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Abstract

Biological systems integrate dynamics at many scales, from molecules, protein complexes and 

genes, to cells, tissues and organisms. At every step of the way, mechanics, biochemistry and 

genetics offer complementary approaches to understand these dynamics. At the tissue scale, in 
vitro monolayers of epithelial cells provide a model to capture the influence of various factors on 

the motions of the tissue, in order to understand in vivo processes from morphogenesis, cancer 

progression and tissue remodelling. Ongoing efforts include research aimed at deciphering the 

roles of the cytoskeleton, of cell-substrate and cell-cell adhesions, and of cell proliferation–the 

point we investigate here. We show that confined to adherent strips, and on the time scale of a day 

or two, monolayers move with a characteristic front speed independent of proliferation, but that 

the motion is accompanied by persistent velocity waves, only in the absence of cell divisions. Here 

we show that the long-range transmission of physical signals is strongly coupled to cell density 

and proliferation. We interpret our results from a kinematic and mechanical perspective. Our study 

provides a framework to understand density-driven mechanisms of collective cell migration.

1 Introduction

The role of mechanics was first understood clearly for single cells, where observables like 

deformations, velocities, forces, viscosities and elasticities have been correlated with 

molecular kinetics and genetic pathways1,2. The macroscopic mechanical aspects and the 

more microscopic biochemical aspects are united in concepts such as mechanosensing or 

mechanotransduction, which are now paramount to our understanding of cell biology3,4. 

More recently, the same perspective has served to better understand the dynamics of 

collections of cells organized as cohesive tissues5,6. For single cells, in vitro studies of 
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models like that of cell spreading have been essential to the integration of mechanics in our 

understanding of the dynamics of the cell7. For tissues, the monitoring of the motions of 

monolayers of cells confined to various geometries is serving the same purpose5,6.

Studies on single cells have provided a roadmap for the integration of mechanics to 

biological processes. In particular, the influence of the cytoskeleton8–10 and of its coupling 

with the substrate through adhesion complexes11 is known to be crucial for single cell 

migration but also for collective cell movements5. For instance, it is known that cells, 

individually or collectively can move differentially depending on the rigidity of the 

substrate12,13 and its well functioning or impaired sensing, from integrins to actomyosin5. 

Nevertheless, the roadmap is only partial, since collections of cells necessarily introduce 

new aspects. Cells can now interact with each other, and a lot of research has been devoted 

to the mechanosensing and mechanotransduction pathways associated with cell-cell 

contacts, for instance those mediated by cadherins5. Maybe more prosaically, collections of 

cells also bring in the number of cells as a new variable. For monolayers, the density n 
(number of cells per unit area), has been shown to be of great importance for the behavior of 

the tissue5,6,14–16.

To some extent, the density can be used as the principal control parameter determining the 

‘state of the tissue’. High density leads to jamming, trapping the tissue in a state 

comparatively more solid than at lower densities15,17. In vivo, changes in what one could 

call the ‘state’ of the tissue are indeed observed, for instance in the well studied epithelial to 

mesenchymal transition14. Jamming at high densities is well documented, but there remain 

many interrogations pertaining to the dynamics of tissues at lower densities5,6. Although 

jamming may also occur at moderate constant density due to an increase in cortical 

tension18, the jamming threshold is expected to depend on density. Below the jamming 

threshold, tissues are more fluid and we aim here at a better understanding of the properties 

of their flows. By definition, the density can vary in two ways: either the number of cells can 

evolve via cell divisions and cell death or extrusions, or the area can change via swelling and 

migration of the cells. It is unclear how these two factors (proliferation and migration) 

contribute to the dynamics of tissues. For instance, cells could migrate as a consequence of 

proliferation, preventing an increase in cell density19. Conversely, if migration is too slow, 

proliferation could stop due to contact inhibition20,21. These are just two examples of the 

ways in which proliferation and migration could interact.

Here, we will study tissues by recording their motions restricted to a simplified geometry. 

We will see that proliferation has no impact on the global migration speed of the monolayer, 

but has an impact on the density distribution and on the emergence of velocity waves 

propagating away from the leading edge. We will then propose an explanation for the 

existence of these waves and their speed, first from kinematics, and then from a mechanical 

perspective. Finally, we will discuss how these waves may be similar to others already 

reported in vitro22–25 and in silico23,26–28, and how they can be used to better understand 

the mechanical properties of tissues.
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2 Materials and methods

To facilitate comparison with the existing literature on monolayers, we use Madin-Darby 

canine kidney (MDCK) cells29, marked with Histone GFP in order to easily measure the 

local density of cells by tracking the nuclei30. A day prior to the start of an experiment, a 

fraction of cells are taken from their culture environment and seeded onto a micropatterned 

substrate. The motion of cells is restricted to rectangular strips of fibronectin (75 μg/μL), 

printed onto a thin layer of rigid PDMS on a plastic Petri dish, according to a standard soft 

lithography technique31. The strips have a width w = 200 μm, and a length L = 1 cm.

Cells are initially cultured overnight in a small segment of about 2 or 3 mm, restricted to one 

end of the strip by a block of PDMS. Once the desired cell density is reached (overnight) the 

block is removed and cells progressively invade the newly available space, as illustrated in 

Fig. 1a and b, and in the supplementary movie†. Samples are rinsed and placed under the 

microscope. This intermediate step takes about two hours after which the motion of cells is 

monitored by live microscopy with an image every 6 or 10 minutes, and for durations 

ranging from 20 to 30 hours. The sub-fields taken by the microscope are stitched together 

using the stitching plugin on ImageJ32. As long as the initial density is sufficient (see 

section 3.3.6), by the end of the experiment, the back of the monolayer is still dense enough 

to fill the strip. For experiments where divisions are restricted, 10μg/mL of mitomycin C is 

added just after the removal of the PDMS block30. It is incubated for an hour and rinsed 

before the beginning of recording.

The position of the leading edge of the monolayer as it moves forward on the strip can be 

tracked reliably using the phase contrast images to obtain a front speed U averaged across 

the width of the strip. Velocity fields within the monolayer are computed by particle image 

velocimetry using MatPIV33. The PIV windows are 32 × 32 pixels with an overlap of 50%, 

generating a velocity field with one measurement every 16 pixels, that is every 10.24μm, 

with the magnification used on the microscope. Density within the monolayer is measured 

by counting the number of nuclei in the same windows. Because cells are larger than the PIV 

windows, this measurement of the density suffers from a higher error. Nevertheless, this 

error can be mitigated by averaging along y, that is by counting cells on larger windows, as 

described in section 3.1.

In the following, we will often make use of a different measure of cell density n, involving 

the local mean radius of cells R. The inverse of the density n gives the typical area covered 

by a cell in the region where the density is evaluated. Then, the mean radius of cells in this 

region is given by the square root of this area: R = 1/(πn) .

3 Experimental results

3.1 From three to one spatial dimension

In general, tissues can be three-dimensional collections of cells, which can move in all three 

directions (x, y, z). For monolayers, the dimensionality is reduced and motions are 

essentially confined to a plane (x, y). The third direction, along z, corresponds to the 

thickness of the monolayer. The thickness h(x, y) may vary a little, but in our experiments it 
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does not seem to change substantially. In the following, we will assume a constant average 

thickness H = 9 ± 1 μm†.

If L and w are the characteristic dimensions of the monolayer along x and y, we are always 

in the limit where H ≪ w and H ≪ L. This limit corresponds to the geometric conditions of 

a so-called lubrication approximation34. Within this limit, the volumetric viscosity 

associated with changes in volume can be neglected in comparison to the shear viscosity 

associated with changes in shape34,35. When we turn to the modeling of the monolayer 

motion in section 4, we will see how the lubrication approximation can be used more 

specifically.

Without further constraint on L and w, monolayers can have non-trivial dynamics along both 

x and y. The vectorial velocity field, u(x, y,t), and the density field, n(x, y,t), depend on the 

two spatial coordinates plus time. For instance, recent studies have shown that vortices can 

form in various geometries29,33. In our set-up, such dynamics seem to be prevented, 

probably by the additional geometric constraint that w ≪ L, and the absence of obstacles, or 

entry effects between a reservoir and the strip29,33,36,37. The flows do have components 

along y, but with a zero mean since there is no net flux along y, and with smaller magnitude, 

as seen in Fig. 1d. In the flowing region near the front, the velocity component along x 
usually follows a plug profile38, and the component along y is negligible in comparison. 

Further away from the front, where the mean flow along x becomes negligible, we often 

observe a shear localized near the wall, as shown on an example in Fig. 1c. Such shear was 

reported recently in another cell type39. We differ to a further study the description of its 

properties in our case. The density n(x, y,t) has an even weaker dependence on the 

coordinate y. The density is constant along y, except at the wall, where it is usually slightly 

larger. Overall, we will neglect the component of velocity along y and we will focus on the 

velocity component along x (we just call it u) and the density n.

In the following the velocity field u(x,t) and density field n(x,t) are assumed to depend only 

on time and on the coordinate x along the strip length. We obtain u(x,t) and n(x,t) by 

averaging all values of u(x, y,t) and n(x, y,t) along y. That is, instead of computing velocities 

and densities in the original PIV boxes of 10.24μm×10.24μm, we compute them in 

rectangles with dimensions 10.24μm×200μm. In this way, we also reduced the error on the 

density mentioned earlier.

3.2 Proliferation and number of cells

In control conditions, the number of cells can increase by cell divisions and it can decrease 

by cell death and extrusion. The addition of mitomycin C prevents cell division, such that 

the number of cells can only decrease. By counting the nuclei throughout the course of each 

experiment, we can follow the evolution of the number of cells, as shown on two examples 

(with or without divisions) in Fig. 2a. In both cases, the total number of cells N(t) either 

decreases or increases linearly, and it can be fitted to extract the initial number of cells N0 

and the proliferation rate by cell, K, which is given by the ratio between the slope of the fit 

and the initial number N0. The proliferation rate K can be positive in control conditions, or 

negative in the absence of cell division. The histogram of K across experiments, with (# = 

36) or without divisions (# = 30), is given in Fig. 2b. With divisions we found an average 
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〈K〉 = 0.030 ± 0.001 h−1, and without divisions we found 〈K〉 = −0.0072 ± 0.0004 h−1, 

where the ranges give standard errors (if not otherwise specified). The initial number of 

cells, with or without cell divisions is distributed around an average 〈N0〉 = 2400 ± 100.

3.3 Main flow properties

3.3.1 Constant front speed—The first and somewhat surprising result is that the front 

speed is independent of proliferation. The addition of mitomycin C to prevent cell divisions 

does not modify the value of the front speed, as seen on two representative examples in Fig. 

3a, where the slope of the position of the front is essentially similar with or without 

divisions. Note that we chose to display two experiments where the initial location of the 

front is slightly different so the curve would not overlap. Nevertheless, on average the initial 

extent of the monolayer L0 was the same, with 〈L0〉 = 2650 ± 100 μm (# = 36 + 30). With or 

without divisions, the position L(t) of the front advances roughly linearly with time. Thus, 

we calculated the front speed as the slope of the front position over the entire experiment. 

More local computations of the speed give similar results. Fig. 3b gives the histogram of 

front speed with or without divisions. Across experiments, with divisions (# = 36) we found 

a front speed 〈U〉 = 0.49 ± 0.03 μm/min, and without divisions (# = 30) we found 〈U〉 = 0.44 

± 0.03 μm/min. Both values are essentially similar.

3.3.2 Gradient of velocity in the flow direction—Differences between the 

proliferating and non-proliferating cases set in when one looks at the gradient of velocity 

behind the front. The velocity is maximum at the front and decreases toward the bulk, where 

the flow of cells eventually comes to a stop, as seen in Fig. 4a for two representative 

examples with or without divisions. Although the velocity at the front are the same, the 

gradient of velocity is steeper with divisions.

With or without divisions, the velocity gradient in the flowing region can be approximated at 

any time by the ratio between the front speed and the extent of the moving part of the 

epithelium: γ̇x = ∂u
∂x ≃ U /ξ . Instantaneous velocity profiles like those in Fig. 4a can be fitted 

by a piecewise function comprised of a linearly decreasing part and a constant null part, in 

order to extract the distance ξ and the gradient γ̇x . Even if the front speed does not change 

significantly during the course of experiments, the velocity gradient tends to decrease† as 

the extent of the moving part (ξ) increases, as shown on two examples in Fig. 4b. Based on 

these time series we can extract the final value of ξ after tf = 24 hours (averaged over the last 

hour), and the corresponding velocity gradient γ̇x . The histogram shown in Fig. 4c confirms 

that in the absence of divisions, the flowing region extends further behind the moving front, 

with an average final length 〈ξ(tf)〉 = 2400 ± 130 μm (# = 30) in contrast to an average of 

〈ξ(tf)〉 = 1200 ±75 μm (# = 36) in the presence of divisions. In turn, as shown in Fig. 4d, the 

velocity gradient is smaller in the absence of divisions, with an average 

γ̇x(t f ) = 0.009 ± 0.002 h−1, in contrast with γ̇x(t f ) = 0.016 ± 0.002 h−1 in the proliferating 

case.

3.3.3 Cell size and density gradient—Since the number of cells increases in the 

proliferating case and decreases in the absence of cell divisions, and since the front 
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otherwise moves with a speed independent of proliferation, the density of cells n ends up 

being larger in the proliferating case. Conversely, the mean cell radius R ends up larger in 

the absence of cell divisions. For single experiments, at any time, the cell radius can be 

averaged on the entire epithelium by dividing the area covered by the epithelium by the 

number of cells at this time:

R t = S t
πN t = wL t

πN t

≃
w L0 + Ut

πN0 1 + Kt = R0
1 + U /L0 t

1 + Kt

≃ R0 1 + K − K
2 t + 𝒪 t2

(1)

where the bar over R denotes the spacial averaging over the entire epithelium. The 

expression involving the ratio of L(t) and N(t) (first line) can be computed directly from the 

independent experimental data exemplified in Fig. 2a and Fig. 3a†. Such computations yield 

a linear increase of R(t) in the absence of divisions, and a linear decrease in the presence of 

divisions. This linear trend can be understood if one calls on the linear approximations for 

the progression of the front and for the cell number discussed respectively in section 3.3.1 

and 3.2, and uses the Taylor expansion of the root justified by the fact that Kt and Kt are 

small (third line). Whereas K represents the rate of proliferation through the modification in 

the number of cells, K = U /L0 represents the rate of expansion through the advancement of 

the front.

The initial mean radius was roughly the same across experiments. We found 

R0 = 8.2 ± 0.1 μm for experiments with divisions (# = 36), and R0 = 8.9 ± 0.1 μm without 

divisions (# = 30)†. The rate of expansion K was similarly constant, since U and L0 have 

about the same values regardless of proliferation. We found 〈K〉 = 0.011 ± 0.001 μm for all 

experiments with or without divisions†. The final mean radius can be computed directly 

from the data using the first line in Eq. 1, or it can be estimated by using the formula on the 

second line and the average values of K obtained in section 3.2. Both methods give similar 

results. Taking t = 24 hours, this gives R f ≃ 7.0 ± 0.1 μm with divisions and 

R f ≃ 11.0 ± 0.1 μm without divisions†. In other words, in the proliferating case cells 

become globally more packed than initially even though the front is advancing, whereas in 

the absence of divisions cells have more and more space available.

Besides the general trend we outlined by averaging R on the entire epithelium, we can can 

also look at the values of R at various locations within the epithelium. As the front moves 

forward, this gives more space to the cells behind it, thus decreasing the local density. Such 

rarefaction is apparent if one plots the profile of cell density or cell size in the flow direction. 

As shown on two examples (with or without divisions) in Fig. 5a and b, the profile of cell 

size R(x) in the flow direction is analogous to the velocity profile. Schematically, the larger 

the cells (i.e. the lower their density) the larger their velocity. Thus, the length associated 
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with the gradient of density in the flow direction is actually the same as the length ξ we 

introduced for the velocity gradient γ̇x . This proportionality between cell radius and cell 

speed is what we will turn to now.

3.3.4 Velocity-radius relation—Since we measure the flow speed u(x,t) and mean cell 

radius R(x,t) at any time and any location behind the front, we can actually compare their 

values systematically. We reported previously that in the absence of proliferation, the 

velocity u(x,t) can be linearly related to the typical size of the cells R(x,t), at the same 

location within the monolayer, as long as R > Rj, where Rj is a critical size under which cells 

are jammed and their motion virtually stops30. We here qualify this result and extend it to 

cases where proliferation has its course. With or without proliferation, we found that the 

velocity along the strip direction follows a linear relationship with the cell size for radii 

between the jamming radius we identified earlier, and a larger critical radius Rc over which 

the proportionality breaks down. Over this last radius, the velocity levels off (or may 

decrease a little), as shown on an example in Fig. 6a. On average, the cell velocity in the 

strip direction schematically follows:

u ≃

0 if R ≤ R j

R − R j
τv

if R j < R < Rc

Rc − R j
τv

if R ≥ Rc

(2)

where u and R depend on the same spatio-temporal coordinates (x,t), and where the time τv 

and the jamming and critical radii are constant parameters. Such schematic relation between 

cell velocity and radius holds well across all experiments, but as shown in Fig. 6b, the 

parameters of the relation between speed and radius are different with or without 

proliferation. In the absence of cell divisions, both the jamming and critical radii and the 

time τv are larger. The histograms of Rj and τv for each experiment with or without 

proliferation are given in Fig. 6c and d. They give the following average values: 〈Rj〉 = 7.3 

±0.1 μm and 〈τv〉 = 10.2 ±0.8 min with divisions, and 〈Rj〉 = 8.8 ±0.2 μm and 〈τv〉 = 22 ± 2 

min without divisions. The average values of critical radii follow a similar trend†, with 〈Rc〉 
= 10.9 ± 0.1 μm and 14.4 ± 0.5 μm, for the cases with and without divisions respectively.

Note that within this broader context, the front speed U is usually larger than the maximum 

velocity 
Rc − R j

τv
 of the curve u(R). Indeed, the maximum velocity of the curve incorporates 

values from large cells at the front as well as further behind, where velocities are smaller. 

Nevertheless, the two quantities remain in a linear relationship†.

3.3.5 Influence of the cytoskeleton—To further study the potential impact of cell 

polarity on these movements, we sought to perturb actin polymerization. To do so, we 

performed a series of experiments under the influence of the drug CK666, an inhibitor of the 

Arp2/3 complex40. In these experiments, cell divisions where inhibited by the use of 

Gauquelin et al. Page 7

Soft Matter. Author manuscript; available in PMC 2019 May 07.

 E
urope PM

C
 Funders A

uthor M
anuscripts

 E
urope PM

C
 Funders A

uthor M
anuscripts



mitomycin. Cells were allowed to migrate in the band for 24 hours, after which the drug 

CK666 was added at a concentration of 100μM41, and their subsequent motion was 

recorded for another 24 hours. For each of these experiments (# = 30), the front speed and 

the characteristics of the velocity-radius relation were computed, before and after the 

addition of the drug. Overall we found that the inhibition of actin polymerization 

substantially reduced the front speed, from an average of 〈U〉 = 0.50 ± 0.02 μm/min before 

the addition of the drug, to 〈U〉 = 0.16 ± 0.01 μm/min after. As for the parameters of the 

velocity-radius relation, we found no influence of the drug on the values of the jamming and 

critical radii (〈Rj〉 = 9.7 ± 0.2 μm and 〈Rc〉 = 13.4 ± 0.3 μm), but a substantial difference in 

the time scale, with 〈τv〉 = 10 ± 1 min and 〈τv〉 = 25±4 min, respectively before and after the 

drug addition†. Therefore, it seems that contrary to proliferation, which has no effect on 

front speed but an effect on all three parameters of the velocity-radius relation, actin 

polymerization affects the front speed and the time scale τv.

3.3.6 Motion for low initial density—For all the experiments described so far, with (# 

= 36) or without (# = 30) proliferation, the initial number of cells and the initial area covered 

by the monolayer are similar, they correspond to an average initial radius of cells 〈R0〉 = 8.5 

± 0.1 μm. This value roughly corresponds to the jamming radius, so the subsequent 

rarefaction near the front immediately leads to a motion driven by the proportionality 

between the cell radius and its speed. Nevertheless, since we know that this proportionality 

breaks down above a second critical radius Rc, we performed a few experiment at very low 

initial densities, to test if the subsequent dynamics was different in that case. For these 

experiment (# = 8), the initial number of cells is much smaller, with 〈N0〉 = 135 ± 18. Given 

how small this number is, the number of divisions is negligible over the course of the 

experiment, and we pulled together data with (# = 3) or without (# = 5) mitomycin C. The 

initial average cell radius in these experiments was very large†, with a mean value 〈R0〉 = 

18.3 ± 1.4 μm, which is above the critical radius Rc, regardless of proliferation. Under such 

initial conditions, the mean front speed is 〈U〉 = 0.4 ± 0.1 min, comparable to the other 

experiments, but the proportionality between size and speed in the bulk broke down†.

3.4 Proliferation-dependent velocity waves

3.4.1 Spatio-temporal evolution of the velocity—Returning to our standard 

protocol with sufficiently high initial density and without alteration of the cytoskeleton, we 

did notice a difference of behavior between proliferating and non proliferating conditions if 

we precisely studied the spatiotemporal variations of the velocity within the monolayer. We 

found that without proliferation, waves of velocity propagating away from the front were 

reproducibly observed throughout the duration of the experiments, whereas they were 

strongly damped or absent when cells could divide normally. The presence or absence of 

waves is most evident on space-time diagrams as illustrated in Fig. 7a and b. On these 

diagrams, representative of the conditions with or without divisions, the magnitude of the 

velocity u is color-coded and given as a function of the two coordinates x and t. Without 

proliferation, waves are clearly visible as streaks tilted in the opposite direction than the 

front motion, signifying a propagation from the leading edge to the back of the monolayer, 

on distances growing with time. With proliferation, the waves are not visible. Beyond the 
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surprising constance of the front speed, this dichotomous result was the most salient feature 

of our experiments.

From the streaks visible on the space-time plots, we measured the speed c of the waves and 

their period Tw. The histograms of their values for all experiments without divisions (# = 30) 

are given in Fig. 8a and b. We found an average wave speed 〈c〉 = 3.1 ± 0.3 μm/min, and an 

average period 〈Tw〉 = 195 ± 5 min. This gives an average spatial wavelength 〈λ〉 = 605 

± 74 μm, considering a linear dispersion relation λ = cTw. As seen in Fig. 8c, the dispersion 

relation may not actually be linear, as revealed if one plots the measured wave speed versus 

the wavelength λ = cTw, computed from the independent measurements of c and Tw for 

each experiment. In order to connect the properties of the waves and the properties of the 

main flow, we plot the wave speed versus the velocity of the front in Fig. 8d. Here again, we 

found a correlation that seems to be more subtle than a simple proportionality. The 

dimensionless ratio of front speed to wave speed is by definition a Mach number, Ma = U/c, 

and on average we found 〈Ma〉 = 0.14 ± 0.02.

Beyond the standard experimental conditions, we also studied the existence or absence of 

waves in the presence of the drug CK666 altering the cytoskeleton, and for low initial 

densities. For low initial densities, we could not identify the waves we described here†. 

After addition of CK666, waves were still present, but we noticed a longer period Tw
† .

3.4.2 Spatio-temporal evolution of the density/radius—As for the velocity, we 

can construct space-time maps of the density from the counting of cell nuclei. As done in 

previous sections, we measure the density of cells by computing the average local radius R. 

The greater the value of this radius, the lower the density. Two representative space-time 

maps of the radius are given in Fig. 7c and d. They correspond respectively to the velocity 

maps in Fig. 7a and b, for cases with and without divisions. In the presence of proliferation, 

the mean cell radius decreases everywhere in the bulk. Only in a strip of about ξ ≃ 1000μm 

does it stay constant or increases. Comparing with the velocity map in Fig. 7a, the relation 

between velocity and radius sketched in Eq. 2 is everywhere apparent. In the flowing strip 

near the front, velocities are larger where radii are larger, and further back in the bulk the 

flow stops since the radius falls below the jamming threshold. In contrast, in the absence of 

divisions, the density decreases everywhere, that is the radius increases everywhere. 

Nevertheless, part of the rarefaction is evidently generated by the moving front and only 

located in its vicinity. In Fig. 7d, it is apparent that the rarefied region of high radii (say R ≃ 
12μm and higher) grows substantially in length during the course of the experiment. In turn, 

on the velocity map in Fig. 7b, the growing rarefied part of the epithelium near the front 

corresponds to the flowing region where waves are observed.

Throughout experiments without divisions (# = 30) we noticed that where waves are 

observed on the velocity map, they are not visible on the radius map, as observed in a 

previous study30. This can be explained from the continuity equation (Eq. 3), which we will 

discuss soon. Basically, it is expected that the dimensionless amplitude of the waves in the 

radius signal is related to the amplitude of the waves in the velocity signal by 

R′/R0 = Ma
2 u′/u0 . If we estimate the amplitude of the waves in the velocity from Fig. 7b 
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to be about unity (u′/u0 ≃ 1), then R′/R0 ≃ Ma
2 ≃ 0.07 . Assuming R0 ≃ 10μm, this gives an 

amplitude R′ ≃ 0.7μm, which is actually comparable to our estimated error on R. In other 

words, our measure of R is not precise enough to detect the waves in density.

4 Modelization

4.1 Kinematic description

4.1.1 Continuity equation—To understand further the nature of the velocity waves, we 

turn to our other principal observable, n(x,t), the density of cells. With or without 

proliferation, the density of cells follows a continuity equation connecting the local temporal 

variations in density to the flux (u.n) of cells, and to the sources and sinks generated by the 

cell divisions and the cell deaths/extrusions:

∂n
∂t + ∂ un

∂x = Kn (3)

where the aggregated rate K is the only parameter, and combines the positive rate of division 

and the negative rate of cell death (K = K+ −K−). When proliferation is not restrained, it 

leads to K > 0. In contrast, if divisions are prevented, it leads to K < 0. For each experiment, 

we saw that the value of K can be obtained by tracking the total number of cells within the 

monolayer over time. Indeed, integrated on the whole surface of the monolayer, the 

continuity equation becomes:

∂N
∂t = KN (4)

where N(t) is the total number of cells. If the rate K is independent of N, this equation leads 

to an exponential solution, N = N0 exp(Kt). For all experiments we have |K|t < 1, the total 

duration of the experiment remains short in comparison to the inverse source/sink rate. In 

this regime, we can approximate the exponential by a linear function: N ≃ N0(1 + Kt), and 

easily extract the slope KN0, as done in Fig. 2.

4.1.2 Kinematic waves—Why is it that if K < 0, waves are observed, whereas they are 

strongly damped or absent if K > 0? To approach this question we can note that the 

continuity equation (Eq. 3) together with the relation between the cell velocity and the mean 

cell radius (Eq. 2) can be combined to yield an equation for the cell velocity u. Indeed, we 

know that in regions where the monolayer is moving, and where Rj < R < Rc, the velocity is 

related to the density by u =
R − R j

τν
, that is u = 1

πτν
1/ n − 1/ n j , where n j = 1/ πR j

2 .

Conversely n = 1

π τνu + R j
2 . So the density can be replaced by the velocity in the continuity 

equation, to reach:
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∂u
∂t +

u − ur
2

∂u
∂x = − K

2 u + ur (5)

where ur = Rj/τv. Within this limit, we can use this equation to predict the emergence of 

waves if K < 0. Indeed, if we add a small harmonic perturbation to the velocity u = u0 + u′ 
exp i(qx − ωt), the linearized equation for the perturbation leads to a complex solution for ω 
= ωr + iωi, with:

ωr =
u0 − ur

2 q

ωi = − 1
2 K +

∂u0
∂x

(6)

Thus, this linear stability analysis of Eq. 5 suggests that waves with a typical speed 

c0 =
ωr
q =

u0 − ur
2 , can emerge if ωi > 0, that is if K < −

∂u0
∂x . If the initial profile u0 is such 

that the highest velocities are at the front 
∂u0
∂x > 0 , the growth rate of the instability can only 

be positive if K < 0, i.e. in the non-proliferating case. Nevertheless, this condition is 

necessary but not sufficient, since for the instability to grow the death rate K must actually 

be smaller than the slope of the initial velocity profile. We have seen that on average, over 

experiments without divisions, the velocity gradient is γ̇x = 0.009 ± 0.002 h−1, whereas the 

proliferation rate is 〈K〉 = −0.0072 ± 0.0004 h−1. Both are comparable and so the linear 

stability criterion could be fulfilled. Nevertheless, our measure of the gradient γ̇x involved a 

simplified linear description of the velocity profile, and so it may not really reflect the 

gradient 
∂u0
∂x  in the stability analysis. For instance, in Fig. 5b, it is apparent that the velocity 

gradient near the front may be smaller than the one calculated by fitting a piecewise profile. 

Furthermore, if we take the front speed, 〈U〉 ≃ 0.44 μm/min, as characteristic of the main 

flow u0, and ur ≃ 〈Rj/τv〉 ≃ 0.65 μm/min, this predicts that the waves should move backward 

at a speed c0 ≃ 0.1 μm/min, which is much smaller than what we observe (〈c〉 ≃ 3 μm/min).

Overall, the essential piece of information we gathered from the linear stability analysis is 

more qualitative than quantitative: it is that K < 0 is a necessary condition for the emergence 

of waves, if cells in the front move faster than the ones in the back. Note that this kinematic 

approach to the waves is similar to the one found in studies on the dynamics of cars on 

highway42,43. The emergence of waves in monolayers is akin to the emergence of traffic 

jams in highway systems (without bottleneck). For traffic flows as well as for cells within 

tissues, agent-based models and vertex models can also be used44–46. In this context, the 

speed of cells can also be made to scale with the cell radius, with a coefficient of 

proportionality given by a frequency connected to friction as well as stiffness46.

Gauquelin et al. Page 11

Soft Matter. Author manuscript; available in PMC 2019 May 07.

 E
urope PM

C
 Funders A

uthor M
anuscripts

 E
urope PM

C
 Funders A

uthor M
anuscripts



The parallel with the dynamics of cars should also warrant caution. Indeed, if the linear 

stability analysis can give us a hint as to the origin of the instability and its connection to the 

value of K, it is known that non-linear equations like Eq. 5 can lead to the growth of patterns 

going well beyond the linear regime of the stability analysis43.

4.2 Mechanical description

4.2.1 Inertialess flow—To understand further the nature of the waves we now turn to a 

more mechanical approach on the problem. Eq. 5 gave us an informative example of 

equation on the velocity u that could be obtained from the continuity equation on n. 

Alternatively, we could try to obtain an equation for the velocity from the momentum 

balance:

ρ ∂u
∂t + u∂u

∂x =
∂ Σxx

∂x +
∂ Σxz

∂z (7)

where ρ is the volumetric mass density (in kg/m3), Σxx is the (pressure-like) normal 

component of the stress, and Σxz is the shear component–yet unspecified.

Note that even if the left-hand side of this equation is very similar to that of Eq. 5, such 

convective derivative on the velocity cannot come from here, since monolayers are well 

within the creeping flow limit, where inertial effects associated with ρ can be neglected and 

where the momentum equation reduces to a balance between pressure and shear47:

∂ Σxx
∂x = −

∂ Σxz
∂z (8)

Then, where are the inertia-like terms of the left-hand side of Eq. 5 coming from? One 

possibility is that these terms come from a viscoelastic rheology for the stresses Σxz and Σxx. 

The convective derivative of the velocity may actually indirectly come from a convective 

derivative on the stress.

4.2.2 Example of a viscoelastic fluid—To illustrate how inertia-like convective terms 

can emerge from a viscoelastic rheology, let us consider a Maxwellian model, a simple 

viscoelastic model with a long-time viscous response, which is often used to model the 

mechanical properties of cells and tissues48,49. Note that with such choice, all of the 

activity of the stress must be factored in as a boundary condition. For our purpose, it is not 

necessary to specify it. In a Maxwellian model, the stress in the bulk follows the following 

dynamics47,50:

Σ = 2η D − τe Σ
∇

(9)
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where η is the viscosity, D = 1
2 ∇u† + ∇u  is the symmetric part of the velocity gradient, τe 

is the viscoelastic relaxation time, and Σ
∇

 is the material derivative of the stress, which 

guaranties frame invariance47,50. The precise form of this derivative may vary, but a range 

of formulations can be encompassed by the so-called Gordon-Schowalter derivative51,52. 

For the shear and normal components of the stress it reads:

Σ
∇

xx =
D Σxx

Dt − 2a γ̇x Σxx − 1 + a γ̇z Σxz (10)

∑
∇

xz =
D∑xz

Dt − aγ̇x∑xz + 1 − a
2 γ̇z∑xx (11)

where we have considered that the flow has no component along y nor z. The convected 

derivative is D/Dt = ∂/∂t + u∂/∂x. The dimensionless parameter a (sometimes called ‘slip 

parameter’) is usually taken to vary between -1 and 1. The classical upper-convected 

formulation corresponds to a = 152.

A Maxwellian equation like Eq. 9 can be read as giving an elastic correction (second term 

on the right-hand side) to the long-time viscous response. Indeed, in the limit where τe/t ≪ 
1, the stress is Newtonian with a small correction. At order τe

0 . the stresses are:

∑xx = 2η γ̇x + 𝒪 τe (12)

∑xz = η γ̇z + 𝒪 τe (13)

At the next order the stresses are†:

∑xx = 2η γ̇x − 2η τe
Dγ̇x
Dt + 4aη τeγ̇x

2 + 1 + a η τeγ̇z
2 + 𝒪 τe

2 (14)

∑xz = η γ̇z − η τe
Dγ̇z
Dt − 1 − 2a η τeγ̇zγ̇x + 𝒪 τe

2 (15)

Enforcing the lubrication approximation by only keeping terms of order 1/z2, the stress 

gradients are:
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∂∑xx
∂x ≃ 2(1 + a)η τe

∂u
∂z

∂2u
∂x∂z (16)

∂∑xz
∂z ≃ − η τe

∂3u
∂t ∂z2 − η τeu

∂3u
∂x∂z2 − 2(1 − a)η τe

∂u
∂z

∂2u
∂x∂z + η 1 − (1 − 2a)τe

∂u
∂x

∂2u
∂z2 (17)

Note that the lubrication approximation selects a term of order τe
1 . rather than τe

0 . as the 

leading term for the normal stress53. Then, the force balance is:

u ∂3u
∂x∂z2 + ∂3u

∂t ∂z2 = 4a∂u
∂z

∂2u
∂x∂z + ∂2u

∂z2
1
τe

− (1 − 2a)∂u
∂x (18)

Note that the velocity u in these equations is now a function of both x and z. Strictly 

speaking, the velocity we discussed so far with respect to our experimental measurements 

was the velocity seen from the top of the monolayer. In the absence of experimental data on 

the variations of the flow field along the thickness of the monolayer we can hypothesize that 

the velocity at the top can be used to estimate the gradients. Then, to see how such 

viscoelastic stress can lead to an equation on the velocity like Eq. 5, we can consider that the 

gradient along z involves a characteristic length h, which does not vary (∂/∂z ≃ 1/h). Under 

such assumption, the momentum balance gives:

∂u
∂t + 2(1 − 3a)u∂u

∂x = u
τe

(19)

Note the similarity with the kinematic equation (Eq. 5). From the factor of the gradient on 

the left-hand side we can gather that the wave speed would be c0 = 2(1 − 3a)u0. Thus, waves 

move backward if and only if a > 1/3.

From the right-hand side of Eq. 19, we can infer that†:

Kτe = 1
1 − 6a (20)

Such scaling (τe ~ K−1) between the viscoelastic relaxation time and the proliferation rate 

was indeed predicted a few years ago by a rheological model of monolayers48. Our 

contribution suggests that the value of the slip parameter a is actually connected to the 

proliferation rate. Indeed, since τe is always positive, K > 0 if and only if a < 1/6.

As an example, the upper-convected derivative (a = 1) necessarily corresponds to a condition 

without cell divisions (K < 0 since a > 1/6), and leads to a wave speed c0 = −4u0 and a 
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relaxation time τe = (5|K|)−1. Note that the wave speed is still lower than the observed value. 

Moreover, the theoretical inequality τe/t < 1 that we used to simplify the expressions of the 

stress components would only be true if t > (5|K|)−1, which is about 28.5 h, using the 

average of K for all experiments without divisions. Refinements of the approximation of the 

velocity gradient along z could lift some of these discrepancies†. Our purpose here is not to 

resolve these issues, but rather to highlight the fact that even this simple viscoelastic 

mechanical approach leads to convective terms similar to the kinematic approach.

5 Discussion and conclusion

The purpose of our study was to understand more precisely how proliferation and migration 

could interact in the dynamics of epithelial monolayers. By studying two sets of conditions, 

with or without divisions, we obtained three main results. The first result was that the front 

speed was independent of proliferation. The second result was that the cell speed varied 

linearly with the cell size in a range of radii comprised between a jamming radius Rj and a 

critical radius Rc. Proliferation had an impact on the values of the radii, as well as on the 

time scale τv in the proportionality regime. In contrast, altering actin polymerization only 

impacted τv. The third result was the existence of velocity waves, which were consistently 

observed to travel from the front toward the back of the epithelium, only in the absence of 

divisions.

From the perspective of the velocity-radius relation, the constance of the front speed may be 

a manifestation of the fact that cells at the front maintain a fairly constant size, close to Rc. 

In the absence of divisions, Rc is larger, but τv is larger too, such that the compounded speed 

is similar to the proliferating case†. This results could also be explained by potential 

antagonist effects of tissue proliferation and slowing down of velocities around cell division 

events. Throughout the article, we often took the point of view that cells could grow in size 

due to the advancement of the front, but the advancement of the front could very well be a 

consequence of the growing cell size. The velocity-radius relation provides a correlation 

between velocity and radius but does not set a direction of causality. At any rate, we expect 

that the constancy of the front speed is largely relying on the fact that we only studied time 

scales that were short in comparison to the cell cycle time K−1. It is expected that in the 

subsequent regime, where |K|t > 1, the behavior of the front may be different. First, in the 

absence of divisions, the mean cell size may eventually grow to a value beyond Rc and the 

epithelium may even tear up, creating new front inside, as seen in our experiments at very 

low initial density. Conversely, in the presence of divisions, if |K|t > 1 the mean radius may 

fall bellow Rj, and the front may move forward at a rhythm dictated by the increasing 

number of cells, but only up to a maximal velocity. Such behavior was indeed observed in a 

recent study conducted on initially small circular colonies over 10 days19. In this study, the 

maximal velocity was 0.25μm/min, which is in the same range as our typical front velocity. 

The slightly lower value may be due to a different fibronectin concentration54.

The velocity-radius relation was the dominant feature of our experiments, and many 

questions pertaining to the dynamics of epithelium can be re-framed according to it. The 

piecewise approximation of this relation can be used to ask whether various factors–such as 

proliferation, the well functioning of the cytoskeleton, adhesion between cells and the 
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substrates, etc–can be factored into expressions for Rj, Rc and τv, which are yet to be 

determined. Beyond the piecewise approximation, it would be stimulating to move toward a 

fuller understanding of the velocity-radius relation, and to investigate where it comes from 

and what are its limits. In particular, in geometries where the motion of cells is fully bi-

dimensional, it would be interesting to extend the relation to a vectorial velocity. From a 

mechanical perspective, the Maxwellian model we used as an example shows that the 

velocity-radius relation can be understood as a consequence of a viscoelastic rheology in a 

lubrication context, and as long as the relaxation time is connected to the cell cycle time K
−1. To be more precise, the Maxwellian model suggested that the relation between stress 

relaxation and proliferation may also be connected to the specifics of stress advection via the 

‘slip parameter’ a52. This slip parameter introduces the possibility for so-called ‘shear 

localization’ along z (also called ‘shear-banding’ 52), which in the context of epithelium 

may be connected to the fact that cells may advance by use of cryptic lamellipodium55, 

where the cell speed is concentrated on heights much smaller than the epithelium thickness.

Lastly, we observed very persistent backward velocity waves, only in the absence of 

proliferation. The wave speed was typically ten times larger than the front speed, with a non-

trivial dependence between the two. By combining the continuity equation in the number of 

cells with the experimental velocity-radius relation we arrived at a linear instability criterion 

predicting the emergence of waves when the proliferation rate was smaller than velocity 

gradient in the direction of motion, that is K < −
∂u0
∂x . In theory, waves could be observed in 

the presence of divisions, but only if they are rare in comparison to cell deaths and 

extrusions, and/or if cells are not faster at the front that in the bulk (i.e. if 
∂u0
∂x < 0). This 

caveat could explain why waves are sometimes observed restricted to a small strip behind 

the front in the presence of divisions, whereas they could extend on distances greater than 1 

mm in the absence of divisions. Indeed, previous in vitro research did report similar 

behaviors22–25. The kinematic approach to the waves–in analogy with traffic flows43–

benefits from its simplicity, since it is the direct product of a very well grounded balance 

equation (the continuity equation) and a very reproducible experimental fact (the velocity-

radius relation). Moreover it discriminates naturally between the proliferating and non-

proliferating case, and does not invoke additional fields such as the concentration of a 

chemical species or a polarity23,26–28. Contrary to all previous approaches, our 

experiments and kinematic model place proliferation at the center of our understanding of 

the waves. The compressibility/extensibility induced by proliferation is paramount to the 

existence of the waves. Nevertheless, other processes may affect the waves, and their 

disappearance may be connected to a more refined picture of how cell divisions and cell 

death disturb the dynamic organization of monolayers56,57.

Despite its value the kinematic approach has some limitations. To some extent, the stability 

criterion depends on the precise choice of velocity-radius function, and many could fit our 

data†. Maybe more importantly, the predicted wave speed is smaller than the observed one. 

These limitations motivated us to sketch a more mechanical perspective. We showed that a 

viscoelastic fluid rheology was compatible with the observed velocity-radius relation, but 

this choice should in no way be interpreted as definitive. It should just provide a roadmap to 
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design rheological models that do not contradict the experimental velocity-radius relation. In 

short, the essential ingredient of a candidate rheology should be some kind of advection of 

the stress (and/or deformation), that could be translated into an advection of velocity by 

simplifying assumptions, be they that of lubrication or others. It is this advection that takes 

the place of the inertial advection more often encountered in hydrodynamics problems, and 

at the center of more well known wave propagations, like sound. It is customary to express 

wave speeds in terms of a volumetric density ρ⋆ and an elasticity G⋆, as c ~ (G⋆/ρ⋆)1/2. For 

waves driven by inertia, the volumetric density is just the regular mass density ρ. For waves 

in the creeping flow limit, where inertia is negligible, this volumetric density must involve 

some type of effective inertia6,23. As shown in many other hydrodynamic contexts, 

viscoelasticity is a good candidate for such effective inertia 58. Dimensional arguments then 

suggests that the effective density is ρ⋆ ~ ητe/d2, where the distance d could be connected to 

R as well as h. Then, since η = Gτe, the wave speed scaling could be expressed as c ~ 

(G⋆/G)1/2(d/τe). Making this result precise enough to compare with experiments will require 

a better grasp at the nature of the distance d, as well as an understanding of the contributions 

of normal and shear components to the effective elasticity G⋆. The first objective is rather 

geometric and will require a better reading at the shape of cells in the vertical direction as 

well as in the horizontal plane, an endeavor that is on the way22,54,55. The second objective 

echoes the long standing goal to measure the stress within epithelia and to relate it to density 

and velocities22,59–61.

Overall, our results show how collective behaviors depend on cell proliferation and cell 

density. They shed a new light on how collective cell migration should be reinterpreted 

depending on cell-cell interactions and tissue dynamics.
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Fig. 1. 
(a) Schematic representation of the protocol. Cells are first cultured overnight on a segment 

of the micropatterned lines restricted by a block of PDMS (left), and then the block is 

removed and the cells are free to invade the fibronectin substrate. (b) Snapshot of a 

monolayer 16 hours after the start of the experiment. The white arrow indicates the location 

of the front at t = 0, that is when recording starts. (c and d) Maps showing the velocity 

components along x (c) and y (d), averaged over an hour around the instant shown in (b). 

The color scales are linear between blue and red, ranging from -0.6 μm/min to 0.6 μm/min 

for (c), and from -0.3 μm/min to 0.3 μm/min for (d).
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Fig. 2. 
Measure of the proliferation rate with (blue) and without (red) divisions. (a) Evolution of the 

total number of cells N(t) for two representative examples. Solid lines give the best linear fit 

to the data. (b) Histogram of the positive or negative proliferation rates for all experiments 

with or without divisions.
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Fig. 3. 
Front speed with (blue) and without (red) divisions. (a) Advancement of the position of the 

front of the monolayer for two representative examples. (b) Histogram of the front speed for 

all experiments with or without divisions.
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Fig. 4. 
Gradient of velocity in the flow direction with (blue) and without (red) divisions. (a) 

Instantaneous velocity profiles behind the front for two representative examples. The solid 

lines represent the best piecewise fit used to extract the extent ξ of the flowing region. (b) 

Evolution of ξ(t) for two representative examples. The jumps in the data are due to the 

oscillations visible on the profiles in panel a. The piecewise fit can intermittently land on 

one side or the other at the crossover between the linear and constant part. (c) Histogram of 

the final values of ξ for all experiments with or without divisions. (d) Corresponding 

histograms of the velocity gradient γ̇x in the flowing region.
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Fig. 5. 
Connection between the instantaneous velocity and cell radius profiles, for two 

representative examples with (a-blue) and without (b-red) divisions.
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Fig. 6. 
Relation between speed and cell radius with (blue) and without (red) divisions. (a) Relation 

between speed u(x,t) and cell radius R(x,t) for all positions and times (x,t) for one 

experiment with divisions, representative of all experiments (with high enough initial 

density). Each data point corresponds to a region of interest in the monolayer, at a single 

time. The regions of interest have the width of the strip (200μm), and a length of 100μm. 

The black curve represent the average velocity-radius curve, constructed by averaging the 

speed for all data points within consecutive intervals of radius spaced by increments of 

0.2μm. The error bars represent the associated standard deviation. (b) Overall average 

velocity-radius curves for all experiments with or without divisions. The error bars represent 

the standard error of the mean of the individual velocity-radius curves. (c and d) Histograms 

of the jamming radius and time τv extracted by fitting the individual velocity-radius curves 

for each experiment by the piecewise function in Eq. 2.
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Fig. 7. 
Spatiotemporal diagrams (kymographs) of the velocity and mean cell radius. (a) 

Representative example of velocity diagram with divisions. (b) Representative example of 

velocity diagram without divisions. (c and d) Corresponding diagrams of mean cell radius.
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Fig. 8. 
Properties of the velocity waves observed in the absence of divisions (# = 30). (a) Histogram 

of wave speed c. (b) Histogram of wave period Tw. (c) Plot of the wave speed versus the 

wavelength. Error bars reflect our estimated error on our measurements of c and Tw. (d) 

Wave speed versus front speed. Dots take into account a front speed averaged on the last five 

hours of each experiment. The associated horizontal error bars give the standard deviation of 

this speed over the last five hours. Star symbols take into account the global front speed used 

in Fig. 3.
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