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Abstract

Algebraic competence is a major determinant of college access and career prospects, and equal
sign knowledge is taken to be foundational to algebra knowledge. However, few studies have
documented a causal effect of early equal sign knowledge on later algebra skill. This study
assessed whether second-grade students’ equal sign knowledge prospectively predicts their fourth-
grade algebra knowledge, when controlling for demographic and individual difference factors.
Children (N =177; Mge = 7.61) were assessed on a battery of tests in grade 2 and on algebraic
knowledge in grade 4. Second-grade equal sign knowledge was a powerful predictor of these
algebraic skills. Findings are discussed in terms of the importance of foregrounding equal sign
knowledge to promote effective pedagogy and educational equity.
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Having access to algebra is having access to an important form of power (Moses & Cohb,
2001). This is true in at least two important senses: On the one hand, algebra represents an
important pathway into the higher mathematics and science that provide foundational
knowledge for STEM fields (Chen, 2013; National Mathematics Advisory Panel, 2008). In
this sense, the power of algebra is the power to unlock ever more knowledge, be it simply for
knowledge’s sake or for the productive potential that math and science holds for moving
modern society forward.

On the other hand, access to algebra is deeply tied up in issues of social equity (Faulkner,

Stiff, Marshall, Nietfeld, & Crossland, 2014; Gamoran & Hannigan, 2000). Placement in

middle school algebra is an important determinant of high school math placement (Burris,
Heubert, & Levin, 2004; Dauber, Alexander, & Entwisle, 1996; Gamoran & Mare, 1989),
and success in higher math courses is the strongest high school curricular predictor of
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college graduation, regardless of a student’s eventual field of study (Adelman, 2006; Trusty
& Niles, 2003).

Unfortunately, many children are tracked into lower-level math classes that constrain their
eventual access to higher education (Faulkner et al., 2014; Gamoran & Hannigan, 2000).
Thus, algebra is a gatekeeper not only for STEM fields, but also for higher education more
generally. This two-fold picture of the power of algebra underscores the critical role access
to algebra plays in education. As a result, it is vitally important to identify factors that
increase students’ access to algebra.

Against this backdrop, efforts have been made to introduce strands of algebraic and pre-
algebraic thinking much earlier in the curriculum (e.g., Carpenter, Franke, & Levi, 2003;
Kaput, Blanton, & Moreno-Armella, 2008; National Council of Teachers of Mathematics,
2000). Indeed, the Common Core now includes algebraic thinking standards that extend
down to kindergarten. In contrast to focusing on full-fledged formal algebra, these standards
focus on basic concepts, properties, and representations that extend to algebra (McCallum,
Zimba, & Daro, 2011). If algebra is the gatekeeper, then the knowledge and skills covered
by these early standards are thought to be the keys to the gate.

Knowledge of the equal sign is taken to be one particularly important element of early
algebraic thinking (Carpenter et al., 2003; Kieran, 1981). However, little is known
empirically about the extent to which early developing equal sign knowledge actually
predicts later algebraic thinking. The purpose of the present analysis was to investigate the
prospective power of equal sign knowledge at second grade for predicting later algebraic
competence in fourth grade.

The Role of the Equal Sign in Algebraic Thinking

The equality relation symbolized by the equal sign is a “big idea” in mathematics that has
long been viewed as critical for developing algebraic competence (Baroody & Ginsburg,
1983; Carpenter et al., 2003; Falkner, Levi, & Carpenter, 1999; Filloy & Rojano, 1989;
Kieran, 1981; MacGregor & Stacey, 1997; National Council of Teachers of Mathematics,
2000). The equal sign is a relational symbol that indicates the sameness or interchangeability
of two sides of an equation, and as such, it is inherently propositional. Indeed, the equal sign
is one of the earliest instances in which children are introduced to the idea that math should
be about sense making: In order for 3 + 4 = 6 + 1 to be true, both sides mustadd to the same
amount. This relational aspect of a robust understanding of the equal sign makes it a critical
link between arithmetic and algebra (Carpenter et al., 2003; Kieran, 1981; MacGregor &
Stacey, 1997).

Unfortunately, decades of research have detailed the difficulties American school children
have understanding the equal sign (e.g., Behr, Erlwanger, & Nichols, 1980; Falkner et al.,
1999; Li, Ding, Capraro, & Capraro, 2008; Matthews, Rittle-Johnson, McEldoon, & Taylor,
2012; McNeil & Alibali, 2005; Perry, 1991; Renwick, 1932). Instead of developing a
relational view of the equal sign, children often interpret it as an operator that means “get the
answer” or “the total” (Behr et al., 1980; McNeil & Alibali, 2005; Seo & Ginsburg, 2003).
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As a result, most elementary school aged children solve problems suchas8 +4=_+5
incorrectly, writing 12 or 17 on the blank (e.g., Falkner et al., 1999). Additionally, students
with an operational view of the equal sign often reject problems that are not in standard a +
=cformat (e.g.,, 4+ 1 =2+ 3, or 8 =3 + 5) as incorrect or nonsensical (Behr et al., 1980).
Such operational understandings of the equal sign are pervasive and difficult to overcome.
Importantly, these operational understandings are correlated negatively with understanding
of algebra (Byrd, McNeil, Chesney, & Matthews, 2015; Knuth, Stephens, McNeil, &
Alibali, 2006; Steinberg, Sleeman, & Ktorza, 1991).

In contrast, cultivating a refational view of the equal sign is thought to be critical for the
development of algebraic skills. A relational view of the equal sign takes it to mean “the
same as” or to indicate that two amounts or expressions can be interchanged (Kieran, 1981).
Because algebra is at root about the study of functions, relations, and systems as opposed to
computation, theorists and empirical researchers using qualitative methods and teaching
experiments have taken a relational understanding of the equal sign to indicate algebraic
reasoning (e.g., Carpenter et al., 2003; Filloy & Rojano, 1989; Kaput et al., 2008; Kieran,
1981; NCTM, 2000; Seo & Ginsburg, 2003; Sfard & Linchevski, 1994).

The empirical evidence supports these conclusions. A sizeable body of research indicates
that holding a relational view of the equal sign is positively related to students’ concurrent
abilities to solve algebraic equations (Alibali, Knuth, Hattikudur, McNeil, & Stephens, 2007;
Booth & Davenport, 2013; Fyfe, Matthews, Amsel, McEldoon, & McNeil, 2018; Knuth et
al., 2006; Matthews et al., 2012; Steinberg et al., 1991). Moreover, research shows that equal
sign instruction improves student abilities to solve nonstandard open equations, which are
precursors to the sorts of equations students encounter in formal algebra courses (e.g.,
Matthews & Rittle-Johnson, 2009; Perry, 1991; Powell & Fuchs, 2010). Yet, most attempts
to investigate the relations between equal sign knowledge and algebraic competence have
involved measuring both at either the same time point or at two points close in time, a design
feature that renders them inappropriate for determining the role of equal sign knowledge in
the development of algebraic knowledge over time. To answer this causal developmental
question, more longitudinal data are needed.

We identified only two published studies documenting that early knowledge of the equal
sign prospectively predicts later algebra knowledge. Alibali et al. (2007) found that sixth
graders who offered more sophisticated operational definitions of the equal sign were better
at solving equivalent equations at eighth grade. Similarly, Byrd, McNeil, Chesney, Matthews
et al. (2015) found that sophistication of equal sign definitions at the beginning-of-the-year
predicted end-of-year performance on an early algebra assessment for third- and fifth-grade
students.

These studies, however, were limited in four important ways. First, Alibali et al. (2007) only
used two items to assess algebraic reasoning, whereas Byrd et al. used only a single item. As
a result, the primary predictors were granular and of limited variability. See Matthews et al.
(2012) for an extended discussion of how the binary nature of a single item necessarily
limits the variance that can be explained by those studies. By contrast, continuous measures
of equal sign knowledge constructed using more items of various difficulties have explicitly
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been shown to unpack more variance in the data (Matthews et al., 2012; Rittle-Johnson,
Matthews, Taylor, & McEldoon, 2011).

A second limitation is that both previous prospective studies used measures that focused
heavily on students’ explicitly offered definitions of the equal sign. Yet, Rittle-Johnson et
al.’s (2011) item response theory-based model showed that the difficulty of these items tends
to be higher than the average ability levels of second-grade students. Therefore, such items
provide low test information for young participants compared to items with more
appropriate difficulty. Third, neither previous study controlled for covariates of cognitive
abilities that previous studies have found to be predictive of developing algebraic
competence, such as 1Q, attentive behavior, arithmetic calculation skill, or number line
estimation ability (Fuchs et al., 2014, Fuchs et al., 2016).

Finally, we note that the elementary school aged children in Byrd et al. (2015) received
explicit supplemental instruction on how to solve mathematical equivalence problems as
well as on how to solve unknown values represented by literal variables. Thus, the sole
existing longitudinal study linking early elementary students’ equal sign knowledge to later
algebra outcomes did not pertain to children who received business-as-usual instruction.
Indeed, the effect observed by Byrd et al. (2015) is best characterized as that of an
interaction between prior equal sign knowledge and explicit instruction on the sorts of
problems assessed at posttest. The present analysis extends this work by observing these
relations among even younger children who do not receive such instruction.

The Present Analysis

The purpose of the present analysis was to investigate whether students’ equal sign
knowledge at end of second grade predicts their later algebraic knowledge in fourth grade
while controlling for demographic variables and several measures of individual differences
in cognitive processing and prior knowledge. Specifically, we included the following
domain-general cognitive resources and math-specific skills previously shown to be related
to algebraic knowledge by Fuchs et al. (2012) and Fuchs et al. (2016). 1Q was included
because theory suggests that algebra requires more complexity and overall cognitive demand
than arithmetic does (e.g., Kieran, 1990). Attentive behavior was included because it has
been shown to play a role in learning mathematics in general (Fuchs et al., 2006), as
focusing attention is an important requisite step in learning. Arithmetic calculation skill was
included because according to Pillay, Wilss, and Boultin-Lewis’s (1998) model, arithmetic
competence provides the foundation for algebraic competence. Number line estimation was
included because it has emerged in recent years as a general predictor of young children’s
mathematical understanding (e.g., Booth & Siegler, 2008; Sasanguie, De Smedt, Defever, &
Reynvoet, 2012).

We included students’ sex, due to ongoing interest in the role that sex differences may play
in mathematics interest and achievement (e.g., Reilly, Neumann, & Andrews, 2015), as well
as children’s eligibility for free and reduced lunch, as poverty is frequently viewed as a
powerful factor limiting children’s academic potential (e.g., Duncan, Yeung, Brooks-Gunn,
& Smith, 1998). Each of these demographic variables has also previously been found to
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affect children’s algebraic reasoning skills (Fuchs et al., 2014). Finally, we included a
variable indicating whether children qualified for tutoring as assessed by calculation and
word-problem screening measures in the parent study. The screener, which was designed to
identify students who were at risk for poor math learning outcomes, was previously shown
to be predictive of some measures of algebraic reasoning (Fuchs et al., 2014).

To index equal sign knowledge, we used open equations, which are frequently referred to as
“math equivalence problems” in the literature (McNeil & Alibali, 2005; Perry, Church, &
Goldin-Meadow, 1988; Bethany Rittle-Johnson, 2006; Sherman & Bisanz, 2009).
Importantly, multiple open equations of various formats ensure that the assessment measures
a range of equal sign knowledge levels that cover the typical skill set of second-grade
students (see Rittle-Johnson et al, 2011; Matthews et al., 2012). The chief outcome was a
two-part assessment of algebraic reasoning and skill administered to the same students two
years later.

The goal of the analysis was to extend knowledge regarding the causal effects of early equal
sign knowledge on later algebra skills. Finding evidence of a predictive relation between
second-grade equal sign knowledge and later algebra skill would represent the first finding
of this link among children this early in development. Additionally, finding such a link
would provide important empirical corroboration of a causal connection that has been
widely postulated but rarely investigated with longitudinal designs. The existence of such a
link would underscore the importance of identifying validated early pedagogical approaches
for promoting understanding of the equal sign. Moreover, the simplicity of administration of
the chief measure of equal sign knowledge makes it a candidate for potential curriculum-
based formative assessment measures that can be aligned with standards focused on the
cultivation of equal sign knowledge. If findings indicate that equal sign knowledge is a
unique predictor over and above other cognitive and demographic covariates, results will
bolster arguments about the critical role of educational access in promoting such knowledge
in the primary grades.

Method

Participants

Children were control group participants from a parent study conducted in a southeast
metropolitan school district in the southeastern United States. The parent study investigated
whether symbolic calculation or word-problem instruction better supports algebraic thinking
(Fuchs et al., 2014). In the parent study, second-grade classrooms were randomly assigned to
a control condition or to one of two instructionally enriched conditions, focused on word
problems or calculations. Classroom teachers relied primarily on the basal program
Houghton Mifflin Math (Greenes et al., 2005) to guide mathematics instruction.

Screening for study entry occurred with an initial sample of 1,917 students who had parental
consent and assent (screening measures are described below in the Measures section). The 2-
subtest Wechsler Abbreviated Scale of Intelligence (WASI; Wechsler, 1999) was
administered to exclude children scoring <9™ percentile on both subtests (because the study
was not about intellectual disability). We excluded students in the instructionally enriched
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conditions because the enriched conditions were each designed to alter the course of typical
development, and the present analysis aimed to investigate how prospective equal sign
knowledge predicts algebra score in a business-as-usual instructional setting. As a result, the
final sample for the current study was comprised of 191 students who scored above the
criterion on the WASI, who did not receive instruction, and who were tested for equal sign
knowledge. More complete information on the sampling procedure is available in the
supplemental file.

In the final sample, 55.5% were female; 83.8% received subsidized lunch; 17.8% were
English Language learners (EL); 35.6% were African American, 29.3% were white non-
Hispanic, 26.2% were Hispanic, and 5.8% were other. 8.4% received special education
services. Students’ mean age at the start of the study was 7.61 years (SD = 0.43). Table 1
includes summary demographics from the analytic sample.

Screening measures.—The 2-subtest WASI comprises Matrix Reasoning and
Vocabulary. With Matrix Reasoning, the child completes matrices; from each, a section is
missing, and the child restores the matrix by selecting from 5 options. With Vocabulary, the
tester presents pictures or says words, and the child constructs a definition for each. The
subtests combined to yield a composite 1Q score (a = .92). Four subtests of the Second-
Grade Calculations Battery (Fuchs, Hamlett, & Powell, 2003) were also administered: Sums
to 12, Sums to 18, Minuends to 12, and Minuends to 18. For each, students have 1 min to
complete 25 problems (in the parent study, a =.85-.93). The screener was Sums to 12.
Finally, a Story Problems assessment (Jordan & Hanich, 2000) was administered, which
comprised 14 combine, compare, and change word problems, requiring single-digit addition
or subtraction (a. =.87).

The WASI was used as a screener for study inclusion, as described above. Calculation and
word problem screeners were used to determine whether participants in the parent study’s
treatment groups were eligible for small-group tutoring. Because students in the present
analysis were in the control group, none received tutoring, but we did use second-grade
eligibility for tutoring as a predictor of fourth-grade outcomes.

Second-Grade Predictor Measures

Attentive behavior was measured with the Strength and Weaknesses of ADHD Symptoms
and Normal Behavior scale (SUWAN; Swanson et al., 2004). The SWAN is an 18-item teacher
rating scale (Swanson et al., 2012) that samples items from the Diagnostic and Statistical
Manual of Mental Disorders-1V (APA, 1994) criteria for Attention-Deficit/Hyperactivity
Disorder for inattention (items 1-9) and hyperactivity/impulsivity (items 10-18). Validity is
supported in the literature (Lakes, Swanson, & Riggs, 2012; Swanson et al., 2012). Items are
rated as 1 = Far Below, 2 = Below, 3 = Slightly Below; 4 = Average, 5 = Slightly Above, 6 =
Above, 7 = Far Above. We report data for the attentive behavior subscale as the average
rating across the nine relevant items. We selected this subscale to index attentive behavior, or
the ability to maintain focus of attention. The SWAN correlates well with other dimensional
assessments of behavior related to attention. In the parent study, a =.99.
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Equal sign knowledge was measured with The Open Equations Test (Powell, 2007), on
which children solve 30 open equations, each featuring a blank representing a missing
number. The equations are classified in terms of difficulty according to Rittle-Johnson et
al.’s (2012) 4-level construct map for equal sign knowledge, with difficulty increasing as the
knowledge level increases (Table 2). This construct map predicts the difficulty of items a
prioribased on features such as the sides on which items feature operators and the side on
which the unknown is located (also see Powell, Kearns, & Driver, 2016). A list of the open
equation items used, their a prioriassigned levels on the construct map, and observed
accuracies is shown below in Table 3 of the results section. Although the construct map is
presented as having four levels for purposes of conceptual clarity, the underlying theoretical
model of the construct is continuous and not discrete (Rittle-Johnson et al., 2011). For this
sample, a = .87.

Arithmetic calculation skill was measured with the Wide Range Achievement Test 3—
Arithmetic (WRAT- 3; Wilkinson, 1993), which includes an oral and a written component.
The oral portion focuses on early numerical competencies. In the written section, students
have 10 min to answer written calculation problems that progress from one-digit addition
and subtraction to two-digit addition and subtraction to whole-number multiplication and
division to problems involving fractions, decimals, and more complex calculation skills.
Because we wanted to estimate start-of-second-grade calculation skill, we relied on the
written component. In the parent study, a =.93.

Number line estimation skill was measured with a 0-100 Number line estimation task.
Children indicated where a target number was located on a number line marked with 0 and
100 as endpoints. Target numbers were 3, 4, 6, 8, 12, 17, 21, 23, 25, 29, 33, 39, 43, 48, 52,
57,61, 64,72, 79, 81, 84, 90, and 96. Items were presented in random order and
administered at a self-paced rate, without a time limit. Performance was defined as each
participant’s mean percentage of absolute error (PAE), where PAE was generated by (|
answer — correct answer|/numerical range) and the numerical range was 100, corresponding
to the total range presented on the number line. A smaller PAE indicates more accurate
responding. Test-retest reliability conducted on 87 children in the parent study was .85
(Fuchs et al., 2016).

Fourth-Grade Outcome Measures

Algebraic knowledge was measured with an adapted version of 7he Test of Basic Algebra
and Procedures based on items developed by Fuchs, Seethaler, and Powell (2009). The
assessment includes two subtests, each featuring a different type of item: solving equations
with variables and function tables (see Figure 1 for example items). The solving equations
subtest comprises 20-items on which children solved simple algebraic problems featuring
letters standing for missing quantities (a = .91).

The function tables subtest features six items. Each shows a 2-column table in which the
header row indicates that the left column represents different values a variable can take and
that the second column represents a linear function transforming that variable. All but the
target row indicates a value the variable can take and the corresponding value for the
function. In the target row, the value of the function is empty, and children are directed to
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“write the answer in the empty gray box.” Unlike the open equation predictor items, some
function table items involve formalisms for variables multiplied by coefficients (e.g., 2x+1).
For this subtest a = .81

Testing occurred in classrooms for measures administered in groups. All other measures
were administered individually in other, quiet school locations. Students were assessed on
math screening measures in large groups and on WASI individually in September of second
grade. In September-October of second grade, students were tested on the WRAT-Arithmetic
in large groups and on number line estimation individually, and teachers completed the
SWAN. In March and April of second grade, students were assessed in large groups on open
equations. In March and April of fourth grade, they were assessed on algebraic reasoning.
Testers were trained to criterion on each measure, and all individual test sessions were
audiotaped, 20% of which were independently rescored to administration fidelity (agreement
= 98%). Fidelity exceeded 99%. All data were double entered and verified.

Distribution and Difficulty of the Equal Sign Predictor Measure

We began by examining the difficulties of the equal sign knowledge predictor items as a
validity check on the chief predictor of interest. First, we assessed whether empirically
observed difficulty for each of the 30 open equation items, as assessed by mean accuracy,
aligned with hypothesized difficulties based on Rittle-Johnson et al.’s (2011) construct map.
A priori hypothesized item difficulty was highly correlated with observed mean accuracy,
(28) = -.83, p<.001 (see Table 3).

Second, we checked the distribution of the equal sign knowledge predictor variable.
Performance was normally distributed (skewness = .23, kurtosis = —.42). Items were
sufficiently difficult that mean accuracy for the 10 Level 1 items was only 57%. Level 3
items were difficult enough that 147 of the 191 participants (77.0%) failed to solve a single
item (of 8) correctly, and overall accuracy was only 6%. Still, performance spanned nearly
the entire range of possible values (M =9.99, SD=5.71, range = 0 — 28 of 30). There was an
absence of ceiling and floor effects.

A Direct Model: Predicting Fourth-Grade Algebra from Second-Grade Equal Sign

Knowledge

We next investigated the extent to which second-grade equal sign knowledge prospectively
predicted algebra competence in fourth grade. Zero order correlations are shown in Table 4.
Initially, we directly regressed each of the two fourth-grade algebra subtests against our set
of predictor variables using Ordinary Least Squares (OLS). Fall of second-grade predictors
were seX, eligibility for free or reduced lunch, eligibility for math tutoring, 1Q, attentive
behavior, arithmetic skill, and number line estimation performance. Equal sign knowledge
was entered as a spring of second-grade predictor. We report standardized coefficients for
this analysis (see Table 5), because they facilitate interpretation of effects in terms of a
common scale.
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In this model, the single largest predictor of fourth-grade equation solving skill was equal
sign knowledge in spring of second grade (8 = 0.39, p< .001), with a one standard deviation
increase in equal sign knowledge corresponding to a 0.39 standard deviation increase on the
equation solving subtest. Fall of second-grade predictors 1Q (8= 0.19, p=.002) and
attentive behavior (8= 0.19, p < .003) were also uniquely predictive. We analyzed squared
semi-partial correlation coefficients (s/%) to quantify the explanatory power of equal sign
knowledge relative to other predictors in this model: the unique variance explained by each
variable in the final model over and above shared variance among items, which corresponds
to change in A2 if the variable were to be subtracted from the model. We calculated a ratio of
the sr2 for equal sign knowledge to the summed s7Z for all other variables in the model. This
ratio indicated that equal sign knowledge alone explained 1.11 times as much unique
variance than all other predictors combined.

Similarly, spring-of-second-grade equal sign knowledge was also the largest predictor of
fourth-grade functions performance (8= 0.32, p< .001), with a one standard deviation
increase in equal sign knowledge corresponding to a 0.32 standard deviation increase in
functions performance. Fall-of-second-grade 1Q (8= 0.16, p=.033) and arithmetic
calculation skill (8= 0.19, p=.014) were also significant predictors. The ratio of the s/ for
equal sign knowledge to that of other variables was .99, indicating that equal sign knowledge
alone explained as much unique variance as all other predictors combined.

Equal Sigh Knowledge as Mediator

Use of the direct regression model examined above reflected our hypothesis that all
independent variables affected algebra outcomes directly. However, we note two features of
our data that may indicate an alternative model for analysis. First, the spring-of-second-
grade measure of equal sign knowledge was collected at a later time point than other second-
grade measures. Second, given that ability measures like 1Q and prior math knowledge
measures (e.g., number line estimation) are generally hypothesized to facilitate or constrain
learning, it may be the fall measures affect equal sign learning between fall and spring time
points. Thus, fall individual difference measures may plausibly be causally related to
differences in spring equal sign knowledge, which in turn lead to differences in fourth-grade
algebra outcomes. For these reasons, we also modeled spring-of-second-grade equal sign
knowledge as a mediator of fall predictors on the fourth-grade algebra outcomes.

We tested for mediation following an OLS-based path analytic framework using Hayes’
(2013) MEDIATE macro for SPSS. This analysis calculated decomposed effects, with
estimates of the direct paths as well estimates of indirect effects via equal sign knowledge
and total effects of both direct and indirect paths. The macro used bootstrapping estimation
with 10,000 draws to estimate standard errors and 95% confidence intervals (CIs) for
indirect and total effects. We converted all variables to standard scores prior to running the
model. Analyses were run for each subtest, and parameter estimates are detailed in Table 6.
Cls that do not cover zero are statistically significant. Because direct effects of fall variables
correspond to the OLS regression discussed above, we focus presentation of results on
indirect and total effects of the fall predictors.
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Fall of second-grade predictors explained 43% of the variance in equal sign knowledge. Free
or reduced lunch, attentive behavior, arithmetic skill, and number line estimation were
directly related to spring-of-second-grade equal sign knowledge (note that number line
estimation is scored such that a negative coefficient reflects a positive relation). The
observed relations between arithmetic skill, number line estimation, and equal sign
knowledge are consistent with the conclusion that baseline level of numerical competence
serves as a limiting factor for correct processing of open equation items.

Three indirect paths also emerged as significant for predicting equation solving in fourth
grade (Figure 2). Higher attentive behavior, stronger arithmetic skill and better number line
estimation each showed significant positive indirect effects via equal sign knowledge. The
combinations of indirect effects via mediation and direct effects revealed significant total
effects for multiple variables that were somewhat larger than those shown in our initial direct
regression analysis: 1Q (8= 0.24 vs. 0.19) and attentive behavior (8= 0.30 vs. 0.19) bore
larger effects compared to the OLS analysis. Moreover, arithmetic skill (5= 0.18 vs. 0.12)
and number line estimation (8= -0.18 vs. —0.10) had positive total effects in this mediation
model as opposed to the direct OLS model.

There were also significant positive indirect effects for attentive behavior, arithmetic skill,
and number line estimation for predicting fourth-grade performance on fourth-grade
algebraic functions outcome (see Figure 2). The combinations of indirect via mediation and
direct effects revealed significant total effects for multiple variables, which were somewhat
larger than those shown in our initial direct regression analysis: 1Q (8= 0.20 vs. 0.16),
attentive behavior (8= 0.23 vs. 0.14) and arithmetic calculation skill (8= 0.24 vs. 0.19).
Indeed, attentive behavior was nonsignificant in the direct analysis but was positively related
to functions subtest performance according to the mediation model. Even so, the mediation
model explained somewhat less variance in equation-solving performance compared to the
direct model (R2pmegiation/R%Direct = -86). This was also the case for functions performance

(RzMediation/RzDirect =.85).

Discussion

We found that second-grade equal sign knowledge prospectively predicted fourth-grade
algebraic thinking skills using two different models: a direct regression model and a model
in which equal sign knowledge served as a mediator. According to the direct regression
model, equal sign knowledge was a significant predictor of performance on both algebraic
reasoning subtests administered two years later. Across the two reasoning tasks, 1Q, attentive
behavior, and arithmetic calculation skill also emerged as significant predictors of algebraic
reasoning according to the direct model. Still, equal sign knowledge explained as much
unique variance as all other predictors combined.

The alternative mediation yielded somewhat larger total effects for 1Q and attentive behavior.
This model also yielded significant total effects for start-of-second-grade arithmetic
calculation skill and number line estimation on fourth-grade equation solving as well as total
effects for second-grade arithmetic calculation on fourth-grade functions performance.
However, results indicated that more than half the variance in equal sign knowledge (the
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hypothetical mediator) was left unexplained by the other fall of second-grade factors. This
means that other exogenous factors inherent in equal sign knowledge were responsible for a
large portion of the direct path to solving equations and functions. Moreover, the direct
model explained more variance on the outcomes than the mediator model for both algebraic
subtests. These findings combined with our theoretical priors lead us to prefer the direct
model over the mediation model, but both converge to make one thing clear: Knowledge of
the equal sign is important for the development of algebraic thinking.

These longitudinal results strengthen empirical evidence for a causal link between
knowledge of the equal sign and algebraic reasoning. Despite a wealth of theory suggesting
such a causal connection (e.g., Carpenter et al., 2003; Filloy & Rojano, 1989; Kaput et al.,
2008; Kieran, 1981; National Council of Teachers of Mathematics, 2000; Seo & Ginsburg,
2003; Sfard & Linchevski, 1994; Steinberg et al., 1991), the present analysis is only the third
published study empirically showing that equal sign knowledge predicts later algebra
knowledge (Alibali et al., 2007; Byrd et al., 2015). This study is the first to do so with
students as young as second grade.

The True Nature of Risk?

Knowledge of the equal sign was by far the strongest predictor of performance on both
subtests of algebra according to our preferred direct model. In fact, the effect of equal sign
knowledge was larger than the combined effects of individual differences in 1Q and attentive
behavior combined. Moreover, both eligibility for subsidized lunch and eligibility for
tutoring (based on low second-grade math screening scores) failed to emerge as significant
predictors for either algebra outcome subtest. Although typically considered to be risk
factors, these provided little value in predicting algebraic thinking in our analysis that
controlled for a variety of cognitive, mathematical, and socioeconomic variables. All told,
findings provide persuasive evidence that equal sign knowledge accrues benefits for future
algebraic reasoning beyond the cognitive and demographic factors sometimes viewed as
constraining potential for educational achievement.

Our findings are consistent with decades of research demonstrating that children across a
wide age span typically have limited understanding of the equal sign (e.g., Baroody &
Ginsburg, 1983; Behr et al., 1980; Falkner et al., 1999; Jacobs, Franke, Carpenter, Levi, &
Battey, 2007; Li et al., 2008; McNeil, 2008; Perry, 1991; Powell & Fuchs, 2010). Children in
the present study were only 50% accurate on open equation items, despite the fact that no
numbers were greater than 14. For example, children in the present analysis solved 4 + 5 =
__with 76% accuracy and 5 + _ =11 with 74% accuracy, but only solved =6 + 5 with
43% accuracy. Thus, the primary factor for low open equation performance appears to be
conceptual misunderstanding, which is consistent with Rittle-Johnson et al.’s (2011) equal
sign knowledge construct map.

To be clear, this is not just a second-grade issue. Falkner et al (1999) found that when
presented with the problem 8 + 4 =+ 5, all 145 sixth graders in their sample answered
either 12 or 17. Similarly, Fyfe et al. (2018) found that a full 10% of Grade 7-12 students in
their sample failed to properly solve 7+ 6 + 4 =7 + . Thus, without intervention, such
conceptual difficulty found among second graders can persist until middle and high school,
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and such misconceptions are related to difficulties in algebraic reasoning in later grades
(e.g., Byrd et al., 2015; Fyfe et al., 2018; Knuth et al., 2006). This early conceptual difficulty
is important enough that it can impede students’ eventual access to algebra and alter future
educational and employment prospects.

The persistence of these deficits is particularly troublesome given that multiple studies have
shown that brief conceptual intervention can lead to improvements in children’s equal sign
knowledge (e.g., Fyfe et al., 2014; Matthews & Rittle-Johnson, 2009; Perry, 1991; Powell &
Fuchs, 2010; Rittle-Johnson & Alibali, 1999). Unfortunately, it remains the case that the
majority of available resources available to educational practitioners fail to provide adequate
attention to teaching children about the equal sign. Indeed, most textbooks neither explicitly
define the equal sign nor expose students to nonstandard equations that can help promote
equal sign knowledge (Capraro, Capraro, Ding, & Li, 2007; McNeil et al., 2006; Powell,
2012; Rittle-Johnson et al., 2011). In a similar vein, although the Common Core State
Standards currently include understanding the equal sign in the first-grade standards for
Operations and Algebraic Thinking, explicit focus disappears from the standards by second
grade. This is the case even though, as shown in the present analysis, the deficit is clearly
present at second grade. If the education system is committed to ensuring equitable access to
algebra and the power it confers, then a commitment is needed to influence the malleable
factors that promote its acquisition. Equal sign understanding is clearly one critical
malleable factor.

Limitations and Future Directions

Before closing, we note some important study limitations. First, the present analysis was
limited by the measures used and by the age ranges tested. Our measure of equal sign
knowledge was limited to performance on open equations, and adding more comprehensive
measures that span the entire range of difficulty on the math equivalence construct map can
broaden understanding of effects (see for example Matthews et al., 2012). Covering a larger
range of item types and difficulties would allow for integration of powerful items such as
assessing students’ explicit definitions and permit the development of a vertically scaled
measure of equal sign knowledge, which might be used effectively across grade ranges to
explore its relations to algebraic thinking. Use of such a vertically scaled assessment may
extend similar studies to include children beyond second through fourth grades and perhaps
into adulthood (cf. Fyfe et al., 2018). Future studies using more comprehensive measures
with a broader age range are thus necessary to create a fuller picture of the role of equal sign
knowledge.

More generally, even though the assessment of algebraic thinking we used covered key
aspects of algebra, it still only covered a subset of the domain. To the extent that the goal is
to understand how knowledge of equality relates to algebra, these relations should be tested
with additional facets of the domain, including topics like understanding linear equations in
two or more variables, understanding quadratics, solving word problems, and interpreting
variable expressions. Assessments could also be developed to test more nuanced aspects of
algebraic thought such as the transition from viewing an expression like 3(x +5) + 1 asa
computational process to seeing it as a function that transforms every number x into another
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(Sfard & Linchevski, 1994) or other cognitive gaps between algebraic and arithmetic
thinking (Herscovics & Linchevski, 1994). Some of these topics require longer-term
predictions. Using more varied and nuanced assessments that span initial stages of formal
algebra instruction may extend our understanding of the extent to which the equality concept
promotes general algebraic competence.

Finally, there is a need to conduct studies with strong interventions that continue to track
development over the long term. The present analysis focused on the predictive power of
existing equal sign knowledge, but included no intervention, and existing intervention
studies tend to focus on short-term effects of single-dose instruction (but see Byrd et al,
2015). Additionally, no studies have sought to teach children to a criterion regarding equal
sign knowledge and followed their subsequent development over time. Moreover, no studies
have taken laboratory methods for increasing equal sign knowledge and employed them in a
spaced pattern that a century of research has shown leads to long-term retention of the
concept (Ebbinghaus, 1885/1964; Vlach, 2014). Such studies, seeking to optimize the
dosage and spacing of instruction on the equal sign, are essential for determining the upper
bounds on the effectiveness of equal sign knowledge in promoting algebraic competence

This research shows that early understanding of the equal sign is a powerful predictor of
later algebraic competence. The effects of this knowledge outstripped all other predictors we
investigated, including 1Q and attentive behavior as well as arithmetic skill and eligibility for
subsidized lunch. Thus, if algebra serves as a gatekeeper for students’ future academic and
economic success, then it appears that knowledge of the equal sign serves as a key to the
gate. One important implication of this finding is that efforts to improve algebra access
should focus on promoting knowledge of the equal sign and disseminating information about
its importance.
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Acknowledgments

This research was supported by 2 P20 HD075443 and HD059179 and Core Grant HD15052 from the Eunice
Kennedy Shriver National Institute of Child Health & Human Development to Vanderbilt University. The content is
solely the responsibility of the authors and does not necessarily represent the official views of the Eunice Kennedy
Shriver National Institute of Child Health & Human Development or the National Institutes of Health. The authors
thank Daniel Bolt and Jee-Seon Kim for thoughtful feedback on early drafts of this manuscript.

References

Adelman C (2006). The toolbox revisited: Paths to degree completion from high school through
college. US Department of Education, 223.

Alibali MW, Knuth EJ, Hattikudur S, McNeil NM, & Stephens AC (2007). A longitudinal examination
of middle school students’ understanding of the equal sign and equivalent equations. Mathematical
Thinking and Learning, 9, 221-247. 10.1080/10986060701360902

Baroody AJ, & Ginsburg HP (1983). The effects of instruction on children’s understanding of the”
equals” sign. The Elementary School Journal, 84, 199-212. 10.1086/461356

Child Dev. Author manuscript; available in PMC 2021 January 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Matthews and Fuchs

Page 14

Behr M, Erlwanger S, & Nichols E (1980). How children view the equals sign. Mathematics Teaching,
92, 13-15.

Booth JL, & Davenport JL (2013). The role of problem representation and feature knowledge in
algebraic equation-solving. The Journal of Mathematical Behavior, 32, 415-423. 10.1016/j.jmathb.
2013.04.003

Burris CC, Heubert JP, & Levin HM (2004). Math acceleration for all. Educational Leadership, 61, 68—
72.

Byrd CE, McNeil NM, Chesney DL, & Matthews PG (2015). A specific misconception of the equal
sign acts as a barrier to children’s learning of early algebra. Learning and Individual Differences,
38, 61-67. 10.1016/j.lindif.2015.01.001

Capraro RM, Capraro MM, Ding M, & Li X (2007). Thirty years of research: Interpretations of the
equal sign in China and the USA. Psychological Reports, 101, 784—786. 10.2466/pr0.101.3.784-786
[PubMed: 18232434]

Carpenter TP, Franke ML, & Levi L (2003). Thinking Mathematically: Integrating Arithmetic and
Algebra in Elementary School. Heinemann, 361 Hanover Street, Portsmouth, NH 03801-3912
(Paperback: $24.50). Website:www.Heinemann.com.

Chen X (2013). STEM attrition: college students’ paths into and out of STEM fields. Statistical
analysis report. NCES 2014-001. National Center for Education Statistics. Retrieved from https://
eric.ed.gov/?id=ED544470

Dauber SL, Alexander KL, & Entwisle DR (1996). Tracking and transitions through the middle
grades: channeling educational trajectories. Sociology of Education, 69, 290-307.
10.2307/2112716

Duncan GJ, Yeung WJ, Brooks-Gunn J, & Smith JR (1998). How much does childhood poverty affect
the life chances of children?. American sociological review, 406-423. 10.2307/2657556

Ebbinghaus H (1964). Memory: A contribution to experimental psychology. New York, NY: Dover.
(Original work published 1885)

Falkner KP, Levi L, & Carpenter TP (1999). Children’s understanding of equality: A foundation for
algebra. Teaching Children Mathematics, 6, 232-236.

Faulkner VN, Stiff LV, Marshall PL, Nietfeld J, & Crossland CL (2014). Race and teacher evaluations
as predictors of algebra placement. Journal for Research in Mathematics Education, 45(3), 288—
311.10.5951/jresematheduc.45.3.0288

Filloy E, & Rojano T (1989). Solving equations: The transition from arithmetic to algebra. For the
Learning of Mathematics, 9, 19-25.

Fuchs LS, Compton DL, Fuchs D, Powell SR, Schumacher RF, Hamlett CL, ... Vukovic RK (2012).
Contributions of domain-general cognitive resources and different forms of arithmetic
development to pre-algebraic knowledge. Developmental Psychology, 48, 1315 10.1037/a0027475
[PubMed: 22409764]

Fuchs LS, Gilbert JK, Powell SR, Cirino PT, Fuchs D, Hamlett CL, ... Tolar TD (2016). The role of
cognitive processes, foundational math skill, and calculation accuracy and fluency in word-
problem solving versus prealgebraic knowledge. Developmental Psychology, 52, 2085 10.1037/
dev0000227 [PubMed: 27786534]

Fuchs LS, Hamlett CL, & Powell SR (2003). Grade 3 math battery Unpublished paper. (Available from
LS Fuchs, Department of Special Education, 328 Peabody, Vanderbilt University, Nashville, TN
37203).

Fuchs LS, Powell SR, Cirino PT, Schumacher RF, Marrin S, Hamlett CL, ... Changas PC (2014). Does
calculation or word-problem instruction provide a stronger route to prealgebraic knowledge?
Journal of Educational Psychology, 106, 990 10.1037/a0036793 [PubMed: 25541565]

Fuchs LS.; Seethaler PM; Powell SR Test of emerging algebraic cognition Available from L.S. Fuchs;
228 Peabody, Vanderbilt University, Nashville, TN 37203: 20009.

Fyfe ER, Matthews PG, Amsel E, McEldoon KL, & McNeil NM (2018). Assessing formal knowledge
of math equivalence among algebra and pre-algebra students. Journal of Educational Psychology,
110(1), 87 10.1037/edu0000208

Child Dev. Author manuscript; available in PMC 2021 January 01.


http://www.Heinemann.com
https://eric.ed.gov/?id=ED544470
https://eric.ed.gov/?id=ED544470

1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Matthews and Fuchs

Page 15

Gamoran A, & Hannigan EC (2000). Algebra for everyone? Benefits of college-preparatory
mathematics for students with diverse abilities in early secondary school. Educational Evaluation
and Policy Analysis, 22, 241-254. 10.3102/01623737022003241

Gamoran A, & Mare RD (1989). Secondary school tracking and educational inequality: compensation,
reinforcement, or neutrality? American Journal of Sociology, 94, 1146-1183. 10.1086/229114

Greenes C, Larson M, Leiva MA, Shaw JM, Stiff L, Vogeli BR, & Yeatts K (2005). Houghton Mifflin
Math. Boston, MA: Houghton Mifflin.

Hayes AF, & Preacher KJ (2013). Mediate. SPSS MEDIATE Syntax Reference.

Herscovics N, & Linchevski L (1994). A cognitive gap between arithmetic and algebra. Educational
Studies in Mathematics, 27, 59-78. 10.1007/BF01284528

Jacobs VR, Franke ML, Carpenter TP, Levi L, & Battey D (2007). Professional development focused
on children’s algebraic reasoning in elementary school. Journal for Research in Mathematics
Education, 38, 258-288. 10.2307/30034868

Jordan NC, & Hanich LB (2000). Mathematical thinking in second-grade children with different forms
of LD. Journal of Learning Disabilities, 33, 567-578. 10.1177/002221940003300605 [PubMed:
15495398]

Kaput J, Blanton M, & Moreno-Armella L (2008). Algebra from a symbolization point of view In
Kaput J, Carraher D, & Blanton M (Eds.), Algebra in the early grades (pp. 19-56). Lawrence
Erlbaum Associates.

Kieran C (1990). Cognitive processes involved in learning school algebra In Nesher P & Kilpatrick J
(Eds.), Mathematics and cognition: a research synthesis. (p. 96-112) Cambridge University Press.

Kieran C (1981). Concepts associated with the equality symbol. Educational Studies in Mathematics,
12, 317-326. 10.1007/BF00311062

Knuth EJ, Stephens AC, McNeil NM, & Alibali MW (2006). Does understanding the equal sign
matter? Evidence from solving equations. Journal for Research in Mathematics Education, 37, 297
10.2307/30034852

Li X, Ding M, Capraro MM, & Capraro RM (2008). Sources of differences in children’s
understandings of mathematical equality: Comparative analysis of teacher guides and student texts
in China and the United States. Cognition and Instruction, 26, 195-217.
10.1080/07370000801980845

MacGregor M, & Stacey K (1997). Students’ understanding of algebraic notation. Educational Studies
in Mathematics, 33, 1-19. 10.1023/A:100297091

Matthews P, & Rittle-Johnson B (2009). In pursuit of knowledge: Comparing self-explanations,
concepts, and procedures as pedagogical tools. Journal of Experimental Child Psychology, 104, 1-
21. 10.1016/j.jecp.2008.08.004 [PubMed: 18937952]

Matthews P, Rittle-Johnson B, McEldoon K, & Taylor R (2012). Measure for Measure: what
combining diverse measures reveals about children’s understanding of the equal sign as an
indicator of mathematical equality. Journal for Research in Mathematics Education, 43, 316-350.
10.5951/jresematheduc.43.3.0316

McCallum W, Zimba J, & Daro P (2011). Progressions for the common core state standards in
mathematics. Retrieved from http://ime.math.Arizona.edu/progressions/#committee.

McNeil NM (2008). Limitations to teaching children 2+ 2= 4: Typical arithmetic problems can hinder
learning of mathematical equivalence. Child Development, 79, 1524-1537. 10.1111/j.
1467-8624.2008.01203.x [PubMed: 18826540]

McNeil NM (2017, 6 30). CAREER: Predictors and consequences of early understanding of
mathematical equivalence. Retrieved from https://www.research.gov/

McNeil NM, & Alibali MW (2005). Knowledge change as a function of mathematics experience: All
contexts are not created equal. Journal of Cognition and Development, 6, 285-306. 10.1207/
515327647jcd0602_6

McNeil NM, Grandau L, Knuth EJ, Alibali MW, Stephens AC, Hattikudur S, & Krill DE (2006).
Middle-school students understanding of the equal sign: The books they read can’t help. Cognition
and Instruction, 24, 367-385. 10.1207/s1532690xci2403_3

Moses RP, & Cobb CE (2001). Radical equations: Math literacy and civil rights. Boston: Beacon Press.

Child Dev. Author manuscript; available in PMC 2021 January 01.


http://ime.math.Arizona.edu/progressions/#committee
https://www.research.gov/

1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Matthews and Fuchs

Page 16

National Council of Teachers of Mathematics. (2000). Principles and standards for school mathematics
(Vol. 1). National Council of Teachers of Mathematics.

National Mathematics Advisory Panel. (2008). Foundations for success: The final report of the
National Mathematics Advisory Panel. US Department of Education.

Perry M (1991). Learning and transfer: Instructional conditions and conceptual change. Cognitive
Development, 6, 449-468. 10.1016/0885-2014(91)90049-j

Perry M, Church B, & Goldin-Meadow S (1988). Transitional knowledge in the acquisition of
concepts. Cognitive Development, 3, 359-400. 10.1016/0885-2014(88)90021-4

Powell SR (2007). Open equations Available from S. R. Powell, 1912 Speedway, D5300, Austin, TX
78712.

Powell SR (2012). Equations and the equal sign in elementary mathematics textbooks. The Elementary
School Journal, 112, 627-648. 10.1086/665009 [PubMed: 22707760]

Powell SR, & Fuchs LS (2010). Contribution of equal-sign instruction beyond word-problem tutoring
for third-grade students with mathematics difficulty. Journal of Educational Psychology, 102, 381—
394. 10.1037/a0018447 [PubMed: 20640240]

Powell SR, Kearns DM, & Driver MK (2016). Exploring the connection between arithmetic and
prealgebraic reasoning at first and second grade. Journal of Educational Psychology, 108, 943
10.1037/edu0000112

Reilly D, Neumann DL, & Andrews G (2015). Sex differences in mathematics and science
achievement: A meta-analysis of National Assessment of Educational Progress assessments.
Journal of Educational Psychology, 107, 645 10.1037/edu0000012

Renwick EM (1932). Children’s misconceptions concerning the symbols for mathematical equality.
British Journal of Educational Psychology, 2, 173-183. 10.1111/j.2044-8279.1932.th02743.x

Rittle-Johnson B (2006). Promoting transfer: Effects of self-explanation and direct instruction. Child
Development, 77, 1-15. 10.1111/j.1467-8624.2006.00852.x [PubMed: 16460521]

Rittle-Johnson B, & Alibali MW (1999). Conceptual and procedural knowledge of mathematics: Does
one lead to the other?. Journal of Educational Psychology, 91, 175-189.
10.1037//0022-0663.91.1.175

Rittle-Johnson B, Matthews PG, Taylor RS, & McEldoon KL (2011). Assessing knowledge of
mathematical equivalence: A construct-modeling approach. Journal of Educational Psychology,
103, 85-104. 10.1037/a0021334

Seo K-H, & Ginsburg HP (2003). “You’ve got to carefully read the math sentence...”: Classroom
context and children’s interpretations of the equals sign In The development of arithmetic concepts
and skills (pp. 183-208). Routledge.

Sfard A, & Linchevski L (1994). The gains and the pitfalls of reification — The case of algebra.
Educational Studies in Mathematics, 26, 191-228. 10.1007/BF01273663

Sherman J, & Bisanz J (2009). Equivalence in symbolic and nonsymbolic contexts: Benefits of solving
problems with manipulatives. Journal of Educational Psychology, 101, 88-100. 10.1037/a0013156

Steinberg RM, Sleeman DH, & Ktorza D (1991). Algebra students’ knowledge of equivalence of
equations. Journal for Research in Mathematics Education, 22, 112-121. 10.2307/749588

Swanson JM, Schuck S, Porter MM, Carlson C, Hartman CA, Sergeant JA,... & Wigal T (2012).
Categorical and Dimensional Definitions and Evaluations of Symptoms of ADHD: History of the
SNAP and the SWAN Rating Scales. The International journal of educational and psychological
assessment, 10, 51. [PubMed: 26504617]

Trusty J, & Niles SG (2003). High-school math courses and completion of the bachelor’s degree.
Professional School Counseling, 7, 99-107.

Vlach HA (2014). The spacing effect in children’s generalization of knowledge: Allowing children
time to forget promotes their ability to learn. Child Development Perspectives, 8, 163-168.
10.1111/cdep.12079

Wechsler D (1999). Wechsler Abbreviated Scale of Intelligence. San Antonio, TX: Psychological
Corporation.

Child Dev. Author manuscript; available in PMC 2021 January 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuely Joyiny

Matthews and Fuchs

Page 17

Y 3Y
3+4=X+5 7 21
4 12
X = 10 30
2) b) >
Figure 1.

Sample items from (a) equation solving and (b) functions subtests.
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Figure 2.

Models showing direct (solid lines) and indirect (broken lines) paths to solving equations
(top) and functions (bottom) subtest performance. Black lines indicate significant paths, and
gray lines nonsignificant paths. Factors in in the first column were measured in fall of
second grade, equal sign knowledge was measured in spring of second grade, and solving
equations performance was measured in fall of fourth grade. Note: These figures depict path

diagrams for which coefficients are listed in Tables 5 and 6.
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Demographic Variables

Table 1.

Variable N (%) Variable N (%)
Gender Non-Native English Speaker
Female 106 (55.5%) Yes 34 (17.8%)
Male 85 (44.5%) No 157 (82.2%)

Race/Ethnicity
African-American
White Hispanic
Kurdish
White Non-Hispanic
Other

Age at Start of Study
6
7
8

68 (35.6%)
50 (26.2%)
6 (3.1%)
56 (29.3%)
11 (5.8%)

7 (3.7%)
153 (80.1%)
31 (16.2%)

Eligible for Free/Reduced Lunch
Yes
No

Received Special Education Services
Yes
No

Eligible for Tutoring
Yes
No

160 (83.8%)
31 (16.2%)

16 (8.4%)
175 (91.6%)

63 (33.0%)
128 (67.0%)
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Open Equation Items with their a priori Levels on the Construct Map, and Accuracies

Table 3.

Item Number  Item Construct Map Level Mean Accuracy SD

1 2+ =8 0.77 0.42
2 -4=3 1 0.44 0.50
7 9-_ = 1 0.62 0.49
8 5+__ =11 1 0.74 0.44
12 14-_ = 1 0.47 0.50
13 +6=13 1 0.55 0.50
16 +3=7 1 0.60 0.49
19 4+5= 1 0.76 0.43

8-3= 1 0.52
Mean Accuracy Level 1 .57
_ =4 2 0.23
6=2+__ 2 0.50
9=14-__ 2 0.34
5= +7 2 0.47
5=9-__ 2 0.39
12=7+__ 2 0.38
=6+5 2 0.43

2 0.15

7= 2 0.20
8-3=__ 2 0.36
Mean Accuracy Level 2 .32

11-__=9-5 3 0.03
12-5=__ -3 3 0.05
T+4=__+6 3 0.04
6+_=2+8 3 0.10
__ +4=5+2 3 0.08
3+5=4+__ 3 0.07
_—-3=7-2 3 0.04
9-6=7-__ 3 0.07
Mean Accuracy Level 3 .06

0.50
.28

0.42
0.50
0.47
0.50
0.49
0.49
0.50

0.36

0.40
0.48
.25

0.16
0.21
0.19
0.31
0.27
0.26
0.20
0.25
.15

Page 21

Note: Items in gray yielded accuracies that were significantly lower than others in the same hypothesized level of the construct map. Each of these
three took the form X=_-Y
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Table 5.

OLS Regressions of Fourth Grade Outcomes Against Second Grade Predictors (n = 191)

DV: Solving Equations DV: Functions

R2=.60 R2=.40

Variable type/Variable B p s B p s
Fall of Second Grade

Sex (female = 1, male = 0) .10 .057 01 -02 742 .00

Eligible Free/Reduced Lunch (yes = 1, not= 0) .07 .180 .00 .08 214 01

Eligible for tutoring (yes = 1, no = 0) -.05 435 .00 -02 .763 .00

1Q 19 .002 .02 .16 .033 .02

Attentive Behavior 19 .003 .02 14 .058 .01

Arithmetic Skill 12 .053 .01 19 .014 .02

Number Line Estimation PAE -.10 .095 .01 -03 .720 .00
Spring of Second Grade

Equal Sign Knowledge .39 <.001 .09 32 <001 .06

Note: All coefficients are standardized. A lower number line PAE indicates higher performance, so a negative correlation with PAE indicates a
positive relation with number line estimation skill.
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