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Abstract

Estimating the size of stigmatized, hidden, or hard-to-reach populations is a major problem in
epidemiology, demography, and public health research. Capture-recapture and multiplier methods
are standard tools for inference of hidden population sizes, but they require random sampling of
target population members, which is rarely possible. Respondent-driven sampling (RDS) is a
survey method for hidden populations that relies on social link tracing. The RDS recruitment
process is designed to spread through the social network connecting members of the target
population. In this paper, we show how to use network data revealed by RDS to estimate hidden
population size. The key insight is that the recruitment chain, timing of recruitments, and network
degrees of recruited subjects provide information about the number of individuals belonging to the
target population who are not yet in the sample. We use a computationally efficient Bayesian
method to integrate over the missing edges in the subgraph of recruited individuals. We validate
the method using simulated data and apply the technique to estimate the number of people who
inject drugs in St. Petersburg, Russia.
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1 Introduction

Estimating the size of stigmatized, hidden, or hard-to-reach populations such as homeless
people, sex workers, human trafficking victims, men who have sex with men, or drug users
is an important part of epidemiological, demographic, and public health research (UNAIDS
20105, Bao et al. 2010, World Health Organization 2014, Abdul-Quader et al. 2014, Bao et
al. 2015, Sabin et al. 2016). Census-like enumeration of hidden population members is
usually impossible since potential subjects may fear persecution if they participate in a
research study. When random sampling of target population members is feasible, multiplier
(e.g. Heimer & White 2010, Hickman et al. 2006, Khalid et al. 2014, Quaye et al. 2015,
Thein et al. 2015) and capture-recapture methods (Fienberg 1972, Laska et al. 1988, Larson
et al. 1994, Hall et al. 2000, van der Heijden et al. 2015) for estimating population size may
perform well. Alternatively, a dynamic model can sometimes be used to link observed
population members with the size of the target population (e.g. Kaplan & Soloshatz 1993).
Unfortunately random sampling is often impossible because there is no sampling “frame”;
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population members are not directly accessible to researchers. This difficulty has led
researchers to develop survey techniques and corresponding statistical tools that do not
require random sampling and instead rely on properties of social networks.

In “snowball sampling”, subjects enumerate their social contacts, each of whom enters the
study, and the process repeats (Goodman 1961). Since snowball sampling reveals the
network (induced subgraph) of respondents, the sample may carry information about global
properties of the social network connecting members of the hidden population. Frank &
Snijders (1994) estimate hidden population size from snowball samples by making
homogeneity assumptions about the underlying social network, and David & Snijders (2002)
use the method to estimate the number of homeless people in Budapest. Further design-
based approaches to population size estimation using snowball sampling have been
developed (Félix-Medina & Thompson 2004, Félix-Medina & Monjardin 2009, Vincent &
Thompson 2012). Snowball sampling is often not feasible because social contacts of
participants may decline to enroll in the study. When this happens, the subgraph of
respondents may be incomplete, and estimation of population properties - especially the size
of the population - may suffer.

The network scale-up method is an alternative technique in which researchers survey
members of the general population to determine how many people they know (their personal
network size), and how many people they know who are members of the target population
(Killworth et al. 1998, Bernard et al. 2010, Shelton 2015). The proportion of respondents’
contacts who are members of the target population is assumed to be equal to the population
proportion. Multiplying this proportion by the known general population size produces an
estimate of the target population size. The network scale-up method has been successfully
used to estimate the size of groups at risk of HIV infection, including men who have sex
with men, injection drug users, and sex workers (Kadushin et al. 2006, Salganik et al. 2011,
Ezoe et al. 2012, Shokoohi et al. 2012, Guo et al. 2013, Maltiel et al. 2015, Wang et al.
2015, Nikfarjam et al. 2016). The method is appealing because researchers do not need
access to the hidden population, but its validity relies on subjects’ knowledge of their
contacts’ membership in the target population (Killworth et al. 1998). Sometimes
membership in the target population is obscured from non-members (Shelley et al. 1995,
2006), or groups within the general population may have different probabilities of ties to the
target population (Snidero et al. 2004, Zheng et al. 2006, McCormick et al. 2010, Feehan &
Salganik 2016, Feehan et al. 2016, Maltiel et al. 2015, Habecker et al. 2015).

Respondent-driven sampling (RDS) is a widely used procedure for recruiting members of
hard-to-reach populations for surveys and interventions that relies on participants to recruit
other subjects (Heckathorn 1997, Broadhead et al. 1998). Beginning with an initial group of
participants called “seeds”, subjects are interviewed and given a reward for participation.
Subjects then receive a small number of “coupons” that they can use to recruit other eligible
subjects. Each coupon is marked with a unique 1D traceable back to the recruiter. Subjects
recruit others into the study by giving them a coupon that they “redeem” by enrolling in the
study. When a new subject enrolls and is interviewed, their recruiter receives a reward. In
this way, the RDS recruitment process is designed to spread through the social network of
the hidden population. One common feature of all RDS surveys is that researchers assess
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each subject’s network degree, the number of other members of the target population the
subject knows. Because of privacy restrictions, subjects typically do not provide identifying
information about members of their social network. Most statistical work on RDS has
focused on estimators for population means (Salganik & Heckathorn 2004, Volz &
Heckathorn 2008, Gile 2011).

Does RDS reveal information about the size of the target population? Just as in snowball
sampling and the network scale-up method, subjects report how many members of the target
population they know. Unlike network scale-up surveys, only members of the target
population are recruited to participate in an RDS study. In contrast to snowball sampling, not
all social contacts of the subject are surveyed: in RDS the subjects decide which of their
contacts to recruit. Despite these limitations, Paz-Bailey et al. (2011) use RDS to perform
the recapture step of a capture-recapture experiment, even though recruitment does not
constitute a probability sample from the target population (see Berchenko & Frost 2011, for
commentary). Recently Handcock, Gile & Mar (2014) and Handcock et al. (2015) proposed
a population size estimator for RDS based on ideas from without-replacement sampling
proportional to size (Bickel et al. 1992, Gile 2011). Their successive sampling size (SS-size)
estimator depends only on the time-ordered sequence of observed network degrees in the
RDS sample. By assuming that RDS is a sampling mechanism that recruits individuals
without replacement and with probability proportional to their network degree, Handcock,
Gile & Mar (2014) and Handcock et al. (2015) reason that the average degrees of recruited
individuals should decrease monotonically with the number of recruited subjects. The rate of
this decrease is believed to reveal information about the size of the population via early
depletion of high-degree individuals (see, e.g. Wesson et al. 2015, Johnston et al. 2015,
2016). The RDS Analyst software implements the SS-size method (Handcock, Fellows &
Gile 2014).

In this paper, we take a network-based approach to population size estimation from RDS,
based on the intuition behind the snowball sampling estimator and the network scale-up
method. The key insight is that the RDS recruitment chain, timing of recruitments, and the
degrees of recruited subjects provide information about the number of links between
sampled and unsampled population members, and hence the total population size. We first
describe the graphical structure of data obtained from RDS, including the recruitment graph
and recruitment-induced subgraph. The unobserved portions of the recruitment-induced
subgraph are treated as missing data. We describe a Bayesian framework for marginalizing
over the missing edges in the recruitment-induced subgraph to estimate population size. The
method relies only on data traditionally obtained by RDS and does not require a change to
current RDS recruitment protocol, nor a separate survey of subjects who are not members of
the target population. The computational burden of the inference procedure scales with the
sample size, not the total hidden population size. We validate the proposed technique using
simulated data and apply the method to estimate the number of injection drug users in St.
Petersburg, Russia.
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2 The graphical structure of RDS data

In this section, we outline the observed data in typical RDS surveys of hidden populations,
drawn from the definitions given by Crawford (2016). Suppose that the hidden population
social network is G = (VE), where || = Nis the size of the target population and G contains
no self-loops or parallel edges. A vertex in G is recruited if it is known to the study. A
recruited vertex cannot be recruited again.

Definition 1 (Recruitment graph).

The directed recruitment graph is Gg = (VR, ER), where Vi C V is the set of n sampled
vertices and a directed edge {i,j} € Eg indicates that i recruited j.

Since subjects cannot be recruited more than once, G, is acyclic.

Definition 2 (Degree).
A vertex’s degree is the number of edges incident to it that connect to vertices in the hidden
population graph G.

Definition 3 (Recruitment-induced subgraph).

The recruitment-induced subgraph is an undirected graph Gg = (Vs,Es), where Vg = VR
consists of the n sampled vertices, and {i,j} € Egifand only ifi € Vs, j € Vs, and {i,j} €EE.

Let d = (d4,...,dy) be the time-ordered 77 x 1 vector of subjects’ degrees in G, according to
Definition 2, in the order they were recruited into the study. Let t = (¢;,...,Z;) be the nx 1
vector of recruitment times, where 4 < - - < ¢,

Definition 4 (Coupon matrix).

Let C be the n x n coupon matrix whose element C j; Is 1 if subject i has at least one coupon
Just before the jth recruitment event, and zero otherwise. The rows and columns of C are
ordered by subjects’ recruitment time.

The observed data from the RDS recruitment process is Y = (Gg, d, t, C). Figure 1
illustrates the observed data and their relationship to the unobserved population graph G.
Since the recruitment graph Gp does not contain any edges along which a recruitment event
did not take place, the recruitment-induced subgraph Ggis not fully observed. However, the
observed degrees d and the edges in the recruitment graph Gg place restrictions on the
number of non-recruitment edges that can connect vertices in Vs, so an estimate GAS of Gs

must adhere to certain compatibility conditions.

Definition 5 (Compatibility).
An estimated subgraphG = (V . E ) is compatible with the observed data (G, d) if the

following conditions are met: 1. the vertices in the estimated subgraph are identical to the set
of recruited vertices: v € V g Ifandonly ifv € Vg 2. all directed recruitment edges are

represented as undirected edges: for all (if) € Eg, {i,j} € E ¢ 3. the number of edges in Gs
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belonging to each sampled vertex does not exceed the vertex’s degree: for allv € V g;,

> vR\ul {tuv) € Eg} < d,, where d, is the degree of vertex v.

These compatibility conditions provide topological constraints on the structure of GS.

3 Estimating the population size

We now construct a probability model by which the observed data Y = (Gg, d, t, C) in an
RDS survey are linked to the number of vertices AVin the target population. Figure 2
illustrates the problem of estimating the number of vertices Ain G from the recruitment-
induced subgraph Gg. First we show that if the recruitment-induced subgraph Ggsis known, a
simple statistic - the number of pendant edges connecting each sampled vertex to unsampled
vertices at the moment of recruitment - can be used to derive the likelihood of A/ conditional
on Gs. Next, we appeal to results by Crawford (2016) giving the likelihood of the
recruitment-induced subgraph Gsand a per-edge recruitment rate parameter A. Our strategy
is to marginalize over the unknown recruitment-induced subgraph to estimate N,

3.1 Likelihood of N given Gg under the Erd6s-Rényi model

We first state some assumptions about the social network connecting members of the hidden
population and the RDS recruitment process on this network.

Assumption 1 (Existence of a network).—The target population social network is a
finite graph G = (V, E) with no parallel edges or self-loops.

Network-based methods for population inference must make homogeneity assumptions to
ensure that a sub-sample of the network can be used to make inference about the total
network. In the Erdés-Rényi random graph model, each edge between vertices is formed
independently with probability p (Erd6s & Rényi 1959, 1960). Let G ~ (N, p) denote an
Erdés-Rényi random graph. The degree d;of a vertex 7has distribution

d; ~ Binomial(N - 1, p), (1)

where N=|W. The likelihood of a particular graph G depends only on the number of edges /
E]!

gon

L(N, plG) = p*l(1 = p) @)

The Erdés-Rényi random graph model formalizes the notion of independent and identically
distributed (with probability p) formation of reciprocal social ties between individuals in a
finite population. While the Erdés-Rényi model is believed to be a poor generative model for
non-hidden social networks (Watts & Strogatz 1998, Robins et al. 2001), very little is known
about the structure of contacts between members of highly stigmatized or criminalized
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populations. The Erd6s-Rényi model has proven to be empirically useful for estimating
hidden population sizes: both the snowball sampling estimator (Frank & Snijders 1994) and
the network scale-up estimator (Killworth et al. 1998) rely on equivalent network
homogeneity assumptions.

Assumption 2 (Network model).—The target population graph has Erdés-Rényi
distribution, G ~ (N, p).

The likelihood of Ggconditional on Ggand d under the Erd6s-Rényi model depends on
assumptions about the dynamics of the RDS recruitment process. But there is significant
disagreement about how to model the recruitment process (Salganik & Heckathorn 2004,
Gile & Handcock 2010, Gile 2011, Berchenko et al. 2013, Crawford 2016, Malmros et al.
2014). We therefore make a simple assumption that permits calculation of the distribution of
a statistic of Gsunder Assumption 2. Call a vertex a recruiter if it has at least one coupon
and shares an edge with an unrecruited vertex. Call a vertex susceptible to recruitment if it
has not yet been recruited and shares an edge with a recruiter.

Assumption 3 (RDS conditional sampling probabilities).—The next recruited
vertex is chosen from among all susceptible vertices with probability that depends only on
the edges it shares with recruiters. The edges connecting the newly recruited vertex to other
unrecruited vertices do not affect its probability of being recruited.

Assumption 3 provides a connection between the recruitment probability for each vertex and
the structure of the network.

Under Assumptions 2 and 3, the recruitment-induced subgraph Ggis not an Erdés-Rényi
graph because new recruits may not be chosen uniformly at random from the set of
unrecruited vertices. However, since recruitment probability does not depend on edges not
connected to active recruiters, it does not depend on edges connecting unrecruited vertices to
other unrecruited vertices in particular. This intuition yields a suitable probability model

linking the subgraph Gsto the population size . Let &' be the number of edges belonging

to vertex /that connect to unknown vertices at the moment i is recruited (recall that the
indices 7are ordered by the time of entry into the study),

i—1

d!=d;— Y 1{{i.j} €E}. (3)

i=1

Then by independence of edges in the Erdés-Rényi model,

d" ~ Binomial(N — i, p), (4)
1

unconditional on djand djfor j# 7and a} for j# i. In words, the number of edges connecting

a recruited vertex to unrecruited vertices (at the moment it is recruited, before observing its
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total degree) depends only on the number of remaining unrecruited vertices and p, where we
have not conditioned on any other observables. The presence of the population size

parameter NVin (4) suggests that the sequence of d;’ ‘s may contain information about .

Since &7, ...,d, are assumed to be independent binomial random variables, the joint

likelihood of AVand p, given Ggand d, is

where d;' is calculated from knowledge of Gsand d via (3).

3.2 Likelihood of Gg

The likelihood (5) permits estimation of A, conditional on observation of the recruitment-
induced subgraph Gs. However, Gsis not directly revealed by the observed data Y. The
statistic ¢ = (dY. ... d) is sufficient for AVand p, but the graphical structure of Gsinduces

complex combinatorial dependencies in the elements of d¥ and the marginal probability
distribution of d“ cannot be represented in a simple way. We therefore seek a probability
model for GSgiven Y, and marginalize over the unobserved portion of this graph with
respect to this model. The compatibility conditions given in Definition 5 place strong
restrictions on the structure and density of Gs. Let C(Gg, d) denote the set of all
recruitment-induced subgraphs that are compatible with the observed data Grand d.

The least restrictive option is to marginalize over GSwith respect to the uniform distribution
on C(Gg, d) by setting Pr(G4Y) a 1 for Gs€ C(Gg, d) and zero otherwise. However, the
uniform distribution over C(Gg, d) does not give rise to the uniform distribution over |£4,
and most subgraphs in C(Gg, d) have far more edges than the true subgraph GS. The result
is that the uniform distribution over subgraphs GSresults in a highly informative distribution
over d¥that does not place most of its mass near the true value of d%. A more sophisticated
marginalizing distribution can be derived from the time series of recruitment events. By
making assumptions about the time dynamics of the recruitment process on GS, we can
calculate the likelihood of the observed recruitment times t conditional on Gsto develop a
probability model for Gs. The recruitment model depends on the following assumptions,
drawn directly from Crawford (2016).

Assumption 4.—Vertices become recruiters immediately upon entering the study and
receiving one or more coupons. They remain recruiters until their coupons or susceptible
neighbors are depleted, whichever happens first.

Call an edge in G susceptible if it links a recruiter and a susceptible vertex.

Assumption 5.—When a susceptible neighbor j of a recruiter i is recruited by any
recruiter, the edge connecting i and j is immediately no longer susceptible.

JAm Stat Assoc. Author manuscript; available in PMC 2019 March 06.
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Assumption 6 (Exponential waiting times).—The time to recruitment along an edge
connecting a recruiter to a susceptible neighbor has exponential distribution with rate A,
independent of the identity of the recruiter, neighbor, and all other waiting times.

Assumptions 4-6 are consistent with Assumption 3 (for proof, see Propositions 1 and 2 of
Crawford 2016). Thompson (2006) gives a nearly equivalent characterization of adaptive
web sampling in which edges connected to an “active set” of units (recruiters) can be
followed to reveal additional units (susceptible vertices).

The likelihood of the recruitment time series on a fixed graph can be computed under this
model. Letw = (0, & - 0, to-4,...,£,-1;.1) be the vector of inter-recruitment waiting times. Let
A be the adjacency matrix of G, where the rows and columns of A correspond to vertices in
the order of their recruitment into the study. Let u be the /7x 1 vector whose ith element is

the number of pendant edges emanating from /to unsampled vertices, u. = d. — Z’F_ A..
i i j=1"1j

Then the joint likelihood of Ggand the waiting time parameter A is given by

LGg 2 Y)=| [] 4

JEM

exp[—As'w], (6)

where
s = lowerTri(AC)'1 + C'u, (7)
C is the coupon matrix, and M is the set of seeds (Crawford 2016). Information from the

subgraph Ggenters the likelihood through the vector statistic s, the number of susceptible
edges just before each recruitment event.

3.3 Posterior distribution of N

We now combine the likelihood expressions (5) and (6) with prior information to estimate
the posterior distribution of A/ given the observed data Y. Assume N, p, Gs, and A are a
priori independent with prior distributions rt(N), t(p), ©(Gs), and t(A) respectively.
Traditional Gibbs sampling is impossible since the conditional posterior Pr(NM,gGs, A, Y)
contains an intractable normalizing constant that depends on A/and p; sampling from this
distribution is prohibitively difficult. This problem arises often in estimation of parameters
given a realization from a random graph model (see, e.g. Hunter & Handcock 2006).

Since we do not seek the joint posterior over all unknowns, and instead wish only to find the
marginal distribution of A/, we first conduct Bayesian inference on Gs. For each sample GS

from the distribution of Gg|Y, we can compute the statistic 4", and we can sample from the

posterior (predictive) value of A/given d". We first write the posterior distribution of Gg and
A givenY, Pr(Gs A|Y) = L(Gg \; Y)rt (Gs)mt(A)/x(Y), where x(Y) is a normalizing
constant. Note that Pr(Gs, A| YY) is not the “marginal” posterior distribution over N and p,
but the posterior distribution of Gg and A alone given Y. Likewise, we can write the
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distribution of AVand pgiven Ggand Y as Pr(N,p|Gs, Y) = L(N,p, Gs, Y)m(M)(0)/k(Gs, Y)

where K(Gsg, Y) is a normalizing constant and A = n+max; d;is the minimum value of N,

described in detail below. The posterior (predictive) distribution pr(N|Y) = E lY[Pr(N|GS, 17)]
N

is obtained by marginalizing over compatible subgraphs, p, and A,

PN = Y | fo 1 /0 ooPr(N, p|6S, Y)Pr(@s,m Y)dxdp ©)

Esec(GR,d

—_

M) AGs) /“La A Y /1 =
= — 2 Y)rydix [ L(N, p; G o Y)a(p)dp.
K(Y)Eseg%d) k(G5 1) o (Gon¥)r i (N p; G . Y)a(p)dp

Let p have Beta(a.,B) distribution with density mt(p) = p*~1(1 — p)B~1/B(a,B) where B(,, *)
is the Beta function. Let A have Gamma(n,€ ) distribution with density (1) =€"

A 1e6M (1)) where T'(-) is the Gamma function. Then integrating analytically over p and A
in (8), the posterior (predictive) distribution of A/becomes

s A0y e,
KO & K(G 5. ¥) PO W+~ "
N

S (N=i
11:[1( d}

1

Pr(N|Y) =

©)

U n+1 U
B(D +a,nN—( 5 )—D +ﬂ)
B(a, f)

where D" = Z:’: 1d? and s are computed using éS. A derivation of (9) is given in the

Supplementary Materials.

3.3.1 Prior distributions for N—Not every value of Nis feasible: since no parallel
edges are allowed under Assumption 1, /Vmust be large enough to accommodate all the

edges emanating from sampled vertices. Therefore, we need N > n + maxid? for the d;‘ S
derived from a particular subgraph és- Rather than make the prior (/) conditional on each
particular realization of és- we note that for every compatible és and impose the simpler
constraint N = n + max; a’, which does not depend on any particular GS. For surveys where
N > n, this should not pose a problem for estimation of A. Setting Ny = n + max; dj, we

will always consider (8) to be defined only for N = Npin.

A relatively uninformative class of prior distributions for N is the power-law mass function
1t(N) a N where ¢ >0 and N = Nin. When ¢ > 1 the prior density is proper:

z;’": N . TN) When ¢ > 2 the prior mean exists, and when ¢ > 3 the prior variance exists.
min

However, researchers may prefer not to specify a strongly informative prior for M, andc=1

JAm Stat Assoc. Author manuscript; available in PMC 2019 March 06.
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is a popular choice (Draper & Guttman 1971, Raftery 1988). Unfortunately the distribution
Pr(MY) may not behave well for some values of ¢: Kahn (1987) warns that estimates based
on the beta-binomial distribution can have undesirable properties under some priors t(M). In
the Supplementary Materials, we show that the mass function (8) is a proper probability
distribution when a. + ¢ > 1; when a + ¢ > 2 the posterior mean is finite, and when a + ¢ > 3
the posterior variance is finite. When posterior moments of interest do not exist, it may be
tempting to posit Aimax, the largest permissible estimate of A, and letting

ﬂ(N)aN_cl{Nmin <N< Nmax}' But since the posterior moments for unbounded N are

undefined, their estimates under the truncated prior depend acutely on the choice of Npax
and are less influenced by the observed data (Kahn 1987). We therefore consider below
specifications of (/) such that the prior has infinite support, the posterior is proper, and at
least the first two moments exist. While this inevitably results in a more informative set of
priors, it seems a small price to pay for finite posterior mean and variance.

3.4 Monte Carlo sampling

The distribution (8) is obtained by marginalizing over compatible subgraphs 65. Under the

compatibility conditions in Definition 5, this sum cannot be performed analytically and the
distribution of A conditional on GS does not have a standard form. Furthermore, the

normalizing constants k(Y) and k(és, Y) are unknown. We therefore resort to Monte Carlo
sampling to perform this marginalization. First we sample §S|Y, then sample A conditional
on GS. Sampling GS is efficient because update expressions are available for the statistic s in

the likelihood (6), making the matrix multiplications in (7) unnecessary. Integration over
compatible subgraphs GS is accomplished by proposing changes to the connectivity of éS,

then using a Metropolis-Hastings step to accept or reject the proposal. Sampling A/ given @S

relies on a close approximation to the conditional posterior distribution. The Supplementary
Materials provide a comprehensive description of the sampling algorithm.

4 Validation using simulated data

We performed simulations to validate the proposed method for population size estimation
from RDS data under the model outlined in Section 3. First, we simulate an Erdos-Rényi
population network G = (V/£) with |V| = /= 5000, 10000, and 100000, p = 5/A, 10/N, and
20/ . Conditional on the simulated population graph, we simulate the RDS recruitment
process under typical real-world study conditions with n = 500 recruitments starting from /
M)/ =10 seeds chosen at random, and three coupons per recruit using the model described by
Crawford (2016). This yields simulations with realistic - and small - sample fractions n// of
10%, 5%, and 0.5%. From the simulated recruitment data, we extract Y = (G, d, t, C) and
estimate the distribution of A/given Y as outlined above.

We employ weakly informative priors for the unknown parameters. We assign to A/the
vague improper prior distribution a(N)aN~". For the edge density p we assign p ~ Beta(a,R),
witha >2and B = a(1 — Pirue)/Prrue, Where pyre is the true value of p. This specification
ensures that the distribution of A/ has finite second moment and the prior expectation of p is
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equal to pirue- TO evaluate the sensitivity of estimates to variation in the prior parameters, we
set a = 3, 5, and 10; we set the prior variance for A to vy =1, since simulation results
appear to be insensitive to the prior variance for A. The prior for Ggis #(G )aexp|—vy|E ]

where y = 10g (Pyrue/(1 — Pirue))- For the waiting time parameter A, we specify nand € to

give prior mean equal to the true value A4, and prior variance vy. Then we let 5 = Afme/u/1

and € = Ae/Va, Which gives E[A] = Aqye and Var[A] = vy. The true value is Ay = 1 for
all simulations.

For each parameter combination, we simulated 10 independent networks and RDS datasets,
and for each dataset, we estimate the distribution of A. Figure 3 shows summaries on the

relative error scale, ((ﬁ -N )/N For /=5000 estimates exhibit small positive bias in

true true’

the posterior mean, due to the heavy-tailed prior 2(N)aN~ ! and the fact that the support of /
is bounded below at My, and unbounded above, since we do not specify a maximum value
for NV. This relative error is attenuated for larger population size (and smaller sample
fraction). The posterior mode usually under-estimates the true value of A/ slightly, with this
relative error decreasing with increasing N, (W— 1)p, and prior precision. Estimates of N/
exhibit least bias when a is large, indicating greater certainty about the edge density p.

In the Supplementary Material, we also provide estimation results for simulated data under

three types of mis-specification. First, we evaluate estimates of //when the prior mean of p

is not equal to the true value pyye used in simulations. The vague improper prior z(N)aN ™!

and the requirement that the posterior distribution of A/ have finite first and second moments
necessitate a somewhat informative prior for p. We consider simulations in which E[p] =
fotrue and 7z(Gs) (G g)aexp[-y|ES[] where y = log (ftrue/(1 - ftrue)), where £> 0 is the

mis-specification fraction. Serious mis-specification of the prior mean E,; [p] of p has a
predictable effect on the relative error. When 0 < £< 1, N is usually over-estimated; when 7>
1, N is usually under-estimated. As expected, the magnitude of this error is greatest when / is
much smaller than 1, since AVis unbounded above. In most cases, the 95% posterior quantile
intervals for Astill cover the true value of Aused in the simulation. Second, we investigate
estimates under mis-specification of the underlying population network model. We construct
a two-group stochastic blockmodel similar to that employed by Handcock, Gile & Mar
(2014) in evaluation of the SS-size method. In each block, within-block connection
probabilities are equal. Between-block connection probabilities are varied under the

constraint that the expected total number of edges in the network remain constant at (N)plme.
2

This simulation setup investigates the sensitivity of estimates to block structure in the
underlying network, but the expected number of edges is equal to the value expected under
the Erdos-Rényi assumption. The results indicate that the proposed method is relatively
insensitive to block structure alone. Third, we study estimates under similar network mis-
specification, but with unequal within-block connection probabilities and constant expected
total number of edges. In this situation, one block may have far more edges than the other;
depending on the size of the block with more edges and its edge density, positive bias can
result. Vertices in this small block are unlikely to be chosen as seeds, but most of the edges
in the graph reside in this block. Vertices in the larger block are most likely to be chosen as
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seeds, but these and other vertices in the larger block have few edges and small degree.
Positive bias is exhibited when a block comprising a small fraction of vertices is nearly
complete. Crawford (2016) studies accuracy of estimation of éS under violation of

Assumption 6.

5 Application: how many people inject drugs in St. Petersburg?

The Russian Federation has experienced simultaneous epidemics of drug abuse and HIV
infection since the mid-1990s, and HIV prevalence is highest among people who inject
drugs (PWID) (Abdala et al. 2003, Rhodes et al. 2004, World Health Organization 2005,
Pokrovsky et al. 2010, UNAIDS 2010a). Drug possession in Russia can result in serious
legal penalties, including incarceration, loss of employment, and revocation of driving
privileges. HIV-positive people in Russia are often subject to strong social stigma and may
lack access to treatment and education resources (Balabanova et al. 2006, Sarang et al. 2012,
Burke et al. 2015). In St. Petersburg, Russia, HIV incidence and prevalence are high among
PWID (Kozlov et al. 2006, Niccolai et al. 2011), and researchers have found that many
PWID do not have ready access to HIV testing and are not aware of their HIV status
(Niccolai et al. 2010). PWID in Russia often obtain drugs through local social networks
connecting drug dealers and buyers (Shaboltas et al. 2006, Cepeda et al. 2011). The social
nature of the drug scene in St. Petersburg creates problems for public health and
epidemiological research on PWID (also called injection drug users - IDUs): “Such a
structure makes it difficult to recruit through outreach and easier to recruit by allowing IDUs
to penetrate their own network of contacts” (Shaboltas et al. 2006, page 662). PWID in St.
Petersburg therefore constitute an epidemiologically important hidden population, connected
by a social network, for which random sampling is impossible.

Knowledge of the size of the PWID population in St. Petersburg would substantially
illuminate the number of people at risk for HIV infection, and could help determine the scale
and scope of education, treatment, and intervention programs in that community. To estimate
the number A of PWID in St. Petersburg, Heimer & White (2010) use a multiplier method
with estimated HIV prevalence (from a different RDS study), HIV testing frequency, and
other sources of information to obtain N = 83118 + 5799. Given that nearly all
epidemiological research on PWID in St. Petersburg uses RDS to recruit participants, a
method for estimating population size directly from RDS data would be particularly useful.

We analyze data from an RDS study of PWID in St. Petersburg performed during 2012—
2013. Researchers recruited n = 813 PWID using 17 seeds and conducted interviews to
gauge perceived barriers to use of HIV prevention and treatment services. While the study
was not intended to be used for population size estimation, its size and adherence to the
traditional RDS recruitment protocol outlined by Heckathorn (1997) make it an appealing
opportunity for population size estimation. Crawford (2016) shows the observed data Y =
(G, d, t, C) from this study and describes the recruitment procedure in detail.

We investigate estimation of N under the vague prior z(M)coN™1, A ~ Gamma(n = 1,€ = 1),
and several specifications for rt(p), indexed by the parameters a and p. To find a suitable
prior for p that takes into account both the previous population size estimate of Heimer &
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White (2010) and the requirement that the first two moments of the posterior distribution
exist, we adopt an empirical Bayes approach. In the Supplementary Materials, we describe a
method for prior elicitation using a lower bound for p, given a prior estimate A/ of A. For the

St. Petersburg data, we find that this bound is p, , = 1.26 x 107>, We fix different values of a

2>2.1 and choose B > 0 such that Pr(p > pjola,B) = 0.99 under the Beta distribution for p. We
consider a = 2.1,3,..., 10, and as before, we set (G )aexp|~7|E | |wherey = 1og(fy/(1 - fa)) with

»=alla+p).

Table 1 shows summaries for the estimated number N of PWID in St. Petersburg under each
prior specification. The mode, mean, standard deviation (SD), and 95% quantiles are shown.
For reference, Heimer & White (2010) state that at least 30,000 cases of HIV in PWID have
been reported; the 2.5% quantiles for a = 2.1 and 3.0 are just below this number, but all
posterior modes and means exceed it. Under this prior specification, increasing values of a
decrease the prior mean of p, giving larger posterior estimates and variances of N. The
posterior mean E[AMY] is more sensitive than the mode to changes in a because it is strongly
affected by the thickness of the right-hand tail of the posterior distribution. We obtain
posterior mode estimates between 39,000 and 215,000, which are generally compatible with
that of Heimer & White (2010): most posterior quantile intervals computed here contain

their estimate IQI: 83,118. Setting a =10 results in the highest estimates of over 200,000;
estimates substantially larger than this may not be credible. The total number of people in St.
Petersburg is approximately 4.9 million, and Heimer & White (2010) estimate the number
who match the age range (20-45 years) characteristic of PWID as approximately 1.5
million. The last two columns give the implied prevalence of injection drug use in both of
these groups, computed using the posterior mean. Posterior expectations and quantiles of //
in Table 1 are sensitive to the prior mean of p. The conditions required for the posterior
distribution of A/to have finite variance necessitate informative priors for p (Kahn 1987);
dramatic mis-specification of the prior mean of p can result in bias, as we show in the
Supplementary Material. Nevertheless, the estimates of the number AV of PWID in St.
Petersburg are in general agreement with those of Heimer & White (2010) and span a range
of reasonable values. Figure 4 shows posterior density estimates for each value of a that
appears in Table 1.

We also analyze the St. Petersburg data using the SS-size method described by Handcock,
Gile & Mar (2014) and Handcock et al. (2015). Results are shown in Table 1 of the
Supplementary Materials. The SS-size model and the method proposed in this paper are
quite different, but we have attempted to impose similar prior specifications so that the
results are comparable between the two approaches. The posterior estimates from the SS-
size method generally fall between 1000 and 4000 when the raw degrees d are used, which
is not within the feasible range for the number of PWID in St. Petersburg. Estimates increase
to between 20,000 and 100,000 when subjects’ reported degrees are “imputed” by the SS-
size software. Estimates under the SS-size model are sensitive to a user-specified maximum
Nvalue. Setting this maximum to 500, 000 results in the largest estimates. Aside from the
strong influence of the maximum A, the prior distribution imposed on A/ does not seem to
greatly affect the posterior estimates in the SS-size method. Estimates from the SS-size
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model using the raw degrees d imply that the prevalence of injection drug use is between
0.09% and 0.18% for 20-45 year-olds and between 0.03% and 0.06% for all residents of St.
Petersburg, which is far lower than the known minimum prevalence based on the number of
registered PWID, and the number of PWID known to be HIV-positive (Heimer & White
2010).

Handcock, Gile & Mar (2014) offer a possible explanation for the performance of the SS-
size method for this RDS dataset and population: the SS-size method is thought to work best
in larger sample fractions, and gives large interval estimates in small sample fractions. A
possible diagnostic test of the SS-size model is suggested by Gile (2011), Handcock, Gile &
Mar (2014), Handcock et al. (2015), and Gile et al. (2015), who argue that degrees of
subjects recruited by RDS should decrease as the sample accrues. One possible reason for
the performance of the SS-size method in this dataset is that the time-ordered degrees do not
seem to adhere to this assumption. The mean reported degree in the St. Petersburg dataset is
10.26 with SD 8.5; the maximum reported degree is 200. The Supplementary Materials
show the reported degrees and a linear regression line overlaid. To test whether the time-
ordered sample of subjects’ degrees decreases, we use the approach suggested by Gile et al.
(2015) and regress the integers 1,..., 770n the observed degrees dj,... ,dy,, ordered by the time
of recruitment. We fit several of these regression models using the full dataset of 7= 813
reported degrees and with the same dataset excluding one outlier subject who reported
degree 200. The results are shown in the Supplementary Materials. The estimated slope
coefficient is always small and positive. There does not appear to be a significant negative
trend in the reported degrees, and we conclude that there is little evidence that average
reported degrees decrease in this dataset.

6 Discussion

We have presented a method for estimating the size of a hidden population from data
collected during RDS surveys. The modeling approach relies on several assumptions about
the social network connecting members of the target population and the RDS recruitment
process. In this section, we examine the basic assumptions underlying the method, and
compare them to those made by Handcock, Gile & Mar (2014) and Handcock et al. (2015)
in deriving and justifying the SS-size estimator.

We assume that there exists an undirected network G = (V/ E) connecting members of the
hidden population, and Assumption 2 states that this network follows the Erd8s-Rényi
distribution. Human social networks are not usually well characterized by the Erd6s-Rényi
model (Watts & Strogatz 1998, Robins et al. 2001). However, the Erd6s-Rényi model has
appealing properties in the context of hidden population size estimation: first, the likelihood
(2) is simple and does not require calculation of a normalizing constant. Second, the Erdés-
Rényi model reflects our general ignorance about the social structure of hidden populations;
setting p = 0.5 gives the “uniform” distribution on graphs. Third, because even small
subgraphs can provide information about Ain the Erdos-Renyi model, (2) does not require
that the network be connected, nor that the sample take place in the giant component.
Finally, and most importantly, the Erd6s-Rényi model has proven to be empirically useful in
a wide variety of population size estimation applications via the snowball sampling
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estimator (Frank & Snijders 1994, David & Snijders 2002) and the network scale-up method
(e.g Bernard et al. 2001, Maltiel et al. 2015).

In contrast, the SS-size model of Handcock, Gile & Mar (2014), Handcock et al. (2015)
models degrees of unsampled vertices as being drawn independently from a pre-specified
parametric distribution. This approach is unburdened by graph-theoretic constraints on the
population network, since the set of population degrees drawn in this way need not
correspond to the degree sequence of any graph (see e.g. Erdos & Gallai 1960, Tripathi &
Vijay 2003). More importantly, inference under the SS-size model is not constrained by
topological conditions imposed by the observed recruitment graph Gz and the degrees in the
subgraph of respondents, as in Definition 5. In the SS-size method, network topology local
to recruited vertices does not play a role in recruitment of the sample. This lack of graphical
constraints in the SS-size model suggests a view of RDS recruitment that is not network-
based: subjects’ reported degrees might be regarded as surrogate measures of “visibility” in
the population, and Handcock, Gile & Mar (2014) and Handcock et al. (2015) take sampling
probability proportional to visibility.

Assumption 3 states that the probability that a susceptible vertex is recruited depends only
on its edges connecting to active recruiters, and does not depend on edges connecting to
unsampled vertices. In contrast, the SS-size model of recruitment takes the conditional
probability of recruitment to be proportional to the full degree of the potential recruit. The
SS-size model also posits that the degrees of recruited subjects should decrease over time as
the sample accrues (Johnston et al. 2015, 2016). We did not observe such a decrease in mean
degree in the St. Petersburg data (see the Supplementary Materials). Nor did Gile et al.
(2015, Supplementary Materials), who find that in robust regression analyses of twelve
separate RDS studies, “[s]urprisingly, we find little evidence of decreasing degree over
time”. This finding is especially remarkable given that researchers often try to choose high-
degree “sociometric stars” as seeds in RDS studies (Wejnert & Heckathorn 2011, page 476).

However, there is reason to believe that network topology matters in determining who can be
recruited, that RDS sampling probability is not proportional to degree, and that degrees need
not decrease during an RDS study. Crawford (2016) argues that if RDS recruitments happen
over edges of a population network, conditional sampling probability has little to do with
total degree. Instead, the edges each potential subject (susceptible vertex) shares with
recruiters determine their probability of being sampled in the next recruitment. Indeed, a
potential subject who shares no edges with recruiters cannot be recruited, regardless of their
degree. Worse, sample sizes for RDS studies are usually set in advance, so a potential
subject whose shortest path to a seed in G is more than n edges can never be recruited,
regardless of their degree. When average degree does not decrease over the time-ordered
sample, the assumptions underlying the SS-size method may not be met, and the likelihood
of the ordered degrees under the SS-size process may not be informative for N.

We also assume that per-susceptible-edge waiting time to recruitment is memoryless
(Assumption 6), which provides a convenient marginalizing distribution over subgraphs G

in (8). To justify this assumption, we draw an analogy between the RDS recruitment process
and the spread of an infectious disease on a population network. The contact process
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between “susceptible” vertices and “infective” recruiters closely parallels models that have
gained wide use in epidemiology. The main difference is that recruiters can deplete their
coupons in RDS, which renders them unable to recruit others. The incentive for recruiting
other participants in RDS may also provide some justification for exponential waiting times:
the need for money may be essentially memoryless. The model of recruitment employed
here is drawn largely from Crawford (2016), which provides a detailed study of the
sensitivity of subgraph reconstruction to violation of Assumption 6 (exponential waiting
times).

All population size estimation methods must make homogeneity assumptions in order to
build a probabilistic connection between the sample data and the size of the target
population, most of which remains unobserved. In capture-recapture estimation, the
homogeneity assumption is random sampling according to a known probability model,
usually uniform; in the network scale-up method it is usually that the population graph has
Erdés-Rényi distribution; in the SS-size method it is that subjects are drawn with probability
proportional to their degree, without replacement. In this paper, we assume that the
population network has Erd6s-Rényi distribution. The assumptions underlying this method
may be justified when researchers believe that the population network exists, is relatively
homogeneous, and subjects are recruited across its edges.

RDS was not designed for population size estimation, and it should not be used for this
purpose if other options like census enumeration or capture-recapture are available and the
assumptions necessary for their use are justified. But RDS remains a popular survey method
for good reason: it is a remarkably effective procedure for recruiting subjects who might
otherwise be reluctant to participate in a research survey. The lack of better methods for
learning about hidden populations suggests to us that RDS will find continued use by
epidemiologists and public health researchers in the future. We have shown in this paper that
by making some assumptions about the network and the nature of the RDS recruitment
process, the observed data from an RDS study can provide useful information about the
target population size.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1:
Illustration of the observed data in RDS surveys. At left, the recruitment graph Ggis shown

overlaid on the population graph G. Next the observed data are shown: the adjacency matrix
of the recruitment graph Gp, the vector of recruited vertex degrees d in G, the vector of
recruitment times t, and the coupon matrix C. The numbered rows and columns correspond
to the sampled vertices, in the order of their recruitment. Each subject received 2 coupons,
so subjects 2 and 5 deplete their coupons before the end of the study. This figure is adapted
from Crawford (2016).
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Figure 2:
Illustration of population size estimation task from RDS data. We seek the number of

vertices in G. The observed recruitment graph Gg is shown at left, along with pendant edges
implied by observed vertex degrees. At right, the reconstructed subgraph Ggreveals the
number of edges that connect to unsampled vertices at each step of the recruitment process.

JAm Stat Assoc. Author manuscript; available in PMC 2019 March 06.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Crawford et al.

Relative Error Relalive Error

Relative Error

[ 5 10
L

-5

10

Page 24

° . .
- 8333808800 - - - - 8800088 0~ -8828,,8 8-~ paB8aBaed PYTES IV SN S SFUPVERNNRIT FPVreT P VORI ¢ESY PP TI BP P PP
N = 5000 N = 5000 N= N= N = 5000 N = 5000 N = 5000 M = 5000 N = 5000
d=5 d=10 d=20 d=5 d=10 d=20 d=5 d=10 d=20
a=3 a=3 a=3 a=5 a=5 a=5 a=10 a=10 a=10
® s b @
o 2 °
RLAEEYE ETT . a8u38 8888 -.-- L3 FRT TR 11 Mup— PETYLITY S I FETTEVETT NS FOOUE 11 T SR bbpebbbibannnn T Bossssnsaa--
N = 10000 M = 10000 N = 10000 M = 10000 H = 10000 N = 10000 M = 10000 N = 10000 N = 10000
d=5 d=10 d=20 d=5 d=10 d=20 d=5 d=10 d=20
a=3 a=3 a=3 a=5 a=5 a=5 a=10 a=10 a=10

© Mean
o Median

B e (1 [Lrr IR HEr 11 B I LT T L e L e SRR T I TTTITY I ey PYT T PY TP
= 100000 N = 100000 M = 100000 N = 100000 N = 100000 = 100000 N = 100000 N = 100000 N=1
d=5 d=10 d=20 d=5 d=10 d=20 d=5 da=10 d=20
a=3 a=3 a=3 a=5§ a=§ a=5 a=10 a=10 a=10
Figure 3:

Networks

. . . A
Estimates of A/ from simulated data, on the relative error scale (N -N tme)/N e

were simulated with /€ {5000,10000,100000} and & € {5,10, 20}. RDS data were
simulated with 7="500, [M| = 10, A = 1. The prior mean of pwas set to the true value of p,
and increasing values of a € {3, 5,10} result in smaller prior variance for p. Circles indicate
posterior means, squares indicate posterior modes, and gray vertical lines indicate 95%
posterior quantiles for N.
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Figure 4:
Posterior distributions for the number A of people who inject drugs in St. Petersburg, Russia

under different values of a.
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Estimates of the number of people who inject drugs in St. Petersburg, Russia from an RDS dataset of 7= 813

subjects. Posterior means, standard deviations, and 2.5% and 97.5% quantiles are shown. The last two

columns show the approximate implied prevalence (%) of injection drug use in 20-45 year-olds and for all
residents of St. Petersburg.

Prior Population size N Prevalence (%)
a Mode Mean SD 2.5% 97.5%  20-45yrs All
2.1 39327 87678 104925 19659 340769 58 1.8
3.0 52466 104449 126935 29384 351413 70 21
4.0 81875 129420 92224 43098 382347 86 26
5.0 109548 150977 83846 60050 366760 10.1 31
6.0 126296 174442 85028 75391 385644 116 3.6
7.0 146483 193728 84272 90074 409119 129 40
8.0 170293 216841 91180 104725 441624 145 44
9.0 199000 234053 86836 117653 450805 156 4.8

10.0 214173 249491 86358 130357 473694 166 51
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