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Many microorganisms secrete molecules that interact with resources outside of

the cell. This includes, for example, enzymes that degrade polymers like chitin,

and chelators that bind trace metals like iron. In contrast to direct uptake via

the cell surface, such release strategies entail the risk of losing the secreted mol-

ecules to environmental sinks, including ‘cheating’ genotypes. Nevertheless,

such secretion strategies are widespread, even in the well-mixed marine

environment. Here, we investigate the benefits of a release strategy whose

efficiency has frequently been questioned: iron uptake in the ocean by

secretion of iron chelators called siderophores. We asked the question whether

the release itself is essential for the function of siderophores, which could

explain why this risky release strategy is widespread. We developed a reac-

tion–diffusion model to determine the impact of siderophore release on iron

uptake from the predominant iron sources in marine environments, colloidal

or particulate iron, formed due to poor iron solubility. We found that release

of siderophores is essential to accelerate iron uptake, as secreted siderophores

transform slowly diffusing large iron particles to small, quickly diffusing iron–

siderophore complexes. In addition, we found that cells can synergistically

share their siderophores, depending on their distance and the size of the

iron sources. Our study helps understand why release of siderophores is

so widespread: even though a large fraction of siderophores is lost, the solu-

bilization of iron through secreted siderophores can efficiently increase iron

uptake, especially if siderophores are produced cooperatively by several

cells. Overall, resource uptake mediated via release of molecules transforming

their substrate could be essential to overcome diffusion limitation specifically

in the cases of large, aggregated resources. In addition, we find that including

the reaction of the released molecule with the substrate can impact the result of

cooperative and competitive interactions, making our model also relevant for

release-based uptake of other substrates.
1. Introduction
Bacteria secrete massive amounts of metabolites and proteins into the environ-

ment, many of them involved in nutrient uptake. Examples include secreted

exoproteases, chitinases or trace metal chelators like siderophores (chelating

iron) or methanobactin (chelating copper). The secreted molecules transform

their substrate (by degradation or chelation), which is then taken up by the bac-

terial cell. Release-based nutrient uptake strategies have been investigated as

examples for cooperative behaviour in bacteria as well as probed for their stability

to the ‘public goods dilemma’ [1,2], as the benefits gained by released metabolites,

the transformed substrates, become available to cells not contributing to
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production. In addition, especially in well-mixed environ-

ments, generated substrates might be lost to the environment

and not diffuse back to the producing cell. Nevertheless,

release-based uptake strategies are widespread. We were thus

interested in understanding what benefits are specifically

generated by release, and investigated this in a prominent

example: the uptake of iron by siderophores in the well-mixed

ocean environment.

Bacterial metabolism requires iron and hence the limited

availability of iron in many environments restrains bacterial

growth and reproduction [3–6]. One common cause of iron

limitation is simply low concentrations of iron such as in

ocean surface waters [7,8]. In addition, other factors further

limit the bioavailability of iron in seawater. First, as in all

oxic, pH-neutral environments, iron is only poorly soluble

[9,10]. Hence, iron mostly occurs in particles of different

sizes, which are often operationally defined in the marine

environment as soluble (less than 0.02 mm), colloidal (0.02–

0.4mm) and particulate (greater than 0.4 mm) [7,8,11,12].

Second, the soluble and colloidal fractions of iron are largely

complexed by organic ligands and are thus only available for

uptake by bacteria by expressing the cognate transporter or

by disassociating the iron from the ligand [13]. While the effects

of the presence of organic ligands on bacterial iron uptake has

received considerable attention [14,15], the impact of colloidal

and particulate iron on bacterial growth is still poorly under-

stood [8,12]. Nevertheless, these larger types of iron sources

are prevalent throughout the ocean [11,16–18] and can constitute

up to 85% of the accessible iron pools [19].

Many microbes have developed strategies to increase iron

bioavailability. One particularly widespread and well studied

such strategy is siderophore secretion [20]. Siderophores are

chelators that bacteria release into the environment to bind

iron. The resulting iron–siderophore complexes can then be

taken up by the bacteria. An important consequence of

secretion is that a cell might not recapture and hence benefit

from the siderophores it produced itself, due to random dif-

fusion of the siderophore molecules. In dilute, well-mixed

environments, the probability of recapturing a siderophore

once it is secreted is low, and a solitary bacterium thus has

to produce a large number of siderophores in order to achieve

sufficient uptake of iron [21]. Hence, siderophore secretion

has been viewed as a strategy poorly adapted to the marine

environment [22]. Also, released siderophores can be taken

up by strains that do not contribute to siderophore pro-

duction if these express the cognate receptor [23,24]. This

can lead to a public goods dilemma, where non-producing

genotypes can displace bacteria that produce siderophores

[25]. Thus, it is not obvious why the release of siderophores

is efficient, especially in the marine environment.

Different mechanisms have been suggested that could

mitigate the negative effects of release. Amphiphilic sidero-

phores—containing both a fatty-acid tail and a hydrophilic

head group—can constitute a considerable fraction of

siderophores isolated from seawater samples [26]. Such sidero-

phores might stay attached to the cell membrane of the

producing cell thanks to their fatty-acid side chain [27–29] or

might be more easily retained due to lower diffusivity [30].

Furthermore, inorganic ferric iron can be acquired directly

using ATP-binding cassette transporters that are frequently

detected in marine bacterial genomes [31,32]. In addition,

surface-associated reductases allow uptake from particulate

iron [33–35], outer membrane receptors mediate uptake of
iron bound to exogenous chelators like heme or transferrin

[36], and ferric citrate can be taken up via transporters or

porins [37].

Despite the existence of such alternative mechanisms that

avoid the risk of siderophore loss, siderophore secretion is

widespread in bacteria [38], and has been described as key

for iron uptake in environments with low iron availability

[39]. This suggests that the release itself of siderophores might

be directly beneficial for their function. However, it is less

clear what the possible benefits might be. Here, we were specifi-

cally interested in comparing the efficiency of bacterial iron

uptake based on release of siderophores to a strategy avoiding

release (e.g. mediated by membrane-associated amphiphilic

siderophores). We developed a mathematical model to quantify

the benefits of siderophore release in marine surface waters. We

focus on the marine environment because of the wealth of data

on iron distributions and because the efficiency of siderophore

secretion in the ocean has been questioned before [21]. In con-

trast to this previous model, we take larger-sized particulate

and colloidal iron as potential iron sources into account. Note

that while the precise operational distinction between

dissolved and colloidal iron has since shifted slightly, we here

explicitly model the size-dependent mass transport properties

of iron particles. Previous models (like the free ion activity

model) assumed diffusion of iron sources to be instantaneous

compared to uptake across the cytoplasmic membrane [40].

By contrast, we hypothesize that in order to understand

benefits that lie in the release of siderophores, diffusion limit-

ation is a key factor and needs to be taken into account, in

line with previously voiced criticism for neglecting the role of

diffusion in iron uptake [40–42].

We hypothesize that siderophores ‘scavenge’ iron from

larger-sized iron sources that diffuse more slowly than soluble

iron or iron–siderophore chelates, thus providing benefits

beyond just releasing soluble iron from organic ligands [21].

Using a mathematical model for the diffusion and bacterial

uptake of iron, we find that release of siderophores can be of

key importance to overcome iron limitation in conditions

where mass transfer limits iron uptake. Under these conditions,

where iron uptake is slowed down due to diffusion limitation

of large iron particles, only secreted siderophores, i.e. sidero-

phores released from the cell, can accelerate iron uptake.

Furthermore, we find that the production of siderophores in

groups of cells increases the efficiency of siderophore-based

iron uptake, concurrent with previous literature [21]. The

secretion of siderophores by multiple cells acts synergistically,

as long as the cells are sufficiently far apart. These results

suggest that the act of ‘secreting’ siderophores itself has

innate benefits to bacterial growth and could explain why

even single marine cells engage in siderophore release.
2. Results
2.1. Modelling iron particle size as the number of

contained iron ions
We investigate iron uptake with a focus on the effect of low

iron solubility on diffusion limitation. A key consequence of

low iron solubility is that the majority of iron is present in

aggregates such as colloidal (less than 0.4 mm) and particu-

late iron (greater than 0.4 mm) [7,11,19]. The diffusion speed

of a particle will depend on its size, and hence by modelling
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iron particles of varying size, we can capture the diffusion of

such aggregated iron particles in marine environments.

We assume that the iron particles are spherical and increase

in size with increasing number, k, of iron ions within. Soluble

iron corresponds to the smallest iron ‘particle’, i.e. one iron

ion surrounded by water molecules (k ¼ 1). We consider iron

particles from k ¼ 1 up to k ¼ 1012 iron ions (figure 1), with cor-

responding radii, rk, ranging from 0.1 nm to approximately the

size of a cell, 1 mm, covering the range of colloid and particulate

iron sizes present in marine environments; in open ocean

waters, radii range from less than 10 nm up to at least 500

nm [8,11,12,19]. For reasons of mathematical tractability, we

assume a homogeneous distribution of iron particles, i.e. all

particles have the same k. By varying k, we can then isolate

the effect of particle size on iron uptake.

We want to highlight that this model implements several

simplifications in order to single out the effect of diffusion

limitation in the complex marine system. In reality, iron par-

ticles are generally polymorphous, containing iron as well as

hydroxide or other groups. Over time, and depending on

external conditions like pH, the particles can change in crystal

structure and size [43,44], factors that also influence iron solu-

bility [16]. Here, we assume that iron aggregates exclusively

contain iron ions and only change when dissolved directly

by cells or siderophores. We do not consider other dissolution

processes, e.g. proton-promoted dissolution, that might be

indirectly influenced when siderophores bind iron, e.g. by

decreasing the solution saturation state [16]. We also do not

consider the fact that the majority of dissolved iron is

bound to ligands, some of which might be siderophores

themselves [7]. While these factors are undoubtedly impor-

tant for understanding the overall iron distribution in the
ocean, they do not directly influence our investigation into

the effects of diffusion limitation.
2.2. Low iron solubility strongly decreases the rate of
direct iron uptake

To establish a baseline reference for the iron uptake rate, we

first consider a single cell that relies on secretion-independent

uptake by direct physical contact with iron particles, mediated,

for example, by cell-attached siderophores or receptors (figure

1, top). The cell can only take up iron it encounters directly; in

the absence of any ‘active’ motion, this can only be mediated by

random diffusion. The uptake of iron can thus be described as a

set of diffusing particles in three dimensions with the cell at the

origin acting as an absorbing sphere (see Methods).

The likelihood of encounter between a cell and iron depends

on the effective diffusion coefficient, which is the sum of the dif-

fusion coefficient of the cell, DB, and of the iron, Dk. The more

iron ions are contained in a particle (larger k), the larger the

diameter of the particle and the smaller the diffusion coefficient,

Dk � k21/3. As a consequence, the likelihood of encounter with

the cell is smaller for larger particles (see Methods). Since gen-

erally Dk� DB, the encounter rate of a k-particle for a single

non-secreting cell with radius RB is approximately

wk � 4prkRBDk � k�2=3, (2:1)

where rk ¼ r0/k is the background concentration of iron par-

ticles and r0 is the total background concentration of iron.

Before a cell can take up iron from a particle it encounters, it

first needs to release iron ions from the particle. The detailed

kinetics that describe such a bacterial-mediated dissolution of
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iron depends on the particular nature of the iron mineral (e.g.

crystal structure) and the mechanism the bacteria employs to

dissolve the mineral (surface ligands, reductases, etc.) [44,45].

Assuming cell-attached siderophores can bind to ions on the

particle surface in a ligand exchange reaction and subsequently

release iron ions from the crystal lattice at a rate kL, then the

overall dissolution rate of a k-particle, ck, will be proportional

to the surface area of the particle, S(k) � k2/3. The overall dissol-

ution rate of the whole particle will then be ck � k21/3, and

based on geometric considerations can be approximated as

(see Methods)

ck �
4

3
skLk�1=3,

where kL is a pseudo-first-order rate constant and s specifies

the fraction of the surface area of the particle that a cell can

sequester iron from. The balance between the encounter rate

of new particles and their dissolution rate will determine

whether cell-mediated dissolution can keep up with the influx

of new iron.

We distinguish between three environmental regimes

that limit the iron uptake of a cell under direct encounter

(figure 2a) that are the result of one of the three key proces-

ses involved in iron uptake becoming the limiting process

(figure 1): (1) in a transport-limited environment, the cell is

producing enough soluble iron in the proximity of the cell,

but the overall uptake is limited by the amount of iron that

can be processed by the transporters at the cell surface; (2) in

a dissolution-limited environment, the cell encounters iron

particles more rapidly than it can dissolve them; (3) in a

diffusion-limited environment, the cell has enough transporter

and dissolution ability, but the encounter rate with new par-

ticles is too low. Iron aggregation influences both the

concentration of iron at the cell surface, as well as the rate at
which the particles are dissolved, as a function of k1/3. Thus,

depending on the dissolution rate, kL, the environment tran-

sitions from diffusion-limited when iron particles are large to

either transport-limited (large kL) or dissolution-limited

(small kL).

At iron concentrations that are realistic for open ocean

waters, r0 ¼ 0.1–1 nM, diffusion limitation already occurs at

particle sizes of r � 0.3 nm to 3 nm, depending on the back-

ground iron concentration (figure 2b). We determined the

equilibrium distribution of iron particles by solving the spheri-

cally symmetric diffusion process (see Methods and [21]).

The distribution of particles at steady state (figure 1c) for

r0 ¼ 1 nM illustrates that in the transport-limited (or also dis-

solution-limited) regime, iron is never completely depleted at

the cell surface, even though the iron concentration decreases

towards the cell surface. By contrast, in a diffusion-limited

regime, iron is completely depleted at the cell surface and

only approaches background concentration levels at a distance

of over four cell radii.

Under these conditions, the required time for a cell to

encounter, dissolve, and take up sufficient iron to divide

can reach up to days, for particles of size rk � 1 nm, or

months, for rk . 10 nm. The time to division increases further

with decreasing dissolution rate, kL (see Methods; electronic

supplementary material, figure S1). The generation time of

marine bacteria has been estimated to generally be on the

time scale of days [46,47], which is much faster than pre-

dicted by our model for a cell only using direct uptake.

This suggests that other mechanisms, such as for example

siderophore secretion, are necessary to reach environmentally

realistic growth rates.

The extremely long iron acquisition times are due to two

difficulties that cells face under direct iron uptake. First, the

rate at which cells encounter iron particles is low due to
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the slow diffusion of the particles. Second, once cells encoun-

ter particles, larger particles are dissolved more slowly than

smaller particles due to a lower surface-to-volume ratio (see

Methods). Thus, although a cell will eventually ‘gather’

enough iron particles to reach a maximally possible uptake

rate under the constraints set by the diffusion of the available

iron, this maximum is only reached after extremely long time

periods. For example, for particles of sizes around 5 nm, a cell

starting from scratch would require over 4 years to reach the

maximum uptake rate, although it would have already taken

up enough iron to divide by around 6 months (see electronic

supplementary material, figure S2). However, even if the cell

were already taking up iron at its maximal rate—for example,

by maintaining a reservoir of iron particles or by immediately

dissolving the particles upon encounter (kL!1)—it would

still require around a month to take up enough iron to

divide. Thus, a main consequence of low iron solubility is

that cells can suffer from strong diffusion limitation, even at

high iron concentrations. Cells might face similar problems

in the uptake of nutrients from other larger substrates, such

as particulate carbon sources.

Transport limitation can be alleviated at the cell membrane,

for example through more efficient or more numerous trans-

porters. Dissolution limitation due to low rates can in part be

alleviated at the cell level by increasing the dissolution activity

of membrane-bound ligands or reductases. But, both diffusion

limitation and dissolution limitation due to limited processing

space around the cell can only be overcome by processing iron

away from the cell. Secreted molecules like siderophores can

modify iron sources and alter their transport properties to

both increase diffusion and accelerate uptake when encoun-

tered by a cell (figure 1, bottom). In the following, we will

hence quantify the effect of siderophore secretion on overcom-

ing diffusion limitation—by increasing the diffusion speed of

iron—and dissolution limitation—by increasing the number

of iron particles that can be processed in parallel.
2.3. Secreted siderophores can transiently increase the
uptake rate of iron from large particles by
accelerating diffusion

We next investigated whether siderophore secretion could

alleviate diffusion and dissolution limitation. In addition to

the diffusion of iron, we accounted for free (unbound) sidero-

phores that are produced at the cell surface and diffuse away

from the cell, as well as the reaction of free siderophores with

iron resulting in siderophore–iron complexes outside the cell

(figure 1). These complexes diffuse freely and can be taken up

by the cell upon an encounter. We model these processes

using a set of reaction–diffusion equations that describe the

radial concentrations of iron particles, F, free siderophores,

X, iron–siderophore complexes, Y, and particle surface ions

bound by siderophores, E (see Methods). In order to investi-

gate the direct effects of iron uptake mediated by secreted

iron chelators, we excluded the possibility that cells take up

free, unbound iron in these calculations.

Because siderophore–iron complexes are smaller than

most iron particles, their diffusion coefficients are generally

larger than those of the particles. This leads to accelerated dif-

fusion that could potentially mitigate the limitation caused by

the slow movement of large iron particles. Furthermore, the

scavenging of iron from particles by siderophores is not
limited to direct contact of the cell with the iron source.

Thus, siderophores are able to solubilize iron from a larger

number of iron sources simultaneously.

The effects of secreting siderophores depend both on

the size of the iron particle and whether the system is still in

a transient phase or has already reached steady state. In the

presence of large iron particles (rk . 10 nm; the colloidal

range) siderophore secretion indeed results in an uptake rate

that quickly surpasses that of direct uptake for extended

periods of time (figure 3). As the cell starts to produce sidero-

phores, these quickly diffuse and bind to the surface of

slowly moving particles at distances around the cell of up to

a few centimetres (electronic supplementary material, figures

S4 and S5). This leads to an initial increase in the iron uptake

rate, within the first seconds under our conditions (figure 3).

These adsorbed siderophores then contribute to the dissolution

of all the iron particles in a relatively large volume around the

cell. Siderophore–iron chelates are released from particles over

time and a fraction of these quickly diffuse back to the cell. The

long-term direct uptake rate eventually approaches and even

slightly surpasses the secretion uptake rate, but this only hap-

pens over extremely long time periods (months to years), as a

cell using direct uptake must first accumulate a reservoir of par-

ticles to degrade. The transient increase thus likely comprises

many bacterial generations [46,47]. Overall, siderophore

secretion increases the iron uptake rate compared to direct

uptake, however, only during a—potentially very long—tran-

sient phase, and this transient increase in the uptake rate

directly results in a large increase in the amount of iron

acquired (electronic supplementary material, figure S3).

If iron is present in soluble form or as small particles (rk ,

10 nm) the equilibrium uptake rate reached via siderophore

secretion is mostly far below the direct uptake rate: releasing

siderophores slows down iron acquisition. In this regime, the

fast diffusion limit, the diffusion speed of iron is sufficiently
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high that the background concentration of iron can be assumed

constant (see Methods, equation (4.15)). Secretion slows down

uptake because of two factors. First, siderophores must

encounter iron and bind it, introducing an additional step

prior to uptake. Second, the diffusion speed of siderophore–

iron complexes is lower than that of free iron for k , 1000,

thus reducing the flux of bound iron towards the cell.

For very small iron particles (highly soluble iron), siderophore

secretion results in slower acquisition than direct uptake.

Therefore, for particle sizes greater than 0.3 nm but smaller

than 10 nm (at an iron concentration of 0.1 nM and a dis-

solution rate of kL ¼ 106), the cell is diffusion-limited, but

secretion of siderophores is not effective at overcoming

this limitation.

To access poorly soluble iron, cells could also—instead of

secreting siderophores—increase their own diffusion coeffi-

cient by engaging in swimming motility. However, in such

cases, it would be unlikely that a cell could dissolve more

than one particle at a time. The rate at which a cell first encoun-

ters and subsequently dissolves single particles is a function of

both the rate at which a non-motile cell encounters iron par-

ticles, fk, and the rate at which it dissolves the particle, ck,

leading to an overall rate fkck/(ck þ fk). An increase in cell

motility can potentially increase the encounter rate of new

particles, fk, but because ck� fk, further increases in the

encounter rate will only have marginal effects on the

compounded iron uptake rate.

2.4. The effect of siderophore secretion depends on
siderophore production rate and particle size

The increased iron uptake rate achieved by secretion in the

presence of large iron particles, although only transient, can

shorten the time necessary until a cell has acquired enough

iron to initiate cell division significantly, from over a year for

direct uptake to a few weeks with siderophore secretion

(assuming an iron content of 106 Fe atoms ¼ 1.66 amol per

cell [36]; see also electronic supplementary material for a

detailed discussion). In addition, we find that the siderophore

production rate has a strong influence on the parameter range

in which secretion-based uptake is superior to direct uptake,

and that very high production rates are necessary to overcome

diffusion limitation efficiently (electronic supplementary

material, figure S6). The cost of producing such a high

number of siderophores is difficult to estimate, since the nega-

tive effect of siderophore production on growth, due to

resources spent on production instead of cell division, likely

depends on environmental parameters such as the level of

resource limitation [48]. However, to obtain an estimate of

the magnitude and efficiency of siderophore production, we

calculated how many siderophore molecules need to be pro-

duced in order to take up one iron ion (a similar approach to

Völker & Wolf-Gladrow [21]). For a low siderophore secretion

rate of 0.045 amol h21 and a particle size of rk ¼ 100 nm, a secr-

eter must release just under 28 000 siderophores to take up one

iron ion, or a total of 47 femtomoles to divide. However, this

seemingly high cost in terms of produced siderophores results

in a significant reduction of the time necessary for acquiring

enough iron to produce a daughter cell, from 354 days to 43

days at an iron concentration of r0 ¼ 0.1 nM. Faster uptake is

achieved through higher siderophore secretion rates, though

this also implies that more siderophores per iron are secreted:

a secretion rate of 4.5 amol h21 results in a division time of
26 days, requiring around 180 000 secreted siderophores per

iron taken up at an iron concentration of r0 ¼ 0.1 nM and for

rk ¼ 100 nm.
2.5. Synergistic siderophore production between two
neighbouring cells can occur over a wide range
of parameters

High siderophore production rates likely require a substantial

investment of cellular resources. One way to reduce the pro-

duction effort is cooperative production of siderophores in

groups of cells. Siderophore–iron chelates that never return

to one secreter cell might still benefit a different neighbouring

cell. Furthermore, if cells can share their siderophores, each

cell might have to produce fewer siderophore molecules over-

all. The outcome of such interactions is not easily predictable,

though, since any increase in benefit from additional sidero-

phores might be offset by having to share the incoming

iron-bound chelates.

Siderophore production in a group of cells has been shown

to increase the efficiency of accessing iron-bound siderophores

thanks to an accumulation of siderophores in the neigh-

bourhood of the cells [21]. However, these results did not

consider the effect of large colloidal and particulate iron

sources. In our model (for details, see Methods; electronic sup-

plementary material, figure S7), we observe that—especially in

the case of large iron sources—siderophore production affects

and alters the environment in a large neighbourhood around

the cell. Iron-bound siderophore chelates build up at distances

of several hundred micrometres (see electronic supplementary

material, figure S4), thus potentially allowing for cooperative

interactions between cells located at significant distances.

Our model indicates that both costs and benefits are influenced

by the size of iron sources. First, achieving fast uptake from

large iron aggregates requires a high siderophore-to-iron

expenditure ratio, indicating that an important proportion of

siderophores is lost to the producer cell even if no other cell

is present. Thus, direct costs of sharing may be minimal

if iron is present in large particles. Second, the benefits of shar-

ing siderophore production with a producing neighbour cell

are influenced by the beneficial returns of increasing sidero-

phore production rate (electronic supplementary material,

figure S6b).

We investigated a first stage of growth in a group of cells by

considering the interactions between two cells. We measured

the average number of siderophores produced by a secreter

cell per iron taken up during the uptake time. The net effect

of growing in proximity to another cell depends on how

much a cell suffers from competition for iron-bound sidero-

phores compared to how much it benefits from the

siderophores produced by its neighbour. If sharing sidero-

phores is synergistic, i.e. more efficient in a group, a cell has

to produce fewer siderophores to take up one iron ion when

a producing neighbour is present. We first quantified how

much a siderophore-secreting cell is negatively influenced by

the presence of a second cell by implementing this cell as an

iron–siderophore chelate sink (comparable to cheater cells

in [1]). We assume that the second cell does not produce side-

rophores, but still can take up iron bound to siderophores (but

not free iron). We measure the negative effect (or cost) in terms

of how many more siderophores the secreter cell needs to pro-

duce on average to take up one iron, relative to a situation
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Figure 4. The length scale of competition for incoming iron – siderophore complexes is much shorter than the length scale of synergistic production of siderophores.
(a) Only the secreter produces siderophores, the non-secreter consumes iron-bound siderophores, but does not contribute to production. The relative increase in the
average number of siderophores that need to be produced to take up one iron, relative to if the secreter was alone, depends on the distance between the cells.
When the two cells are close, the amount of siderophores required increases significantly (orange area). However, when cells are at distances of greater than 30 mm,
the secreter does not need to produce additional siderophores (black area). The non-secreter generally acquires equal amounts of iron as the secreter. (b) Both cells
produce siderophores. Secreters can increase the uptake rate of a neighbouring secreter at no or little additional cost, provided that the distance between cells is
large enough. For small particles, the presence of an additional cell decreases the number of required siderophores by half, thereby alleviating the disadvantage of
siderophore uptake for small particle sizes compared to direct uptake. The benefit is slightly reduced for larger aggregates, but remains synergistic and augments the
benefit of secretion compared to direct uptake. Here, kL ¼ 1026, P ¼ 0.045 amol h21.
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where no other cell were present. We find that, while the degree

of iron aggregation does not strongly influence the interaction,

the distance between the cells plays a key role (figure 4a). If the

two cells were (hypothetically) at the exact same point in space,

then all iron–siderophore chelates that arrive at the cells are

shared evenly between the two, and the producing cell needs

to produce many more siderophores, and increasingly so the

larger the particles. As the distance between the two cells

increases, the negative effect on the producer decreases

(figure 4a). The loss of siderophores to the neighbouring cell

at distances larger than 10 mm has a negligible effect on the pro-

ducing cell (electronic supplementary material, figure S8). At

the same time, at these distances, the non-producing cell is

able to take up almost equivalent levels of iron as the secreting

cell. Thus, siderophores can efficiently be taken up by the

neighbouring cell at a very low cost to the producer, because

the non-producer benefits from the siderophores that would

likely be lost to the producer anyway.

Because the benefits of siderophore secretion can be

shared with neighbouring cells at relatively short distances

without additional costs to the producing cell, we next exam-

ined how joint secretion may be synergistically beneficial for

cells. We measure benefit here as a reduction in the amount

of siderophores secreted to achieve uptake of one iron ion.

Values smaller than 1 mean that both cells benefit from the

presence of another producer, because they efficiently share

siderophores. As a result, each cell has to secrete fewer

siderophores to take up the same amount of iron.

Highly soluble and insoluble iron sources enable syner-

gistic interactions, whereas medium-sized aggregates do

not. Over a large range of separation distances (greater than
10 mm for P ¼ 0.045 amol h21), cells can share the benefits

of secretion without an additional cost due to competition

(blue-green areas in figure 4b), and cooperative effects are

thus greater than competitive effects. The magnitude of the

synergistic effect, however, depends on the marginal benefit

of increased siderophore production rate (i.e. the slope in

figure S6b in the electronic supplementary material). For

production levels that only result in a small increase in iron

uptake, the marginal benefit of an additional producer cell

is small (black areas in figure 4b). The outcome of social inter-

actions is therefore strongly influenced by the physical

properties of iron, in particular the diffusion coefficient.

Overall, we find that at the majority of our conditions,

siderophore secretion can lead to synergistic interactions

between two neighbouring siderophore producing cells.

This aids in making the secretion of siderophores a favour-

able strategy in a wide range of environments compared to

direct uptake (figure 4b).
3. Discussion
The ubiquity of bacterial siderophore secretion despite the risk

of siderophore loss and the evolutionary fragility it entails has

stimulated a large body of research [1,49,50]. Here, we suggest

that the release of siderophores is important for their function,

potentially explaining why this uptake strategy is so wide-

spread. We show that low iron solubility, present in many

environments, can strongly slow down iron uptake if no

siderophores are released, simply because the majority of

iron sources occur in particles that diffuse slowly. Secreted
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siderophores solubilize iron and generate small chelates with

significantly increased diffusion speed. When we estimate

the beneficial effect of siderophores in the marine environment,

we find that siderophore release can significantly increase iron

uptake speed on a time scale of months. While our model is a

highly simplified version of marine iron chemistry, we think

that it can contribute to our understanding of beneficial effects

that require release of siderophores, namely for the role of

overcoming diffusion limitation.

Recently published data suggest that amphiphilic sidero-

phores constitute the majority of siderophores in the ocean

[26], which might appear contradictory to the predictions of

our model. Amphiphilic siderophores are often viewed as the

result of an evolutionary adaptation to the dilute marine

environment that minimize diffusive loss by remaining associ-

ated with the producing cell rather than being secreted [28,30].

In this case, the maximal number of siderophores that can be pro-

duced by a cell is limited by the cell surface area, unlike secreted

hydrophilic siderophores, which would strongly reduce the

functionality of siderophores with respect to diffusion limitation

for iron uptake. We suggest several explanations to address the

apparent mismatch between the measurements of amphiphilic

siderophores in the ocean and our model. First, quantitative

data on the relative concentrations of hydrophilic compared to

amphiphilic siderophores are limited and understanding the

broad distributions of marine siderophore pools still requires

further investigation. Second, amphiphilic siderophores need

not represent a ‘non-secreter’ iron uptake strategy as we model

it here. Chemical structures of amphiphilic siderophores

vary considerably and as a result these siderophores do not

necessarily stay associated with the cell. Aquachelins and mari-

nobactins A–E, for example, are isolated from the supernatant of

laboratory cultures rather than the pellet [27], suggesting that

they are secreted by the cells. Thus, at least some of the amphi-

philic siderophores measured in the oceans are likely also

secreted siderophores. Third, hydrophilic, i.e. unambiguously

secreted, siderophores have frequently been isolated from

marine environments [26,51,52]. In reality, bacteria will likely

employ a combination of different secreted and non-secreted

iron uptake strategies to maximize iron acquisition.

Siderophores are also believed to be important drivers of

competitive interactions between unrelated genotypes. The

chemical diversity of siderophores allows siderophore-bound

iron to often be ‘reserved’ for the siderophore producer and

is only poorly accessible to other genotypes [53]. The biological

basis is that uptake of siderophore-bound iron requires a trans-

porter specific to the structure of the siderophore. In our model,

we only consider the case where the ‘cheating’ genotype is able

to access siderophore-bound iron (figure 4), as has previously

been observed for marine bacterial communities [54]. Never-

theless, access to iron can be restricted once it is chelated to a

siderophore and thus impede growth of competitors [55]. Suc-

cessful ‘reservation’ of environmental iron is not possible if

siderophores stayed attached to the cell, thus further contribut-

ing to the benefits of secretion. These effects with respect to

competition do not preclude the benefits with respect to diffu-

sion that we describe here, suggesting that siderophore

secretion might fulfil multiple roles.

Siderophore secretion is often cited as one of the central

examples for diffusible public goods in the study of the evol-

ution of cooperation [1,25,56,57]. Secreted molecules, such as

siderophores, are at risk of being ‘stolen’ by a cheater genotype

that avoids the cost of production, but reaps the benefits. The
current consensus is that cooperation by means of secreted

public goods is stabilized by spatially structured environments,

as this increases the probability of interactions between identi-

cal genotypes, and consequently decreases the probability of

interactions between producers and cheats [56–59]. Only few

of these studies, however, have considered the process of diffu-

sion of the public good to the full extent [57,60–63]. More

importantly, game-theoretical studies mostly model the diffu-

sive public good itself as a carrier of some benefit [57,63].

In our study, we consider a more realistic view of the mechan-

ism of siderophore-based iron uptake. A secreted siderophore

per se is useless to the cell, and any neighbouring cell, until it

encounters and chelates iron.

In addition to findings on the importance of siderophores

for mediating diffusion limitation, our model also reveals that

abiotic properties of the substrate, in this case the diffusivity

of iron, can play an important role in social interactions between

cells, and need be taken into account when considering coop-

erative dynamics. The same also applies to other secreted

metabolites that interact with large slow substrates, such as

chitinases secreted to degrade chitin, or other extracellular

degrading enzymes (cellulase, exoprotease).

We suggest that when analysing microbial competition and

cooperation in these release-based uptake strategies, it is

important to consider two different length scales: (1) the

length of competition, i.e. the distance between neighbouring

producers at which they compete for the shared resource, in

this case the iron-bound siderophores; and (2) the length of

synergism, i.e. the distance at which the neighbouring produ-

cers synergistically use the siderophores produced. Our

model shows that typically the length scale of competition is

much shorter than the length scale of synergism. This allows

neighbouring producer cells to jointly increase the global side-

rophore production without paying additional costs due to

competition. Thus, the benefits of siderophore secretion

increase with the number of cells, while the costs per cell stay

constant, if the cells are sufficiently spaced. This could set the

basis for successful cooperative interactions in the secretion

of many compounds.

Marine particles are a specific environment that might

favour secretion-based iron uptake in the ocean. Cells can

attach and grow in groups, establishing the infrastructure for

synergistic interactions. In addition, growth on a particle

containing organic matter might provide plentiful resources

that can be channelled into production of siderophores.

Copiotrophic microorganisms, especially, might experience

conditions that are highly favourable for siderophore secretion.

Indeed, an increased capacity for siderophore production has

previously been linked to copiotrophs [32,64].

Release-based nutrient uptake, such as the secretion of side-

rophores or enzymes, has stimulated intense research in

evolutionary and environmental microbiology, because of the

seemingly fragile efficacy: releasing a metabolite entails a risk

of loss and can be considered an immense task of ‘environmental

engineering’ as resources outside of the cell are transformed on a

large scale. Here, we have focused on the specific prominent

example of the secretion of siderophores in the ocean and

showed that secretion conveys an especially large benefit if the

nutrient of interest—in this case, iron—is hard to reach. How-

ever, because the benefits of secretion lie in modulating the

diffusive properties of the resource, rather than the specific

chemical interaction, we expect our results to apply to any

secreted foraging strategy where cells and resource are
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increasing the resource availability can outweigh these costs—

especially in groups—and help us understand why bacteria

frequently engage in release-based nutrient uptake.
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4. Methods
4.1. Direct uptake
4.1.1. Encounter rate
If we assume a spherical cell with radius rB, then the probability

that a spherical iron particle starting at a distance r from the cell

encounters the cell before time t is just the hitting probability of a

random walk [65,66]

pcol(r) ¼ R
r

erfc
r� Rffiffiffiffiffiffiffiffi

4Dt
p
� �

, (4:1)

with total radius R ¼ rB þ rFe and effective diffusion coefficient

D ¼ DB þDFe. The diffusion coefficient is D ¼ kBT/6phr, where

kB � 1.38 � 10223 J K21 is Boltzmann’s constant, T¼ 293 K is

ambient temperature, h¼ 1.003 mPa s is the viscosity of water at

ambient temperature, and r is the radius of the spherical particle

in metres. By summing the diffusion coefficients to an effective

diffusion coefficient, we fix the reference frame of the iron particle

to the bacterium and subsume the movement of the bacterium into

the movement of the iron particle. As a simplification, we assume

that the cell is stationary in space, and thus the effective diffusion

coefficient is D � DFe. Note that generally iron diffusion is faster

than diffusion of the cell, rB � rFe, so that in most cases

DB þDFe � DFe is an acceptable approximation.

The total number of particles that have collided with the

bacterium by time t is

N(t) ¼
ð1

r¼R
pcol(r) dn(r),

where dn(r) is the number of particles at a distance r. If the

concentration of iron is r and the iron particles are equally dis-

tributed in space, then dn(r) ¼ r � 4pr2 dr. Thus the total

number of particles becomes

N(t) ¼ 4prR
ðr

r¼R
erfc

r� Rffiffiffiffiffiffiffiffi
4Dt
p
� �

dr:

We assume that all iron particles contain k Fe atoms and that the

total concentration of iron is r0 ¼ k � rk, where rk is the concen-

tration of particles of size k. The number of particles of size k
that have collided with the bacterium at time t is

Nk(t) ¼ rk t � 4pRkDk 1þ 2Rkffiffiffiffiffiffiffiffiffiffiffi
pDkt
p

� �
,

with Rk ¼ (rB þ k1=3rFe) and Dk ¼ kBT=(6ph � k1=3rFe). The instan-

taneous encounter rate between a cell and iron particles is thus

wk(t) ¼ @tN(t) � 4prkRkDk: (4:2)

At best, a bacterium can immediately take up a whole k-particle,

such that maximum possible iron uptake is fk(t) ¼ kwk(t), which

for large t is fk � 4pr0 RB Dk.

4.1.2. Dissolution
Generally, a cell will not be able to absorb a complete k-particle,

but will first need to dissociate iron ions from the aggregate.

Kraemer [10] studied the ligand-controlled dissolution of iron

minerals and derived that the overall dissolution rate is

RL ¼ kL[L],

where kL is a pseudo-first-order rate constant and [L] is the con-

centration absorbed ligands that are bound to surface ions. Thus,
the dissolution rate of a whole particle depends on the exposed

surface area and will change over time. We assume that the

rate constant for cell-controlled dissolution of iron is similar in

order of magnitude, kL � 1026 s21.

For perfectly packed spherical particles of size k, a rough

approximation of the number of ions that are on the sphere sur-

face can be found as the ratio of the total sphere surface divided

by the cross section of a single ion:

nS(k) ¼ 4pr2
k

pr2
1

¼ 4k2=3:

In reality, nS(k) will depend on precise shape or crystal structure

of the iron mineral. The dissolution of iron particles by cells will

likely be slower than free ligand-controlled dissolution because

surface-bound ligands or reductases will only be able to react

with a subset, s, of the particle surface:

n	S(k) ¼ snS(k):

As the particle is continuously dissolved, the surface to volume

ratio increases, affecting the dissolution rate [67]. The expected

dissolution time of an idealized k-particle would be

T(diss)
k ¼

ðk

k0¼1

1

kLnS(k0)
¼ 3

4skL
(k1=3 � 1):

Thus, an upper bound for the rate at which a cell might dissolve

an aggregate for k� 1 is thus

ck ¼
1

T(diss)
k

� 4

3
skLk�1=3:

4.1.3. Uptake
We assume that a cell can maintain ‘hold’ of a reservoir of iron

aggregates it encounters as it is dissolving them (figure 2). The

amount of iron aggregates, Ik(t), that are currently being pro-

cessed by the cell then is determined by the number of

aggregates that arrived due to diffusion, wk(t), and the rate at

which the aggregates are dissolved by the cell, ck(t):

dIk

dt
¼ wk(t)� ck(t)Ik(t): (4:3)

Assuming that the dissolved iron is fully sequestered by the cell,

the total amount of iron that is taken up into the cell follows

dA
dt
¼ kckIk:

Using the approximation that wk is constant through time, Ik(t)
has a simple solution

Ik(t) ¼ wk

ck
(1� e�ck t),

and, hence, the actual flux of iron into the cell is

ak ¼
dA
dt
¼ fk(1� e�ck t): (4:4)

The exponential term implies that the cell may eventually reach

an iron uptake rate that is the same as the influx of new iron,

but depending on the dissolution rate of aggregates, ck, this

maximum is only reached slowly.

Note that the maximal uptake flux given by equation (4.4)

can only be achieved if the cell is able to concurrently process

the required amount, Ik(t), of iron particles, which requires phys-

ical attachment to the aggregate. Equation (4.3) implies that the

maximum number of iron particles that are processed by the

cell simultaneously is

I(max)
k ¼ wk

ck
¼ 3p

r0

k
RkD1

skL
:
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Owing to spacial constraints, the maximum number of aggre-

gates that can surround a cell of radius RB is roughly

nB(k) ¼ 4pR2
B

pr2
k
¼ 4

RB

r1

� �2

k�2=3:

Thus, under the assumption that cells can completely sur-

round themselves with iron aggregates, the necessary

background concentration of iron to saturate the cell’s dissol-

ution ability is

r	0 ¼
4RB

3pr2
1D1

skLk1=3,

where the iron uptake rate under dissolution saturation is

aB ¼ kcknB(k) ¼ 16

3

RB

r1

� �2

skL:

We say that the cell is iron-diffusion limited if the maximal

flux is smaller than the maximally possible transport rate,

i.e. lim t!1ak(t) ¼ fk , aT (figure 2b).

Finally, the total amount of iron that is actually taken up by

the cell starting with A(0) ¼ 0 is

A(t) ¼ fk tþ e�ck t � 1

ck

� �
, (4:5)

and the time, t, required to take up a set amount of iron, A0, is

then the solution to A(t) ¼ A0.
4.1.4. Radial concentration
The concentration of iron aggregates, Fk(r, t), can be equivalently

represented as a spherically symmetrical diffusion process:

@Fk

@t
þ 1

r2

@

@r
r2Dk

@Fk

@r

� �
¼ 0, (4:6)

with an absorbing boundary at r ¼ Rk, a reservoir at infinity,

lim r!1 Fk(r, t) ¼ rk ¼ r0/k, and initial concentration Fk(r, 0)¼

rk. The general equilibrium solution to equation (4.6) with @t

Fk(r, t) ¼ 0 is ~Fk(r) ; limt!1 Fk(r, t) ¼ rk � c=r. The constant c is

found by the boundary condition at r ¼ Rk. On the one hand we

require Fk(Rk, t)�0, and thus c
Rkrk. On the other hand, the

iron uptake is limited by the maximal transport or dissolution

rate. For a fully absorbing boundary, the flux across the cell

surface is

Jk ¼ Dk(@r~Fk)jr¼Rk
¼ Dkc

R2
k

,

and thus the maximal flux for cmax ¼ Rkrk is

Jmax
k ¼ Dkrk=Rk ¼ wk=(4pR2

k ), the same as the asymptotic limit of

equation (4.2) divided by absorbing surface area. Under

transport or dissolution limitation, cT ¼ aTR2
k=Dk and

cB ¼ aBR2
k=Dk, respectively.
4.2. Siderophore-mediated uptake
4.2.1. Reaction – diffusion equations
The iron uptake by a single secreting cell is modelled as a reac-

tion–diffusion process for free iron, F, unbound siderophores,

X, ligated surface ions, E, and bound siderophores, Y:

@F
@t
¼ Dkr2F� kXX(E0 � E), (4:7)

@X
@t
¼ DXr2X � kXX(E0 � E), (4:8)

@E
@t
¼ Dkr2Eþ kXX(E0 � E)� kLE (4:9)
and
@Y
@t
¼ DXr2Yþ kLE: (4:10)

Here, E0 is total amount of ions at the surface of the iron aggre-

gates, E0 ¼ nS(k) � F=k ¼ 4k�1=3F. When we only consider a

single cell, the system is spherically symmetric, such that

r2 ¼ r�2@r(r2@r) (see also [21]). When a free siderophore encoun-

ters an iron aggregate, it must first bind to an ion of iron at the

aggregate surface,

Fey þ X O
a

E!b Y ,

where Fey refers to an unligated surface ion. Kraemer [10] describes

this reaction as an adsorption reaction by ligand-exchange that

proceeds forward with a pseudo second-order rate constant, kX.

For high-affinity siderophores, kX is generally much higher than

the reverse reaction rate, such that we ignore the reverse reaction,

and use kX ¼ 106 M21s21. The pseudo-first-order rate constant,

kL, describes the dissolution of the siderophore–iron complex from

the crystal lattice, and is of the order of kL � 1022 h21 � 1026 s21.

Initially, iron is equally distributed in space at a concentration of

F(r, 0) ¼ r0 and there are no siderophores present, X(r, 0) ¼ 0.

We assume that the concentration of free and bound siderophores

tends to zero far away from the cell, lim r!1 X(r, t) ¼ Y(r, t) ¼ 0,

and the concentration of iron is constant far away from the cell,

lim r!1 F(r, t) ¼ r0. The uptake rate of iron–siderophore

complexes by the cell is then just equal to the flux of Y at r ¼ RB:

J ¼ DX(@rY(r, t))jr¼RB
,

with a maximal transport-limited rate of aT as in the direct

uptake case.

The system of reaction–diffusion equations cannot be solved

analytically, but can be integrated numerically. To gain some

analytical understanding of the equilibrium distributions, we

consider some limiting cases of the reaction–diffusion system.
4.2.2. No reaction
In the absence of any reaction of siderophores with iron, kX ¼ 0.

In this case, the equilibrium solution for the distribution of free

siderophores is

X	(r) ¼ PR2
B

DX

1

r
� 1

R1

� �
,

where P is the excretion rate of siderophores from the cell. Here,

R1 is the upper bound of the considered volume. For an open

system, R1!1,

X	(r) ¼ PR2
B

DXr
: (4:11)
4.2.3. Large aggregation, slow dissolution
When the level of aggregation is large, then the diffusion of free

iron is much slower than the diffusion of free siderophores.

Furthermore, the dissolution of the ligated surface ions is gener-

ally slow, such that the distribution of free siderophores, X(r),

equilibrates with the bound surface iron, E. Assuming that the

iron aggregates are stationary (Dk ¼ 0), we can calculate the

radial distribution of bound surface irons as the solution to

dE(r)

dt
¼ kXX	(r)(E0 � E(r))� kLE(r),

such that

E	(r) ¼ kXX	(r)

kXX	(r)þ kL
E0: (4:12)

From this we can derive a characteristic radius below which

E(r) � E0 when there is sufficient iron and above which E(r)
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declines towards zero. Solving E	(R	) ¼ E0=2,

R	 ¼ PR2
B

Dx

kX

kL
:

ocietypublishing.org/journal/rsif
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4.2.4. Large aggregation, immediate dissolution
When the level of aggregation is large, then the diffusion of free

iron is much slower than the diffusion of free siderophores. But

since the concentration of siderophores decreases with distance

from the cell as a consequence of the spherical dilution, there

exists a boundary at r ¼ R	, where the influx of free siderophores

completely reacts with the influx of free iron.

Let DX ¼ fXDt and DF ¼ fFDt be the amount of X and F that

enters a finite small volume during time Dt. Then the amount

that reacts will be DY ¼ kDFDX. We are interested in the case

where all iron DF reacts with all siderophores DX, kDXDF ¼ DF
and kDXDF ¼ DX, and hence, DF ¼ DX, or, jfX(R	)j ¼ jfF(R	)j.

Iron diffuses to r ¼ R	 from above, and siderophores diffuse

to r ¼ R	 from below. Thus for r , R	, the distribution of free

siderophores follows equation (4.11) with R1 ¼ R	. Equivalently,

the distribution of iron for r . R	 follows that of freely diffusing

iron, F(r) ¼ r0(1� R	=r). The fluxes are then

fX(r) ¼ PR2
B

r2

and

fF(r) ¼ �DFr0R
r2

:

These are equal at

R	 ¼ PR2
B

DFr0

: (4:13)

This defines a boundary at a distance r ¼ R	 from the cell. Below

this radius, there are enough siderophores to bind all free iron

and thus there is no free iron. Above this radius, all the sidero-

phores have been bound. Hence at equilibrium, siderophore–

iron complexes are only produced at this radius.

The distribution of siderophore–iron complexes above r ¼ R	

then is

Yþ(r) ¼ PR2
B

DXr
:

Below r ¼ R	, Y�(r) ¼ Y	((1� RB=r)=(1� RB=R	)), where

Y	 ¼ Yþ(R	) ¼ r0DF=DX ,

Y�(r) ¼ r0

DF

DX

PRB

PRB �DFr0

(1� RB=r):

Finally, this results in a flux at the cell of

JY ¼
r0DF

RB �DFr0=P
: (4:14)

This converges to the maximal direct uptake flux, J ¼ r0 DF/RB,

for secretion rates P� DFr0.

4.2.5. Fast diffusion, immediate dissolution
If the diffusion speed of free iron is fast compared to the reaction

speed of siderophores, then the background concentration of free

iron can be assumed constant. The reaction–diffusion equations

then become

@X
@t
¼ 1

r2

@

@r
r2DX

@X
@r

� �
� k0X

and
@Y
@t
¼ 1

r2

@

@r
r2DX

@Y
@r

� �
þ k0X,

with k0 ¼ kr0. The equilibrium solutions to these equa-

tions for boundary conditions limr!1X(r) ¼ limr!1 ¼ 0,
fX(RB) ¼ 2DX@r X(r ¼ RB) ¼ P and Y(RB) ¼ 0 are (see [21])

X(r) ¼ PR2
B

DXr
e�(r�RB)=L

1þ RB=L
¼ X	(r)

e�(r�RB)=L

1þ RB=L

and Y(r) ¼ PR2
B

DXr
1� e�(r�RB)=L

1þ RB=L
¼ X	(r)

1� e�(r�RB)=L

1þ RB=L
:

Here, L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DX=k0

p
is the characteristic diffusion–reaction

length of siderophores with the background iron. The deriva-

tive of Y is

@Y
@r
¼ PR2

B

DX(1þ RB=L)r
� 1

r
(1� e�(r�RB)=L)þ e�(r�RB)=L

L

� �
:

Hence, as derived in [21], the maximum iron uptake rate is

fY(RB) ¼ PRB

Lþ RB
, (4:15)

and the peak in the distribution is at a distance r, where

yeRB=L�y ¼ 1, y ¼ r=Lþ 1: (4:16)

4.3. Numerical integration of the partial differential
equations

With exception of the single cell direct uptake case, no analytical

solutions to the reaction–diffusion equations are available.

We therefore numerically integrated the equations using a

finite-elements approach implemented in the FEniCS project v.

2018.1.0.6 [68]. The FEniCS software suite uses the variational

formulation of the PDEs on meshes.

4.3.1. Single cell
For the single cell case, we exploited the spherical symmetry

and used a linear expanding mesh between RB ¼ 1 mm and

R1 ¼ 10 m, and m ¼ 400 mesh intervals:

ri ¼ RB þ (R1 � RB)
iDr� RB

R1 � RB

� �4

, i [ [0, m],

where Dr ¼ (R1 2 RB)/m. We solved the PDEs over discrete

increasing time steps, with Dt0 ¼ 1024 s and Dtjþ1 ¼ 1.2Dtj,

with a maximum time step of 1000 s (see also electronic

supplementary material).

4.3.2. Two cells
In the two cell case, the system only has cylindrical symmetry

along the axis that connects the two cells:

@F
@t
¼ 1

r
@

@r
rDF

@F
@r

� �
þDF

@2F
@z2
� kFX,

@X
@t
¼ 1

r
@

@r
rDX

@X
@r

� �
þDX

@2X
@z2
� kFX

and
@Y
@t
¼ 1

r
@

@r
rDX

@Y
@r

� �
þDX

@2Y
@z2
þ kFX:

We generated two-dimensional (z, r)-meshes using the following

procedure: we first created a circular domain of radius r1 ¼

100 mm. We then removed two circular ‘cells’, with radius RB

and varying distance d from each other, from the domain. The

domain was then converted to a mesh using FEniCS with a

mesh size of 10, and subsequently refining all mesh elements

within the circle r ¼ r1/2. The mesh was finally expanded to a

full radius of r1 ¼ 0.1 m, by adding concentric circles of m2 ¼

24 mesh points at increasing radii rjþ1 ¼ rj(1 þ 2p/m2). Finally,

we integrated the two-dimensional reaction–diffusion equations
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using an increasing time step, Dt0 ¼ 1022 s and Dtjþ1 ¼ 1.2Dtj,

with a maximum time step of 1000 s.

Data accessibility. All simulation code is available at https://bitbucket.
org/gaberoo/IronDolfin.
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