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Abstract

While Shannon’s mutual information has widespread applications in many disciplines, for
practical applications it is often difficult to calculate its value accurately for high-dimensional
variables because of the curse of dimensionality. This article focuses on effective approximation
methods for evaluating mutual information in the context of neural population coding. For large
but finite neural populations, we derive several information-theoretic asymptotic bounds and
approximation formulas that remain valid in high-dimensional spaces. We prove that optimizing
the population density distribution based on these approximation formulas is a convex
optimization problem that allows efficient numerical solutions. Numerical simulation results
confirmed that our asymptotic formulas were highly accurate for approximating mutual
information for large neural populations. In special cases, the approximation formulas are exactly
equal to the true mutual information. We also discuss techniques of variable transformation and
dimensionality reduction to facilitate computation of the approximations.

1 Introduction

Shannon’s mutual information (MI) provides a quantitative characterization of the
association between two random variables by measuring how much knowing one of the
variables reduces uncertainty about the other (Shannon, 1948). Information theory has
become a useful tool for neuroscience research (Rieke, Warland, de Ruyter van Steveninck,
& Bialek, 1997; Borst & Theunissen, 1999; Pouget, Dayan, & Zemel, 2000; Laughlin &
Sejnowski, 2003; Brown, Kass, & Mitra, 2004; Quiroga & Panzeri, 2009), with applications
to various problems such as sensory coding problems in the visual systems (Eckhorn &
Pdpel, 1975; Optican & Richmond, 1987; Atick & Redlich, 1990; McClurkin, Gawne,
Optican, & Richmond, 1991; Atick, Li, & Redlich, 1992; Becker & Hinton, 1992; Van
Hateren, 1992; Gawne & Richmond, 1993; Tovee, Rolls, Treves, & Bellis, 1993; Bell &
Sejnowski, 1997; Lewis & Zhaoping, 2006) and the auditory systems (Chechik et al., 2006;
Gourévitch and Eggermont, 2007; Chase & Young, 2005).
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One major problem encountered in practical applications of information theory is that the
exact value of mutual information is often hard to compute in high-dimensional spaces. For
example, suppose we want to calculate the mutual information between a random stimulus
variable that requires many parameters to specify and the elicited noisy responses of a large
population of neurons. In order to accurately evaluate the mutual information between the
stimuli and the responses, one has to average over all possible stimulus patterns and over all
possible response patterns of the whole population. This averaging quickly leads to a
combinatorial explosion as either the stimulus dimension or the population size increases.
This problem occurs not only when one computes MI numerically for a given theoretical
model but also when one estimates MI empirically from experimental data.

Even when the input and output dimensions are not that high, an Ml estimate from
experimental data tends to have a positive bias due to limited sample size (Miller, 1955;
Treves & Panzeri, 1995). For example, a perfectly flat joint probability distribution implies
zero MI, but an empirical joint distribution with fluctuations due to finite data size appears
to suggest a positive MI. The error may get much worse as the input and output dimensions
increase because a reliable estimate of M1 may require exponentially more data points to fill
the space of the joint distribution. Various asymptotic expansion methods have been
proposed to reduce the bias in an MI estimate (Miller, 1955; Carlton, 1969; Treves &
Panzeri, 1995; Victor, 2000; Paninski, 2003). Other estimators of MI have also been studied,
such as those based on A-nearest neighbor (Kraskov, Stogbauer, & Grassberger, 2004) and
minimal spanning trees (Khan et al., 2007). However, it is not easy for these methods to
handle the general situation with high-dimensional inputs and high-dimensional outputs.

For numerical computation of Ml for a given theoretical model, one useful approach is
Monte Carlo sampling, a convergent method that may potentially reach arbitrary accuracy
(Yarrow, Challis, & Series, 2012). However, its stochastic and inefficient computational
scheme makes it unsuitable for many applications. For instance, to optimize the distribution
of a neural population for a given set of stimuli, one may want to slightly alter the
population parameters and see how the perturbation affects the M, but a tiny change of Ml
can be easily drowned out by the inherent noise in the Monte Carlo method.

An alternative approach is to use information-theoretic bounds and approximations to
simplify calculations. For example, the Cramér-Rao lower bound (Rao, 1945) tells us that
the inverse of Fisher information (FI) is a lower bound to the mean square decoding error of
any unbiased decoder. Fisher information is useful for many applications partly because it is
often much easier to calculate than Ml (see e.g., Zhang, Ginzburg, McNaughton, &
Sejnowski, 1998; Zhang & Sejnowski, 1999; Abbott & Dayan, 1999; Bethge, Rotermund, &
Pawelzik, 2002; Harper & McAlpine, 2004; Toyoizumi, Aihara, & Amari, 2006).

A link between M1 and FI has been studied by several researchers (Clarke & Barron, 1990;
Rissanen, 1996; Brunel & Nadal, 1998; Sompolinsky, Yoon, Kang, & Shamir, 2001). Clarke
and Barron (1990) first derived an asymptotic formula between the relative entropy and FI
for parameter estimation from independent and identically distributed (i.i.d.) observations
with suitable smoothness conditions. Rissanen (1996) generalized it in the framework of
stochastic complexity for model selection. Brunel and Nadal (1998) presented an asymptotic
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relationship between the Ml and FI in the limit of a large number of neurons. The method
was extended to discrete inputs by Kang and Sompolinsky (2001). More general discussions
about this also appeared in other papers (e.g., Ganguli & Simoncelli, 2014; Wei & Stocker,
2015). However, for finite population size, the asymptotic formula may lead to large errors,
especially for high-dimensional inputs, as detailed in sections 2.2 and 4.1.

In this article, our main goal is to improve FI approximations to Ml for finite neural
populations especially for high-dimensional inputs. Another goal is to discuss how to use
these approximations to optimize neural population coding. We will present several
information-theoretic bounds and approximation formulas and discuss the conditions under
which they are established in section 2, with detailed proofs given in the appendix. We also
discuss how our approximation formulas are related to other statistical estimators and
information-theoretic bounds, such as Cramér-Rao bound and van Trees’” Bayesian Cramér-
Rao bound (see section 3). In order to better apply the approximation formulas in high-
dimensional input space, we propose some useful techniques in section 4, including variable
transformation and dimensionality reduction, which may greatly reduce the computational
complexity for practical applications. Finally, in section 5, we discuss how to use the
approximation formulas for optimizing information transfer for neural population coding.

2 Bounds and Approximations for Mutual Information in Neural Population

Coding

2.1 Mutual Information and Notations.

Suppose the input x is a K~dimensional vector, X = (xq, X, ..., Xx) |, and the outputs of N/
neurons are denoted by a vector, r = (11, 5, ..., ra) . In this article, we denote random
variables by uppercase letters (e.g., random variables X'and ) in contrast to their vector
values x and r. The MI /(X; R) (denoted as /below) between Xand R is defined by Cover
and Thomas (2006):

- p(r|x)
I—f%[@p(rlx)p(x)ln D) drdx, (2.1)

wherex e £ CR¥, r e % CRY, ax = [[{ _ dx,, dr = TIY_ | dr,, and the integration symbol

JSis for the continuous variables and can be replaced by the summation symbol ¥ for
discrete variables. The probability density function (p.d.f.) of r, p(r), satisfies

p(r) = [% p(r | Op(dx.  (22)

The MI /in equation 2.1 may also be expressed equivalently as
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I1=HX) - <ln L> =HX)-HX|R), (2.3)

p(r | X)p(x)

where H(X) is the entropy of random variable .X;

HX)= —(lnp(x)),, HX | B) = = (Inp(x | 1)), .,

and {-) denotes expectation:

<->X= fj P dx, (2.5)
<'>r|x=/@p(rlx)(')dr’ (2.6)

<> =//p(r,x)(-)drdx. 2.7)
r,X LI R

Next, we introduce the following notations,

Ir]|x)=Inp(r]|x), (2.8)
Lr|x)=In(p(|x)px), (2.9)

g(x)=Inpx), (210)

and

1= 5{n(aee(22))) +HC0. - @11y
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I, = l<1n (det ((2;)(7’2 ))>X FHX), (2.12)

where det (-) denotes the matrix determinant, and

I =(raiorexf) o (213)

Gx)=J(x)+P®x), (2.14)

Px)= —¢"(x). (2.15)

Here J(x) is the FI matrix, which is symmetric and positive-semidefinite, and * and ”

denote the first and second derivative for x, respectively; that is, /' (rIx) = 8/ (rIx) /Jx and q

(rIx) = & In p (X)/oxox . If p(rix) is twice differentiable for x, then

Jo=(reoreo’), = - (eiv), - (216)

We denote the Kullback-Leibler (KL) divergence as

D (x

S = p(r|x)
x)—[@p(rlx)lnp(rlﬁ)dr, (2.17)

and define

L% = {x eRE:x-xTGx) (X —x) < Nwz}, (2.18)

as the w neighborhoods of x and its complementary set as

L,0=2-2,x, (219)

where w is a positive number.

Information-Theoretic Asymptotic Bounds and Approximations.

In a large A/limit, Brunei and Nadal (1998) proposed an asymptotic relationship /~ /¢

Page 5

7”7

between M1 and FI and gave a proof in the case of one-dimensional input. Another proof is
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given by Sompolinsky et al. (2001), although there appears to be an error in their proof when
a replica trick is used (see equation B1 in their paper; their equation B5 does not follow
directly from the replica trick). For large but finite A, /~ /¢is usually a good approximation
as long as the inputs are low dimensional. For the high-dimensional inputs, the
approximation may no longer be valid. For example, suppose p(rlx) is a normal distribution
with mean A7x and covariance matrix 1 and p(x) is a normal distribution with mean p and
covariance matrix Y,

pr|x) = #ATXTy), px)=H(@E), (220)

where A =[ay, ay, ..., ap] is a deterministic K x MV matrix and 1 is the &/ x Nidentity
matrix. The MI /is given by (see Verdu, 1986; Guo, Shamai, & Verdu, 2005, for details)

1= %m (det(=! I2AATE /2 4 IK)). (2.21)

If rank (J(X)) < K; then /z= —oo. Notice that here, J(x) = AA”. Whena=a; = ... = ayand
> = Iy, then by equation 2.21 and a matrix determinant lemma, we have

I= %ln (det(NaaT + IK)) = %ln (NaTa + 1) >0, (222

and by equation 2.11,

Ip =2 In(det(NaaT)) = — oo, (2.23)

which is obviously incorrect as an approximation to /. For high-dimensional inputs, the
determinant det (J(x)) may become close to zero in practical applications. When the FI
matrix J(x) becomes degenerate, the regularity condition ensuring the Cramér-Rao paradigm
of statistics is violated (Amari & Nakahara, 2005), in which case using /-as a proxy for /
incurs large errors.

In the following, we will show that /¢ is a better approximation of /for high-dimensional
inputs. For instance, for the above example, we can verify that

e L anT 4 50 L
I =%mn (det(zﬂe(AA +X )))+21n(det(2ﬂe):)) -

In(det (8 /*AATE /2 4 1)) = 1,

ST S

which is exactly equal to the MI /given in equation 2.21.
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2.2.1 Regularity Conditions.—First, we consider the following regularity conditions
for p(x) and p(rlx):

C1: p(x) and p(rix) are twice continuously differentiable for almost every x € 2, where & is
a convex set; G(x) is positive definite, and Il G™1 (x)Il = (A1), where IIIl denotes the
Frobenius norm of a matrix. The following conditions hold:

lg'®)|| < o, (2.25a)

lg"®)|| < o, (2.25b)

<(N‘1l'(r ) 1| x))2>r T o(l), (2.25¢c)

(V@i - e ), = o™, @250

r|x

and there exists an w= w (x) > 0 for vx € X, (x) such that

N7 % - e o) = 0(1),  (2.25)

where Oindicates the big-O notation.

C2: The following condition is satisfied,

(Iv"(ra 1o - @@ oy

2 ”) — oY, (2.26a)
r|x

for m € N, and there exists 7> 1 such that

Pr i x =ON"") (2.26b)

det (G(x))! /2 /_ p(X | 1)dx > € p(x | 1)
-fl‘a(x)

forall € € (0,1/2), @ € (0, ) and x € & with p(x) > 0, where P, | L1 -} denotes the

probability of r given x.

The regularity conditions C1 and C2 are needed to prove theorems in later sections. They are
expressed in mathematical forms that are convenient for our proofs, although their meanings
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may seem opaque at first glance. In the following, we will examine these conditions more
closely. We will use specific examples to make interpretations of these conditions more
transparent.

Remark 1. In this article, we assume that the probability distributions p(x) and p(rix) are
piecewise twice continuously differentiable. This is because we need to use Fisher
information to approximate mutual information, and Fisher information requires derivatives
that make sense only for continuous variables. Therefore, the methods developed in this
article apply only to continuous input variables or stimulus variables. For discrete input
variables, we need alternative methods for approximating M, which we will address in a
separate publication.

Conditions 2.25a and 2.25b state that the first and the second derivatives of g(x) = In p(x)
have finite values for any given x e 2. These two conditions are easily satisfied by
commonly encountered probability distributions because they only require finite derivatives
within &, the set of allowable inputs, and derivatives do not need to be finitely bounded.

Remark 2. Conditions 2.25c¢ to 2.26a constrain how the first and the second derivatives of
Ar1x) = In p(rix) scale with A, the number of neurons. These conditions are easily met when
p(r1x) is conditionally independent or when the noises of different neurons are independent,

that is, p(r | %) = TT1V_ , p(r, | ).

We emphasize that it is possible to satisfy these conditions even when p(rix) is not
independent or when the noises are correlated, as we show later. Here we first examine these
conditions closely, assuming independence. For simplicity, our demonstration that follows is
based on a one-dimensional input variable (K= 1). The conclusions are readily generalizable
to higher-dimensional inputs (K > 1) because K'is fixed and does not affect the scaling with
N.

Assuming independence, we have I(r | x) = Zﬁ:’: (L0, | ) with Lr70%) = In p(r51X), and the

left-hand side of equation 2.25¢ becomes

N_2<l’(r | x)4>

r|x
N
=N ) UG, 100, 10U, 10U, 12
pseang =1 gy Tng lx (2.27)
N
— N2 z <l'(r,, | x)2> <l’(rm | x)2> + z <l’(rn | x)4> ,
n#m rolx ro|x n=l1 ro|x

n m

where the final result contains only two terms with even numbers of duplicated indices,
while all other terms in the expansion vanish because any unmatched or lone index & (from
m, M, m, ny) should yield a vanishing average:
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<l’(rk | X)>’k P /g;zp(rk | ) (ry | x)dr), = %([%p(rk | x)drk) =0. (2.28)

Thus, condition 2.25c is satisfied as long as {/ (71X)?) -, and (/(r,,lx)“)rnlx are bounded by
some finite numbers, say, aand b, respectively, because now equation 2.27 should scale as M/
~2 (aMN-1) + bN) = O(1). For instance, a gaussian distribution always meets this
requirement because the averages of the second and fourth powers are proportional to the
second and fourth moments, which are both finite. Note that the argument above works even
if (/' (r1%)*) 1 is not finitely bounded but scales as O(A).

Similarly, under the assumption of independence, the left-hand side of equation 2.25d
becomes

N‘2<(1”(r | 0) = (I"( | 1)y x)2>r | x

— N2 i <(l”(rn|X)—<l”(rn|x)>rn|x)(l”(rmlx)_<l”(rm|x)>rm|x))>

n,m=1

3

M=

2
% [ttt f],

1 n

n

=N"2

M=

[u197), -t )

n=1

where, in the second step, the only remaining terms are the squares, while all other terms in
the expansion with 77# m have vanished because {7 (71%) = (/" (/1) 119 rix = 0. Thus,
condition 2.25d is satisfied as long as (/" (71X)) i xand (/" (71X)?) ., x are bounded so that
equation 2.29 scales as V2N = N1,

Condition 2.25e is easily satisfied under the assumption of independence. It is easy to show
that this condition holds when /” (7, %) is bounded.

Condition 2.26a can be examined with similar arguments used for equations 2.27 and 2.29.
Assuming independence, we rewrite the left-hand side of equation 2.26a as

Neural Comput. Author manuscript; available in PMC 2019 January 23.
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N1 - e o),

N
=N Y ||re, 10- <l”(rn |x)>
| 1 1 roolx
) S 4 1
U(ry | x)— <l”(rn | x)> (2.30)
z ro|x
z r, | x
z
N m+1 2
=N*? D I'(r, |x)—<l”(rn |x)> 4o
Ny, =1\li=1 i i r, X
rotml n; rolx

where z=2(m+ 1) = 4 is an even number. Any term in the expansion with an unmatched
index 4 should vanish, as in the cases of equations 2.27 and 2.29. When {/” (7)) xand
(/’(r,,lx)z),,ﬂxare bounded, the leading term with respect to scaling with Ais the product of
squares, as shown at the end of equation 2.30, because all the other nonvanishing terms
increase more slowly with A. Thus equation 2.30 should scale as N2 = A~1 \which
trivially satisfies condition 2.26a.

In summary, conditions 2.25c to 2.26a are easy to meet when p(rix) is independent. It is
sufficient to satisfy these conditions when the averages of the first and second derivatives of
Ar1x) = In p(rlx), as well as the averages of their powers, are bounded by finite numbers for
all the neurons.

Remark 3. For neurons with correlated noises, if there exists an invertible transformation
that maps r to T such that p(t | x) becomes conditionally independent, then conditions C1
and C2 are easily met in the space of the new variables by the discussion in remark 2. This
situation is best illustrated by the familiar example of a population of neurons with
correlated noises that obey a multivariate gaussian distribution:

P10 = s et T -g) (23

where Y is an N x Ninvertible covariance matrix, and g = (g1(x; 64),..., gM(X; En))
describes the mean resp onses with 8, being the parameter vector. Using the following
transformation,

F=x /2 =F, 7.7y, (232
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E=2"g=@E,2, .8y (233
we obtain the independent distribution:

~ _ N 1 1. -0
pE10= [[ - ew|-3G,-2)). @39

n=1

In the special case when the correlation coefficient between any pair of neurons is a constant

¢, -1 < c< 1, the noise covariance can be written as

X= a((l —-oly+ cuuT), (2.35)

where a> 0 is a constant, 1 is the //x Nidentity matrix, and u = (1, 1,..., DT e RV X!, The

desired transformation in equations 2.32 and 2.33 is given explicitly by

/2= b1y - byuu’),  (2.36)

where

1 1 I—c
b= o bl_N(li,/—(N_l)CH). (2.37)

The new response variables defined in equations 2.32 and 2.33 now read:

m=1

N
o= bo(rn—bl D rm), (2.38)

N
g = bo(gn -b ) gm). (2.39)
m=1
Now we have the derivatives:
- _ .08
VF, 10 =F,=8)5 (240)
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- - . g,
re, lx) =", x =(F,-8)—> (241)
ox

ro|x
n

where 9g, / ox and 62§n / ox* are finite as long as dg,/dx and g,/dx? are finite. Conditions

C1 and C2 are satisfied when the derivatives and their powers are finitely bounded as shown
before.

The example above shows explicitly that it is possible to meet conditions C1 and C2 even
when the noises of different neurons are correlated. More generally, if a nonlinear
transformation exists that maps correlated random variables into independent variables, then
by similar argument, conditions C1 and C2 are satisfied when the derivatives of the log
likelihood functions and their powers in the new variables are finitely bounded. Even when
the desired transformation does not exist or is unknown, it does not necessarily imply that
conditions C1 and C2 must be violated.

While the exact mathematical conditions for the existence of the desired transformation are
unclear, let us consider a specific example. If a joint probability density function can be
morphed smoothly and reversibly into a flat or constant density in a cube (hypercube), which
is a special case of an independent distribution, then this morphing is the desired
transformation. Here we may replace the flat distribution by any known independent
distribution and the argument above should still work. So the desired transformation may
exist under rather general conditions.

For correlated random variables, one may use algorithms such as independent component
analysis to find an invertible linear mapping that makes the new random variables as
independent as possible (Bell & Sejnowski, 1997) or use neural networks to find related
nonlinear mappings (Huang & Zhang, 2017). These methods do not directly apply to the
problem of testing conditions C1 and C2 because they work for a given network size N and

further development is needed to address the scaling behavior in the large network limit A/
—> 0O,

Finally, we note that the value of the Ml of the transformed independent variables is the
same as the MI of the original correlated variables because of the invariance of MI under
invertible transformation of marginal variables. A related discussion is in theorem 3, which
involves a transformation of the input variables rather than a transformation of the output
variables as needed here.

Remark 4. Condition 2.26b is satisfied if a positive number & and a positive integer /7 exist
such that

det (G(x))' /2 /_ / p(r | )pR)drdx = O(N™)  (2.42)
25X '%’m, s
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forallx e S?a(x), where

-1

n-1 n-1
B, 5X)=1{reR: —6N *" Gx)<I'(r|x) - <l”(r | X)

< 6N " G(x) |,

r|x

and A < B means that the matrix A — B is negative definite. A proof is as follows.

n—1

First note that in equation 2.43, if — 1 or m— oo, then N e, Following Markov’s
inequality, condition C2 and equation A.19 in the appendix, for the complementary set of

By, 5X), 9_3% 5(), we have

2 n—1

>N ™

Prlx{‘@m,é(x)} < |prlx BO

(2.44)
<),

=O0(N™"),

where
By =G~/ 2(I"(r |0 = ('(r | %), )G/ 2. (2.45)
Define the set
d(x)={reR: p("lr)d > det (Gx)~'/%el.  (2.46)
@ Z ) p(x|r)

Then it follows from Markov’s inequality and equation 2.42 that

P 750003, (%)

< ¢ ldet (G(x)) /2 f / PEIOPE e (247
g0 T P (247)

=O0N".

Hence, we get

P 7o) <P ([ Ts00 3, o) +B (B, 0] =0,

Neural Comput. Author manuscript; available in PMC 2019 January 23.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Huang and Zhang Page 14

which yields condition 2.26b.

Condition 2.42 is satisfied if there exists a positive number ¢ such that

In l’jg Il g >N, (248)

forallx e 2 (x)andr € %, sx). This is because

det (G(x))' /2 [ f p(r | X)p(R)drdx
s0J %, s

= det (G(x))! /2 f_ pX) / p(r | X)exp (— n 210 )drd§ (2.49)
.fl'aA)(x) %m, 5(x)

p(r | X)

< det (Gx)'/ %exp (- N J=0Wk / 2e_N'?).

Here notice that det (G (x))Y2 = O (NX12) (see equation A.23).

Inequality 2.48 holds if p(rix) is conditionally independent, namely,
pr|x)= Hﬁlvz  P(r, | %), with

p(r, | x)

n—-——— 2> ,Vn=1,2,...,N, 2.50
o, 1% € (250

>0

forallxe X v andre AB,,. ). Consider the inequality (Inp(r, 1 %)/ p(r, | i))rn x>

where the equality holds when x = x. If there is only one extreme point at X = x for
Xex (x), then generally it is easy to find a set B, 5X) that satisfies equation 2.50, so that

equation 2.26b holds.

2.2.2 Asymptotic Bounds and Approximations for Mutual Information.—Let
- - 2
e=N (w0 - e, JoT wrao) L @sy

r|x

and it follows from conditions C1 and C2 that
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£ < ||NG‘1(x)||2<||N_1(l”(l' | ) = (1" [ X)), x)||4>i |/X2

x <<N_ll’(r 1071 | x))2>i |/ X2 (2.52)

=oW"'/?.
Moreover, if p(rix) is conditionally independent, then by an argument similar to the
discussion in remark 2, we can verify that the condition € = O (N1) is easily met.

In the following we state several conclusions about the MI; their proofs are given in the
appendix.

Lemma 1. /f condition C1 holds, then the M1 I has an asymptotic upper bound for integer N,

I<I;+O0WN™Y. (253)

Moreover, if equations 2.25¢ and 2.25d are replaced by

<|N_1l/(r|x)Tl’(r|x)|1+T> —0(1), (2.54a)

<HN_1(I”(r|x)—(l”(rlx))rlx)H2> —o(l), (2.54b)

r|x

for some t € (0,1), where o indicates the Little-O notation, then the MI has the following
asymptotic upper bound for integer N.

I<I;+o0(l). (2.55)
Lemma 2. /f conditions C1 and C2 hold, £ = O (N™Y), then the Ml has an asymptotic lower
bound for integer N,
I>1,+0WN"Y. (256)
Moreover, if condition C1 holds but equations 2.25¢c and 2.25d are replaced by 2.54a and

2.54b, and inequality 2.26b in C2 also holds for n > 0, then the M1 has the following
asymptotic lower bound for integer N:
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I>215+0(). (2.57)

Theorem 1. /f conditions C1 and C2 hold, £ = O (N™Y), then the Ml has the following
asymptotic equality for integer N:

I=I1,+0WN"". (258)

For more relaxed conditions, suppose condition C1 holds but equations 2.25¢ and 2.25d are
replaced by 2.54a and 2.54b, and inequality 2.26b in C2 also holds for n> 0, then the M/
has an asymptotic equality for integer N:

I=15+0(1). (259)
Theorem 2. Suppose J(x) and G (x) are symmetric and positive-definite. Let

¢ =(Tr(¥(x)),, (2.60)

Yx)=J 2P g 2x). (261)

Then

S
Ig<Ip+5, (262)

where Tr(-) Indicating matrix trace; moreover, IfP(X) Is positive-semidefinite, then

But if

¢ = (W), = 0N (264)

for some B> 0, then
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Ig=1I.+0W". (265)

Remark 5. In general, we need only to assume that p(x) and p(rlIx) are piecewise twice
continuously differentiable for x e 2. In this case, lemmas 1 and 2 and theorem 1 can still be
established. For more general cases, such as discrete or continuous inputs, we have also
derived a general approximation formula for MI from which we can easily derive formula
for /5 (this will be discussed in separate paper).

2.3 Approximations of Mutual Information in Neural Populations with Finite Size.

In the preceding section, we provided several bounds, including both lower and upper
bounds, and asymptotic relationships for the true Ml in the large N (network size) limit.
Now, we discuss effective approximations to the true Ml in the case of finite A. Here we
consider only the case of continuous inputs (we will discuss the case of discrete inputs in
another paper).

Theorem 1 tells us that under suitable conditions, we can use /s to approximate /for a large
but finite N/ (e.g., N> K), that is,

I~1I,. (2.66)
Moreover, by theorem 2, we know that if ¢ ~ 0 with positive-semidefinite P(x) or g1 ~ 0
holds (see equations 2.60 and 2.64), then by equations 2.63, 2.65, and 2.66, we have

I~lox~1,. (2.67)
Define

G(x) =Jx) +P(x) +Q(x), (2.68)

~ 1 G(x)
IG = §<ln (det( 27;2

+HX), (2.69)

where G(x) is positive-definite and Q (x) is a symmetric matrix depending on x and IIQ (x) Il
= O(1). Suppose ||E_1(x)|| = o). If we replace /g by TG in theorem 1, then we can prove

equations 2.58 and 2.59 in a manner similar to the proof of that theorem. Considering a
special case where IIP(x)Il — 0, det (J(x)) = O(1) (e.g., rank (J(x)) < K) and IG™1 (x) Il #
O(N1), then we can no longer use the asymptotic formulas in theorem 1. However, if we
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substitute G(x) for G(x) by choosing an appropriate Q (x) such that G(x) is positive-definite
and ||E_l(x)|| = o(N" 1), then we can use equation 2.58 and 2.59 as the asymptotic formula.

If we assume G(x) and G(x) are positive-definite and

¢=(lewa™ ' wll) =ow.p>0, (@70

then similar to the proof of theorem 2, we have

(In (det (G(x))))
= <ln (det (6(x)))>x + <ln (det (IK - Q(x)ﬂ(‘}l_l(x))»X 2.71)

= (In(det (G)))) + 07

and

To= IG+O(N_ﬁ).

For large N, we usually have TG =1
It is more convenient to redefine the following quantities:

Qx) =P, —Px), (272)

P = ()lnp(x)dlin(X) . @73)

+ ox 0X .

G, =G =Jx+P,, (274)

and

+HX). (2.75)

Notice that if p(x) is twice differentiable for x and
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2
f OPX) 1y =0, (2.76)
VA

oxox!

then

B 1 dpm| [ Inpx)
P = <P(X)>X B <P(X) oxox! [, oxox! |, @71

For example, if p(x) is a normal distribution, p(x) = .#(u, X), then

Px) =P, =X"'. (278)

Similar to the proof of theorem 2, we can prove that

where

¢, =(Tr(PI7'w)) . (280)

We find that /5 is often a good approximation of Ml /even for relatively small N. However,
we cannot guarantee that P(x) is always positive-semidefinite in equation 2.14, and as a
consequence, it may happen that det (G(x)) is very small for small A, G(x) is not positive-
definite, and In (det (G(x))) is not a real number. In this case, /g is not a good approximation
to /but /g, is still a good approximation. Generally, if P(x) is always positive-semidefinite,
then /g or /5, is a better approximation than /5 especially when p(x) is close to a normal
distribution.

In the following, we give an example of 1D inputs. High-dimensional inputs are discussed in
section 4.1.

2.3.1 A Numerical Comparison for 1D Stimuli.—Considering the Poisson neuron
model (see equation 5.7 in section 5.1 for details), the tuning curve of the sth neuron, 7(x;
6,), takes the form of circular normal or von Mises distribution

f(x:0,) = Aexp —(77;][)2(1 - cos(zTﬂ(x - Hn)))), (2.81)
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where x€ [-T712, T12), 6,€ [-Td2, Td2], ne {1,2, ..., N}, with T= 1, Tg=1, og,=0.5,
and A = 20, and the centers 6y, &, ..., Gy of the M neurons are uniformly distributed on
interval [- 742, T¢2], thatis, 6,= (n-1) dg— T¢/2, with dg= Tg/(N-1) and N= 2.
Suppose the distribution of 1D continuous input x (K= 1) p(x) has the form

px)=2"1 exp(—(%)z(l - cos(z?ﬂx)) , (2.82)

where oy is a constant set to /4 and Zis the normalization constant. Figure 1A shows
graphs of the input distribution o(x) and the tuning curves 7(x; 6) with different centers 6=
-4, 0, r/4.

To evaluate the precision of the approximation formulas, we use Monte Carlo (MC)
simulation to approximate M1 /. For MC simulation, we first sample an input x; by the
distribution p(x), then generate the neural response r;by the conditional distribution p(r 1)),
where j=1, 2, ..., jmax- The value of MI by MC simulation is calculated by

Jmax

;| x)

p(r))

1

*

IMC_]'_
max j =1

), (2.83)

where p(r)) is given by

M
pr)= Y plr;|x,)px,) (2.84)

m=1

and x,=(m-1) /M- Ti2 for me {1,2, ..., M}.

To evaluate the accuracy of MC simulation, we compute the standard deviation,

i
max

1 2

Lsq = EZI (e =Tuc) - (289)
1=
where
Jmax  (pCrp | xp )
I =— n|l—2 2L | (2.86)
mc max j = | p(er i)
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i
max

1 .
Iye=7—2 Iy (287)

max ; = |

C
andT'j;e {1,2, ..., jmax} is the (/i Ath entry of the matrix T e y/max ” fmax g samples
taken randomly from the integer set {1, 2, ..., jmax} by @ uniform distribution. Here we set
Jimax =5 % 10°, jnax = 100 and M7= 103,

For different V€ {2, 3, 4, 6, 10, 14, 20, 30, 50, 100, 200,400, 700, 1000}, we compare /y,c
with /g, /,, and /5 which are illustrated in Figures 1B to 1D. Here we define the relative
error of approximation, for example, for /g, as

I1.—-1
¢ 'mc
DI, = —IMC , (2.88)
and the relative standard deviation
1
std

MC

Figure 1B shows how the values of /ysc, /5, /., and /£change with neuron number A, and
Figures 1C and 1D show their relative errors and the absolute values of the relative errors
with respect to /3s¢c. From Figures 1B to 1D, we can see that the values of /g, /g,, and /care
all very close to one another and the absolute values of their relative errors are all very small.
The absolute values are less than 1% when A/= 10 and less than 0.1% when A/ = 100.
However, for the high-dimensional inputs, there will be a big difference between /g, /g,, and
/£in many cases (see section 4.1 for more details).

3 Statistical Estimators and Neural Population Decoding

Given the neural response r elicited by the input x, we may infer or estimate the input x
from the response. This procedure is sometimes referred to as decoding from the response.
We need to choose an efficient estimator or a function x = x(r) that maps the response r to
an estimate x of the true stimulus x. The maximum likelihood (ML) estimator defined by

X(r) = argmaxp(r | x) = argmax/(r | x) (3.1)
X X

is known to be efficient in large A/limit. According to the Cramér-Rao lower bound (Rao,
1945), we have the following relationship between the covariance matrix of any unbiased
estimator X and the FI matrix J (X),
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I = (R0 - 0RO -"), | 217'®, (32)

where X(r) is an unbiased estimation of x from the response r, and A = B means that matrix
A — B is positive-semidefinite. Thus,

1 J(x)
. 2;1 (3.3)
> 5 In |det e +HX)=1,,.
X
The MI between X and X is given by
I'=HX) - (HKX | X)>§’X, (3.4)

where H(X) is the entropy of random variable X and H(X | X) is its conditional entropy of
random variable X given X, Since the maximum entropy probability distribution is gaussian,
H(X | X) satisfies

HX|X) < %m (det27eZy)).  (3.5)

Therefore, from equations 3.4 and 3.5, we get

+HX)=1,. (36)

-1
~ 1 Zi
1> §<ln (det( e

X

The data processing inequality (Cover & Thomas, 2006) states that postprocessing cannot
increase information, so that we have

1>21>1,. @7
Here we can not directly obtain /> /-as in Brunel and Nadal (1998) when H(X) = H(X) and
L = fvar. The simulation results in Figure 1 also show that /¢is not a lower bound of /.

For biased estimators, the van Trees’ Bayesian Cramér-Rao bound (Van Trees & Bell, 2007)
provides a lower bound:
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(Z) = (((ﬁ(r) -0Em-%") ) > (Jo) + P~ = (G,0)". (38)

It follows from equations 2.75, 3.6, and 3.8 that

I. <Lmld (6. 00), HX) =1 3.9
G+_§Il CtTJF ()— VT’ ()
-1
1 <E§ X ~
IVTZ§1n det e +HX)=1,., (3.10)
T (3.11)

We may also regard decoding as Bayesian inference. By Bayes’ rule,

_ x| X)p(x)

According to the Bayesian decision theory, if we know the response r, from the prior p(x)
and the likelihood p(rix), we can infer an estimation of the true stimulus x, x(r)—for
example,

X(r) = argmaxp(x | r) = argmaxL(r | x), (3.13)
X X

which is also called maximum a posteriori (MAP) estimation.

Consider a loss function (x(r) | x) for estimation,

p(X(@) |x)= —Inpx|r), (3.14)

which is minimized when p(xIr) reaches its maximum. Now the conditional risk is

RE(@) | 1) = (pX(@) | X))y |,. (3.15)

and the overall risk is
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R, = (RR®) | D), = (¢ X@®) | 0), ). = = (Inpx | D), . (3.16)

Then it follows from equations 2.3 and 3.16 that

I=(Inp(x| 1), (+HX)= - R, +H(X). (3.17)

Comparing equations 2.12, 2.66, and 3.17, we find

R, =~ — %<ln(det((2;7(;)))>x. (3.18)

Hence, maximizing MI /(or /5) means minimizing the overall risk R, for a determinate
H(X). Therefore, we can get the optimal Bayesian inference via optimizing Ml / (or /).

By the Cramér-Rao lower bound, we know that the inverse of FI matrix J-1(x) reflects the
accuracy of decoding (see equation 3.2). P(x) provides some knowledge about the prior
distribution p(x); for example, P~1 (x) is the covariance matrix of input x when p(x) is a
normal distribution. IP(x)Il is small for a flat prior (poor prior) and large for a sharp prior
(good prior). Hence, if the prior p(x) is flat or poor and the knowledge about model is rich,
then the MI /is governed by the knowledge of model, which results in a small ¢; (see
equation 2.64) and /=~ /5~ /= Otherwise, the prior knowledge has a great influence on Ml
/,which results inalarge gy and /=~ /g # I

4 Variable Transformation and Dimensionality Reduction in Neural

Population Coding

For low-dimensional input x and large A, both /5 are /-are good approximations of Ml /,
but for high-dimensional input x, a large value of g1 may lead to a large error of /5 in which
case /g (or /g, ) is a better approximation. It is difficult to directly apply the approximation
formula /=~ /5 when we do not have an explicit expression of p (x) or P (x). For many
applications, we do not need to know the exact value of /5 and care only about the value of
(In (det (G(X))))x (see section 5). From equations 2.12, 2.22, and 2.78, we know that if p (x)
is close to a normal distribution, we can easily approximate P (x) and A(X) to obtain {In (det
(G(X))))x and /. When p (x) is not a normal distribution, we can employ a technique of
variable transformation to make it closer to a normal distribution, as discussed below.

4.1 Variable Transformation.

Suppose T: 2 — & is an invertible and differentiable mapping:

X = T(X) = (T,(X), To(X), .., Tgx)”,  (4.1)
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X = T_l(i), andx e  c RX. Let pX) denote the p.d.f. of random variable X and

)= . (4.2
PrIR= prin] _ o @2
Then we have the following conclusions, the proofs of which are given in the appendix.

Theorem 3. The Ml is equivariant under the invertible transformations. More specifically,
for the above invertible transformation T, the MI I(X; R) inequation 2.1 /s equal to

[(R:R) = <znp(;('r)x)> (43

Furthermore, suppose p(x) and p(r | X) fulfill the conditions C1, C2 and & = O (N~ 1. Then
we have

IKR) =T, +0N"Y, (4.4)

where H(X) is the entropy of random variable X and satisfies

HX) = — (Inp))z = HX) + (In | det(DT(x)) | ). (4.6)

and DT (X) denotes the Jacobian matrix of T (X),

oT (x)
o0x j

(DT()); ;= Vi, j=1,2,...K. (47)

Corollary 1. Suppose (XrIX) is a normal distribution,

pir|x)=#ATy. I, (48)
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wherey = £ (BTX) = 04, Yo, ... YT, v, = £, %) fork=1,2, ..., K, A is a deterministic K

x N matrix, B = [by, by, ..., bk] 7s a deterministic invertible matrix, and fy is an invertible
and differentiable function. If Y has also a normal distribution, p(y) = &/ (n P T f), then

lg =1, =1X:R) =1:R)

= %ln (det (ﬁ(AAT + E;l))) +H(Y) (4.9)

- %<ln (det (ZLM(J(x) + P(x))))>x +H(X),

where

HY)= %ln (det 2me Zf)) = H(X) +(In | det(D(x)) | ),, (4.10)

D(x) = (fi(blx)b,, 5B )b, ..., fi(bRx)B K)T, (4.11)

of ()
fiblx) = akk . Vk=1,2,...K. (412
Yk yk=b]{x

Remark 6. From corollary 1 and equation 2.78, we know that the approximation accuracy
for /g~ X, R) is improved when we employ an invertible transformation on the input
random variable X'to make the new random variable Y closer to a normal distribution (see
section 4.3).

Consider the eigendecompositions of AA” and Y as given by

AAT=U, SV, (413)

ST
%, =UIU], (4.14)

e S g A2 A2 A
where Up and Us are K'x K orthogonal matrices; X = diag (57,55, ..., 6%) and
£ = diag (52,55, ..., 5%) are K x K eigenvalue matrices; and 6, > 6, > - > &

6,206,226, >0.Then by equations 2.11 and 4.9, we have
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I =1g, =10GR) =1;R)

| L (4.15)
=1l (det(z—ﬂe(U SUl U s ))) +H),
1= e[ Z )|+ v, @16)
F—2 2me ’ '
and
1 o-1/2 <1 o-1/2
Ip=lg= -yt + 2 PURUE VU ST @)

Now consider two special cases. If T = I, then by equation 4.17, we get

1

K
Ip—Ig=—% > In(1+5.). (4.18)
k=1

|

If Up = Uy, then

5]

K

1 o
Ip—Ig=—> Y In(1+5°6;%). (4.19)

k=1

Here Jx) = U, UL, P~ !(x) = UZU{. The FI matrices J(x) and P~1(x) become degenerate

~2 ~2
when 6x—0 and 6% —0.

From equations 4.18 and 4.19, we see that if either J(x)or P! (x) becomes degenerate, then
(/g— 1g) — —o0. This may happen for high-dimensional stimuli. For a specific example,
consider a random matrix A defined as follows. Here we first generate K'x N elements A,
(k=1,2,...,K;n=1,2, ..., N) from a normal distribution .# (0,1). Then each column of

matrix A is normalized by A, <4, / ,/ZkK: 1A]% ,~ We randomly sample M (set to 2 x

10%) image patches with size w x  from Olshausen’s nature image data set (Olshausen &
Field, 1996) as the inputs. Each input image patch was centered by subtracting its mean:
X, <X, ~ xSK_ % - Thenletx —x —-LsM _ x forvme {1,2, ..., M} Define

matrix X = [Xq, Xo, ..., Xpy] and compute eigendecomposition
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1

HXXT =UZU!, (4.20)

where U, is a K x K orthogonal matrix and X = diag (5% 5%, 52

K) isa Kx Keigenvalue

matrix with Gy 26y2 26, >0. Define

y=Ulx. (4.21)

Then

M
1 ~
m=1

The distribution of random variable Y can be approximated by a normal distribution (see
section 4.3 for more details). When p(y) = # (1, %), we have

lg=1g, = IX;R) =1(Y;R), (4.23)

%m (det(zine(AAT +3 1))) +H(Y)

1 1 z1/2 1/2 (424)
- .

2 In (det(%(E AATE! /2 41 K))),

AAT

1

The error of approximation /¢is given by

dlp =1, - IX;R) =1~ I

el 4.26
- —%ln(det(IK+(AAT) 7). e

and the relative error for /¢is
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d
DIy =——. (427)

Figure 2A shows how the values of /g and /g vary with the input dimension K= w X w and
the number of neurons AV (with w =2, 4, 6, ..., 30 and M= 104, 2 x 104, 5 x 10%, 10°). The
relative error D/gis shown in Figure 2B. The absolute value of the relative error tends to
decrease with A/but may grow quite large as K'increases. In Figure 2B, the largest absolute
value of relative error | D/ is greater than 5000%, which occurs when K= 900 and NV = 104,
Even the smallest |D/4 is still greater than 80%, which occurs when K= 100 and NV = 10°.
In this example, /£is a bad approximation of M1 /, whereas /s and /g, are strictly equal to
the true M1 /across all parameters.

4.2 Dimensionality Reduction for Asymptotic Approximations.

Suppose X = (X1, ... x) T is partitioned into two sets of components, x = (x],x)” with

X; = (X}, Xy, ...,xKl)T, (4.28)

X, = (xK1 + 1,xK1 +2 ...,xK)T, (4.29)

K K
wherex, € 2| CR ', x, € X,CR % K+ K= K K22 Ky=1land Kp = 1.

Then by Fubini’s theorem, the M1 /in equation 2.1 can be written as

p(r | X, X,)

I:f%zf%lfg?p(r|xl,xz)p(xl,xz)lnTdrdxldXZ, (4.30)

where p(X1, X2) = p(x) and p(rixq, X2) = p(rlx).

First define

Gl, 1) G1,2(X)

G(x) =
Gz, 1X) Gz, 2(%)

, (4.31a)

G, (0 =1J, () +P, (x). (431b)
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where /, fe {1, 2}, and

_|dlnp(r|x)olnp(r|x)
P. (x)= — @ 1np(x) (4.32b)
Ay T - '

77

Then we have the following results, their proofs are given in the appendix.

Theorem 4. Suppose matrices G (x), Gy, 1 (X), and Gy 5 (X) are positive-definite. If the

KxK

matrixAx eR satisfies

| Tr((A,) )| <1 (433)

with

A,=G, L/ 2(x) G, (0G| (0)G, ,(x)G, /2 (4.34)

then we have

I IG1 (4.35)

with strict equality if and only if

G, | ()G ()G, ,(x) =0, (4.36)

where

L1
2

1 = Minfaer[ 1
G~ 2 | det 2me

G, ,(x
In (det ( 2 2( )
2me

Theorem 5. Suppose matrices G (x), Gy 1 (X) and Py (X) are positive-definite. If the matrix

K2><K

+H(X). (4.37)
X
2 s positive-semidefinite and satisfies

Bxe[R
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0<Tr((B,)) <1 (4398)
with
B, =Py 2w C Py X(x), (4.39)
C,=J,,®) -G, (0G| (¥)G| ,(x). (4.40)

then we have

Ig=Ig. (441)

with strict equality if and only if

C

B

0, (4.42)

where

1 G, (%) 1
IG2 = §<ln (det( 7o + 5

2re

P
In (det ( 2 z(x)

+HX). (4.43)

Corollary 2. /f the random variables X, and X, are independent so that
p(x) = p(x)p(x,), p(xy) = N (1y, X xz) Is a normal distribution, and G (x), Gy 1 (x), P11 (X)

and P, 5 (X) are all positive-definite and satisfy equation 4.38, then we have

Ig=lg. (444)

G
IG,1 =%<ln(det( 12711'2x)))> +H(X,), (4.45)

with strict equality if and only if
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Co=Jy,(0)=J, | ()G ()] ,(x)=0, (4.46)

where

H(X)) = = (Inp(x)) (4.473)

*1

G (0)=J, () +P [ (x). (447b)

0% In p(x,)

T -

P )= -
’ ()x1 axl

(4.47¢)

Remark 7. Sometimes we are concerned only with calculating the determinant of matrix
G(x) with a given p(x). Theorems 3 and 4 provide a dimensionality reduction method for
computing G (x) or det (G (x)), by which we need only to compute Gy 1 (X) and G 5 (X)
separately. To apply the approximation 4.35, we do not need to strictly require ITr ({A)y)!
< 1. Instead we need to require only

‘ Tr((Ay)) | <

(In (det (G, | (%) det (G, , () ‘ . (448)

Similarly, the inequality ITr ((By)x)! <€ 1 can be substituted by

| Tr (B | <

(In (et (G, | () det (P, , ())_ | . (4.49)

By equation 4.44 and the second mean value theorem for integrals, we get

6 s
Ty = l<1n (det (M +H(X)) (450)

1

2 2me

X

for some fixed %, € ,. When lI3,ll is small, %, should be close to the mean: %, ~ p,. It

follows from theorem 1 and corollary 2 that the approximate relationship 7 ~ IG’1 holds.
However, equation 4.50 implies that IG’l is determined only by the first component x;.

Hence, there is little impact on information transfer by the minor component (i.e., x,) for the
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high-dimensional input x. In other words, the information transfer is mainly determined by
the first component x4, and we can omit the minor component X.

4.3 Further Discussion.

Suppose X is a zero-mean vector; if it is not, then let x <— x — (x)y. The covariance matrix of
X is given by

z = (x") =UzU’, (451)

where U is a K x K orthogonal matrix whose Ath column is the eigenvector usof Y, and ) is
a diagonal matrix whose diagonal elements are the corresponding eigenvalues—

X = diag (of,a% ..... o) With o1 2 07 2 .... 2 o> 0. With the whitening transformation,

x=x"1/2uTx, (452)

the covariance matrix of X becomes an identity matrix:

= (&) =2 / U (xx") vz /2=1,. (4593

By the central limit theorem, the distribution of random variable X should be closer to a
normal distribution than the distribution of the original random variable .X; that is,
p(X) = #(0,1). Using Laplace’s method asymptotic expansion (MacKay, 2003), we get

- Inp®

P(X) ~3Z! =1, (454)
axox! T K

P, = (PR®) =2 =1;. (455)

In principal component analysis (PCA), the data set is modeled by a multivariate gaussian.
By a PCA-like whitening transformation equation 4.52, we can use the approximation 4.55
with Laplace’s method, which requires only that the peak be close to the mean and the
random variable X does not need to be an exact gaussian distribution.

By theorem 3, we have

IXR) ~ I, = %<ln (det((z;fi ))>~ +HE),  (4.56)

Neural Comput. Author manuscript; available in PMC 2019 January 23.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Huang and Zhang Page 34
where

GR) =J®) +1,, (457)

~ _[olnp(r|X)dlnp(r|X)
JX) = < Fr o >r < (4.58)

X

_ 3l /2UT<01H13(;‘ | X) alnP(IT‘| X)> uz!/?  (459)
ox r|x

=z T xuz' /% (4.60)

H(F) = — (In p@)g = H(X) — 2 In(det(D).  (4.61)

KXxK

Given a K x Korthogonal matrix B € R , we define

y=B'%X. (4.62)

Then it follows from equations 4.56 to 4.62 that

I(Y;R)~15= %<ln (det ((2;%))>y +H(Y), (4.63)

where

G(y) =Jy) +1;, (4.64)
J(y) =BTJ®B, (4.65)
HY)=HX). (4.66)
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Suppose y is partitioned into two sets of components, y = (y1.,y3)" and

Y =0y ...,yKl)T, (4.67)

y2=(yK1+19yK1+29---9yK)T9 (468)

where K1+ Kb = K, K22, K1=21and K; =2 1. Let

Jl,l(y)+IK1 Jl’z(Y)

G(y) = s 4.69
“= 5. DLW+, (4.69)

where

Jdln p(r Jdln p(r ..
i 9%, rly

When K> 1, suppose we can find an orthogonal matrix B and K that satisfy condition 4.38
in theorem 5 or condition 4.49—that is,

0< <Tr (By)>y <7, (471
B, =J,,-J, MU, 0+ IKI)_IJLZ(Y), 4.72)

y=<ln(det(J1 )+ 1, ))> R
, D),

Here matrix By is positive-semidefinite because

3550 =1 W Uy 0) + )™ @) = (pr | vpc | )) (4.74)

rly

where
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pr |y = PELY) 5 wa, o)+, )‘l(ah‘p—(‘"” + a(r)) (4.75)
9y, ’ ’ 1 dy,

and a (r) is a Ki-dimensional random vector that satisfies

<aln p(r ] y)a(r)T>

0y,

_[dlnp(r|y) T _
_< 5, >r|y<a(r) )rly_o, (4.76)

r|y

(amam’), =l @)

Assuming that J1 1 (y) is positive-definite, [[1} )| = 0v™" and 131 ,()1 = 1321(y)11 = O

(N), we have
(J], ¥+ IKl)_l = Jl_,ll(y) _ J1_,21(Y) + 0(J1_731(y)) 4.79)
and
Tr(Cy) = Tr(J, ,(v) — I (NI 1T L)) o
+Te (T, OITA®T, ) +ovh.
Hence, if
| Tr (352 = 3o WIT NI, ) | <7, (4.80)

| Tr (3, I W) | <7 (48D)

then equation 4.71 holds. Notice that the matrix (J, ,(y) —J, ;)J] 1l(y)J 1 () is positive-

semidefinite, which is similar to equation 4.74 and 0 < Tr(J, 1(y)J1_11(y)J1 (M) < TrJ, H(¥)).

Hence, if

Tr(dy ) <7, (4.82)
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then equations 4.80 and 4.81 hold so does equation 4.71.

5 Optimization of Information Transfer in Neural Population Coding —

5.1 Population Density Distribution of Parameters in Neural Populations.

If p(rix) is conditional independent, we can write

N
prx) =[] re,1x8,), 61

n=1

where 8, € RX denotes a K-dimensional vector for parameters of the /th neuron, and p(r;)x;

6,) is the conditional p.d.f. of the output r,, given x. With the definition in equation 2.13, we
have following proposition.

Proposition 1. If p(rIX) /s conditional independent as inequation 5.1, we have

Jx)=N f P(0)S(x;0)d0, (5.2)
(€]

where

S(x:6) = /p(r | x: 9)dlnp(r | x;0) 0lnp(rlx; e)dr, (5.3)
R 0x ox

reRCR,0e0cRK and (6 is the population density function of parameter vector 6.

N
pO)=1 Y 50-6,). (54)

n=1

with & (+) being the Dirac delta function.

Proof.
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J(x) =[%p(ﬂx)alnp(ﬂx)alnp(ﬂx)dr

ox aXT
N olnp(r, |x;0 )dlnp(r |x;0)
= (r, 1x;0,) = 2 u T dr
n§1 /;{p " " ox ox! "
v (5.9)
_ / Z 50 - en)(f o | X;e}alnp(r | x; 0)01np(rT|x;9)dr 70
0,=1 R 0x 0x

=pr(0)S(x; 0)do .
(C]

O

Remark 8. Proposition 1 shows that J(x) can be regarded as a function of the population
density of parameters, p(6). If the p.d.f. of the input p(x) is given, we can find an appropriate
p(6) to maximize Ml /.

For neuron model with Poisson spikes, we have

N
prx =[] rtr,1x9,). (56)

n=1

Fx:0)"
P, | %:0) = ——"—exp(~ f(x:6,). (5.7)

where f(x; ) is the tuning curve of the sth neuron, n=1, 2, ..., M. Now we have

S(x:0) = /p(r | X;e)dlnp(r | x;O)dlnp(rT|x;6)dr
R ox 0x

_ 1 0fx0)0f(x;0)
T f(x;0)  0ox ox!

_ 98(x;0) dg(x; 0)
o ox ox’

(5.8)

[l

g(x;0) =2Jf(x;0). (5.9)

Similarly, for a neuron response model with gaussian noise, we have
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N
px) =[] rt,1x0,. (510

n=1

1 (_ (r, = f(x:6,)

p(r, | x;0,) = Eexp P ), (5.11)

where o is a constant standard deviation. Now we get

Loy _ L 9f(x;0)0 f(x;0)
S(i0) = 5SS G (1)

5.2 Optimal Population Distribution for Neural Population Coding.

Suppose p(x) and p(rix) fulfill conditions C1 and C2 and equation 5.1. Following the
discussion in section 2.2, we define the following objective for maximizing Ml /,

maximize I [ p(8)] = %<ln (det ((;(T’;) ))>X +HX), (5.13)

or, equivalently,

minimize Q;[p(0)] = — %(ln (det(G(x))),, (5.14)
where
G(x) =Jx) + P(x), (5.15)

Jx)=N / P(®)S(x;0)d0, (5.16)
(€]

dlnp(r | x;0) dIn p(r | x;0)

i - (5.17)

S(x;0) = <

r|x;0

Here P (X) is given in equation 2.15, and it generally can be substituted by P.. (see equation
2.78).
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When ¢1 = 0 (see equation 2.64), the object function, equation 5.13, can be reduced to

maximize I[p(®)] = 5 <ln (det (J () ))>X +HX), (5.18)

or, equivalently,

minimize Q;[p(0)] = — —(ln (det(J(x))))- (5.19)

The constraint condition for p(8) is given by

subject to/p(ﬂ)d() =1, p@® >0. (5.20)
(€]

However, without further constraints on the neural populations, especially a limit on the
peak firing rate, the capacity of the system may grow indefinitely: A.X; £) — ©o. The most
common limitation on neural populations is the energy or power constraint. For neuron
models with Poisson noise or gaussian noise, a useful constraint is a limitation on the peak
power,

| fx:0,)| <E_,,, YX€ZXL and Vn=12,...N, (521)

where Eqax > 0 is the peak power. Under this constraint, maximizing /g[p(6)] or /40(6)] for
independent neurons will result in maxy | 7(X; 8,)| = Enax for Vn=1.2, ..., N.

Another constraint is a limitation on average power. For Poisson neurons given in equation
5.7,

N

1

v Zl<<rnp(rn|x;9n)>r x| SEap 622
n= n

X

which can also be written as

(fx:0)y)y S Epge  (523)

and for gaussian noise neurons given in equation 5.11,

<< f(x;0) ) > <E,g (5.24)
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where £yyg > 0 is the maximum average energy cost.

In equation 5.15, we can approximate the continuous integral by a discrete summation for
numerical computation,

Ky

JX) =N Y aSx0,), (5.25)
k=1

where the positive integer K; < N denotes the number of subclasses in the neural population
and

K

1
Ya=1, a>0Vk=12.,K . (526)
k=1

If we do not know the specific form of p(x) but have M samples, X1, X, ..., Xas Which are
i.i.d. samples drawn from the distribution p(x), then we can approximate the integral in
equation 5.13 by the sample average:

M
(In (det (G(x)))) = % Z In(det (G(x,))). (5.27)
m=1

Optimizing the objective 5.13 or 5.18 is a convex optimization problem (see the appendix
for a proof).

Proposition 2. The functions 15X 6)] and I [ 0)] are concave about X 6).

Remark 9. For a low-dimensional input x, we may use equation 5.18 or 5.19 as the
objective. Since /g[p(6)] and /p(6)] are concave functions of p(6), we can directly use
efficient numerical methods to get the optimal solution for small K. However, for high-
dimensional input x, we need to use other methods (e.g., Huang & Zhang, 2017).

5.3 Necessary and Sufficient Conditions for Optimal Population Distribution.

Applying the method of Lagrange multipliers for the optimization problems 5.13 and 5.20
yields

Lip@®)] = 15[p(0)] —/11( /@ p(0)d6 — 1)+ /@ A @)p(0)de,  (5.28)

where A1 is a constant and A,(8) is a function of 8. According to Karush-Kuhn-Tucker
(KKT) conditions (Boyd & Vandenberghe, 2004), we have
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1,@)p®) =0, 1,0) >0, (5.29)

and the necessary condition for optimal population density,

OLIp®)] _ 1 e )
3@ =2 TT(NGTISx))) =2, +4,®) =0.  (5.30)

It follows from equations 5.29 and 5.30 that

%(Tr(NG(x)_IS(x;O)»X=Al, p(0) £0, (5.31)

%<Tr (NGOOT'Sx:0)) =2, 2,0). p®)=0. (532)

Since /g[p(0)] is a concave function of p(6), equations 5.31 and 5.32 are the necessary and
sufficient conditions for the optimization problems 5.13 and 5.20.

5.4 Channel Capacity for Neural Population Coding.

If p(x) is unknown, then by Jensen’s inequality, we have

N ~ 1 (G2
I~ 1I5lp(x)] = [% p(X)ln(P(X) det(Z_ﬂe) )dx

1/2
sln/det(G(X)) dx
a 2me

and the equality holds if and only if p(x)~1 det (G(x))¥/2 is a constant. Thus,

(5.33)

*oont _ G)\!/2
I lp (x)]_r;i);(z(;[p(xn)_m /S;Fdet(Zne) dx, (5.34)
. det(G(x))' /2
= , (5.35
P [det(G®)!/ %ax (5:35)

assuming / ,-det (G®)' / %% < co.
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Let us consider a specific example. Suppose J(X) = Jg is a constant matrix; then it follows
from equation 2.12 that

+HX). (5.36)

According to the maximum entropy probability distribution, we know that maximizing H(X)
results in a uniformly distributed p(x). Hence we have G(x) = Jg, and p*(x) coincides with
the uniform distribution (see equation 5.35). In this case, the maximum /g[g*(x)] can be
regarded as the channel capacity for this neural population.

If we consider a constraint on random variables X and assume that the covariance matrix of
Xis Yo and satisfies

' =Px), (5.37)

then it follows from the maximum entropy probability distribution that

HX) < %(det (QreZy). (5.38)
and the equality holds if and only if the p.d.f. of the input is a normal distribution;
px) = N (p, ). Hence,

-1
1 Jot+Z
IG = Ell’l (det (T

< %m (det (ZoJo + 1) = I5[p* ()],

+ H(X)

(5.39)

where /g[p*(x)] is the channel capacity of neural population. Here the equality holds if and
only if p*(x) = #(n, Zy), which is consistent with equation 5.37.

Furthermore, if ¢1 ~ 0 (see equation 2.64), we have

. . _ —1, (J\/2
I =15[pX)] = I [p(x)] = f% p(X)ln(p(X) det(z—m,) )dX- (5.40)

Similarly, we also get
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I.p* (X)]_max(IF[p(x)])—ln / de t(J(X)) dx, (5.41)

pX

det(J(x))' /2

, (542
[y det @)/ 2ax (542

pr(x) =

assuming / o-det JE)' 7 2d% < co. Here IHp*(x)] is the channel capacity of the neural

population. The distribution p*(x) coincides with the Jeffrey’s prior in Bayesian probability
(Jeffreys, 1961). In this case, if we suppose the covariance matrix of Xis }, then similar to
equations 5.38 and 5.39, we can get the channel capacity

I[p"(®)] = %ln (det(Z,J,) (5.43)

with p*(x) = # (1, Z).

For another example, consider the Poisson neuron model given in equation 5.7 and suppose
the input xis one dimension, K= 1. It follows from equations 5.8 and 5.42 that

apof0fan)

P = T 64
Sl for®[%5:2) de) di
If p(6) = §(6- &), equation 5.44 becomes
‘ ag(x; 00) ‘
# _ dx
P =—ots (5.45)
x| oz X

Atick and Redlich (1990) presented a redundancy measure to approximate Barlow’s
optimality principle:

I(X;R)

Z=1""cw

(5.46)

where C(A) is the channel capacity. Here for neural population coding, we have C(R) ~
1c[p*(X)] and A(X; R) ~ I (or O R) — Idp*(X)] and /(X; R) ~ /r). Hence, we can minimize
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% by choosing an appropriate J(x) to maximize /g (or /) and simultaneously satisfy
equation 5.35 (or 5.42) (see Huang & Zhang, 2017, for further details).

6 Discussion

In this article, we have derived several information-theoretic bounds and approximations for
effective approximation of Ml in the context of neural population coding for large but finite
population size. We have found some regularity conditions under which the asymptotic
bounds and approximations hold. Generally these regularity conditions are easy to meet.
Special examples that satisfy these conditions include the cases when the likelihood function
p(r1x) for the neural population responses is conditionally independent or has correlated
noises with a multivariate gaussian distribution. Under the general regularity conditions, we
have derived several asymptotic bounds and approximations of MI for a neural population
and found some relationships among different approximations.

How to choose among these different asymptotic approximations of Ml in a neural
population with finite size A? For a flat prior distribution p(x), we have /5~ /£, that is, the
two approximations /g and /-are about equally valid. For a sharply peaked prior distribution
p(X), /s generally a better approximation to Ml /than /- Under suitable conditions (e.g.,
cases C1 and C2) for low-dimensional inputs, /g and /-are good approximations of MI /not
only for large Abut also for small A. For high-dimensional inputs, the FI matrix J(x) (see
equation 2.11) or matrix P~1(x) (see equation 2.15) often becomes degenerate, which causes
a large error between /rand M1 /. Hence, in this situation, /s is a better approximation to Ml
/than /= For more convenient computation of the approximation, we have also introduced
the approximation formula /s, which may substitute for /5 as a proxy of Ml /. For some
special cases (see corollary 1), /gand /g, are strictly equal to the true MI /. Our simulation
results for the one-dimensional case show that the approximations /g, /., and /£are all
highly precise compared with the true Ml /, even for small A/ (see Figure 1).

These approximation formulas satisfy additional constraints. By the Cramér-Rao lower
bound, we know that /¢ is related to the covariance matrix of an unbiased estimator (see
equation 3.3). By van Trees’ Bayesian Cramér-Rao bound, we get a link between /s, and
the covariance matrix of a biased estimator (see equation 3.9). From the point of view of
neural population decoding and Bayesian inference, there is a connection between Ml (or
/) and MAP (see equation 3.17).

For more efficient calculation of the approximation /s (or /g, ) for high-dimensional inputs,
we propose to apply an invertible transformation on the input variable so as to make the new
variable closer to a normal distribution (see section 4.1). Another useful technique is
dimensionality reduction, which effectively approximates Ml by further reducing the
computational complexity for high-dimensional inputs. We found that /~could lead to huge
errors as a proxy of the true MI /for high-dimensional inputs even when /g and /g, are
strictly equal to the true Ml /.

These approximation formulas are potentially useful for optimization problems of
information transfer in neural population coding. We have proven that optimizing the
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population density distribution of parameters p(6) is a convex optimization problem and
have found a set of necessary and sufficient conditions. The approximation formulas are also
useful for discussion of the channel capacity of neural population coding (see section 5.4).

Information theory is a powerful tool for neuroscience and other disciplines, including
diverse fields such as physics, information and communication technology, machine
learning, computer vision, and bioinformatics. Finding effective approximation methods for
computing Ml is a key for many practical applications of information theory. Generally the
F1 matrix is easier to evaluate or approximate than MI. This is because calculation of Ml
involves averaging over both the input variable x and the output variable r (see equation
2.1), and typically p(r) also needs to be calculated from p(rix) by another average over x
(see equation 2.2). By contrast, the FI matrix J(X) involves averaging over r only (see
equation 2.13). Furthermore, it is often easier to find analytical forms of FI for specific
models such as a population of tuning curves with Poisson spike statistics. Taking into
account the computational efficiency, for practical applications we suggest using /g or /g, as
a proxy of the true MI /for most cases. These approximations could be very useful even
when we do not need to know the exact value of MI. For example, for some optimization
and learning problems, we only need to know how Ml is affected by the conditional p.d.f. or
likelihood function p(rlx). In such situations, we may easily solve for the optimal parameters
using the approximation formulas (Huang & Zhang, 2017; Huang, Huang, & Zhang, 2017).
Further discussions of the applications will be given in separate publications.
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Appendix: The Proofs

We consider a Taylor expanding of L(r | x) around x. If L(r | X) is twice differentiable for
VX e X, (x), then by condition C1 we get

L(r|X)—L(r|x)

=X-0L'(|x+ %(ﬁ -0'L' @ | HE - x) (A1)

_Je_ Lot 17
=Y V-3Y y+5y By,

where

y=G' 2@ -x), (A2)

V=v+v,v=G" @I |%,v, =G 2xg®, (A3)
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x=x+tX-x)€Z (x),t€(0,1), (A4

@

B =G '/%x)CG™'/*x) =B, +B, +B,, a5
C=C+C +Cy, '

and

B, =G/ 2x)C,G™/ X,
L =G 2x) 67 ),
, =G 2x) 67 A,

B

B (A.6)
Co =[x =" %))y

C

C

| =@ %) =1'(r | %),

» =9" %) - q"(%).

By condition C1, we know that the matrix By + B is continuous and symmetric forx e &

and lIB; + Boll = O(1). By the definition of continuous functions, we can prove the
following: for any € € (0, 1), there is an e € (0, w) such that forall % € %

&’

—el, <B +B, <el,, (A7)

where

7. ={yer |yl <eyN}. (A8)

Hence,

Y B, +Byy|<elly|’. (A9

1/2

Herex=x+1G™ "/ “(x)y, eis afunctionof r, e= e (r) = O (1), and

Y. %,={yerR|y| <oyN}. (A10)
We define the sets
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7. =|verh|y] >N},
Z;={2eR" |5 | <¢/NJK,Vk=1.2,..K},
Z,={zeR® |z | >8/N/K, Vk=12,...K},

e

8l

™

zZ€E RK:||Z+VIQA|| < sﬁ],
£

where

1¢)

and

For

f=e/2, (Al2)

denotes an indicator random variable,

L,r € Z,(x) l,r € Rux)
, 15 = _
OLrg %"  Z: | 0re¢ R

lg =
€

>

2. = [r € :|[¥]| < 2yW),
_ L (A.14)
%(x) = {re x|V = /N}.
allze Z, we have ”z +V1g || <|z|| + HVI@A < &/N:; then
ell2 2 £ll2

Z.CZ,. (Al

It follows from equations A.3 and A.6 that

and

<V>r [x~ 0, <B0>r [x~ 0 (A.16)
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(%), ) = {6 wre i), )

= (Tr({Lo1ora o), XG‘I(X)»X (A.17)
=K+¢
=K+0WNY,

and it follows from condition C1 that

2
§:<Tr( 1.9 p(x)G_l(X)»

PX) oxox”
=(Tr((¢ g ® +4'®)6 ™' x))_ (A.18)
= (Vg @ g+l @l)|ve"m])
=O0N"Y).

Combining conditions C1 and C2 and equations A.3, A.4, and A.6, we find

2
(), = (v ], ) = o0
2m+ 1 _ 2 1 _ 2 _ 4
(™), = (vt v ol 2 e ) 2,
=0,
2m0 ” mey
< v > < <|N_ll’(r|x)Tl’(r 1) | 0> HNG“(x) =0(1),
r|x r|x
2m0 m
m -m
v < [Vle@gm] HNG‘%x) =0 ),
together with the power mean inequality,
<(VT“v')mO> <{(v] +|lv, )2m0>
r|x r|x
2my— 1 2mq, 2m, (A.20)
<2 < v +||v; >
r|x
= 0(1),

Page 49

(A.19)

where m € N, mg € {1, 2}. Notice that IG™1 (x)Il = O (NV1). Here we note that for all

conformable matrices A and B,
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l | Tr(AB) | < ||Al|IB]l (A.21)

|AB[| < [[A]l][B]|.

By equation 2.25c, we have

2
r|x

Tr (N‘IJ(x))2 = (N_ll’(r [ (| x)>
(A.22)
< <(N“z'(r 1071 | x))2>r =0,

Then it follows from equations 2.25b and A.22 that

det (G(x)) = O(N¥).  (A.23)

A.1 Proof of Lemma 1. It follows from equation A.1 that

!
Il

@

In f exp (L(r | X) — L(r | x))d’i)
Z,(x)

r|x/x

>rlxX

Fory € %, according to the definitions in equations A.13 and A.14, we have

- <% In (det (G(x)))>
X (A.24)

+((In

- L 1
/ CXP(YTV —5¥'y+ zyTBy)dy

w

r
®

T~ ~
¥ = P
€ €

<vey'/?

V1 @H (A.25)
E

~T~
<2v Vlgzg.

Then by condition C1, we get
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~14
. <[5 >
< %>r|x EVNY e | x (A.26)

<3 ([5]) = 007

r|x

where £, is a positive constant and €( € [miné (r), max & (r)]. By equations A.9, A.17, and A.

24, we get

&

~ ~ 1 1
r > <ln A exp(yTV -5 (1+e¢) yTy + EyTBoy)dY)>
r|x/x

1 Vl,%,\
> 1n/z:expiz+]—+z B0Z+Tz D (z)dz

e

r|x/x
VIV
v V% (A27)
20+¢€)?  2(1+¢)

r|x|x

) Vig \T Vlig
£ £
_E ‘/?;AZ+1—+€ B0Z+1—+€¢g(l)dz
€ r|x/x
K+

2(1 + €)? o™,

+<(1n (), X>X +

wherez =y - Vl%(x), the last step in equation A.27 follows from Jensen’s inequality, and
&€

ba(z) = ‘l‘glexp(— 1 er ezTZ),

l+e T
‘I‘ng?jexp(— 52 z)dz.

e

(A.28)

Integrating by parts yields

K/2
f (1 + 6) exp(— 1+ esz)dz = O(N_K/ze_N‘S) (A.29)
Z

and
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27 \K/2 ~K /2 N5
2(1+e) (1- oW K/2%No)  (A30)

for some 6> 0.

Then from equation A.27, we get

L,

22 \K72 || T
=( ) ‘I‘g zBOzlch +

1.\
Vig,

&
Z —
+1+€

Vig,
([)g(z)dz

r|x/x

B ___ ¢
0Z+1+€

~Tyy 2~
BVl 1

vV PoViz. la, (A.31)
(1+¢)?

z r|x|x

e ffmenc)), ] 2o

where

()= [y rgoin

(@) = (lzJ;e)K/ZeXp(_ 1 -2F esz).

(A.32)

Here, notice that

K/2
(12-|7-T€) vl =1+ oW K/ %N (A33)

and

ez ) ), = lermme ),
> el

=oWNh.

Hence, from the consideration above, we find
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=~ K 2r K -1
rwzjln(lﬂ) oW (A

Since eis arbitrary, let it go to zero. Thus, combining equations A.24 and A.35 yields

r,=- <% In (det((z;i(r?))>x+ ONY. (A36)

Considering
p(r)
<<h‘ GE) p(x)>r | > 2L, (A3D)

and combining equations 2.3 and A.36, we immediately get equation 2.53.

On the other hand, by conditions 2.54a and 2.54b, we have

~12+2
~T~1 < ”V”2+ ’ <N~ % =27/ [|=|12 + 27 —o(1
ViVlg | S\ < NTT@Y (IR, | = oD,
drix | EVN) (A.38)
1/2 1/2
T 2 4
z Bzl >> >2—<B > <<zl—>> >=o(1).
w2z =o)L
Similarly we can get equation 2.55. This completes the proof of lemma 1. O
A.2 Proof of Lemma 2. Define the sets
Qx) = [r ER :yTBOy <e ||y||2, Vy € RK] (A.39)
and
O =|re%: PEIDPR 40 der G/ 2l (A0
() =i 7 o e [0 p 0 < €0et (G0 (A.40)

where Z' (x) = £ — 2 (x), assuming € € (0, 1/2) and p(x) > 0.

Then by Markov’s inequality, we have
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(1) <PesllBll =} < (maff), =0 e
X

and by equation 2.26b,

o), =i
€lr|x

:Pr|x

P %) pX) o s
f? 00 P 1 %) p(®) dx > ¢ det (G(x)) ,

(A42)

det (G(x))' /2 /_ p(X | 1)dX > € p(r | X)

fl"a(x)

=O0N".
Consider the following equality:
p(r) l-in—2PO ) (a4l

p(r) _
@“p@l@p@ﬁﬂx‘<%J“p@|wp@ﬁﬂx+<®g“p@|mp@>ﬂx

For the last term in equation A.43, Jensen’s inequality implies that

PO B I

<<1®elnp(rlx)p(x)>rX>XS<<1®€>r|x>Xln<<1 > oD (A4d)
(S]

elr|x/x

For the first term in equation A.43, it follows from equations A.40 and A.9 that

(1o, 5 Py, x

<1 ln(/ exp(L(r|ﬁ)—L(r|x))d§+edet(G(x))_1/z>
e \Jm
‘ rix (a.45)
< - £ In(det (G))

—+

~ 1 1
lg In (/ exp(yTv -5 1+¢ yTy + zyTBOy)dy +e
€ 4

£

r|x

The last term, equation A.45, is upper-bounded by
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<1®€ n Qeln (/R:Kexp(yTV - %(1 —2¢) yTy)dy + 5)> (A.46)

r|x

T 1 ., l.r
+<1®€m§ ln([RKexp(y V—z(l —€)y y+3y Boy)dy+e)> . (AA4T)

r|x

Equation A.46 is equal to

| (27 \72 V¥
o ne " (1—2e) P2 =20 F€ ix
(A.48)
<1 vy +1 ( 2z )K/2+
S\Vle.ne |2 =20 T M\ T=2¢ ¢ fix
Equation A.47 is equal to
| 1 27 \K/2 1 v\
G)gnﬁen (l—e) expi(z+1_€)
Bz + v +;;—T"7 +
0*TT=¢)T2t1-0]] 7€ (A.493)
z r|x
<Tp2s  <Tpls
<1 —Eln(2”)+ vy | YBY | VY
T10ne|2 \1-€¢) 2(1-€) " p1_e? (1-¢)° I
r|X
Tp =  <Tp2s
17 ZBOV VBOV (I—G)K/2>
+{1 ~ In|{exp|=z B,z + - ., (A.49b
L | R T 27 gy D)
where
o= [
R ‘2 (A.50)
_(l1—e€ l—-€e T
¢1(z)—( o ) exp(— 5 Z z)
Notice that
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_ -1
<1® n§> 5<1§> =ON"") (AS51)
€ €lr|x €lr|x

and

QI

<1@ ng> =1—<1@ > =1+0v"Y. (A52)
€ frlx eV el | x
Then by equation A.19, we get
T /2
1(-) Q((exp(z Boz)> 1)

@ ng, Z <(ZTBOZ) > >

r|x

1/2 (A.53)
-1
e Tely|x

r|x

r|x

1/2
515 ) <91 215 ) =oav . (asy
€lr|x grlx

and by equation 2.51,

~Tp2~ Tp2 ~1
0 << Byvlg nQQ>r|X5 (V B0V>r|X+O(N ) (A55)
<¢énvg'wll + ovh = o Y.
Hence, we have
< ( 27: )+ vy >
1—€¢) 2(1—¢) rlx (A56)

=[an(re oty o™

and by Cauchy-Schwarz inequality and equation A.53, the term A.49b is upper-bounded by
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2By B\

l—e (q-¢?

€

1—e\K/2
+e( o )
r|x
172 (1-e\K/2
1® ng—zln(<exp(zTBoz)>z/ +e( 27[6) )>
€ € r|x

_e\K/2 _
1®€n§€(<eXP(ZTBoZ)>l /2, e( 12;) - 1)>r . =oN"h.

1/2
le’enﬁ In <exp(zTBOz)>Z <exp

Z

(A57)

IA

Since eis arbitrary, we can let it go to zero. Then, taking everything together, we get

<<ln %)r | X>x < - <%ln (det(%)»x +oN"Y. (A58)

Putting equation A.58 into 2.3 yields 2.56.

On the other hand, we have

<<lnﬁ>r | >

(A.59)
_ <1 In—PM® >
0,02 p(r | x) p(x) rx/x

PO PO
+ <1®engeln ral X)p(x)>r | X>X + <<1®€1n FGE) P(X)>r | X>x. (A.60)
For equation A.60, it follows from Jensen’s inequality that
B p(r) _ 1
<1®gln p(r | X)P(X)>rlx xS <<1®€>r|x>xln <<1 > > 0(1) (A61)
€lr|x/x

(C]

and
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p(r) 1 B
<<1®€ n ﬁeln p(r [ x) p(x) >r | x>x : <<1®e n §€>r | X>XIHW =o(1), (A62)
€ elr | x|y

where

), = 2 < gpef) = o0

r|x
(A.63)
<1®enﬁe> | = <1§€> | = o

Similarly we can get equation 2.57. O

A.3 Proof of Theorem 1. By lemmas 1 and 2, we immediately get equation 2.58. The proof
of equation 2.59 is similar. O

A.4 Proof of Theorem 2. First, we have

G =" + o' /2. (A64)
Since J(x) and G(x) are symmetric and positive-definite, 1, + ¥(x) is also symmetric and
positive-definite. The eigendecompositon of ¥ (x) is given by

¥(x)=UAU!, (A65)

XXX’

where U_e R¥ *X is an orthogonal matrix and the matrix A_e R* *X is a K'x K diagonal
matrix with K'nonnegative real numbers on the diagonal, A1 2 A, >, ..., = A x> -1. Then we
have

(Tr(Ap), = (Tr(¥()), = (TrPEI™'x)) =¢  (A66)
and

(In (det (I, + ‘I‘(x))))x =(Tr(n I + AX)))X <(Tr (Ax))x =c. (A67)

Notice that In(1 + x) < xfor V , € (-1, 00). It follows from equations A.64 and A.67 that
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(In (et (GX))), = (In(det JX))), = (In(det (g +¥(X))) <¢. (A6

From equations 2.12, 2.11, and A.68, we obtain equation 2.62.

If P(x) is positive-semidefinite, then A1 = Ay 2, ..., 2 A x>0, ¢=0and (In (det (I« +
¥ (x))))y = 0. Hence we can get equation 2.63.

On the other hand, it follows from equations 2.64 and A.67 and the power mean inequality
that

lg| S<ZkK:1 | A > <\/_<(Zk )1/2>x
= V(W) = yKs, = OV,

(A.69)

Let 2, = min(0, ;) forVke{l,2, ..., K}. Then

<Z,’f _ In(l+ /1,;)>X < (In(det (I + ) . (A70)

Notice that —1 < 2,_ < 0. Then by equation A.69, we have
_ -p
<Zk In(1+47) > < o Zk_1< ) >X_ oN"Fy. (ATY)

From equations 2.12, 2.11, A.68, A.70, and A.71, we immediately get equation 2.65. O

A.5 Proof of Theorem 3. Considering the change of variables theorem, for any real-valued
function Fand invertible transformation T, we have

‘/;f(i)d')‘i = /f(T(x)) | det(DT(x)) | dx, (A.72)
X X

and for p(x) and p(%),

P® Iz~ 70 = | detDT) |~'px).  (AT3)

Then it follows from equations 4.2, A.72, and A.73 that
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/ p(r | X)p(x)dx = f~p(rli)p(3€)d3i,
X X

- f~p<sz>1n PR
X

- [% PO (p(x) | det(DT(x) |~ Jax

p(r)

H(X)

(A.74)

=HX)+ / pX)In | det(DT(x)) | dx,
X

G(x) = DT(x)GX)DT(x).

Substituting equations A.73 and A.74 into 2.1, we can directly obtain equation 4.3.
Moreover, if p(X) and p(r | %) fulfill conditions C1, C2 and € = O (N1), then by theorem 1,
we immediately obtain equation 4.4. O

A.6 Proof of Corollary 1. It follows from equation 2.21 and theorem 3 that

I =15, =1X:R) = I(Y;R)

= %ln (det(ﬁ(A R 2{1))) T+ HY) (A.75)

and

H(Y) = %m (det (27eZ) = H(X) + (In | det(DX)) |),.  (A.76)

Here notice that

olnp(r|x)dlnp(r | x)>
I = <
(x) ox T s
_ <ayT olnp(r | y) dInp(r | ) dy > (A.77)
0x ay ayT 0XT rly
=Dx) AATD(x)

and

_PInpx _ 9y’ &’ Inp(y) dy
oxox! 0X  gyoy! ox!

P(x) = =D 'Dx). (A78)

Hence, combining equations A.75 to A.78, we can immediately obtain equation 4.9. O
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A.7 Proof of Theorem 4. First, we have

(i (det(g<x>))> <1 (d t( %;f‘:)
- (o« e

det( 271re (G, ,(®) = Gy, 1(X)G1_,11 XG, Z(X))))>x

+ In(det(I Ky~ A))
X

(A.79)

Then by the eigendecompositon of Ay, we have

A, =UAU!  (A80)

XX X’

where Uy and Ay are K5 x K5 eigenvector matrix and eigenvalue matrix, respectively. Since
G (x), G1,1 (x), and Gy, (x) are positive-definite, then I ,— Ay is also positive-definite and

Ay is positive-semidefinite, with 0 < (Ay)x = Ax<1lfor VAKE {1, 2, ..., K;}. Moreover, it
follows from equation 4.33 that

0 < (Tr(Ay) =(TrAy) <1,

A.81
0 < (Tr(AM) =<Zk <(Tr(Ap), < 1. (A81)
Then by equation A.81, we have
<1n (det (1 Ky~ AX))>X = <Tr (In (I Ky~ AX))>X
(A.82)

= Zm Tr (AD), =0.

Substituting equation A.82 into A.79 and then combining with equation 2.12, we get
equation 4.35.

If equation 4.36 holds, then Ay = 0 and /g = /5. Conversely, if /5= /g, then

0= <ln (det (1 - AX))> < —(Tr(AY) <0, (A83)

A =0, and equation 4.36 holds. O

A.8 Proof of Theorem 5. Similar to equation A.79, we have
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+ 1n(det(1K2—Bx))> . (A84)

X

G, (x P, ,(x

<1n (det(G(X)))> = <1n (det( L 1€ ))) +In (det( % 2%
2me )|« 2me 2me

Similar to equation A.65, the eigendecompositon of By is given by

T
B =UAU! (A85)

X X x’

where Uy and Ay are K x K5 eigenvector matrix and eigenvalue matrix, respectively. If the
matrix By is positive-semidefinite and satisfies equation 4.38, then (Ay)xx= A, =0 for VA€
{1,2, ..., K;}and

<(Tr(AY) =Tr((B)) < 1. (A86)

X

K
0< <ln (det (L + BX))> <Zki (147

X

Substituting equation A.86 into A.84, we immediately get equation 4.41. If C, = 0, then In
(det(lx, + Bx)) =0 and /g = /g,. And if /g = /g,, then In (det(l x, + Bx)) = 0, Bx = 0 and Cy
=0.0

A.9 Proof of Corollary 2. Notice that

H(X) = H(X)) + H(X,).H(X,) = 1In (det (27¢Z, )Py (%) =Py 5(0) = 0P (%) = 2;21,

(A.87)

and the matrices

Cy=J, ,0 - J, (VG| X ,(x). (A.88)

B, =P,/ 20C, Py L/ 2(x)  (A89)

are positive-semidefinite, and the proof is similar to equation 4.74. Then by theorem 5, we
immediately get equation 4.41. Substituting equation A.87 into 4.41 yields equation 4.44
with strict equality if and only if C, =0. O

A.10 Proof of Proposition 2. By writing p(8) as a sum of two density functions p(6) and
p2A(6),
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p®) =ap(0) + (1 —a)py0), (A.90)

we have

Gx)=N / P(®)S(x; 0)d8 + P(x) = aG (%) + (1 — 0)G,(x), (A.91)
(€]

where 0 < a<1and

G (x) = N/pl((-))S(x; 0)do + P(x), (A.92)
(€]

G,(x) = N/pz(O)S(x; 0)do +P(x). (A.93)
(]

Using the Minkowski determinant inequality and the inequality of weighted arithmetic and
geometric means, we find

det( G/ K = det(aG (%) + (1 — )G, x) /K > adet(G,x)! /K + (1 —a  (A94)
)det(G,(0) /K > (det(G,(30)"det(GH(x) ~ )/

It follows from equations A.91 and A.94 that

In (det (@G (x) + (1 — )G,(x))) > aln (det (G (x)))+(1 — a)In (det (G,(x))), (A.95)

where the equality holds if and only if G1(x) = G»(x). Thus In (det (G(x))) is concave about
p(6). Therefore /5[p(6)] is a concave function about p(6). Similarly, we can prove that
14 p(0)] is also a concave function about p(6). O
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Figure 1:

A comparison of approximations /ysc, /6, /6, and /¢ for one-dimensional input stimuli. All
of them were almost equally good, even for small population size A. (A) The stimulus
distribution p(x) and tuning curves f(x; 6) with different centers 6= -r/4, 0, /4. (B) The
values of /ysc, /6, /6,, and /¢all increase with neuron number A. (C) The relative errors
Dlg, Dlg,, and DIcfor the results in panel B. (D) The absolute values of the relative errors
|DIgl, 1DIg,l, and |D/d, with error bars showing standard deviations of repeated trials.
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Figure 2:

A comparison of approximations /g and /<for different input dimensions. Here /s is always
equal to the true M1 with /5= /5, = [X; R), whereas /-always has nonzero errors. (A) The
values /g and /g vary with input dimension K = «? with w =2, 4, 6, ..., 30, and the number
of neurons A= Njwith Ay = 104, Np =2 x 104, Ay =5 x 104, Ay = 105, (B) The relative
error D/-changes with input dimension K for different .
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