellular signaling. If they can, 

based on a given neighborhood radius, an edge is added to the graph connecting the vertices 

corresponding to the two cells. The graphs of interest are (1) the β-cell cluster (ββ) graph 

(figure 1(b)) consisting of vertices representing β cells and edges between neighboring β 
cells, (2) the αδ graph (figure 1(c)) where vertices represent α and δ cells and edges are 

between nearby pairs of αα, αδ, and δδ cells, and (3) the αδ -β cell cluster interaction (αδ-

Striegel et al. Page 3

Phys Biol. Author manuscript; available in PMC 2018 December 28.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



β) graph (figure 1(d)) where vertices represent α, β and δ cells and edges are between αβ 
and βδ cell pairs.

2.3. Pair correlation function

Knowing the range of intercellular distances that is sufficient and necessary for two cells to 

interact is critical for an accurate graph representation of surface interactions. Since this 

range is unknown in pancreatic islets, we determine the critical neighborhood radius based 

on the data. The pair correlation function, g(r), normalizes the number of cell pairs that are a 

given distance apart by the density of cells in the islet. For a given r0, if g(r0) is greater (less) 

than 1 then there are more (less) cell pairs within an intercell distance of r0 than would be 

expected if the cells were randomly distributed. Because the graphs here do not represent all 

cell interactions but rather inter- and/or intra- cell-type interactions, we use a slightly 

modified version of g(r), given by

g(r)dr = 1
NY

Area
NX

∑
i ∈ Y

∑
j ∈ X

δ(r − ri j)
2πr

for two sets, X and Y, where δ(r − ri j) = 1
0

i f r = ri j
otherwise

, rij is the distance between vertices i and 

j, and NX and NY are the number of vertices in sets X and Y, respectively, was used. For the 

ββ graph which captures interactions between β cells, X and Y both represent the β-cell 

vertices and NX and NY are the number of β cells. Since the αδ graph captures interactions 

between α and δ cells, X consists of the α- and δ-cell vertices and Y is the same. NX is the 

number of α and δ cells and NY is the same. The αδ-β graph represents interactions 

between the α and δ cells and β-cell clusters. Here X is the set of α- and δ-cell vertices, Yis 

the set of β-cell vertices, NX is the number of α and β cells and NY is the number of β cells.

2.4. Graph measures

The degree of a vertex (figure 1(e)) in a graph is the number of edges incident on the vertex. 

A component (figure 1 (f)) is a subgraph of the graph such that each vertex shares an edge 

with at least one other vertex in the subgraph and this subgraph cannot be decomposed into 

further subgraphs. Components can be either singular (S), i.e. containing only one vertex, or 

nonsingular (NS). We used these two measures to quantify islet architecture as viewed 

through the graphs we defined above. We used the degree averaged over all vertices in a 

given islet to calculate the mean degree. Component results are shown with respect to the 

mean number of components (NS + S and NS only) per islet, and the mean number of 

vertices per component (NS + S and NS only). Computational code was written in C++ 

using the Boost Graph Library [25].

Since the calculated measures are discrete values the Mann-Whitney test, a nonparametric 

test for the significance of the difference between the distributions of two independent 

samples, with a Bonferroni corrections were used to test for significance. The standard 

deviations of each data point (given in tables S1–S9) are large due to the fact that these 
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values are discrete. The degree, number of components per islet and number of cells per 

component counts are given in tables S1–9.

2.5. ββ graph transition simulations

ββ graph measures change across developmental stages. Here, we model how the observed 

architectural alterations occur by taking the graphs corresponding to islets at an initial time 

and apply parameterized processes to these graphs to determine which process produces the 

architecture observed in the next developmental stage. The set of processes applied to the 

initial graphs should encompass (1) any rearrangements known to occur in islets, such as 

translocation [26–28], replication [29], and death [29], and (2) account for the increase in β 
cells per islet observed from developmental stage to developmental stage (figure 2(a)).

The rearrangement processes were discussed in detail in [24]. In short, these processes 

assume the deletion of a vertex or addition of a nearby vertex is dependent on the vertex’s 

degree (an alternate criterion, the size of a vertex’s associated component, was also tried 

with comparable results; results not shown). It is natural to assume these processes can take 

place in islets since connectivity and cluster size play a role in optimal insulin production. 

There is, at this time, no model system where such rearrangements can be observed in vivo. 

These simulation processes add and delete one vertex per graph during each iteration 

keeping the number of vertices constant per graph. We consider a number of possible models 

for the determinants of these rearrangements. In each model, the vertices that are chosen for 

either deletion or to have a vertex added nearby are chosen by a Monte Carlo approach 

based on their degree and a relative likelihood function. The first relative likelihood function 

is given by

RL− = 0.5 − 0.5 tanh (x − rlp*)

where x is the degree of the vertex and rlp* is the given add or delete parameter for the 

process (see figure 2(b)). For this function higher-degreed vertices are less likely to be 

picked. The second relative likelihood function, given by

RL+ = 0.5 + 0.5 tanh (x − rlp*),

shows that higher-degreed vertices are more likely to be picked (see figure 2(c)). The relative 

likelihood parameter shifts the range of what is considered a higher-degreed vertex as shown 

in figures 2(b) and (c). There are two processes, addition and deletion, and two relative 

likelihood functions, RL− and RL+, resulting in four combinations of (Add, Delete), namely 

(RL+, RL+), (RL+, RL−), (RL−, RL+) and (RL−, RL−) which will be referred to as PP 

(plus,plus), PM (plus,minus), MP (minus,plus), and MM (minus, minus), respectively. Thus, 

the models we consider are defined by these relative likelihood functions and the parameters 

implicit in these functions.

Thus far we have addressed the rearrangement processes that leave the number of vertices 

unchanged. However, there is an increase in the number of β cells per islet observed between 

developmental stages, for which the stochastic process must account. The number of vertices 
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to be added per iteration were calculated so that the resulting mean number of cells per islet 

matched that of the next developmental stage. For example, there are 199 197 total cells (38 

281 total islets) and 176 463 total cells (29 174 total islets) in the gestational and 1–35 

weeks datasets (tables 1–3), respectively. During the transition from gestation to 1–35 

weeks, the number of cells per islet must increase from 5.20 to 6.05, resulting in the addition 

of 32 403 cells over a total of 500 iterations. Therefore there are 65 cells added per iteration. 

The placement of each cell in a chosen islet follows the given relative likelihood function.

Choosing which islet graphs will have additional vertices is not straightforward. We 

reasoned that the observed differences in the islet size distributions between developmental 

stages (figures 3(a)–(c)) should determine the islets gaining cells. For each vertex added, the 

islet size distribution (Dist(s), where s is the number of vertices per islet) is calculated. The 

bin-size for the distribution is 1 vertex. Note that figure 3 is shown with respect to log (base 

2) of the number of vertices per islet. The difference between this distribution and that of the 

next developmental stage is given by Diff (s) = Distt0 (s) − Distt1 (s) (figures 3(d)–(f)). This 

function gives a positive value for excess islets of a given islet size found in the simulated 

graphs. If an islet of a given size (sm) is chosen, Dist(sm) will decrease and Dist(sm+1) will 

increase when recalculated. To reduce islet sizes that have excess and to avoid adding to islet 

sizes that have excess the relative likelihood function RL (s) = Diff (s) − Diff (s + 1) is used 

for choosing which islet receives an additional vertex. Notice this relative likelihood 

function is different from those discussed for vertex placement and is updated after each 

vertex addition. Figures 3(g)–(i) illustrates the size of islets chosen for vertex additions for 

each transition. The size of the islets chosen correlates with the observed distribution 

differences for each transition.

In summary, the simulation process consists of 500 iterations, with each iteration consisting 

of steps where: (1) a vertex is removed from each islet chosen based on the given relative 

likelihood deletion function and parameter, (2) a vertex is added near a chosen vertex based 

on the given relative likelihood addition function and parameter, and (3) a determined 

number of vertices are added to the graph where the islet graph is chosen based on the 

difference in its islet size distribution and that of the next developmental stage and the 

placement of the vertex in the chosen islet is based on the given relative likelihood addition 

function. There are 500 simulations run for each combination of (Add, Delete) relative 

likelihood functions with relative likelihood addition (rlpa) parameter values ranging from 0 

to 7 and relative likelihood death (rlpd) parameter values ranging from 0 to 7, resulting in a 

total of 128 000 simulations. As a test of convergence, the change in mean and standard 

deviation for each additional simulation was calculated.

3. Results

3.1. Islet composition

This dataset is comprised of 139 subjects ranging in age from gestation to 28 months and 

older. There are ~150 000 islets consisting of over 2,000,000 cells. The number of cells, 

average number of cells per islet and islet cell fraction are shown in table 1 for large and 

small islets. Over time the average number of β cells increases whereas the average number 

of δ cells decreases per islet.
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3.2. Pair correlations

The pair correlation function was calculated for the three graphs described in Methods. In 

addition, it was calculated for pairs of the same cell type to see how cells are distributed with 

respect to the same cell type (supplementary figures S1(a)–(c)), for cell pairs of differing cell 

types to see how cells are distributed with respect to other cell types (supplementary figures 

S1(d)–(f)), and for all cell types together (supplementary figure S1(g)).

The pair correlation for the ββ graph (figure 4(a)) is greater than one (more intercell distance 

pairs than expected if the vertices were randomly distributed) between 7 and 27 microns for 

the gestation and 7 and 28 microns for the 1–35 weeks groups. There is a decrease in range 

observed in the 12–24 months and 28 months+ groups which had a range of 7–22 and 7–24 

microns, respectively (figure 4(a)). However, all groups show a peak around 10 microns. 

Similar results are seen between same cell type pairs, such as αα and δδ (supplementary 

figures S1(a)–(c)). When comparing the pair correlation of β cells with respect to either α or 

δ cells, there is no peak which means that β cells are randomly distributed with respect to α 
and δ cells (supplementary figures S1(d) and (f)). However, when the pair correlation of α 
cells with respect to δ cells is calculated, there is a range of values greater than 1, less 

pronounced than that observed in the ββ graph (supplementary figure S1(e)).

The pair correlation for the αδ graph shows a non-random range of values with a peak 

around 10 microns (figure 4(b)), which is expected since it contains the cell pairs αα, αδ, 

and δδ, each of which individually showed correlation values greater than one and a peak 

around 10 microns. In contrast, the αδ-β graph does not have a peak (figure 4(c)) which is 

consistent with the correlation values seen for the cell pairs αβ and αδ.

3.3. Graph measure results

Since most pair correlation functions calculated here had a peak around 10 microns, this 

neighborhood radius was used to create all graphs for comparing measure results. The 

measure values themselves are strongly dependent on the neighborhood radius used 

(supplementary figures S2–S6). However, the statistical significance of the measure 

differences between developmental stages is relatively constant for neighborhood radii 

around 10 microns (supplementary figures S2–S6). Because of this, the focus here is not on 

the measure values per se but the statistically significant differences observed between 

developmental stages.

3.3.1. Mean degree—For the ββ graphs there is an increase in mean degree observed 

between 1–35 weeks and 12–24 months (figure 5(a)). The mean degree transitions between 

gestation and 1–35 weeks and between 12–24 months and 28 months+ remain rather 

constant, especially in the large islets between gestation and 1–35 weeks and the small islets 

between 12–24 months and 28 months+. The αδ graphs show mean degree differences 

between all developmental stages for all islet sizes (figure 6(a)). However, there is a 

pronounced decrease in mean degree between 12–24 months and 28 months+. For the αδ-β 
graphs the mean degree decreases for all islet sizes until 12–24 months (figure 6(d)). This is 

followed by a further decrease in mean degree in small islets and an increase in mean degree 

for large islets.
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3.3.2. Number of components—The number of components (S + NS and NS only) 

per islet found in the ββ graphs increases with age (figure 5(b)). For αδ graphs (figure 6(b)) 

and αδ-β graphs (figure 6(e)), the number of components decreases until 12–24 months. 

This is followed by a statistically significant increase in the number of nonsingular 

components per large islet.

3.3.3. Number of vertices per component—For the ββ graphs the number of 

vertices per (S + NS and NS only) component increases for all islet sizes between 1–35 

weeks and 12–24 months (figure 5(c)). The transitions between gestation and 1–35 weeks 

and between 12–24 months and 28 months+ shows little change for nonsingular 

components. There is a relatively small decrease in number of vertices per nonsingular 

component for the αδ graphs (figure 6(c)) up until 12–24 months as compared to the large 

decrease observed between 12–24 months and 28 months+. For the αδ-β graphs (figure 

6(f)), the number of vertices per nonsingular component increases until 12–24 months 

followed by a decrease in vertices per nonsingular component between 12–24 months and 

28 months+.

3.4. ββ graph transitions

The first simulated transition (T1) is between gestation and 1–35 weeks. The simulation 

process was as described in Methods with the initial and next developmental stage datasets 

given by the gestation and 1–35 weeks datasets, respectively. For each (rlpa, rlpd) 

combination (denoted by points on the difference plots in figure 7), the simulations were run 

and the measures of the resulting graphs were calculated. The resulting measures were 

subtracted from the measures observed in the next developmental stage, in this case 1–35 

weeks, so that measure equilibrium can be easily detected (when difference values are zero) 

as shown in figure 7. The mean degree difference is shown in figure 7. The number of 

components per islet and the number of vertices per component differences can be found in 

supplementary figure S7. For PM (figure 7(b)) and MM (figure 7(d)), no measure equilibria 

are found. For MP (figure 7(c)), all rlpa values produce a measure equilibrium when rlpd was 

approximately 1.65 (intercept values range from 1.63–1.68). For PP (figure 7(a)), all rlpa 

produce a measure equilibrium but the rlpd value have a larger range, from 1.7 to 2.65.

The second simulated transition (T2) is from 1–35 weeks to 12–24 months. The PM (figure 

7(f)) and MM (figure 7(h)) processes produced no measure equilibria. For MP (figure 7(g)), 

all rlpa values produced a measure equilibrium when rlpd was approximately 1.08 (values 

ranged from 1.01 to 1.12)- a noticeable shift from the first transition’s rlpd values. The PP 

processes (figure 7(e)) produced measure equilibria for each rlpa with rlpd values ranging 

from 1.22 to 2.05. Similar results for the number of components per islet and number of 

vertices per component differences can be found in supplementary figure S8.

The third simulated transition (T3) is from 12–24 months to 28 months+. Again, the PM 

(figure 7(j)) and MM (figure 7(l)) processes produced no measure equilibria. For MP (figure 

7(k)), all rlpa values produced a measure equilibrium when rlpd was approximately 1.61 

(values ranged from 1.56 to 1.63), similar to what was observed in the first transition. For PP 

(figure 7(i)), the rlpd values that produced measure equilibria ranged from 1.7 to 2.67, also 
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similar to what was observed in the first transition. Similar results for the number of 

components per islet and the number of vertices per component differences can be found in 

supplementary figure S9.

Bounds on the change in mean and standard deviation for each (rlpa, rlpd) combination can 

be found in supplementary figures S10–12.

4. Discussion

4.1. αδ graph measures

The measures calculated for the αδ and αδ-β graphs (figure 6) quantified key transitions in 

cyto-architecture over developmental stages. For instance, the mean degree of the αδ graphs 

decreased after 12–24 months probably due to the decrease in δ cells per islet. However, the 

αδ-β graph degree increased slightly after this developmental stage. Thus, surprisingly, even 

with the decrease in δ cells, the connectivity between β cells and the α and δ cells was 

maintained and actually increased slightly after 12–24 months.

For large islets, the mean number of nonsingular components per islet slightly increased 

(2.86 to 2.88) for the αδ graphs after 12–24 months, whereas for the αδ-β graphs the values 

increased from 2.10 to 2.70 after this developmental stage. The number of vertices per 

components decreased in both sets of graphs after 12–24 months, but there was a greater 

decrease observed in the αδ graphs (2.76 to 2.59) as compared to the αδ-β graphs (2.38–

2.34). Therefore even with the decrease in number of components per islet and number of 

vertices per component found in the αδ graphs, only small differences in the αδ-β graphs 

are observed after 12–24 months.

4.2. ββ graph measures

The connectivity between β cells increases between 1–35 weeks and 12–24 months (figure 

5). This is corroborated quantitatively by the increase in mean degree and the number of 

vertices per component (S + NS and NS only) for all islet sizes observed between the two 

developmental stages. The number of components (S + NS and NS only) per islet also 

increases overtime.

4.3. ββ graph transitions

4.3.1. Which add/delete process?—The PM (figures 7(b), (f), (j)) and MM (figures 

7(d), (h), (l)) processes did not produce measure equilibria for any transition, implying that 

the deletion process must be of type P, where higher-degree vertices are removed. For the 

addition process, both MP (figures 7(c), (g), (k)) and PP (figures 7(a), (e), (i)) produced 

measure equilibria for each rlpa value. However, the range of rlpd values was greater in the 

PP process. Furthermore, the differences between the pair correlation functions of the 

simulations and that of the expected dataset are smaller for MP simulations than for PP 

simulations for each transition (supplementary figure S13 and supplementary table S10). We 

interpret this to mean that a measure equilibrium can be found for a fixed rlpd value when 

lower-degree vertices are chosen for addition. If higher-degree vertices are chosen, measure 

equilibrium can still be found when an adjustment is made to the deletion parameter.
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Recent studies have shown that increased amounts of β cell coupling in islets protected cells 

from apoptosis [30, 31]. This is not contradicted by our findings that suggest highly-coupled 

vertices have a higher relative likelihood of being deleted, since the former is related to the 

amount of coupling, and the latter describes how they are coupled. For example, 4 cells can 

be arranged such that 3 cells are attached to a central cell (the graph would contain 3 edges) 

or arranged as a chain of cells (this graph would also contain 3 edges). The amount of 

connectivity, or coupling, in both graphs is the same but their vertex degree distributions 

differ. Our simulation results suggest that there is no preference for highly connected 

individual vertices in order to maintain the observed architecture.

4.3.2. Transitional shift—There is a significant shift in the equilibrium-producing rlpd 

value from 1.65 for T1 (figure 7(c)) to 1.08 for T2 (figure 7(g)) and then back to 1.61 for T3 

(figure 7(k)) in the MP case. There is also a collective shift in the range of rlpd values 

producing measure equilibrium for PP processes for each transition. In figure 8, the 

associated relative likelihood functions for the addition process (rlpa = 3 is shown, however 

all rlpa values produced an equilibrium) and deletion processes for the MP case are shown 

for each transition. The T1 and T3 deletion parameter values are similar, which is interesting 

considering that there is little difference in the calculated mean degree and number of 

vertices per component between gestation and 1–35 weeks and between 12–24 months and 

28 months+. Based on this, we suggest that the T1 and T3 rlpd values maintain a given 

initial architecture. Between 1–35 weeks and 12–24 months the mean degree and number of 

vertices per component increase. From the shift observed from T1 to T2, it appears this 

change in measures occurs from an increase in cells with lower connectivity, represented by 

lower-degree vertices, being chosen for deletion.

Chronic hyperglycemia induces morphological changes in islet structure, including large 

islet β-cell mass loss [9], hypertrophy in β cells [32] and islet amyloid plaque formations 

[33, 34]. Recently, Brereton et al [35] demonstrated that morphological changes observed in 

the islet structure are reversible once normoglycemia is attained. During development, 

humans have changing energy needs and available nutrients. The transitional equilibrium 

shifts observed between developmental stages possibly demonstrates how islet structure 

adapts to fluctuations in glycemia.

4.4. Future work

The simulations shown here are solely based on interactions between β cells. However, β 
cells may not be the sole determinants of islet architecture. Increased α-cell mass has been 

reported and distorted islet architectures have been observed in patients with T1D [36] and 

T2D [5]. Also, an increase in the proportion of α-δ and δ-δ cell contacts was observed in 

T2D subjects [9]. These results illustrate the importance of the number and placement of α 
and δ cells to islet function. An interesting extension of this work would be to include α and 

δ cells to the simulated graphs and determine whether β cell placement is dependent on the 

location of α and/or δ cells. This would further the understanding of the role of α and δ cells 

in islet architecture.
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5. Conclusion

Our main deductive result from the simulations of stochastic processes on islet architectures 

is that it is indeed possible to find a time-dependent stochastic process that matches the 

developmental changes in graphical measures observed in human islets. We could rule out 

entire classes of stochastic rearrangement processes as implausible because of a failure to 

reproduce the observed dynamics of islet architectures during development. We used 

stochastic methods for our models because there is no evidence in correlation functions that 

there is a deterministic process underlying the observed development. Such a deterministic 

process would require a plethora of parameters for specification and it would be difficult to 

avoid the appearance of higher-order structures. We cannot, of course, rule out the 

possibility that the developmental process is deterministic.

Lineage tracing techniques may be able to test our prediction of the process parameters 

governing islet development in animal models. It is important to note that while our 

mathematical formulation of cell rearrangements is not based on experimental data, the 

model pair distribution captures the observed features of the pair distribution function 

observed in the data only at equilibrium (supplementary figure 13). This gives us some 

confidence that the simplicity of our approach did not introduce artifacts.

Among the limitations of our analysis, the most important is the lack of information on 

vasculature and on three-dimensional (3d) structure. The importance of vasculature in islets 

as endocrine organs needs no explanation, and the 3d structure may lead to aspects of 

connectivity that are not evident in the 2d sections. Our methods are, of course, general and 

can be applied to 3d data. The difficulty lies in the experimental acquisition of such data.

In conclusion, we have demonstrated that a developmental stochastic process of biologically 

complex organelles can be deduced from large-scale imaging data.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Appendix

A.1. Graph Creation Algorithm

The ββ graph, used as an example, is created based on the anatomical locations of β cells in 

each islet. The vertices of the graph represent the β cells and edges are placed between cells 

within a given neighborhood radius (10 microns, unless otherwise stated). To ensure only 

nearest neighbors share edges, a shadow algorithm is applied (see [24]) where cells further 
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away yet still within the given neighborhood radius of a given cell get an edge only if they 

are not blocked by, or in the shadow of, closer cells.

A.2. Graph Transition Simulation Algorithm

Each simulation consists of 500 iterations of 3 steps:

1. Deletion of one vertex per islet graph as determined by a given relative 

likelihood function as described in main text.

2. Addition of one vertex per islet graph as determined by a given relative 

likelihood function.

3. Addition of a predetermined number of vertices to increase the number of 

vertices per islet graph during the transition to that of the dataset at the next 

developmental stage (see example in main text). The islet graphs receiving 

additional vertices are chosen stochastically based on differences in the islet cell 

count distributions observed between stages. The placement of the vertex in the 

chosen islet graph is determined stochastically by the given relative likelihood 

function.

The process of deleting a vertex is straightforward. However, the process of adding a vertex, 

especially to a high-degreed vertex, is not as easy since the geometric integrity of the islet 

must be maintained. To work around this, when adding a new vertex, vnew, to an existing 

vertex, vold, the distance from vold to vnew is randomly chosen between 8 and 13 microns. 

This interval was chosen due to pair correlation distributions and to avoid regular triangles 

forming throughout the graphs (which are not observed in islets). The angle of placement 

was chosen randomly from angles not occupied by neighbors of vold. This placement, while 

trying to avoid neighboring vertices, can result in neighboring vertices of vold being too 

close to vnew (below the minimal distance observed between two vertices in the original islet 

graph dataset, dmin). When this occurs, two lists are created: (1) a list of ‘frozen’ vertices 

that are not to be moved; initially consists of vold and vnew; (2) a list of ‘problem’ vertices 

that are within dmin to vertices in the frozen list; this list is sorted by the distance from the 

vertex to the closest member of the frozen list. The algorithm goes as follows: The first 

vertex in the problem list is shifted radially outward from vold a random distance such that 

the distance between the newly-shifted vertex and the closest member of the frozen list is 

between dmin and 10 microns. Next, the newly-shifted vertex is removed from the problem 

list and added to the frozen list and all vertices that are too close the newly-shifted vertex are 

added to the problem list and the list is resorted. This is continued until there are no entries 

in the problem list and resembles a local wave travelling outward from vold. This algorithm 

for vertex addition was chosen because it minimized the amount of non-local perturbations 

and ensured that an endless loop would not occur, since movement is radially outward until 

the vertex is absorbed or the edge of the islet is reached. An alternative to this algorithm 

would be to employ stochastic graph layout relaxation techniques, however this would be 

computationally prohibitive to carry out for each addition/deletion.
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A.3. Pair correlation functions of simulations

As described in A.2., simulations are meant to be driven by the dataset given. The effects of 

choices made for simulation setup can be viewed in the resulting pair correlation functions 

(figure S13). The placement of the new vertex in the graph is between 8 and 13 microns, 

which is observed as an increase in the pair correlation between these two radii. Another 

effect observed is the choice of dmin, the shortest distance between any two vertices in the 

dataset, as the smallest possible distance that any two vertices could possibly be when 

adjusting for vertex addition. For the three transitions, the dmin values for the initial datasets 

are 0.535 (gestation), 3.494 (1–35 weeks) and 0.065 (12–24 months) microns. These radial 

values correspond to local maximal values observed in the pair correlation functions.
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Figure 1. 
Creating graphs from islets and measure calculations, (a) Representative islet stained for 

insulin (green), glucagon (red) and nuclei (blue) (δ cells not shown). The three graphs of 

interest, the ββ (b), the αδ (c), and the αδ-β (d) graphs are shown for a representative large 

islet (a). The degree (e) and components (f) are two measures used to compute differences 

between graphs, (e) The degrees of vertices v1, v2, v3 are 3, 2, and 0, respectively, (f) 

Nonsingular components are enclosed in yellow circles, whereas singular components are in 

purple.
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Figure 2. 
ββ Graph transition simulations determine which stochastic processes take islet graphs from 

one developmental stage and transform them to match the measures observed in the 

following developmental dataset, (a) Flowchart of an individual simulation, (b), (c) Relative 

likelihood functions for adding and deleting cells.
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Figure 3. 
Simulation step representing increase in β cell count per islet observed between 

developmental stages. Islet graphs for vertex addition were chosen based on differences 

((d)–(f)) in the distribution ((a)–(c)) of islets with respect to β cell count from developmental 

stage to stage. (g)–(i) After running all simulations, the number vertices added to islets of a 

given size were averaged over all simulations per transition.
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Figure 4. 
Nonrandom distribution of cells observed in ββ (a) and αδ (b) graphs, unlike the αδ-β graph 

(c).
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Figure 5. 
An increase in mean degree (a) and number of vertices per component (c) suggests increased 

connectivity and β-cell cluster size between 1–35 weeks and 12–24 months. Mean degree 

(a), number of components perislet (b) and number of vertices per component (c) are given 

for all (red), large (blue) and small (green) islets for each developmental stage. Component 

results are shown for S + NS (solid lines) and NS only (dashed lines). * indicates a 

statistically significant difference using the Mann-Whitney test and a Bonferroni correction 

(N = 27 (a) and N = 54 (b) and (c)). The standard deviation for each data point is given in 

tables S1–S3.
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Figure 6. 
A decrease in mean degree (a) and number of cells per component (c) for the αδ graph 

suggests decreased connectivity and cluster size after 12–24 months. However, this is not 

observed in the αδ-β graphs (d), (f). Mean degree ((a) and (d)), number of components per 

islet (b) and (e) and number of vertices per component ((c) and (f)) for the αδ and αδ-β 
graphs, respectively, are given for all (red), large (blue) and small (green) islets for each 

developmental stage. Component results are shown for S + NS (solid lines) and NS only 

(dashed lines). * indicates a statistically significant difference using the Mann-Whitney test 

and a Bonferroni correction (N = 27 ((a) and (d)) and N = 54 ((b), (c), (e) and (f))). The 

standard deviation for each data point is given in tables S4–S9.
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Figure 7. 
Results from ββ graph transition simulations illustrate possible (addition, deletion) processes 

for producing the next developmental stage’s architecture. (a)–(f) The difference in mean 

degree between the resulting ββ graph simulation and that of the next developmental stage 

for each process, (PP (column 1), PM (column 2), MP (column 3) and MM (column 4)) and 

each developmental transition (gestation to 1–35 weeks (row 1), 1–35 weeks to 12–24 

months (row 2), 12–24 months to 28 months+ (row 3)). Each point represents a given (rlpa, 
rlpd) pair. Measure equilibria are found for each developmental transition for the PP an MP 

processes.
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Figure 8. 
Relative likelihood curves for the equilibrium-producing values for each transition. Notice 

the leftward shift that occurs between T1 and T2, followed by a rightward shift for T3 back 

to a value closed to that observed for T1. T1-gestation to 1–35 weeks, T2–1-35 weeks to 12–

24 months, and T3–12-24 months to 28 months+.

Striegel et al. Page 22

Phys Biol. Author manuscript; available in PMC 2018 December 28.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript

Striegel et al. Page 23

Table 1.

Subject and islet count per developmental stage.

Developmental Stage #Subjects #Large Islets #Small Islets

Gestation 36    8060 30 221

1–35 weeks 20    6486 22 688

12–24 months 21    5182 19 823

28 months+ 62 13 428 38 928
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