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Abstract

Ziff and Stell (Kinetics of polymer gelation, J. Chem. Phys., 73 (1980), 3492-3499.) pioneered the
study of kinetic models of polymer growth and gelation which involve differential equations that
describe the temporal evolution of oligomer concentrations and in which gelation is manifest as a
finite-time singularity. Here we present a systematic framework for studying post-gelation
behavior of these and related models that allows inclusion of the effects of diffusion and other
transport mechanisms as well as those of sources and sinks, and which enables determination of,
among other things, the final structure of the gel under a variety of conditions.
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1 Introduction

In a seminal paper on polymer gelation, Ziff and Stell [19] introduced and analyzed a set of
kinetic models of polymer growth and gelation. The polymers were assumed to be made up
of identical monomers each with a prescribed number fof reactive sites. Polymer chains
comprised of A monomer units, denoted by Cy and referred to as ‘k~mers’, could form by the
combination of two smaller chains whose combined number of monomer units equaled 4.
Ordinary differential equations were prescribed for the dynamics of the concentration ¢, of
k-mers. As is explained below, they defined the onset of gelation to occur when the second
moment of the {¢4} distribution became infinite, and this event was interpreted as the
formation of an oligomer of infinite size. Using a generating-function approach they
computed the gel time at which this occurred. They also considered three models for
continued reactions after the time a gel forms, which differed in the types of reactions in
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which the gel was allowed to participate. In another paper [18], Ziff and co-workers
considered further two of these models, and in particular, presented asymptotic analyses and
scaling laws for various quantities near the gel time and in the long-time limit. Still, their
discussion of the post-gelation behavior of the different models was limited in that they did
not present a unified framework for studying the model variants.

In the current paper, we present a systematic framework for studying post-gelation behavior
of the Ziff-Stell models that allows us to also include the effects of diffusion and other
transport mechanisms as well as those of sources and sinks. By comparison with stochastic
simulations of the same processes, we identify one of the post-gelation variants as being
most physically relevant. The framework we present is extendable to other, more complex,
polymerization and gelation systems. In a separate paper [5], we apply it to study the post-
gelation behavior in a model of fibrin polymerization, branching, and gelation during blood
clotting [4].

Ziff and Stell were among the first to analyze formation of a gel in mean-field kinetic
models of polymerization (see also [11]). There is now an extensive literature on kinetic
models of polymerization, reviewed in [6, 12, 17]. Probabilistic approaches to gelation are
reviewed in [1] and relations between gelation and percolation are reviewed in [15]. For
other discussions of post-gelation behavior, see [3, 16], and other discussions of the effect of
diffusion on gel formation can be found in [2, 9, 10, 13, 14]. We used an extension of the
Ziff-Stell models to study fibrin formation under flow [8].

2 The ziff-Stell Models

The reactions that Ziff and Stell considered are
ki
C+C,=Cy i ()
provided 7# j, and

%ki,i
Ci+ G250y (2)

Here, k;j ;= kyrirj, where Ky is the reaction rate between a pair of reaction sites, and 7;= (£
- 2)J+ 2 is the number of reactive sites on a /-mer. The second reaction differs from mass

action kinetics in that the rate of reaction is %ki » rather than &; ;. Making the assumption that

no loops or cycles are allowed in the oligomers, Ziff and Stell proposed the dynamic
equations for their model of polymerization
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k T kgrkaR, (3)
i¥7=

where Ris the total concentration of reactive sites. The first term on the right-hand-side
describes the production of A-mers from two smaller oligomers and the second term
describes the consumption of A&-mers to form larger oligomers. To close this system, we give
an equation for the evolution of /.

To motivate this equation, note that another quantity of interest is the concentration of
reactive sites on (finite-sized) oligomers

If R(D) = R(D), it follows from Eq. (3) that R satisfies Eq. (4). In anticipation of there being
reactive sites that are not on finite-sized oligomers, in which case AR(#) # R{{), we define
RD = R(9 - R{9, the concentration of reactive sites in a gel.

. o , o o
Several moments of the oligomer distribution of interest are M= ¥°_ ¢,, M, = X.°_ | key,

and M, = ¥ 7°_ 1kzck. My is the total concentration of molecules and M is the total mass

(measured in monomer units) of polymer per unit volume. An interpretation of M, is
obtained by noting that

M,(1) X, ke, &

where py = (kc)/(M) is the probability that a randomly chosen monomer is in one of the A
mers. Thus, M,/M; is the average oligomer size (aka cluster size) with respect to the
probability distribution py. Let Y (9 = (F— 2)Mo(d+ 2M, (9. Then, as shown in the
Appendix, as long as R(f) = R4, the following equations hold:

M,
dt

amM
a1 _ av _ . 2 dR _ 2
=0 - =(f- 2k Y, = —kR° (7)

_ _ 1, p2
- 2kgR’ dt
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and it follows that, provided 7> 2, Y'(§)—©o and, consequently, My(§)—00 as t— lygy
where

1

Teel = (7 = 2k Y (0)’ ®)

is called the “gel-time’. Sometimes the blow-up of Ms(2) is interpreted as indicating the
appearance of an infinite-size cluster. Below, we characterize fyyin a different way and give
other interpretations of it. Egs. (7) break down at time Ze;and cannot be used to determine
dynamics after this time. For the rest of the paper, we assume that concentrations are scaled

by a characteristic concentration Cand that time is scaled by % so that henceforth ¢, and ¢
g

are nondimensional concentrations and time, respectively. Then, Egs. (3) — (8) hold with &,
set to 1.

Ziff and Stell introduced an alternative way to study the infinite set of ordinary differential
equations (3) using a generating function g(¢ 2) defined by

0

gt z) = 2 ckzrk. 9)

k=1

Using Eq. (3), it is straightforward to show that g(¢, 2) satisfies the non-linear partial
differential equation

g = %gﬁ —Rzg,. (10)
Now make the change of variables
W(t,2) = zR(t) — g (1, 2). (11)
From Egs. (4) and (10) it follows that WAz, ) satisfies the inviscid Burger’s equation
W,+WW_=0. (12)

Eq. (12) and Eq. (4) form a closed system from which we can determine WAt 2) and R(9)
and therefore g(¢, 2). The moments of the oligomer distribution and other quantities of
interest can be calculated directly from g(¢, 2) and its z-derivatives evaluated at z=1. The
concentrations ¢, (9 can be obtained from gand its ~derivatives evaluated at z= 0. The one
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use we make of this second fact is to evaluate the monomer concentration ¢;. From Eq. (9),
we find that

r.—3
_ _ J
g ; rj(rj 1)(rj 2)z c.

22~ j

and for the case =3, we have r, =3 and g,,]~¢ = 6¢;. It follows that the concentration of
monomer is

¢ = —lW

W, |Z=0. (13)

The concentration of reactive sites in finite-sized oligomers is

R =Y re=gGnl._y. (14)
k

We define R, (9 by

R g(t) =R(®) - R (15)

to be the concentration of reactive sites not contained in finite-size oligomers, that is, the
concentration of reactive sites contained in the gel. We see that

R =W(.1), (16)

so that, in terms of Wand R, Ry(§) = W¢, 1), and R{?) = R(f) — WMt 1). As described below,
an alternative characterization of Z,is the time at which a jump-discontinuity in WAz, 2)
develops at z= 1, and this is also the earliest time at which R, is nonzero.

We introduce the quantity 842 defined by

0,1) = Y ke, (17)
k

which is the total mass density (number of monomeric units per unit volume) contained in
finite-sized oligomers. We denote by &(2) the total mass density and by 6,(f) = &9 — 641
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the total mass density contained in the gel. For brevity, we refer to these quantities as the sol
mass, the total mass, and the gel mass, respectively. Note that

1
0,(1) = ﬁ(z /0 Wt,2)dZ - WD), (18)

which follows from gz 1) = (~2) 04 H+2g(¢, 1) and Wt 2) = zR(}) — gt 2). Fora
situation in which there is no source or sink of oligomers, the total mass &) = &0), and
(0 = &0) — 4. If there are sources or sinks of monomers (or other oligomers), an
appropriate equation for the dynamics of &(#) must be introduced (see below).

Now we focus on the particular situation in which only monomer exists at time #= 0, so
¢1(0) = mp and ¢,(0) = 0 for k> 1. It follows from their definitions that R(0) = R{0) = myn,
= mpfand Wh(2) = WO, 2) = myz- z1). Using the method of characteristics, the solution
Wt 2) to Eq. (12) is given implicitly by the formula

W(t, Z) = WO(Z - W(t’ Z)t)e (19)

from which we calculate that

Wz — Wi)

Wt =17 Wz — Wit

(20)

Since Wi(zo) <0 for zpsuch that 1 < (f - l)z{)r -2, WLt 2) blows up at a finite time

t = min ,_1 = _1_ = 1 . (21)
8 0<zy<l Wo(zg) Wy(17) mof(f —2)

which is the same blow-up time as specified by Eq. (8).

While the solution of the moment equations (7) cannot be continued past the time £= £, that
of the system comprised of Egs. (4) and (12) can be. The left panel of Fig. 1 shows the

solution WA 2) of Eq. (12) obtained by the method of characteristics with m, = % and = 3.

For these parameter values, ty = % We are interested in this solution for 0 < z< 1. The

solution at z=1 is multivalued for #> £, but the branch of the curve W{{, 2) starting at z= 0
and intersecting the line z= 1 above the z-axis is smooth. For the remainder of the paper we
use Mt 1) to refer to lim .- WAZ 2), the limiting value of W from the left along this
branch. The right panel of Fig. 1 shows the reactive site concentrations and mass densities
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for the sol and gel as functions of ¢for the same parameters. We see sudden transitions in /s
and &sat £= ¢, that almost all of the monomers are in the gel (not in finite-sized oligomers)
by ¢=2, and that the gel reactive site concentration first increases and then decreases tending
eventually to 0.

3 A Unified Framework

As we have seen, Egs. (4) and (12) allow study of pre- and post-gelation behavior. Ziff and
Stell presented two other variants of the kinetic gelation model. In this section we describe
these models and, for each, present a pair of equations analogous to Egs. (4) and (12) that
allow study of their pre- and post-gelation behavior. To our knowledge, using these pairs of
equations in this way has not been described in the literature.

The three kinetic gelation models that Ziff and Stell presented differ in what happens after
gel time. For the model presented above, all reactive sites take part in reactions. For reasons
given in their paper, Ziff and Stell refer to this as the Flory model. For the two variants,
reactive sites in the gel (concentration /) either do not react at all or react with reactive
sites in the sol but not with other reactive sites in the gel. The first of these they refer to as
the Stockmayer model, and we regard it as uninteresting on physical grounds, because we
see no reason that all gel reactive sites should be ignored. In contrast, for reasons we make
clear below, we consider the model in which gel reacts only with the sol (referred to by Ziff
and Stell only as the ‘third’ model) as the most interesting and physically relevant. We refer
to the post-gel model in which gel reacts with both gel and sol as the GrGS model (this is the
Flory model in Ziff and Stell’s terminology) and that in which gel reacts only with sol as the
GrS model.

To derive a pair of equations, similar to Egs. (12) and (4) above for the GrS model variant,
note that the rate of disappearance of reactive sites in Eq. (4) can be written

2 _ 2 _ 2 2
_R° = _(Rs+Rg) = _(Rs +2Rng+Rg)’

with the individual terms in this sum corresponding, respectively, to reactions between sol
oligomers, between a sol oligomer and the gel, or between different parts of the gel. For the

GrS model, we drop the R§ term in the evolution equation for A(#), while the g equation

remains the same. Thus Eq. (4) is replaced by

R, = —(R2—R§). (22)

For the GrS model, we make the same change of variables W= zR - g,as above, and find
that WAz, § satisfies the equation
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_ 2
W, +WW_ = —zR,. (23)

Recalling that R(?) = Mt 1), we see that the pair of equations, Egs. (22) and (23) form a
closed system for the GrS model. The system has the feature that its equations are nonlocal;
the value of Wat z= 1 enters into both of the differential equations in each system.
Although we do not study it further, the Stockmayer model can be written as ;= —(R -
W1, H)2 and W+ WW,= zW1, H(2R- W1, B) and, like the GrS model, it is nonlocal.

For convenience, we combine the equations for the GrGS and GrS models into one set of
equations

_ 2
W, +WW,_ = —;(zRg. (24)

R= (R =R (25)

Here, y = 0 for the GrGS model in which gel reactive sites interact with both gel and sol
reactive sites, and y = 1 for the GrS model in which gel reactive sites interact only with
those in the sol. Fig. 2 shows numerical solutions with y = 1 for A%, 2), the reactive site
concentrations in the sol and gel, and the mass of polymeric material in the sol and gel.
These solutions were computed using the second-order upwind method described in the
Appendix. Several features of the solution are different from those when y = 0. Firstly, W
can achieve values higher than its maximum initial value. Secondly, the gel reactive site
concentration does not vanish as #—~>co.

Of the three post-gelation time models considered by Ziff and Stell, the one we view as most
reasonable is the GrS model, in which reactive sites in the gel react only with reactive sites
in the sol. Only this model produces results that agree with those from stochastic simulations
that start with a large, but finite, number of monomers. In the stochastic simulation of the
Ziff-Stell model, the probability that a /~mer reacts with a A-mer (k# /) during an
infinitesimal time interval dtis rn;rnidl, where ryis defined above, and 7;is the number of
J-mer molecules. Similarly, the probability that a /~mer reacts with another ~mer is

%rjnjrj(nj — 1)dt. We implemented the simulation using the Gillespie algorithm [7]. In the

stochastic simulations, the second moment of the oligomer distribution cannot ‘blow-up’
because there are only a finite number of monomers in total; but, as shown in Fig. 3, the
second moment does undergo a sharp transition at a time that agrees well with the gel time
predicted by the deterministic continuum equations (3)—(4). At the same time, the size of the
largest existing oligomer begins to grow very rapidly. Both before and after that time, the
monomer concentration and reactive-site concentration from the stochastic simulations agree
well with those from the GrS model, as shown in Fig. 4. In the GrS model, the gel, like all
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finite-size oligomers, cannot react with itself, i.e., no cycles are allowed to form. This model
behaves very similarly to the discrete stochastic model with the gel reactive sites in the GrS
model corresponding to those on the large oligomers in the stochastic model. In the
stochastic model and the GrS model the reactive site concentration asymptotes to a nonzero
level. In contrast, the reactive site concentration in the GrGS model decays with time as sites
on the gel are lost because of gel-gel reactions, see Fig. 1.

4 Diffusion and Sources

The models discussed above are based on the assumption that the oligomer concentrations
are spatially uniform and that an initial supply of monomer is the only material from which
the oligomers are built. In many situations, these assumptions are too restrictive. For
example, monomers may be produced in part of a domain and they and the oligomers built
from them may move by diffusion (e.g., see [8]). It is straightforward to add these extensions
to the original systems of differential equations for the oligomer and reactive site
concentrations. Suppose A-mers diffuse with diffusion coefficient D, and that monomers are
supplied at a rate (per unit volume) S;(X, ), where x denotes a spatial position. Then, the
appropriate generalization of the Ziff-Stell equations is

1
(cp), = Dby +5 Z krirjcicj —rR+S,5, 1. (26)
1+ =

where &1 is the Kronecker delta function and A is the Laplacian operator with respect to the
spatial variable x. Because physical time has been scaled by % where & is the
8

polymerization second-order rate constant, to give the non-dimensional time variable fused
here, Dy has dimensions of squared length and S; is dimensionless. The physical diffusion
coefficient and monomer supply rate are Dykyand S k,C, respectively.

We assume that gel does not diffuse. The analysis for the spatially-homogeneous system
extends to this system if Dy, = Dfor all k<. We define the generating function by

(e

8(x,1,2) = Z (X, nzk, (27)

k=1

and it follows easily that g satisfies the equation
=1g? S, (28
8 =78, —7Rg, +DAg+ 5,27, (28)

where we have used that r; = £ We assume that the reactive site concentration R(X, 7 obeys
the equation
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R = —(R* - yR)+ DAR + fS,. (29)

Here, the diffusion term is DAR, rather than DAR, because we have assumed that only
finite-sized oligomers, and not gel, diffuse. We make a similar change of variables as in the
spatially-homogeneous case by introducing a function WAX, ¢ 2) defined by the relation

W(x,1,2) = ZR(x, 1) — g (x,1,2) . (30)

Then, since the concentration of reactive sites in finite-sized oligomers is R{(X, &) = gAX, ¢,
1), we have that the concentration of reactive sites in the gel Ry(x, ) = R(X, ) = R{(x, § is
given by

Rg(x, 1) =Wkx,t1), (31)
as before. Making the change of variables in Egs. (28)—(29), we obtain the system

W,+WW,_=DAW —zR) - 2R+ S, f(z—=2/ =1, (32)
2 2
R,= DAR~R) — (R~ 7R +S,f .

It may be a more reasonable assumption about oligomer diffusion that the diffusion
coefficient Dy should decrease with 4. In general, the assumption that all of the Dy are
different makes the generating function approach intractable. It is plausible that the diffusion
coefficient decreases most rapidly as & increases for small values of &, since this corresponds
to large relative changes in the oligomer size, and decreases much more slowly with A for
large k& This can be approximated by assuming distinct diffusion coefficients for a small
number of small oligomers, e.g., monomers and dimers, and a uniform smaller diffusion
coefficient for all larger oligomers. With this approximation, the generating function
approach is still useful. Suppose monomers have diffusion coefficient Dy, dimers have
diffusion coefficient D, and larger oligomers have diffusion coefficient D. Then, for k= 3,
Eq. (26) describes the dynamics of c,(X, 9, while for k=1 and k= 2, we have the equations

(c])t =D,Ac; —r,c,R+S,=DAc; —r,c;R+S,+ (D, - D)Ac;, (33)

and
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(Cz)z = D,Ac, + %r%c% —ryc,R = DAc, + %r?c% —1y¢yR + (D5 — D)Ac,. (34)

Using these equations and Eq. (26), we find that the generating function g(x, ¢, 2) satisifies
that equation

g, = 18- — 2Rg. + DA + 8,2/ + (D, = D)2/ Ac; + (D, — D) ~*Ac,,  (35)
and that the reactive site concentration equation is

R = —(R* - ;(Rg) +DAR,+S,f + f(D, — D)Ac, + (2f = 2)(D, — D)Ac,. (36)

Making the usual change of variables, WX, ¢ 2) = ZR(X, D — g(X, ¢, 2), we find that W/
satisfies the equation

W,+WW_=DAW —zR) — y2Ro + S, f(z =2/ =) + f(D, = D)z =/ ~HAc, + 2f - 2)
(D, — D)z~ 2 T)Ac,.

37)

The system of equations (33), (34), (36), and (37) forms a closed system for the unknowns
a, &, W, and R. Clearly, this approach generalizes to allow distinct diffusion coefficients
for any finite set of oligomers.

To compute the total mass of the finite-sized oligomers 6, we use Eq. (18) as before. The
evolution of the total mass &(x, # function must account for the diffusion of finite-sized
oligomers

0,= DAO, + (D, — D)Ac, +2(D, — D)Ac,. (38)

As usual, G4(x, § = &x, ) = 64X, 9 gives the mass of the gel.

For the remainder of this paper, we consider the case of one spatial dimension and replace

2
the operator DA above by D‘)—z. For polymerization reactions and diffusion on a finite
ox

interval a< x < b, boundary conditions are required at x= gand x = 6. We are most
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1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Fogelson and Keener Page 12

interested in situations in which either all of the monomer is made available in the interior of
the domain, or monomer enters the domain across the boundary at x = a. The boundary
conditions on the oligomer concentrations are thus

acy,

_Dkﬁ =80, atx=aand (39)
ocy,

- Dkﬁ = O atx=>b.

Suppose monomers have diffusion coefficient £y and all other oligomers have diffusion
coefficient D. Then, from the definitions of g(x, ¢, 2) and R{x, ), and the relation Mx, ¢, 2)
= ZR(x, §) — gAx, t 2), it follows that

dg _ D

X
X=a

OR D
-D—2| =f=S, (41
x|, fD1 - (41)

and

ow

—D5 |

- Dﬂlfsx(z —JY. @2

X=a

dR
At x= b, —Da—; =0and _D%v =0.If Dy >0and D=0, no boundary conditions are needed

for Rsand Wat x= aor x=b.

Fig. 5 shows solutions for a spatially-uniform source S;(9 = S;A exp(-A9 with S, =1 and
A =10 for the GrS model (y = 1) generated in two distinct ways. One method of solving the
system is to use the Method of Characteristics, in which the equations are recast into
characteristic form

dz.
J _
a5 Wj(f) (43)

de 2 f-1
—l=- X2 (DR (07 + f(z,(ty =z, ()80

forj=1,...,N, and
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dR 2
do

@ = TS0

de _ — fcR+ S,(¢)
dr 1

and then these equations are solved in time for a set of discrete initial values z{0) of z In
each timestep, a spline is fit to the values of Az(?), § at locations z{# < 1 and evaluated at
z=1togive Ry(§) = M1, 9. The second method uses the one-sided Beam-Warming
discretization described in Appendix B. The two methods produce results (Fig. 5) that are
almost indistinguishable. The only apparent difference is a slight smoothing of the transition
from no gel to gel with the Beam-Warming scheme compared to that with the Method of
Characteristics.

For problems with spatial, that is x-dependent, variations in the oligomer concentrations and
transport by diffusion, we use a finite difference discretization of the equations in both zand
x. The Method of Characteristics has the problem that characteristics starting at a particular
value of zbut for different x values generally move at different speeds in the zdirection,
making it difficult to approximate the x-diffusion operator. For the finite-difference
discretization we combine the Beam-Warming discretization in zdescribed in Appendix B

2
with a standard second-order central difference approximation to the D% operator. Flux
ox

boundary conditions, e.g., Eq. (42), are discretized using a ghost cell at each x-boundary and
a central difference approximation to Da% at the grid points on the boundary. In the x-

direction we use a uniform mesh spacing #/,, while in the zdirection, we use a variable mesh
spacing /1, with smaller values of /1, near z= 1.

4.1 Initial monomer supply

Results from a simulation of Egs. (33), (36), and (37) with boundary conditions Eqgs. (40)-
(42), with D= D=0.01 for all ; are shown in Fig. 6. The equations are solved on the x-
interval [a, 6] = [-L,L] for L = 0.5 with no-flux boundary conditions on all quantities at x=
+/, and with an initial distribution of monomers

(1+ cos (nxle)), for |x]| <e

¢ (x,0) =, (45)

0, otherwise,

with e=0.1and S;= 1. In Fig. 6a, we see the start of gel formation centered at x= 0, and
that the monomer and oligomer mass have spread from their initial support in [-0.1, 0.1] and
dropped from their peak value of 1 at x= 0 at £=0. While, ¢1(x, 0) = 84x, 0), the monomer
concentration at ¢> 0 is lower than the oligomer mass because many of the original
monomers have been incorporated into larger oligomers. At this time, the net diffusive
motion of oligomers is everywhere away from the domain center. By time ¢= 0.6, see Fig.
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6b, the gel mass 6, has increased substantially in the center of the domain and remains zero
outside of a finite interval [-x,(9), x/#]. The oligomer (or sol) mass &5is now lower in the
center than further toward the domain boundaries because of the incorporation of more mass
into the gel. Thus, in portions of the domain, diffusion carries oligomers back toward the
center of the domain from which the monomers comprising them originally came. As time
progresses, the gel width grows, but more slowly than the oligomers diffuse outward, and the
maximum gel mass density grows. At all times, the gel mass is confined to a proper

subinterval of the domain. The total mass of sol and gel / f 10,0+ 0 g(x, 1)) dx is constant

throughout the simulation.

The progression of the gel front with time is shown in the left panel of Fig. 7. Here, the
(approximate) edge of the gel at each time Zis defined to be the point xwhere Ry(x, 9 =
0.01. The figure shows the gel front for four simulations, all starting with the initial
monomer distribution defined in Eq. (45). The simulations differ only in the value of the
diffusion coefficient D=0, 0.005, 0.01, or 0.02. For all of these values of D, the gel first
forms at x = 0 because the initial monomer concentration is highest at that location. Gelation
occurs at x = 0 earlier for smaller values of D. For the simulation with D= 0, the spread of
the gel is determined solely by how long it takes for the characteristics along each line x
=constant to intersect at z= 1. Since it takes longer for this to happen for x with lower, but
positive, values of ¢i(x; 0), the gel front progressively moves outward toward the edge of the
initial monomer distribution at x = 0.1. For positive values of D, the gel grows to fill the
entire domain. This occurs for D= 0.02 by ¢= 4, and occurs for D=0.01 and D= 0.005 at
later times (not shown). With D> 0, the onset of gelation at x= 0 is delayed compared to
that with D=0, more so for larger values of D, because the spread of oligomers in the x-
direction reduces the rate at which very large oligomers and then gel form at x= 0. In
contrast, the rate of gelation at locations remote from the initial support of the monomer
concentration is greater with larger values of D. For each D, the propagation speed of the gel
front decreases with £ until the gel front approaches the boundary where the no-flux
boundary condition for the oligomer concentrations leads to faster accumulation of large
oligomers and an increase in the front speed. The black line in the figure shows the gel time
for the situation in which the same total amount of monomer is distributed uniformly in the
domain at £=0.

The middle panel shows how the total gel mass /fLag(x, t)dx varies with ¢ This quantity

begins rising earlier and early on grows more rapidly the smaller the diffusion coefficient.
For each value of Dthe curve levels off, with the growth rate becoming larger for the smaller
diffusivity cases at later times. The total gel mass goes to 0.1 in all of these simulations as
t—o0, For all finite values of D, the diffusion time is slow compared to the instantaneous
injection of monomer at £= 0, and the dynamics are determined by the value of D.

The right panel of Fig. 7 shows the final configuration of the gel for the same simulations.
For any D> 0, the gel eventually occupies the entire domain, but the final distribution of gel
mass is broader with larger values of the diffusion coefficient. The extreme case is that in
which the monomers are initially uniformly distributed (corresponding to D —©0) in which
case the final gel is, of course, also uniform in x.
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Fig. 8 shows the monomer distribution and sol mass distribution at several times for a
simulation with D= D; = 0.02. It reinforces the observation made above that the direction of
oligomer movement changes during the course of gel development. At #= 0.5, the diffusive
flux of monomer is everywhere outward from the domain center toward larger values of |x.
At t= 1.0, the direction of monomer flux has reversed near x= 0, but is unchanged for larger
values of |¥. By 7= 2.5, the diffusive flux of monomer is everywhere toward the center.
Thus, the incorporation of oligomers into the gel in the center of the domain leads to ‘back
diffusion’ of oligomers toward the center and further growth of the gel there.

4.2 Monomer source

If a fixed amount of monomer is introduced gradually through a source rather than all being
present at £= 0, the spatial distribution of the source along with the relative rates at which
the monomer is introduced and at which oligomers diffuse influence the propagation of the
gel front, the rate of gel production, and the final distribution of the gel. We consider a
source term of the form

21+ cos (nx/e)), for|x| <e

S (1) =S, 2 exp (= ) (46)

0, otherwise,

for £=0.1 in the spatial domain —L < x< L with L = 0.5. For a situation in which Dy= D

2
for all &, the (nondimensional) diffusion time scale is 7, = 2L—D, and the (nondimensional)
source time scale is r¢ = % Figs. (9) and (10) show results from simulations in which A was

held fixed and D varied, or Dwas held fixed and A varied.

Fig. 9 shows results for simulations with source term Eq. (46) with A =1 and S,;,= 2 for
several values of the diffusion coefficients O = Dj ranging from 0 to 0.02. The left panel
shows that the smaller the diffusion coefficient, the earlier gel forms near x = 0 and the later
it forms for x near the domain boundary. The right panel shows that the final gel mass
distribution is more peaked (right panel) for smaller values of D. The middle panel shows
the growth in time of the total gel mass, i.e., the integral of 8,(x; 7 with respect to x. We see
that the maximal gel mass growth rate (i.e., the maximum slope of each curve) varies non-
monotonically as D increases, first decreasing and then rising (middle panel). The maximal
growth rate occurs for the largest diffusion coefficient (D= 0.08). For this diffusion
coefficient (magenta curves), the gel forms at close to the same time for all x; similar to what
happens with a spatially-uniform source, and the widespread gelation results in the faster
total mass growth rate. In this case, the final gel mass profile is close to uniform as well
(dashed black curves).

Only for the D= 0.08 case is the diffusion time (x 1.5) scale approximately the same as that
for the source, and in this case, the behavior is almost the same as if the monomer were
supplied uniformly in space. For smaller values of D, diffusion is slower than the source, the
gel front speeds vary in time, and the final mass distribution is significantly higher near x=0

SIAM J Appl Math. Author manuscript; available in PMC 2019 February 15.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Fogelson and Keener

Page 16

then for large values of |x]. Comparing results in the current figure with those in Fig. 7, we
see that for each diffusion coefficient the gel forms much earlier at x= 0 when all of the
monomer is supplied at the start of the simulation. As a consequence, there is less oligomer
to diffuse to higher values of |x, and so the gel front propagates to large |x} much more
slowly in that case for each value of D, for example compare the green curves for D= D; =
0.02 in the left panels of the two figures. For the same reason, the final gel mass is greater
near x = 0 when all monomer is supplied initially.

%, and for both the

case of a source term as in Eq. (46) with D= Dy =0.02, S;; = 2 and that of a spatially
uniform source with S,,; = 2. All of these simulations introduce the same total amount of
monomer. Two types of comparison are of interest. For one, we fix the spatial variation of
the source term and look at behaviors for different values of A. For the other, we fix a value
of A and look at the differences between the case of a spatially-varying source and a
spatially uniform one. The solid curves in the left panel show that gelation occurs earlier for
each x for higher supply rates (larger ). We see also that the gel front speed is non-
monotone for each supply rate with more variation in the speed when the supply rate is
sufficiently high that the source time scale is significantly shorter than the diffusive time
scale. From the dashed lines in the left panel, we see that gelation at x = 0 occurs later for
the spatially-uniform source than for the spatially-varying source concentrated near x = 0.
The relative time of gelation for the two types of sources may switch for large values of x
(blue and red curves), or not (green and black curves), depending on the relative rates of
monomer supply and diffusion. The right panel of the figure shows that the faster the supply
of monomer near x = 0, the more peaked is the final gel mass distribution. Again, for a fixed
diffusion coefficient, the faster supply leads to greater buildup of oligomers and to earlier
gelation, which “‘freezes’ mass near x = 0. With slower supply, gelation happens later giving
the oligomers time to diffuse to larger | producing a more spread out gel. The case of
infinite supply rate (i.e. an initial source) is shown in the figure for comparison.

Fig. 10 shows results for simulations with A ranging between 13£ and

In the middle panel of Fig. 10 we show curves of gel mass and total mass parameterized by ¢
for each of the simulations. One behavior of interest revealed by these plots is that for slower
source rates, the gel forms ‘sooner’ in terms of how much polymer mass has been injected,
ranging from gelation when over 95% of the total mass has been injected for the fastest
source rate to about 45% for the slowest one. The panel also shows that for each source rate,
less mass was injected when gelation occurred for sources concentrated near x = 0 than in
the spatially-uniform case. Comparing the concentrated source with the spatially-uniform
one, we see two distinct behaviors. For the fastest and slowest source rates, there is little
difference in the progression of gel mass with the cumulative injected mass for the two
spatial source distributions. In contrast, for the intermediate source rates, substantially more
mass must be injected in the spatially-uniform case to initiate gelation than in the
concentrated case.

4.3 Other results

In Fig. 11 we show some results from simulations in which the source term was the same but
the monomer and oligomer diffusion coefficients might differ. The simulations were run
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with D= D; =0.02, D= Dy =0, and D= 0and Dy = 0.02. The different pairs of diffusion
coefficients produced substantially different patterns of gel front propagation and different
final gel mass distributions. The sets of results for the cases D= Dy =0.02 and D; = 0.02
and D= 0 presumably bracket the results one would obtain with D; = 0.02 and Dy a
decreasing function of kfor k= 2.

For all of the spatial simulations shown so far, the spatial support of the initial monomer
supply or the source term was the same. In Fig. 12, three simulations are shown for which
the diffusion coefficients D= D; and the source rates A were the same. The time course of
total (integrated over space) mass injection is the same for the three simulations, but the
width of the source terms is different. With a narrower source and therefore greater source
rate (locally near x = 0), gelation occurs earlier and the final gel mass distribution is
narrower and higher. The relative magnitude of the peak in the final gel mass distribution is
not quite as large as the relative magnitude in the peak of the source distribution because the
higher and narrower source leads to more rapid diffusion of oligomer away from the center
of the source.

5 Discussion

In this paper, we have revisited the polymerization models studied by Ziff and Stell [19], and
have introduced a systematic framework for studying these and related models both prior to
gelation and after gelation. In their basic form, the models are kinetic descriptions of
polymerization in which the time-evolution of the concentrations of oligomers with k&
subunits, ci(9, as well as the concentration of available reactive sites, A(#, are governed by
ordinary differential equations Egs. (3) and (4) or (25). Following Ziff and Stell, we
introduce a generating function g(¢, 2) defined by Eq. (9) and then make a change of
variables WAt 2) = ZR(2) — gAt, 2). The dynamics of the polymer system are then completely
determined by an advection-reaction partial differential equation (12) or (24) for Wand the
ordinary differential equation for /R (along with initial conditions). The advection of W/
toward larger values of z< 1 corresponds to the progression of polymerization toward larger
oligomers.

Gelation occurs when the characteristic curves for W first intersect, and this happens at a
finite time £/ ith the singularity forming at z= 1. This event coincides with the blow-up of
the second moment of the oligomer distribution, which is often interpreted as indicating the
appearance of an infinite-size oligomer, and with the beginning of disappearance of mass
and reactive sites from the finite-size oligomers. A singularity in Wexists for all £> g, but
the branch of the graph of WAt 2) that connects z= 0 with z=1 is smooth for z< 1. It can
be computed with a numerical scheme, e.g., the Method of Characteristics or a Beam-
Warming finite-difference method, that uses information only from the interval 0 < z< 1 and
accounts for the direction of advection appropriately. The limiting value of Was z— 17 is
the concentration of available reactive sites in the gel R(#) and is known immediately
provided At 2) for 0 < z< 1 is known. The total mass of the finite-sized oligomers can also
be computed by quadrature if the function WA¢ 2) is known for these z and the mass of the
gel can then be inferred provided the total mass of the system is computed. Different
assumptions about with which species the gel reactive sites react lead to somewhat different
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equations, but in all cases, the dynamics before and after gelation are determined by the
differential equations for VA% 2) and R(9) and the relationship R(#) = Mt 17). In general,
the equations for Wand Rare coupled and nonlocal because of the presence of R(2) in
them.

Ziff and Stell considered three reaction scenarios after gelation: (1) Reactive sites in the gel
react with reactive sites on finite-sized oligomers and in the gel; (2) Reactive sites in the gel
do not react at all; and (3) Reactive sites in the gel react only with reactive sites on finite-
sized oligomers. We compared the predictions of the deterministic Ziff-Stell models with
those from a direct stochastic simulation of the reaction system (1)—(2) using the Gillespie
method. While the finite-size stochastic simulation could not produce a gel, there was a
sharp transition in the value of the second moment of the oligomer distribution and in the
size of the largest oligomer present in the system at the gelation time predicted by the
deterministic models. After this transition, the monomer concentration and the reactive site
concentration in the stochastic simulation matched those from the third of the Ziff-Stell
scenarios. In effect, the large oligomers in the stochastic simulations behaved like the gel in
that scenario. Because of this agreement, most of the simulations of the Ziff-Stell model that
we carried out were done under the third scenario’s assumption using the model we referred
to above as the GrS model.

Our framework for studying gelation extends readily to the spatially-nonuniform case in
which oligomers move in space (in this paper we restrict our consideration to diffusive
movement) and in which there may be source terms. The basis for the approach is then the
partial differential equations (32) for WX, ¢, 2) and R(X, ) in the case that all oligomers have
the same diffusion coefficient. Gelation occurs at spatial location x at the time Z;(X) when
the zcharacteristics along the line x constant first intersect at z= 1. The timing of gelation at
x is, of course, influenced by diffusion because it affects the spatial distribution of
oligomers, but note that there is no diffusion of Win x along z= 1 so there is no propagation
of the singularity by diffusion along that line. So the effect of diffusion is limited to z< 1,
but by altering the values of MAX, £ 2), it alters the speed with which WAX, ¢, 2) advects in z
and therefore the speed with which oligomerization and gelation occur at each x. As in the
spatially-uniform case, there is a smooth branch of the solution WAX, ¢ 2) emanating from z
= 0 and connecting to z= 1. A variant of the model in which the monomer diffusion
coefficient differs from that of larger oligomers involves an additional partial differential
equation for the monomer concentration and appropriate changes in the equations for Wand
Ras given in Egs. (36) and (37). We performed simulations of the spatial models in one
dimension, using an algorithm that combines our Beam-Warming method in zwith standard
finite-difference approximations of differential operators in x.

The simulations either began with an initial distribution of monomers or introduced the same
total quantity of monomers through a source term with an exponentially-decaying supply
rate. The introduction of monomers was either spatially uniform or according to a bell-
shaped distribution with a finite support centered at the domain center x=0. The
exponential supply rate A was varied in some of the simulations and the oligomer diffusion
coefficient was varied in other simulations. We tracked the location of the gel front as a
function of time and the time course of the total mass of gel, and we computed the final
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spatial distribution of the gel mass under these different circumstances. The system’s
behavior was influenced by the relative size of the non-dimensional diffusion and source
time scales, but the ratio of these time scales does not fully characterize the system, as
examination of the non-dimensional equations makes clear.

With positive diffusion coefficients and a non-uniform source concentrated near x = 0, the
speed of the gel front was non-monotonic; fast for x near 0, slower for intermediate values of
| ¥, and then fast again as the no-flux boundary conditions caused the accumulation of
oligomers near the boundary and led to faster gelation there. For a given supply rate,
gelation happened earlier near x = 0 for smaller values of the diffusion coefficient and so the
gel front moved from x = 0 earlier for small values of D. For larger values of D, once
gelation started, the gel front propagated away from x =0 more quickly and crossed the the
gel front curves for smaller D. The final gel mass distributions had higher peaks near x=10
and dropped off more quickly with |x for smaller values of D. An interesting observation
was the role of ‘back-diffusion’, particularly evident for larger values of D. Monomers
introduced near the domain center initially diffused toward the boundary, but some of them
later diffused back toward the center (either as monomers or part of larger oligomers) as
gelation there consumed oligomers and reversed the direction of the concentration gradients.

The most important contribution of this paper is the development of a systematic framework
for studying polymerization up to and beyond the time that a gel forms enabling us to
determine, among other things, the final structure of the gel. While we demonstrated it for
the relatively simple polymerization models studied by Ziff and Stell, the framework extends
to more complicated models. In particular, we have applied it to our model of fibrin
polymerization with branching in which both bi-molecular oligomer reactions (as in the Ziff-
Stell models) and tri-molecular branch forming reactions occur and from which we compute
the evolution of the gel mass distribution and the evolution of the distribution of branch
points within the gel. This work will be described in a separate paper.
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6 Appendix

A: Moment Equations

Note that replacing zby kgt eliminates the factor of k; in Egs. (3—4). We calculate the rate of
change of the first moment My (9 = Zy kcy.

dMl 1

T 2 krl.rjcicj - (Zkrkck)R 47)
i+j=k k

k
= %2 Z(i + j)rl.rjcl-cj - (Zkrkck)R
2 T

= (Z irici)(z rjcj) - (Zkrkck)R
i J k

= () ire)R;—R).

So, as long as R(§) = R{H, My(D is constant. For the second moment,
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2 _ 1 2 2
-5 = 32 . Z kriricic;— (Zk "R (48)
k i+j=k k
1 L
= EZ Z i+ ])2rirjcl.cj - (Z kzrkck)R
i k
1 ; U
= EZ Z (@ + 2ij + jz)rl.rjcicj - (Zkzrkck)R
T X
= z Z (i2 + ij)rl.rl.cl.cl. - (Zkzrkck)R
i | ’ k
. . 2
= (Z lzrici)(z rjcj) + (Z lrl.cl-) - (;kzrkck)R
i Jj i

=Y 2re)®R ~R) +(Yire)’.
Again, as long as R(H) = R{),

aMm
72 = (Z irici)2 (49)

=(f - Y e +2Yic)’

= ((f = 2)M, +2M)*.

Letting Y (9 = (F— 2)M,(9) + 2My (), it follows that as long as R(f) = R D),
dy _ 2
i (f=2)Y=. (50)

Hence, returning to the original time variable

Y(0)

YO =17 = Dk, YO

(51)

and we see that Y (§—o0 as t— £, = U((F- 2)k, Y (0)).

B: Beam-Warming Scheme

Consider the equation
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W, +f(W),=0 (52)

We know that W/, develops a singularity at z=1 at #= £, but is smooth for 0 < z< 1 for all ¢
and the branch starting from z=0 is smooth for 0 < z< 1 for < f;and ¢> #, \We therefore
choose to discretize the above equation using a one-sided Beam-Warming type scheme,
which we now derive.

W(t+k,2) = W(t,2) + Wt 2k + W, (1, k*/2 + Ok (53)

W2 = — f(W), (54)

W (2= = (FW)).
—(fW),)
4
—(f "W
4
= (W)= fOW),)
Z

= (W)W
Z

Hence,

Wt + k,2) = W(t,2) = fW) k+ ((F(W)PW ) )RI2+ OGK°) . (85)

We approximate A{ 1), at z;with a one-sided second order finite-difference quotient and we
approximate (((F (W)2W,),) at zjwith the usual approximation to a variable-coefficient
diffusion term, but evaluated at zi;. This gives an O(/) error for this quantity, but it is
multiplied by 42, and so the overall scheme is still second-order. In the spatial discretization,
we also allow for the spatial step size to vary /= zj= i1, with 20 = 0. Let a;= hf(A1(hi+
hi1)), Bi=—(hj+hi)I(h-1M), and y;= —a;-p; and make the approximation,

f(W)Z(Zj) N(ij(W)j_2+/)7jf(W)j_1+)/jf(W)j. (56)

Note that if 7;= Afor all j then a;=1/(24), Bj= -4/(2h), and y;=3/(2h).

The approximation to the diffusion term is
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, Wim Wi Wi =Wis

) ( j—l/l) hj _( j—3/2) hj_1

(Fromw,) @)~ e (57)
J J—

25 L 2’
o N 1 N
hy_y(h+h; )" hhi+h; )"

2an 25

— + W._,.
hj—l(hj+hj—l) hj(hj+hj_1) J

Here, L =W, _ and in actual calculations, we use the approximation
, 2 1., 2, e N2
(fj—1/2) ~§(f (Zj—l) +f(Zj) ). (58)

The Beam-Warming scheme was validated by comparison with an analytic solution of Egs.
(24)—(25) in the case y = 0 and by comparison with numerical solutions generated by the
Method of Characteristics in the case y = 1.
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Left: Solution curves Wz, 1) at selected times: At 7= 0 (blue dashed), for £< #, (red), for =
ty (black), and for > £, (blue). WAz 1) for £> £, (blue star). Right: Reactive sites in sol Rs
(blue) and in gel Ry (red). Mass in sol &5 (blue-dashed) and in gel 6, (red-dashed). 7= 3,

cl(O)=mO=zt ==

3¢
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Concentration

Figure2.
Left: Solution curves WA, 2) at selected times for model in which gel reacts only with sol (y
=1): At £= 0 (blue dashed), for #< £, (red), for = #, (black), and for ¢> £, (blue). WAz 1) for

t> 1y (blue star). Right: For y = 1, reactive sites in sol R (blue) and in gel R, (red). Mass in

1
3g 27

sol &; (blue-dashed) and in gel g, (red-stars). =3, ¢,(0) = m; = 21 =
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Time (T*N)

Left: (Asterisks) Second moment of oligomer size distribution vs. time from a stochastic

simulation with A/monomers, M}, = %Zjﬂnj, where 71;is the number of /mers. /= 20000

and = 3. Right: (Asterisks) Largest oligomer size vs. time from the same stochastic
simulation. (Dashed Lines) Time of gel formation from the deterministic model for initial

monomer concentration ¢1(0) = 1 with = 3.
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Page 27

1 15
Time (T*N)

Left: (Blue asterisks) Monomer fraction /N vs. time from a stochastic simulation with A/
monomers and (Red curve) monomer concentration ¢; calculated using Eq. (13) from the
deterministic GrS model. (Dashed Line) Time of gel formation from deterministic model.
Right: (Blue asterisks) Concentration of reactive sites, (;/;1;)/N vs. time from the stochastic
simulation and (Red curve) reactive site concentration A(#) from the deterministic GrS

model. /= 20000, f= 3, m(0) = N, and ¢,(0) = 1.
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Concentration
Concentration

Figure5.
Left: Solutions generated using the Method of Characteristics. Right: Solutions generated

using the one-sided Beam-Warming finite-difference formula. Monomer is supplied at a rate
S1(d = S exp(= Ad). Monomer concentration ¢;(9) (solid green), total mass &) (dashed
cyan), sol mass 644 (dashed blue), gel mass 6,(2) (red asterisks), total reactive site
concentration A(9 (solid cyan), sol reactive site concentration R (solid blue), gel reactive

site concentration R(#) (solid red). =3, 5, = % A =10.
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Figure 6.

Sequence of snapshots showing sol mass & (blue), gel mass 6 (red), and monomer
concentration ¢ (green) at the indicated times. Gel first appears shortly before £=0.3.
Simulations start with ¢;(x; 0) given by Eq. (45) with e=0.1and S;=1. D= D; = 0.01.
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Figure7.
Effect of diffusivity for monomer supplied at 7= 0: (Left) Location of gel front x(2) vs.

time, (middle) time course of total gelation /fLeg(x, t)dx, and (right) final gel mass
distribution (at #= 10) vs. x for simulations with initial monomer supply. Solid curves are for
simulations which start with ¢;(x, 0) given by Eq. (45) with e=0.1and S;=1. D=D; =0
(black), D= Dy =0.005 (red), D= D; = 0.01 (blue), D= D; = 0.02 (green). The dashed
black lines are for a simulation with uniform initial monomer concentration ¢;(x, 0) = 0.2.
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Figure8.
Plots of ¢;(x, 9 (left) and 64 x; ) (right) at = 0.5 (black), 1.0 (red), and 2.5 (blue).Note the

reversal of the slope of the ¢; and 6 curves at later times. Dashed lines indicate location of
gel front at £= 0.5 (black) and #= 1.0 (red). The gel front has reached x= 0.5 by #=2.5. The
simulations start with ¢,(x, 0) given by Eqg. (45) with e=0.1and S;=1. D= D; = 0.02.

SIAM J Appl Math. Author manuscript; available in PMC 2019 February 15.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Fogelson and Keener

0.5

0.4

03

0.2

01

Total 6

1

2

3 5 6 7 8 0

_4
Time

Figure9.
Effect of diffusivity for monomer supplied over time: (Left) Location of gel front x(2) vs.
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time, (middle) time course of total gelation /fLag(x, t)dx, and (right) final gel mass

distribution (at #= 24) vs. x (right) for simulations which start with ¢,(x, 0) = 0 and have a
source of the form in Eq. (46) with S;;=2, A =1. D= Dy =0.00 (black), D= Dy = 0.005
(red), D= Dy =0.01 (blue), D= Dy =0.02 (green), and D= D; = 0.08 (magenta). Also
shown are the results for a spatially uniform source with the same rate constant A and with
the same total amount of monomer (dashed black).
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Figure 10.
Effect of rate of monomer supply: (Left) Location of gel front x,(2) vs. time, (middle) total

gel mass /- 10,(x Ddx vs. total mass / Lo (5 1) +0,(x, 0)dx, and (right), final gel mass

distribution (at £=10) vs. x for simulations with O = D; = 0.02 and source term Eq. (46)
with S,; = 2 and various values of A (solid curves), or spatially-uniform source term (dashed

lines). 4 = 13—6 (blue), 4 = % (red), 2 = % (green), A = % (black). Final gel mass distribution vs.

x (right) for an initial monomer supply Eq. (45) with S;= 2 (magenta) or for a spatially-
uniform source with the same total amount of monomer (dashed black).
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Figure11.
Effect of distinct monomer diffusivity: (Left) Location of gel front x,(4) vs. time and (right)

final gel mass distribution (at #= 24) vs. x for simulations with source term Eq. (46) with S,

=2and A= % ,e=0.1,and D= D; =0.02 (green), D= Dy =0 (black), and D=0and D, =

0.02 (red).

SIAM J Appl Math. Author manuscript; available in PMC 2019 February 15.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Fogelson and Keener

0.5

0.4

0.3

0.2

0.1

Figure 12.
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o

Effect of monomer source width: (Left) Location of gel front x,(4 vs. time and (right) final
gel mass distribution (at #= 24) vs. x for simulations with D= D; = 0.001, source term Eq.
(46) with S;;=2 and A = 1, and with support widths e = 0.05 (blue), £=0.1 (green), and e =
0.2 (red). In right panel, dashed lines show widths of source terms.
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