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Abstract

Paracrine PDGF signaling is involved in many processes in the body, both normal and 

pathological, including embryonic development, angiogenesis, and wound healing as well as liver 

fibrosis, atherosclerosis, and cancers. We explored this seemingly dual (normal and pathological) 

role of PDGF mathematically by modeling the release of PDGF in brain tissue and then varying 

the dynamics of this release. Resulting simulations show that by varying the dynamics of a PDGF 

source, our model predicts three possible outcomes for PDGF–driven cellular recruitment and 

lesion growth: (1) localized, short duration of growth, (2) localized, chronic growth, and (3) 

widespread chronic growth. Further, our model predicts that the type of response is much more 

sensitive to the duration of PDGF exposure than the maximum level of that exposure. This 

suggests that extended duration of paracrine PDGF signal during otherwise normal processes 

could potentially lead to lesions having a phenotype consistent with pathologic conditions.
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1 Introduction

Platelet-derived growth factor (PDGF) ligands and receptors are expressed by many cell 

types and are implicated in many processes in the human body—both beneficial and 

harmful. The cells that can produce PDGF are widespread and include vascular endothelial 

cells, smooth muscle cells, macrophages, and astrocytes [16,25,33,49]. Cells that express the 

receptors for these cells include a number of mesenchymal stem cells and stromal cells such 

as fibroblasts and oligodendroglial progenitor cells [2,3,24,25,50]. Because they are 

frequently found near each other, these two groups of cells, those producing PDGFs and 

those that express PDGF receptors (PDGFRs), can thus communicate with each other in 

paracrine signaling loops, wherein one cell communicates to another nearby cell. This 

PDGF signal causes the receptive cells to divide, move, and sometimes differentiate 

[16,20,25]. Through these paracrine loops, PDGF plays a pivotal role in development [8, 

28], contributes to angiogenesis and maintenance repair of blood vessels [21, 38], and in the 

central nervous system stimulates axonal remyelination through the proliferation, migration, 

and differentiation of oligodendroglial progenitor cells [1, 47]. In addition to these beneficial 

roles, paracrine PDGF signaling is associated with many harmful pathologic conditions. For 

example, it is involved in the formation of scar tissue, being active in the processes of gliosis 

[56], liver fibrosis and steatosis [13], atherosclerosis [12, 50], renal diseases [11], and even 

Alzheimer’s disease [40]. Overexpression of PDGF or PDGF receptors has been found in 

many cancers, as well, including glioblastoma [26,37,39,60,61], prostate carcinoma [59], 

chronic myelomonocytic leukemia [4], colorectal cancer [36,44], and hepatocellular 

carcinoma [13,62]. With many studies uncovering stromal involvement in a wide number of 

cancers [15, 23, 35], it is clear that paracrine signaling has broad importantance for cancer. 

PDGF is one contributor which we have sought to understand better in the context of cancer, 

but studying its normal role more fully can arguably give us an even greater picture of how 

paracrine PDGF signaling contributes to pathologies such as cancer.

Previously, we have explored some of the effects of paracrine PDGF-BB in the brain by 

creating a mathematical model of PDGF-driven brain tumors, wherein paracrine PDGF 

drives the recruitment of oligodendroglial progenitor cells (OPCs) to form large, fast-

growing tumors [42]. This mathematical model was based on the experimental results of 

Assanah, et. al. [5], where retrovirally transduced cells secreted PDGF-BB, stimulating the 

proliferation and migration of oligodendroglial progenitor cells (OPCs), thereby recruiting 

them to the tumors, which closely resembled human glioblastoma. This is consistent with 

findings that OPCs express PDGFRa (PDGFR type alpha), since PDGF-BB can can bind to 

PDGFRa and all other types of PDGF receptor [27, 46]. We modeled the transduced cell 

population dynamics, as well as that of the responding OPCs and unbound PDGF-BB, and 

observed that levels of PDGF signal could affect the growth of the tumor, both in terms of 

size and the steepness of the density profile of invading cells [42, 43]. This led us to question 

the role of PDGF signaling in a broader context. Since PDGF signaling is involved in the 

stroma of tumors as well as other diseased and normal tissue, we wanted to explore the 

threshold between these. Specifically, what defines the boundary between a healed wound 

versus a fibrotic scar or even neoplasia? When does a good thing become bad?
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To help answer these questions, we set out to mathematically investigate the dynamics of 

PDGF secretion and responding cells using a minimal modeling approach that focuses 

exclusively on the interplay between PDGF and a general target cell population, restricting 

ourselves to the brain. Our present model is an adaptation of our previous PDGF-driven 

glioma growth model, wherein the source of PDGF is changed to be nonspecific. PDGFs can 

be released by a number of cell types in response to a stimulus, such as an injury event, and 

this release is further modified by signals including proinflammatory cytokines that are 

released by still other cells, making the modeling of the contibutors to a PDGF source 

complex [29]. Further, there are at least five isoforms of PDGF and these have different 

binding preferences among the three known PDGFR isoforms. For the purpose of this 

present investigation, it is useful to reduce this complexity and vary the PDGF dynamics 

directly to allow us to focus on the consequences of that PDGF once secreted, using PDGF-

BB since it uniquely binds to all PDGFR types. In particular, we set out to understand the 

relative contributions of the maximum exogenous PDGF level and duration of PDGF 

signaling, making these explicit parameters in our model. By varying these two parameters 

within biologically relevant domains, we observe a wide array of possible outcomes in terms 

of the recruitment of cells, from small localized responses that stop growing in a matter of 

days, to extensive growth responses that continue for weeks. Furthermore, we found that the 

duration of PDGF signal is more influential in driving these outcomes than the peak release 

amount.

2 Methods

To model the general process of PDGF signaling in the brain, we started with two equations 

from our prior PDGF-driven tumor model [42, 43]—those describing the dynamics of PDGF 

and of recruited untransduced OPCs—and generalized them with a few modifications. 

Arguably the most critical change is that in this model we have a nonspecific localized 

PDGF source in the equation for PDGF concentration, with a secrection rate that decays 

over time. The decay of this secretion activity is indicated by a rate parameter, λ, and 

through another parameter, Smax, we set the maximum value that the PDGF source may 

secrete. Another notable change is that we do not model any autocrine signaling, only 

paracrine signaling.

2.1 Model Equations

Our model is composed of two coupled PDEs. The first of our model reaction–diffusion 

equations (1) describes the change in PDGF concentration, represented by variable p, as a 

function of both the diffusion and consumption of PDGF. The second (2) describes the 

change in cell density, represented by variable r, over time and space as a function of 

PDGF–dependent migration and proliferation.
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The first term in the right–hand side of equation (1) describes the diffusion of PDGF at rate 

Dp. The second term describes the loss of PDGF due to consumption by the PDGF–

responsive cells at rate qr. This loss is also modified by a scaling term, β(p) which is defined 

in equation (5) and described in the text that follows the equation. Finally, the third term 

describes the secretion of PDGF at rate Smax exp{−λt}, where Smax is the maximum 

secretion rate. This secretion rate decays over time at rate λ. This whole term is scaled by 

the ratio of recruited cells to the carrying capacity. In this way, we indirectly capture the 

effects of other PDGF–secreting cells recruited to the site (by other signaling molecules) 

which may result in further release of PDGF. Mathematically, this is also useful in moving 

the source spatially away from its initial point source (see Section 2.3 for details about the 

initial conditions).

In equation (2), Dr(r, p) and ρr(r, p) are the diffusion and proliferation rates of the PDGF–

responsive cells, respectively, which depend on the local concentration of PDGF, p, and the 

density of PDGF–responsive cells, r, as follows:

Dr(r, p) = Dr

max possible
diffusion

rate
β(p)

β(EC50) + β(p)

downstream effect
of PDGF concentration

1 − r
K

density
limited

(3)

ρr(r, p) = ρr

max possible
proliferation

rate β(p)
β(EC50) + β(p)
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of PDGF concentration

1 − r
K

density
limited

(4)
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where

β(p) = p
km + p ,  β(EC50)=

EC50
km + EC50

. (5)

The parameters Dr and ρr are the maximum values that can be attained by the diffusion rate 

and proliferation rate, respectively, when the density is low and the PDGF concentration is 

high. The scaling terms that implement the dependence on p and r are valued between zero 

and one, and act to reduce the rates of diffusion and proliferation when there is little PDGF 

present to stimulate these effects and/or limited space due to high cell density. In the latter, 

we use a logistic growth term, 1 − r/K, where K is the carrying capacity. The PDGF–

dependent scaling term is derived in part from Michaelis–Menten binding kinetics, which 

gives us β(p) (5). β(p) is a direct application of Michaelis–Menten kinetics, where parameter 

km is the concentration of PDGF at which half maximal receptor binding occurs. We also 

wanted to capture the downstream effect of this bound PDGF on cellular proliferation and 

movement (downstream in terms of biochemical pathways). This is traditionally done with a 

pharmacodynamic model and an EC50 parameter— that is, the half maximal effective 

concentration—in place of km. To incorporate both the binding of PDGF and the 

downstream effect of bound PDGF on behavior together in one term, we devised a term that 

utilized both parameters and fit the dose response data from [46]. (See Figure 1, which 

shows the curve generated by our downstream PDGF response term in relation to this data, 

as well as other data that we used for finding our initial condition, which is described in 

Section 2.3.1.) Note that we chose to model cellular movement as a diffusion process, as in 

our prior work [42,43]. This choice was based on our analysis of tracks from cells moving in 

acute tissue slice assays, which showed that cells move in directed random walks along 

white matter tracks [30, 42]. Since our domain is 1D with spherical symmetry, we do not 

differentiate between the impacts of different tissue types on cell movement.

2.2 Parameters

Most parameter values are kept the same as those from the PDGF-driven tumor model 

(detailed derivation of these may be found in [42] and the associated supplement). As a 

result, many are OPC–specific; however, since we lack experimental data on the other cell 

types and are grouping OPCs together with other PDGF–responsive cells, we take these 

values as an approximation for the features of the combined pool of PDGF–responsive cells 

in our model. Additionally, we have two new parameters—those describing the dynamics of 

the PDGF source term, λ and Smax. There are many interacting components that may affect 

the secretion of PDGF, which we have not attempted to capture. Rather than describing the 

process exactly, we sought a simple term with as few parameters as possible that still allow 

us to capture the varied outcomes corresponding to different PDGF secretion dynamics. 

Because we have not connected these with distinct biological processes and because we 

wanted to examine the possibilities of a variety of PDGF signal dynamics, we first varied the 

two parameters over three orders of magnitude. This then allowed us to hone in on a 

parameter regime that yielded the most physiological results (i.e., PDGF levels remained 

Massey et al. Page 5

Bull Math Biol. Author manuscript; available in PMC 2020 June 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



within experimentally observed levels), which we explore in section 3. Parameters and their 

values are listed in Table 1.

2.3 Initial and Boundary Conditions

For this model, we assume some arbitrary inciting event, such as an injury, sets everything in 

motion, causing an initial release of PDGF. We start our simulations shortly after PDGF has 

started to be released, thus avoiding the complexity of simulating the event itself, and use a 

nonzero initial condition for the PDGF.

2.3.1 Initial PDGF concentration, p0—To estimate the value for p0, we made use of 

available data on the proliferation rates of cells in brain tissue, with and without added 

PDGF from an experiment performed by Assanah, et al. [6]. Briefly, this experiment 

compares cellular proliferation of cells in rat brain tissue in acute slice culture with added 

exogenous PDGF (experimental condition), and without (control condition). The harvested 

tissue itself has some level of PDGF due to the injury involved in removing it from the 

animal. Thus, by comparing the control and experimental conditions, we can estimate the 

PDGF released by the response to the injury. Specifically, it was observed that adding 100 

ng/mL of PDGF to the experimental condition caused an approximately four-fold increase in 

proliferation rate of OPCs as compared to the control condition.

Interpreting this mathematically, they both start with some baseline amount, which we 

designate as p0. Then the experimental case is given additional PDGF, so that the control has 

p0 ng/mL PDGF, and the experimental condition has p0 + 100 ng/mL PDGF. Response is 

measured in proliferation, a downstream effect of PDGF, so we can use our downstream 

PDGF effect ratio from equations (3) and (4), which we write here as

R(p) = β(p)
β(EC50) + β(p) (6)

where β(p) and β(EC50) are given in equation (5), and we use the parameter values km = 30 

ng/mL and EC50 = 10 ng mL (as given in Table 1).

Using this response term in conjunction with the experimental result, we have the 

relationship

R(p0 + 100) = 4R(p0) (7)

which means “the response to PDGF observed in the experimental case is equal to four 

times the response observed in the control case.” Note that we could alternatively use the 

entire proliferation term ρ‒r(p, r) given in equation (4), but then ρr(1 − r/K) would divide out 

from both sides, giving the same result. Expanding this relationship using the definition of 

R(p) in (6), we have:
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β(p0 + 100)
β(EC50) + β(p0 + 100) = 4

β(p0)
β(EC50) + β(p0) (8)

Through algebraic manipulations (see A for details), we arrive at a quadratic polynomial in 

p0 with the following roots:

p0 ≈ 0.8415, − 103.45 (9)

Since the latter of these is non physiologic, we adopt the first root to two decimal places as 

our approximate value for p0 (accounting for potential measurement error in the 

experimental data), localized to within 0.03 cm of the site of injury:

p(x, t = 0) = 0.84 ng/mL x ≤ 0.03 cm
0 ng/mL x > 0.03 cm (10)

This computed value for the PDGF concentration in the control condition, and 

correspondingly the experimental condition, from the experiment in [6] are plotted against 

the model dose response curve R(p) in Figure 1.

2.3.2 Initial PDGF-responsive cell density, r0—Given that we are pooling a number 

of different cell populations together for our PDGF–responsive cells, it is a bit difficult to 

determine the total number of all the cells that are normally present, particularly those in 

blood vessel walls. However, OPCs have a widespread presence throughout the normal adult 

brain. In adult humans, glial progenitors have been estimated to have a relative abundance of 

about 3–4% [45, 51, 52] of total cells, or 5–8% of all glial cells [34]. If we assume that 3% 

of estimated normal cellularity of the brain—which is about 80 million cells/mL averaged 

across all regions in humans [10]—represent glial progenitors, we arrive at approximately 2 

× 106. In rat brain tissue, approximately 250 immunofluorescently labeled OPCs were 

counted in a spherical volume of radius 300 μm = 0.03 cm. This gives us 250
4
3 π ⋅ 0.033  cells/

cm3. Evaluating this, and noting that 1 cm3= 1 mL, we get approximately 2.21 × 106 

cells/mL. While this is a bit higher than the other estimate for human tissue, it is in the same 

general order of magnitude, and is likely closer to the total number of PDGF-responsive 

cells which include more than just OPCs. Thus, we take 2.21 × 106 cells/mL as a reasonable 

estimate for the average baseline density of PDGF–responsive cells throughout the brain:

r(x, t = 0) = 2.21 × 106 cells/mL, ∀x . (11)

2.3.3 Boundary—We take the whole brain as our domain, and the skull as the boundary, 

as this best matches the actual biological setting. For simplicity, we simulate the model in 

one dimension, assuming spherical symmetry. Generalizing the volume of the rat brain to a 
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sphere, we find that it is approximately 1 cm in radius. Thus, our domain is x ∊ [0, 1], where 

we assume that the injury takes place in the center, at x = 0.

Further, we assume that the boundary representing the skull at x = 1 allows neither PDGF 

nor OPCs to leave the brain, giving us a no-flux boundary condition:

Dr

Dp
∇ r

p
⋅ n = 0, (12)

where n denotes the normal vector on the boundary.

2.4 Numerical solution.

We solved the model numerically using the pdepe function in MATLAB® (MATLAB Release 

2015a, The MathWorks, Inc., Natick, Massachusetts, United States), in one dimension on a 

spherically symmetric domain, using the boundary conditions and initial conditions given in 

section 2.3. The pdepe function uses ode15s for time integration, enabling it to handle any 

stiffness from the diffusion terms by adjusting the time step appropriately. In our 

simulations, we specified solutions to be recorded at time intervals of half days up to tf = 

250 days, and our spatial steps were 1/375 = 0.0027 cm, which is equivalent to 27 μm—

slightly more than the diameter of an oligodendroglial progenitor cell. Our codes may be 

found here: https://github.com/scmassey/varied_paracrine_PDGF_dynamics.

2.5 Thresholding to look at growth.

In order to measure changes in the growth of lesions comprised of recruited PDGF–

responsive cells, we defined a threshold for each simulation to help us identify the “leading 

edge” of the lesion in a way that would accommodate the wide variation in maximum cell 

densities attained by the lesions across our simulations. To do this, for each simulation, we 

first found the maximum cell density at any of the spatial locations of our domain at a later 

time point (after the cells have had some time to build up):

maxr = max(r(t = 45 days, x)) . (13)

Then, we set our threshold to be 50% of the difference between this maximum and the 

baseline number of cells above the baseline number of the cells:

threshold = 0.5(maxr − r0) + r0 . (14)

Using this threshold we found the outer most location (recalling that our x domain is a 

radius) where this value was attained or exceeded at all time points for each simulation, and 

used this information to make growth comparisons.
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3 Simulation Results

To explore the effects of varied magnitude and duration of PDGF signaling, we performed 

simulations across a range of parameter values for the PDGF source term. We varied Smax, 

the maximum level of PDGF secretion, from 10 to 100 ng/mL/day in increments of 10, and 

varied λ, the decay rate of PDGF secretion activity, from 0.01 to 0.1 days−1 in increments of 

0.01. The output of these 100 simulations are compared in terms of the growth dynamics of 

the lesions created by cells responding to the PDGF signal, which were most easily 

visualized in heatmaps. We also looked at the individual simulations from different regions 

of the heatmaps to better resolve the indicated differences in these dynamics.

3.1 Smaller PDGF secretion activity decay rate, λ, and larger maximum PDGF secretion 
level, Smax, parameters in PDGF source term cause extensive and chronic growth.

For each simulation, we used the technique described in section 2.5 to determine the outer 

edge of the lesion at each time point. We then used this to determine the duration of growth 

for each simulation until either: (a) the lesion reached a fatal size, defined as 0.5 cm radius 

(inside the black outline in Figures 2A and B), or (b) the growth rate fell below one cell 

diameter per five days (i.e., 10 μm/ 5 days or 4 × 10−5 cm/day, outside the black outline in 

Figures 2A and B). Note that due to these different criteria, shorter times inside the black 

outline in Figure 2A correspond to simulated lesions that achieved a lethal size sooner due to 

a faster growth rate, while shorter times outside of this black outlined region correspond to 

simulated lesions whose growth rate slowed to near zero earlier. Looking at the heatmap in 

Figure 2A, we observe that for smaller decay rates, λ, in combination with higher maximum 

values for the source concentration, Smax, the resulting higher and persistent PDGF signal 

causes stimulation of cells for upwards of 40 days. Similar trends are seen in the size of 

lesions in Figure 2B, with the larger lesions corresponding to smaller values of the decay 

rate of secretion activity, λ, and larger values of the maximum PDGF secretion level, Smax. 

It is notable when comparing these two heatmaps that the transition from short growth times 

to long growth times is more gradual (Figure 2A), while that from small radii to large radii is 

more sharp Figure 2B).

3.2 PDGF secretion activity decay rate, λ, has a more pronounced effect than the 
maximum PDGF secretion level, Smax.

While both the decay rate and maximum level of PDGF source must work in concert to get 

very large lesions to form, we see that decay rate is more influential on both the overall size 

of the lesions of PDGF–responsive cells and the length of time for which that distribution 

expands radially. This can be seen most clearly from the left-most columns of the heat maps, 

which correspond to smaller decay rates, λ. The lighter shades indicate greater time duration 

in Figure 2A and bigger radius in Figure 2B. These appear to cluster in the three left-most 

columns for all but the smallest value of Smax.

3.3 Paracrine PDGF signaling dynamics lead to three possible growth outcomes.

Combining our results together into one picture, we see three growth regimes caused by the 

PDGF secretion (Figure 3). Since experimental models of brain injury response have shown 

reactive OPCs distributed within 0.3 to 2 mm of the site of injury, with rapid OPC division 
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continuing for seven to 14 days [22, 48], we consider active growth continuing beyond 40 

days to be “chronic.” We also consider lesions larger than 1 mm in radius to be “large,” 

since that is 10% of the rat brain radius. The lower right corners of the heatmaps in Figure 2, 

which are overlaid in Figure 3A as a visual aid, thus correspond to simulated lesions that are 

small and acute (dark tones). In the middle of these heatmaps, simulated lesions are small 

but chronic (mid-tones in the overlaid image). The lighter shades in the upper left corner/

left–most columns correpond to simulated lesions that are both large and chronic. To see 

examples of these, we focused on three simulations, one from each of these regions, labeled 

1–3 in Figure 3A to indicate the corresponding values of parameters λ and Smax. We plotted 

the location of the lesion “edge” (the 50% maximum cell density as computed in section 2.5) 

versus time for three different simulations (Figure 3B). These curves are labeled 1–3 to 

correspond with simulations indicated in panel A. From these curves, we see that the growth 

dynamics of simulations in the middle region (labeled 2) yield a small lesion—not much 

bigger than that from the lower right region (labeled 1)—yet that growth persists for a longer 

period before lesions stop expanding. The curve labeled 3 is much larger, highlighting the 

sharp transition from small to large lesions indicated by the heat map in Figure 2B.

To further illustrate the differences in growth between these three different growth types, we 

plotted the density of PDGF–responsive cells vs time at the center of the lesion (Figure 3C) 

and vs the radius of our domain at the end of simulation time (tf = 250 days, Figure 3D). 

Thus we see that not only is the spatial extent of the lesions of PDGF–responsive cells larger 

for the small λ values, but also the density of these lesions is larger. The PDGF levels that 

result from the specified parameter values for these three simulations are plotted in Figure 

3E. Note that in these plots of PDGF concentration vs time, the smaller decay rate keeps 

PDGF levels higher at the end of simulations, but in all cases the PDGF level is maintained 

below km and EC50. Thus, the large lesions are attained not due to extraordinarily high levels 

of PDGF, but rather a persistent moderate amount of PDGF.

4 Discussion

Overall, our results suggest that variations in paracrine PDGF secretion can create very 

dramatic effects in brain tissue. Modulating this paracrine PDGF signal in simulations, we 

observed three growth regimes, as detailed in results section 3.3. In the first, PDGF is 

released in response to some signal, causing a short burst of growth for PDGF–receptive 

cells. This growth is limited both in time and in spatial extent. The second involves a longer 

duration of elevated PDGF signal, causing a corresponding increase in duration of the 

PDGF–stimulation of cell growth. However, the spatial extent of this effect in terms of 

lesion growth is still limited. Finally, in the third regime, there is sustained PDGF secretion 

at high levels, causing both long time duration and large spatial extent of lesion growth. 

These various cellular responses to paracrine PDGF that we observe for the different 

parameter values suggest possible connections with physiological processes. For example, 

the first type of PDGF signal and response, with small size and short duration, is similar to 

what we might see in the healing of a small wound, such as a small brain stab injury. The 

second, with limited size, but longer duration, is perhaps what we might see with an injury 

healing process that leaves a scar (localized fibrosis or gliosis). The third regime with its 
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more extreme size and time duration might correspond to PDGF signaling in neoplastic 

processes.

Notably, there are some findings that support these suggested connections. One study looked 

at brain stab wounds in rodents and found that measurable PDGF-B was noted around days 

3 and 4 post injury and that the spatial distribution of the PDGF matched that of the resulting 

glial scar [56]. Another recent study found that vascular insufficiency led to chronic gliosis 

in an animal model of brain tissue transplantation [7]. It is quite likely that the sustained 

levels of angiogenic factors released in response to the insufficiency, including PDGF, 

caused the recruitment of more than just vascular endothelial and smooth muscle cells, but 

also oligodendroglial progenitor cells and fibroblasts, which in turn gave rise to the chronic 

gliosis. Finally, animal studies have shown that increased paracrine PDGF signaling can lead 

to the formation of tumors that resemble glioblastoma [5,19], and PDGF signaling has been 

shown to play a role in human glioblastoma [26, 37, 39, 60, 61].

Our model further predicts that the duration of elevated PDGF signal may be generally more 

impactful than the maximum level of that signal in contributing to tissue pathologies. As a 

result, this may suggest that incomplete inhibition of PDGF signaling could greatly diminish 

the efficacy of PDGF–inhibitor therapies against stromal recruitment in tumors, for example, 

rather than merely a slight reduction in benefit. It also suggests that limiting the duration of 

PDGF secretion or exposure could be key to reducing the formation of scar tissues. Note that 

in our model, we did not include an explicit term for PDGF decay, as the consumption rate 

of PDGF assumed to be much faster given the high abundance of PDGFR+ cells in the brain. 

However, in models incorporating PDGF–inhibitors, or where there are fewer PDGFR+ 

cells, it may be important to add a PDGF decay term. Additionally, we modeled PDGFR+ 

cell movement as a diffusion process since our prior work analyzing PDGF-driven 

movement of oligodendroglial progenitor cells (perhaps the most abundant PDGFR+ cells in 

the brain) in acute slice culture showed movement that was most consistent with a directed 

random walk along white matter tracts [30, 31, 41, 42]. Models that focus on other types of 

PDGFR+ cells or that seek to account for the precise location of an injury or inflammatory 

response may require the implementation of chemotactic effects and/or gray vs white matter 

effects (if in brain) to account for anisotropic movement of cells, which has been 

implemented for brain tumors in [54, 55]. Future models seeking to incorporate the complex 

determinants of PDGF secretion would do well to focus on the temporal aspects of those 

upstream processes in order to have the maximal impact on patient outcomes. As noted in 

the methods, we took a more “downstream” approach and parameterized our initial value of 

PDGF due to an insult by relying on available data from an acute slice culture experiment 

reported in Assanah, et al. [6] (the acute slice culture technique has also been used in [18, 

32, 53], primarily to study cellular migration in tissue). This particular experiment was 

originally done to demonstrate the effect of applied PDGF-BB in greatly increasing cellular 

proliferation, but it was also useful for our purposes due to the injury process of tissue 

harvest and the nature of the experiment, which kept the tissue alive in culture. Others may 

find similar utility in repurposing data from previously conducted experiments, as it is not 

always practical or even possible to create bespoke experiments to parameterize 

mathematical models.
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Since PDGF recruits oligodendroglial progenitors, fibroblasts, and vascular endothelial cells 

in the brain, there could be implications for angiogenesis and fibrotic changes—i.e., not just 

the extent of response and its chronicity, but also the “badness” of the resulting affected 

tissue. Further, it seems likely that similar results may be found for other tissues as well as 

for other growth factors. Recent studies have shown that stromal changes such as fibrosis 

can drive tumor invasion [15], and there have even been case reports of patients with 

traumatic brain injuries that years later become sites of glioblastoma, most recently in Tyagi, 

et al. [58]. These highlight the need to better understand normal stromal function in tissues, 

and mathematical models further exploring this interplay between a variety of growth factors 

and stromal cell types could be especially useful for the medical community moving 

forward. Antiangiogenic therapies (which inhibit growth factor receptors) given to cancer 

patients have sometimes caused severe side effects, including hypertension, skin lesions, 

intestinal perforations, hemorrhaging, and even heart failure [14, 17]. On the other hand 

PDGF and other growth factors given to surgical patients to facilitate healing [3,9,63] could 

potentially lead to scarring or worse. PDGF and other growth factors are already being 

manipulated in human patients in the clinic, without fully understanding how to balance its 

effects—more research is needed to ensure that future growth factor–modulating therapies 

are optimized for patients’ needs.
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A: Details of derivation of p0

Recall from Section 2.3 that we have the following relationship:

R(p0 + 100) = 4R(p0) (15)

which describes the increased activity of one condition of cells that has added exogenous 

PDGF relative to others that lack this added PDGF. Given that they are still active, and have 

been injured during tissue removal, we assume that there is a shared baseline amount of 

PDGF, p0.

Expanding this relationship using the definition of R(p) in (6), we have:

R(p0 + 100) = 4R(p0) (16)
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β(p0 + 100)
β(EC50) + β(p0 + 100) = 4

β(p0)
β(EC50) + β(p0) (17)

Since β(EC50) is a constant, for notational simplicity we set γ = β(EC50) throughout the 

following algebra. This lets us write

β(p0 + 100)
γ + β(p0 + 100) = 4

β(p0)
γ + β(p0) (18)

Then we can cross multiply the denominators and expand the β terms:

β(p0 + 100)(γ + β(p0)) = 4β(p0)(β(p0 + 100) + 100) (19)

p0 + 100
km + p0 + 100 γ +

p0
km + p0

= 4
p0

km + p0
γ +

p0 + 100
km + p0 + 100 (20)

γ
p0 + 100

km + p0 + 100 +
p0

2 + 100p0
(km + p0 + 100)(km + p0) = 4γ

p0
km + p0

+ 4
p0

2 + 100p0
(km + p0 + 100)(km + p0)

(21)

Move all terms to one side for simplicity:

4γ
p0

km + p0
− γ

p0100
km + p0 + 100 + 3

p0
2 + 100p0

(km + p0 + 100)(km + p0) = 0 . (22)

Now, multiply both sides by km + p0 and km + p0 + 100:

4γp0(km + p0 + 100) − γ(p0 + 100)(km + p0) + 3(p0
2 + 100p0) = 0 . (23)

Expanding and then collecting by powers of p0:

4γp0km + 4γp0
2 + 400γp0 − γkmp0 + γp0

2 + 100γkm + 100γp0 + 3p0
2 + 300p0 = 0 (24)
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(4γ − γ + 3)p0
2 + (4γkm + 400γ − γkm − 100γ + 300)p0 − 100γkm = 0 (25)

(3γ + 3)p0
2 + (3γkm + 300γ + 300)p0 − 100γkm = 0 . (26)

Now we can use the quadratic formula to find the roots of this equation, letting

a = 3γ + 3 (27)

b = 3γk +m 300γ + 300 (28)

c = − 100γkm (29)

for the formula

p0 = −b ± b2 − 4ac
2a .

Recalling that we use parameter values km = 30 ng/mL and EC50 = 10, such that 

γ =
EC50

km + EC50
= 10

30 + 10  , this computes to (in decimal approximation):

p0 ≈ 0.8415, − 103.45 (30)

The latter of these does not make sense as a physical quantity, so we adopt the first as our 

approximate value for p0:

p0 = 0.8415 ng/mL . (31)
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Fig. 1: Control and Experimental PDGF concentrations in relation to model dose response curve.
The model dose response curve is shown by the solid purple line, which fits the experimental 

dose response data from [46] shown by the green Xs. The PDGF concentration due to 

wounding (10) (which is computed in section 2.3.1), as well as that for the experiment with 

100 ng/mL added exogenous PDGF is indicated by the black dots. Notice that the response 

level of the experiment is four-fold higher than that of the control, as found in [6].
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Fig. 2: Time elapsed until lesion expansion slows to less than one cell diameter in five days or 
lethal size reached and corresponding lesion sizes at those times.
Simulations were run across a range of maximum PDGF source (Smax) and decay rate (λ) 

parameters until lethal size is reached (defined as 5 mm radius), or until the outward 

expansion of the 50% cell density region slows to less than one cell diameter in five days 

(outside of the black outline). The length of time until either criterion has been reached for 

each simulation is given in (A), and the radii of simulated lesions’ regions of 50% cell 

density at these times is shown in (B). Higher values correspond with lighter shades, as 

indicated by the color axes. Values in (A) that are greater than 40 days indicate chronic 
lesions, and values in (B) that are greater than 1 mm indicate large lesions.
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Fig. 3: Growth regimes from combined heatmaps and corresponding PDGF concentrations.
A. Overlaying the heatmaps of Figure 2 create a picture of three growth regimes in our 

simulations, depending on the PDGF growth parameters: (1) limited growth, short duration; 

(2) limited growth, long duration; and (3) extensive growth, long duration. The numbered 

squares correspond to the simulations plotted in panels B–D, as well as the numbered plots 

in E. B. Curves show the growth of the edge of the 50% cell density region of simulated 

lesions versus time for three simulations indicated in (A). Black dots show when and what 

size the simulation was when its growth rate was less than 4 × 10−5 cm/day, or in the case of 
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(3), fatal size was reached. C. Cell density at the center of the lesion (near the inciting event 

location) versus time, for simulations from the three different growth regimes as indicated in 

A. D. Cell density at the end of simulation time (250 days) vs radius of the rat brain, our 

spatial domain, for three simulations as indicated in A. E. Curves show PDGF levels as they 

change over time at both the center of the domain and at 0.1 cm radius for three different 

simulations, corresponding with the growth regimes of the same number.
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Table 1:
Model Parameters and their Values.

Most of these parameters are derived in [42] and its supplemental material, as noted in the Source column.

Symbol Definition Value Units Source

Dr max diffusion rate of recruited cells 5.8 × 10−5
cm2
day

[42]

Dp diffusion rate of PDGF 5 × 10−4
cm2
day

[42,57]

ρr max proliferation rate of recruited cells ln(2)
18/24

1
day

[42]

qr max rate of PDGF uptake by recruited cells 10−5.15 ng/cell
day

[42]

K cellular carrying capacity 2.3 × 108 cells
mL

[42]

km [PDGF] at which half max binding occurs 30 ng
mL

[42,46]

EC50 [PDGF] achieving half max dose response 101/2 ng
mL

[42]

O2a baseline population of OPCs in gray matter 2.2 × 106 ng
mL

[42]

Smax maximum PDGF secretion 10 to 100 ng/mL
day

*

λ decay of PDGF secretion 0.01 to 0.1 1
day

*

*
Indicated parameters were varied across a range of values to explore their effect on simulation outcomes, as discussed in the results (Section 3).
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