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1 | INTRODUCTION

Abstract

Objective: To setup a three-component tumor growth mathematical model and dis-
cuss its basic application in tumor fractional radiotherapy with computer simulation.
Method: First, our three-component tumor growth model extended from the classi-
cal Gompertz tumor model was formulated and applied to a fractional radiotherapy
with a series of proper parameters. With the computer simulation of our model, the
impact of some parameters such as fractional dose, amount of quiescent tumor cells,
and a/p value to the effect of radiotherapy was also analyzed, respectively.

Results: With several optimal technologies, the model could run stably and output a
series of convergent results. The simulation results showed that the fractional radio-
therapy dose could impact the effect of radiotherapy significantly, while the amount
of quiescent tumor cells and a/f value did that to a certain extent.

Conclusions: Supported with some proper parameters, our model can simulate and
analyze the tumor radiotherapy program as well as give some theoretical instruction
to radiotherapy personalized optimization.
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development of computer.>* In these models, the features of
tumor growth have been deduced into some basic mathematical

Cancer may be the first terrible enemy of our mankind. Although
there are a lot of exciting progresses in medical fields to help us for
more healthy life, some cancers are still keeping threatening to the
world, for example, lung cancer.'?> Nowadays, there are many kinds
of techniques for cancer treatment, among which, surgery, radiother-
apy, and chemotherapy may be the dominant ones.

The metabolic process of cancer is so complicate that its
mechanism is still not revealed completely until now. Researchers
try their best to develop many models for clinical treatment of
cancer including mathematical models, which were proposed
in the early 1900s and deepened in this century with the

theories such as signal processing, image analysis, and stochastic
field theory, then, all the models were formulated mathematically
according to the different theories and fitted with huge experi-
mental or clinical data for tumor growth prediction and effective
evaluation of tumor treatment.”

An ordinary differential equation (ODE), a classic applied mathe-
matical analysis tool, has been used widely for tumor growth analysis
and simulation.®® Because of its advantages of simplicity and good
convergency, ODE can be easily handled by software with micro
computer, so, with rapid development of computer, there have been

many improvements in clinical research of the models based on
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ODE, such as Gompertz model (GM), power law model, and general-
ized logistic model.” !

In this paper, we construct a three-component (3-C) tumor
growth model for simulation the tumor metabolism, and we also
introduce the GM for tumor growth process as well as linear—
quadratic (L-Q) model for tumor radiotherapy. Then, our model is
used for simulation of tumor fractional radiotherapy to discuss some

proper parameters for radiotherapy optimization.

2 | MODELS AND METHODS

2.A | Gompertz model

The GM was proposed for tumor growth process in 1925 by Ben-

jamin Gompertz, a British mathematician. It is given by **

Z—: =aT — bTIn(T) (1)
where T is the tumor volume (cm®), t is the time, In() is the natural
logarithm, and a and b are constants. The model can converge to a

a/b

constant K = Toe®”, where Tj is the initial tumor volume and e is

the natural constant. Then, K means the tumor capacity.

2.B | Three-component model for tumor growth

The essence of malignant tumor growth is the unordered and rapid
division of tumor cells. Generally, in many papers, to simplify the anal-
ysis model, the tumor cells are divided into two groups: dividing cells
and nondividing cells. The tumor growth relies mainly on the dividing
cells, and the nondividing cells will dead naturally and be cleared suc-
cessively by the body. This model is called two-component Model (2-C
Model) [Fig. 1(a)].*?*® Obviously, the quiescent tumor cells are
neglected in this model. In fact, the quiescent cell may play an impor-
tant role in tumor growth. Under some conditions, the quiescent cells
may change to the dividing cells to impact the tumor growth. For more
actual analysis, a 3-C model is proposed here [Fig. 1(b)]. In our model,
there are three kinds of tumor cells: dividing cells, nondividing cells,
and quiescent cells. The quiescent cells may change to dividing cells or

nondividing cells at certain probability. Its ODE model is given by

dT,

d_'? =aTp — bTaIn(Ta) — (P12 4 P13)Ta + P21Tq

dT,

TS = P12Ta — (P21 + P23)Tq 2
dT,

TtD = P13Ta + P23Tq — #Tp

where Pj is the change probability from state i to state j, 5 is the
clear rate, and Tp, Tq.and Tp are dividing cells, quiescent cells, and
nondividing cells, respectively.

2.C | Radiotherapy model

In radiotherapy, with the different characteristic, the interaction
between radiation rays and tumor cell is very different. For x ray or
7 ray, the L-Q model is the most popular and widely used.'*** Its
ODE formulation is:

Dividing

Dividing Pz Quiescenf'
Cells ~ Cells Cells
P ‘ '
P13 ) . P23

Non— Non— .
dividing Dividing

Cells _Cells

Clear Clear

A: 2-component
Model

B: 3-component
Model

Fic. 1.
model.

Comparison of two-component model and three-component

% = —(aD +2pD*)T 3)

where T is the tumor volume, D is the radiation dose, and « and g
are the coefficient of linear and quadratic item, respectively. Nor-
mally, the radiation sensitivity of the tumor cells can be described
with a/p. As we know, the tumor cells in different state will have dif-
ferent radiation sensitivity. So, in this paper, it is assumed the radia-
tion rays only act on the dividing and quiescent cells with different
sensitivity. The ODE model is:

dT
TTA = aTa — bTaAIN(Ta) — (P13 + P13)Ta + P1oTq — (a1D + 28,D%)Ta
dT

d_tQ = P12TA — (P21 + P23)TQ — (azD + 2ﬁ2D2)TQ

dT

= PaTa+PxsTq —nTo

(4)

where a4, 1 and ay, f, are the radiation sensitivity of dividing cells
and quiescent cells, respectively.

Now, fractional radiotherapy is the dominant plan in routine radio-
therapy. It is necessary to consider the tumor cell proliferation and the
change in quiescent cells during the gap between two fractions. Then,
the ODE model is unfit for simulating the process. Here, we propose a

piecewise integration model for fractional radiotherapy simulation:

tx
Ta = 21,11 </ 7(G1Di + 2ﬂ1D,»2)TAidt
t0
td
+/ (aTai — bTaiIN(Tai) — (P12 + P13)Taj (5)
t0
+ P21TQi)dt>

where N is the total radiotherapy fractions, (tO, t*) is the radiation
time, (t0, td) is the time between to fractions, D; is the radiation dose
of the fraction i, and T and Tq; are the volume of Tp and Tq at
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fraction i, respectively. We can also formulate the model of Tq in
the same way.

2.D | Numerical simulation

A computer software is developed for simulating the model. The
programming language is Matlab R 2016a (Mathworks corporation,
Natick, MA, USA). Parts of the model parameters are list in Table 1.5

3 | RESULTS AND ANALYSIS

3.A | Simulation and analysis for tumor growth
model

During the early stage, the tumor cells increase exponentially. While
reaching certain volume, the growing trend is slow down (Fig. 2). It
shows that both the models can return the similar results. Because
of the capacity constraint of GM, its curve runs like a horizontal line
finally and shows a hardly growing tumor volume, while in the 3-C
model, the curve still rises slowly at the end. The growing trend of
3-C model is controlled by the probability from quiescent cells to
dividing cells and nondividing cells.

3B |
result

Impact of fractional dose to radiotherapy

Generally, larger the fractional dose is, better the tumor control is,
and rapider the convergency of the model is. In Fig. 3, when the
fractional dose is 1.2 Gy, total treatment of 30 times (cumulative
dose = 36Gy) cannot reach the control result. While the fractional
dose is 3.0 Gy, total treatment of 12 times (cumulative dose = 36
Gy) can control the tumor volume under 5% of its initial volume. Of
cause, higher fractional dose will do more harmful to the surrounding
normal tissues. For tumor radiotherapy optimization, it is necessary
to consider the radiation models for normal tissues as well as the
ones for the tumor.

3.C | Impact of quiescent cell volume to
radiotherapy result

In our 3-C model of tumor growth, the impact of quiescent cells to

the tumor growth can be seen. In Fig. 4, it can be concluded that

TasLe 1 Partial parameters for the model.

GM Three-component model
a = 0.56, a =0.653, b = 0.0719
b = 0.0719 P12 = 01y P21 = 01, P13 = 005y P23 = 005Y
n=02
a =0.742, a =0.837, b = 0.081
b = 0.0792 P12 = 01, P21 = 01, P13 = 005, P23 = 005Y

n=0.2
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Fic. 2. The difference of tumor growth between GM and 3-C
model (a: Breast cancer, b: Lung cancer).

the initial volume of quiescent cells impacts the process of radiother-
apy first, then, as soon as smaller the volume of quiescent cells is,
the weaker the impact is.

Fractional Radiotherapy
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Fic. 3. Impact of different fractional doses to tumor volume

(fractional dose: 1.2, 2.0, 3.0 Gy/Day, 30 times; a1/f1 = 10;
02//}2 = 66)
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Fic. 4. Impact of quiescent cells volume to the tumor volume

(quiescent cells Vq: 0, 500, 200 cm?; fractional dose: 2.0 Gy/Day,
15 times; a1/p1 = 4.5; az/fs = 10).
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Fic. 5. Impact of radiation sensibility to the tumor volume

(fractional dose: 3.0 Gy/Day, 10 times)

3.D |
result

Impact of the value of a/f to radiotherapy

Obviously, we can read from the model that the impact facts of qui-
escent cells to tumor radiotherapy include the initial volume as well
as the probability from quiescent cells to other cells and the value of
a/p, the parameters of radiation sensitivity. All the parameters may
be so important for the model application to clinical radiotherapy.
alpp is the indicator of the radiation sensibility of tumor cells.
Generally speaking, larger the ratio of a/f is, the linear action of L-Q
model is more significant than the quadratic action. In the same con-
ditions, larger the ratio of a/f is, flatter the curve of the tumor con-
trol is, and more fractional times or dose are needed (Fig. 5). In our
model, because of the action of quiescent cells, the simulation

results are also impacted by a,/f,, the radiation sensitivity of

WILEY—-2

quiescent cells. We can analyze from the model and Fig. 5 that lar-

ger the ratio of ay/p, is, poorer the radiotherapy effect is.

4 | DISCUSSIONS AND CONCLUSION

In the field of radiotherapy model, there may be two branches. One
is about general model of tumor growth, and another is about the
interaction model of tumor cells and radiation particles. In general
tumor model, GM may be one of the most classic mathematical
model. This kind of models describes the intricate and comprehen-
sive biological activities with some compact formulations and opens
a new window for tumor basic research. Because of the complexity
of biomedical activities and the limitation of the research conditions,
this model can only be used for basic analysis of tumor features. As
we know, all mathematical models cannot be useful in clinic until
serials of proper quantized model parameters are introduced. To find
the solution, based on the classic models, many researchers try their
best to propose some achievable models for guiding the clinical
research according the tumor features.*®*” For example, Costa et
al.2° formulated a tumor growth mathematical model with some real
parameters refined in vitro, and Roberto et al.?* published a paper in
2015 to reveal the effect of obesity on cancer growth and on the
immune system response using mathematical model. Their model
discussed the quantitative relationship between obesity and tumor in
order to find a valuable diet planning for clinical tumor prevention
and treatment. In other papers, mathematical model was combined
with the technique of medical image processing for evaluation and
prediction of tumor multidisciplinary treatment.?? Although there has
not been a comprehensive mathematical model for clinical applica-
tion until now, some positive improvements have been achieved in
serials of fields.2®2* It is assured that the tumor mathematical mod-
els will reach an excellent level with the rapid development of com-
puters in the near future.®

The research of the interaction model between radiation particles
and tumor cells has started since 1960s and formatted the widely
used L-Q model with constantly improvement.**'>2% In current
papers, there are many exciting results in radiotherapy effect using
the general mathematical model combined with the L-Q Model.2-2?
We find that the model in the most of the papers is the 2-C one
and the quiescent tumor cells are not considered. In this paper, we
attempt to propose a 3-C tumor model for analysis of the quiescent
cells effect. The simulation gives us positive evidence that the initial
volume of quiescent cells and the radiation sensitivity coefficient can
impact radiotherapy effect. That is to say, with more accurate model
and real model parameters, the 3-C tumor model can give a hand in
the clinical field of tumor radiotherapy optimization. Some papers
show us that radiation sensitivity and fractional dose are related to
many human biological indexes, for example, gene and protein.2°->2
With the studies, it is possible to quantify the association between
the indexes and our model parameters, and some patient-specific
parameters can be extracted and fitted with the real biomedical data.
That may be the next step of our research.
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