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Abstract

The Reference Phantom Method for computing the acoustic attenuation and backscatter has
become widespread. However, clinical application of these methods has been limited due to the
need to acquire reference phantom data. We demonstrate that the data acquired from 11
transducers of the same model, and five clinical ultrasound systems of the same model produce
equivalent estimates of reference phantom power spectra. We show that the contribution to power
spectral density variance among systems and transducers equals that from speckle variance with
59 uncorrelated echo signals. Thus, when the number of uncorrelated lines of data is small,
speckle variance will dominate the PSD estimate variance introduced by different systems and
transducers. These results suggest that, at least for this particular transducer and imaging system
combination, one set of reference phantom calibration data is highly representative of the average
among equivalent transducers and systems that are in good working order.
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Introduction

The Reference Phantom Method (RPM) is a simple approach to compute quantitative
ultrasound backscatter parameters such as attenuation and the backscatter coefficient (BSC)
(Yao et al., 1990). The RPM has been used for over 20 years in the laboratory and clinic
(Hall et al., 1996; Nam et al., 2012, 2013) and has been shown to provide system
independent estimates of attenuation and the BSC (Nam et al., 2012). The list of potential
clinical applications is vast (Insana et al., 1989; Insana and Hall, 1990; Lin et al., 2015;
McFarlin et al., 2015; Mottley et al., 1984; Holland et al., 2004; Gibson et al., 2009; Feleppa
et al., 2004; Mamou et al., 2011; Ghoshal et al., 2014; Yuan and Shung, 1988). Clinical
implementation of the RPM has been slow, hindered by the need to scan a well calibrated
reference phantom with the same clinical equipment and settings used to acquire data from
the patient (Oelze and Mamou, 2016).
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In a recent review of QUS backscatter parameters, Oelze and Mamou suggested that it may
be possible to remove the need for a physical reference phantom through “... an extra step

... to collect data from reference phantoms and save it into the system so that it could readily
be used for QUS calibration with the same system” (Oelze and Mamou, 2016). The process
of collecting reference phantom calibration data for a single transducer is non-trivial. One
needs to ensure that the speed of sound of the reference phantom is close to that of the tissue
(Nam et al., 2011) as well as ensuring consistent system settings between tissue and
reference phantom data acquisition (Yao et al., 1990).

Each user calibrating their own individual system and transducer is clearly possible, but it
would be immensely more efficient to have a set of reference power spectra loaded into the
system by the manufacturer to be used for a specific combination of systems of a specific
model, transducer, and specific system configuration. But a limited set of configurations
could be defined — much as they are now for performing shear wave elasticity imaging.

This manuscript compares the power spectra obtained from a commercial ultrasound
phantom using a set of equivalent (same manufacturer and model number) ultrasound
systems and transducers to determine the variability among them. The results demonstrate
that among this set of systems and transducers, there was minimal variability in power
spectra. To explore the implications of using representative power spectra, we derived the
theoretical variance of the attenuation and backscatter coefficient estimates taking into
account components of variance among systems and transducers of the same model. We
found that the relative contribution of system and transducer variance depended upon the
number of uncorrelated echo signals used in power spectral averaging, and that, for typical
clinical scanning conditions, components of power spectrum estimate variance from systems
and transducers are negligible compared to the variance from echo signal variation caused
by the underlying scattering stochastic process. These results suggest that an “average power
spectrum” could be obtained from a small set of equivalent systems and transducers, and that
the average power spectrum could be used in Reference Phantom Method calculations
without the need to scan a reference phantom with each study, with negligible increase in
QUS parameter estimate variance. The methods described here can be replicated with other
systems and/or transducers to validate and extend the findings.

This study was designed to determine whether variability in clinical ultrasound system or
transducer performance was significant in power spectra estimated from a commercial
ultrasound phantom. Power spectral estimation using pulse-echo ultrasound, under ideal
conditions, is a sampling process whose distribution is determined by the number of
independent acoustic A-lines used in power spectral estimation (Lizzi et al., 2006). The
differential performance of systems and transducers is assumed to result in a distribution of
power spectral estimates that may be modeled, to a first approximation, as a zero-mean
normal distribution with unknown variance. The unknown variance represents the impact of
small differences in manufacturing of systems and transducers on their performance.
Identifying the impact of system and transducer performance variability on power spectral
estimate variability can be reduced to comparing the estimated distribution of power spectral
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estimates among systems and transducers to the distribution of power spectral estimates
predicted by theory for the random scattering process.

Radio Frequency Echo Signal Data Acquisition

Eleven Siemens 6C1 curved linear array transducers (Siemens Medical Solutions USA, Inc.,
Malvern, PA, USA) and five Siemens Acuson S3000 systems (all running the same version
of system software) were used to collect radiofrequency (RF) echo data from a Gammex
Sono403™ Multi-Purpose phantom (Gammex/RMI, Middleton, W1, USA). The Gammex
Sono403 phantom consists of small (compared to the ultrasound wavelength) spherical
scatterers (Madsen and Frank, 1997) suspended in gelatin with “wire” and cylindrical targets
at various intervals and depths. The phantoms have a specific attenuation of 0.5 dB-cm
“IMHz1 in the 2-18 MHz frequency range. A region in the background medium, well away
from imaging targets in the phantom, was chosen to obtain “reference phantom data.” The
transducer and system serial numbers and approximate time in service are shown in Table 1.

Transducers were secured in a holder attached to a translation stage. The apex of the curved
transducer face was aligned perpendicularly to the phantom scanning window. Acoustic
coupling was achieved using room temperature saline. RF echo signal data was collected
using the Axius Direct Ultrasound Research Interface (Brunke et al., 2007). All RF echo
signal data was sampled at 40 MHz. System and transducer settings were the same for all RF
data acquisitions. The elevational focus of the 6C1 was at 6 cm depth. The transducer’s
electronic focus was set to 7 cm, and the transducer was excited with a single-cycle 2.5 MHz
pulse.

Thirty frames of RF echo signal data were collected for each transducer or system tested.
Each RF echo frame consisted of a curved-linear RF echo acquisition with 6323 axial time
samples and 336 equally (angular) spaced A-lines with a depth of 12 cm. Care was taken,
using the locations of the wire and cylindrical targets in the Gammex Sono403 phantom, to
ensure that the RF echo data acquired for each transducer or system had similar spatial
location. RF echo frames were separated by an elevational distance of 1.5 mm, a distance
greater than the elevational beam width, to assure independent realizations of speckle. An
example B-mode image of the Gammex Sono403 phantom is shown in Figure 1.

Power Spectral Estimation

Power spectrum bias and variance depends on the axial and lateral size of the power spectral
estimation region as well as the choice of power spectral estimation method (Thomson,
1982). The size of the power spectral estimation region (PSER) was chosen by measuring
the axial and lateral pulse echo correlation lengths using the methods of Thijssen (Thijssen,
2003). The estimated axial and lateral pulse echo correlation lengths were 471 ym and 1134
um, respectively. Power spectra were estimated using a 6 mmx6 mm power spectral
estimation region and a zeroth order discrete prolate spheroidal sequence taper (Thomson,
1982). Each PSER contained 12 (axial) x 5 (lateral) independent samples (correlation cells),
numbers sufficient to provide unbiased estimates of power spectra (Rosado-Mendez et al.,
2013). Power spectral estimates from either one or five PSERs in each of 30 independent RF
frames were averaged into a single power spectral estimate for each transducer and system.
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Usable Bandwidth

Estimating QUS parameters, such as attenuation and backscatter coefficients, requires
selection of a usable frequency bandwidth that contains significant power above an estimate
of the noise floor. The usable bandwidth varies with the operating frequency of the
transducer and the depth of the QUS parameter estimation region. Frequency bandwidths are
often chosen to be the frequency range that is 10 dB above the noise floor. Power spectra
estimated at the regions of interest exhibited frequency-dependent noise (see Figure 2),
therefore the noise floor was estimated by a linear fit of the power spectral values in the
combined 0.25-1.0 MHz and 7-20 MHz frequency ranges. For the 6C1 transducer at 7 cm
depth into the Gammex Sono403 phantom, the +10 dB bandwidth (10 dB above the linear fit
to the noise floor) spans the frequency range 1.5-4.9 MHz.

Expected Distribution for Power Spectra Estimated from a Reference Phantom

Ultrasound backscatter from diffuse Rayleigh scatterers is a stochastic process that depends
on the relative phase of the echo signal from each discrete scattering source in the pulse
volume (Wagner et al., 1987). Since the scattering sources are randomly distributed in the
volume of the phantom, the received echo signal will vary with subtle differences in
transducer position. Therefore, power spectral estimation for characterizing the phantom, or
accounting for system dependencies in the Reference Phantom Method, requires obtaining
several independent observations of the echo signal (“speckle”) and averaging their power
spectra, to approximate the expected power spectrum.

The distribution of power spectral density estimates depends on the number of independent
acoustic A-lines (M) used in estimation (Lizzi et al., 2006). When N >> 1, the estimated
power spectra are normalized to their “expected value’, and the logarithm is computed, the
distribution for power spectral density estimates is a zero-mean normal distribution whose
bias and variance depend on N/ (Lizzi et al., 2006). The distribution for power spectral
density estimates may be written (assuming N> 1):

1Og(DDSPeckle(f)) = log(PSi(f)) (1)

~ Miogu() = 57+ ) ~ A loetu(r).

where DD is the power spectral density distribution, PS;is the normalized average power
spectrum (among all uncorrelated RF echo signal A-lines) from system or transducer /, the

symbol ~ means ‘is distributed as,’ ./V(u,62) refers to a normal distribution with mean g and

variance o2, (1 is the expected power spectral value at frequency 7 and N is the number of
independent acoustic A-lines used to estimate the power spectrum. Using the estimated

lateral correlation length (1134 um, stated above), /=150 for one power spectral estimation
region (PSER; 5 independent A-lines per PSER, 30 independent RF frames) and /=750 for
five PSER (5 independent A-lines per PSER, 5 PSER per frame, 30 independent RF frames).
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Statistical Framework

The power spectral density distribution (DD) for one system s and one transducer t from a
collection of systems, S, and collection of transducers, T, at frequency Ffmay be written as:

log(DDy (f)) = 10g(DDgy . e(F)) + Ns(F) + Np(f) - (2)

where Ng(#) and N1(#) are random variables representing the noise contributions from
system and transducers, respectively. We assume Ng(7) and Nt(7) are zero mean with
standard deviations of o5 and o for systems and transducers, respectively.

We make the assumption that speckle, system, and transducer distributions are independent
of each other (there is no covariance) therefore the mean and variance of DD y(#) are:

E[log(DD; ()] s log(us 1(f) (3

Var[log(Dstt(f))]S’T = % + 6% + U?F (@)

where E[DDSJ( f)]S - is the expectation value (approximated by the mean) and

Var[DDS X f)]S T is the variance. The subscript S, T indicates that the expectation and variance

are computed from a set of systems, S, and transducers, T.

We estimated og and o separately, restricting the analysis of systems to only one transducer
and the analysis of transducers to only one system, thereby eliminating the other source of
variance. We write the observed variance among systems and transducers as:

+oz (5

=z~

Var[log(DDs,t(f ))]S,t -

Var[log(DD, ( f))]S’T = % +or (6)

where the subscripts now indicate that variance is computed using a set of systems S and a
single transducer t or a single system s and set of transducers T. Both estimated variances
among systems and transducers are corrupted by the speckle variance; reducing speckle
variance, by increasing the number of acoustic A-lines, suppresses that component and
allows improved estimation of the system and transducer components of variance. (Note that
these equations are in terms of nepers and therefore lack the factor of 4.34 found in Lizzi, et
al. (2006)).
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Accounting for System and Transducer Variance Using the RPM Ratio of Sample to
Reference Power Spectra

We wish to analyze the effects of using a set of systems and transducers as the reference
phantom calibration set when using the Reference Phantom Method for attenuation and
backscatter coefficient estimation. The Reference Phantom Method assumes that the speed
of sound in the sample and reference phantom are similar, diffuse scattering dominates, there
is negligible multiple scattering, attenuation is locally homogeneous, and the power spectral
estimation depth, Z, is at least one aperture distance from the transducer (Yao et al., 1990).
Under these assumptions,

DD™!(£,2) = G(f, 2)D(¥, 2)BSC,4(f.2) X exp{—4a,«(f)z} (7)

where DD(f, 2) is the power spectral density distribution at frequency fand axial distance 2,
the superscript and subscript refers to reference phantom (ref) power spectral density
distribution (an equivalent equation can be formed for the sample). G represents the signal
transduction and processing in the system. D represents the diffraction pattern of the
acoustic beam. Under the conditions listed above Eq. 7, Gand D are equivalent
(individually) in the reference phantom and the sample. BSC is the backscatter coefficient
and a is the attenuation coefficient in the medium.

We want to quantify the bias and variance of QUS parameters estimated using a pre-
collected mean reference phantom power spectrum acquired from a set of systems S and
transducers T, compared to individual (system- and transducer-specific) reference phantom
power spectra. Imagine that a single system s and transducer t are used to estimate QUS
parameters using the Reference Phantom Method. We can write the ratio of the sample to
reference phantom power spectra as:

S
DD(f.2)

R s -
S,t(f Z) DDrsei%(f, Z)

S T
11
DDFH(f.2) = g7 20 2D ()

where DD:pt refers to a single system and transducer pair s,t interrogating sample media and

DDrSefT is the reference phantom calibration set calculated using the average power spectra

from a set of systems S and transducers T. The average power spectral density distribution
from a set of systems S and transducers T is the average of a set of normal distributions
therefore the mean and variance are as follows:
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E[logODET(f. )] , ~ loglur(f.2)  (10)

2 2
1 9% Ot
Var[log(DDfofT( f, z))] =TT tF A

where L is the number of independent acoustic A-lines which are used in power spectral
estimation for the reference phantom power spectra. Note that the variance is now reduced
by the number of independent systems Sand transducers 7 that are used to estimate the
average power spectra.

The distribution and resulting mean and variance for the ratio of sample to reference power
spectra have been derived by multiple investigators for both the ratio and logarithm of the
ratio of power spectra (Samimi and Varghese, 2017; Guerrero et al., 2017; Gerig et al., 2003;
Lizzi et al., 2006). In Appendix A, we derive the variance of the logarithm of the ratio of
sample to reference power spectra (Eq. 8).

Effects of System and Transducer Variance on QUS Parameter Estimate Variance

The expected variance of QUS parameters estimated with the Reference Phantom Method
was previously investigated when the same transducer and system pair were used for both
sample and reference phantom power spectra (Samimi and Varghese, 2017; Gerig et al.,
2003; Yao et al., 1991). Yao et al. 1991 derived the expected variance of attenuation and the
BSC, Gerig et al. 2003 provided the expected variance of the BSC and ESD, and Samimi
and Varghese 2017 provided the Cramer-Rao lower bound for variance in estimates of
attenuation and attenuation slope. Each of these studies found that the variance of the
resultant QUS parameter estimate was proportional the variance of the ratio of sample to
reference phantom power spectral estimates (Samimi and Varghese, 2017; Gerig et al., 2003;
Yao et al., 1991). In Appendix B and C, we derive the theoretical variance of attenuation and
the BSC respectively with respect to speckle and system and transducer variance.

The final forms for the theoretical variance of attenuation, @, and the backscatter coefficient,
BSC, estimates are given in Appendix B Eq B.9 and Appendix C Eq C.11, respectively, and
are as follows:

1 2 2
(N+US+6T)

A (M- 1)M

N 2
—pz} (12)

Var[&sp(f)] = % -
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Var[ﬁé\csp( 7, z)] = BSCEP(f , Z)CXP{(4ZZZV3r[asp(f )])} (13)
X (exp{42z2Var[&sp(f)]} - 1) + (% + o5+ ‘7”21“)
eefvada o) - et o]

Results

System-to-System Variability
Figure 2 shows plots of the average power spectral estimates obtained with each of five
S3000 systems using one 6C1 transducer (S/N: 12500152). The corresponding variance

among power spectral estimates for the five systems are shown by the dash-dot line in Figure
3.

Transducer-to-Transducer Variability

Shown in Figure 4 are plots of power spectral estimates obtained with eleven 6C1 curved-
linear array transducers using one S3000 system (S/N: 211188). The corresponding variance
among power spectral estimates for the eleven transducers are shown by the solid line in
Figure 3.

System and Transducer Variance

In the +10 dB analysis bandwidth (1.5-4.9 MHz), at the electronic focus, slightly below the
elevational focus, using five power spectrum estimation regions (PSERs) (N = 750), the
average power spectral density (PSD) variance (standard deviation) among systems and

transducers were o3 = 0.05 dB%(0.22 dB) and o7 = 0.27 dB*(0.52 dB), respectively, the sum of

variances being 0.32 dB2 (0.57 dB). Using only one PSER (N=150), the estimated

bandwidth-averaged PSD estimate variance among systems and transducers was

o3 = —0.01dB”and o7 = 0.18 dB?, respectively.

Effects of System and Transducer Variance on QUS Parameter Variance

Figure 5 shows the theoretical standard deviation of attenuation estimates (Eq. 12) as a
function of the number of uncorrelated acoustic A-lines NV used for power spectral
estimation. The parameters of the theoretical attenuation variance estimates are as follows: N/
=5, Az=0.6 cm, M= 3 (see Appendix B). The sum of system and transducer variance was
set as 0.32 dB2 (the average experimental system and transducer variance found in the +10
dB bandwidth for V= 750).

Figure 6 shows the theoretical standard deviation of the BSC given in Eq. 13 as a function of
the number of independent acoustic A-lines N used for power spectral estimation. The
parameters of the theoretical backscatter coefficient variance estimates are as follows: N =5,
Az=0.6cm, M =3, z=7 cm, and BSCgp, = 0.0021 cm~1sr~L. The sum of system and

Ultrasound Med Biol. Author manuscript; available in PMC 2019 November 01.
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transducer variance was set as 0.32 dB? (the average experimental system and transducer
variance found in the +10 dB bandwidth for A/=750).

Discussion

Impact of System and Transducer Variability On Power Spectral Estimates

The objective of this study was to determine if system-to-system or transducer-to-transducer
variability introduced significant differences among echo signal power spectra estimated
from an ultrasound phantom. The average power spectrum shape (frequency dependence)
and noise characteristics (see Figure 2 and Figure 4) among systems and transducers
appeared to be similar throughout most of the +10 dB bandwidth. The plots in Figures 3(a)
and 3(b) demonstrate a large increase in PSD variance near 5 MHz among the eleven 6C1
transducers (2.05 dB? vs 2.40 dB? for one PSER and five PSERS respectively). With a single
PSER (N=150; Figure 3(a)), an increase in PSD variance near 1.5 MHz was observed for
both systems and transducers. The +10 dB analysis bandwidth includes part of the 5 MHz
variance spike, causing an increase in the estimate of the average transducer variance. One
may reduce estimates of average system and transducer variance by using a more restrictive
bandwidth. In a 2-4 MHz analysis bandwidth, using five PSERs (N=750), the average PSD

variance (standard deviation) among systems and transducers were aé = 0.04 dB%(0.20 dB)

and a% = 0.08 dB%(0.28 dB), respectively; the sum of variances being 0.12 dB2 (0.35 dB).

PSD estimates were performed at the electronic and elevational focus where differences in
acoustic power (due to differences in focal properties) were expected to be the largest.
Differences in system or transducer electronics leading to PSD variance were expected to be
equivalent at any depth beyond the elevation focus (where the largest transmit and receive
apertures are likely found). At shallower depths, electronics might introduce some
differences in PSD estimates as the aperture changes with dynamic focus on receive,
however, investigating this was beyond the scope of the present study.

Estimates of system and transducer contributions to average PSD estimate variance (né and
a%) using one PSER were smaller and appeared noisier than estimates using five PSERs.

2
Using one PSER, the speckle variance (% =0.13 dB?) is about the same magnitude as

transducer and system variances estimated using five PSERs (aé =0.05dB% and

2 2 ; : 2 2 4342
o7 = 0.27dB). From these variance component estimates, (o5 + o7 = ) when N=59.
This result implies that, in situations where the number of independent A-lines is small
(N<59), the speckle variance will dominate the combined contribution to PSD estimate
variance introduced by different systems and transducers. For perspective, if (N=5) the
combined system and transducer variance is 4.5% of the total PSD variance; if (N=50) the
combined system and transducer variance is 45% of the total PSD variance. Using the more

2
restricted 2-4 MHz bandwidth results in (aé + o'% = %) when N=157.
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Ramifications of Using a Pre-Collected Calibration Data Set for RPM QUS Parameter

Estimation

Limitations

Using the average power spectrum of many 6C1 transducers and S3000 systems (a pre-
collected reference phantom calibration set) will contribute a small, but non-zero, variance
to power spectral estimates. We found that the effects of system and transducer variance on
the predicted variance of attenuation and backscatter coefficient estimates were highly
dependent on the number of independent acoustic A-lines used in power spectral estimation.
The expected power spectrum variance among S3000 systems and 6C1 transducers
measured in this paper (0.32 dBZ; measured using a +10 dB bandwidth) resulted in a
minimum predicted attenuation standard deviation of £0.33 dB-cm~1 and a minimum
theoretical BSC standard deviation of +0.0003 cm~1sr=1, Reaching these standard deviations
without system or transducer variance would require N>59 independent A-lines in power
spectral estimation. Using the average system and transducer variance found in the 2—-4 MHz
bandwidth would result in even lower theoretical variances for both attenuation and
backscatter coefficients.

Most investigators report the specific attenuation coefficient (linear least-squares fit to
attenuation versus frequency) or the average BSC (mean of the BSC in the usable
bandwidth), as these parameters benefit from variance reductions from frequency averaging
or fitting. The reduction in parameter variance of the specific attenuation coefficient and
average BSC will depend on the number of independent frequency bins used in their
estimation (Samimi and Varghese, 2017; Gerig et al., 2003). Even with a very modest
assumption of a variance reduction of a factor of 5, the resulting minimum theoretical
standard deviation for the specific attenuation coefficient is £0.14 dB-cm~tMHz~1 and the
minimum theoretical average BSC standard deviation is +0.0001 cm~1sr~1, For clinical
comparison, Lin et a/. found that BSCs larger than 0.0038 cm~1sr~1 accurately predict
steatosis (Lin et al., 2015). Our minimum theoretical standard deviation of the BSC using
the average system and transducer variance of the +10 dB bandwidth is nearly an order of
magnitude below this cut-off (+0.0003 cm~sr=1). In general, the use of a pre-collected
reference phantom data will not significantly effect QUS parameter estimates.

We assumed that the five ultrasound systems used in this study were representative of all
S3000 systems in good working order; their performance (ignoring system software updates)
has been stable over time, and each system provides a sampling of system performance for
relatively new (2 yrs in service) and relatively old (9 yrs in service) system.

We restricted our analysis to the 6C1 transducer and S3000 system. Our results are not
directly applicable to any other transducer or system. If one wished to extend these results to
other transducers and systems, one will need to repeat this study with that specific
configuration.

The 6C1 transducers used in this study were all original equipment from Siemens. It is
important to highlight that the consistency of transducer and systems found in this study will
not be valid for any transducer or system that has become damaged. Periodic inspection of

Ultrasound Med Biol. Author manuscript; available in PMC 2019 November 01.
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transducers and systems will need to confirm that the reference phantom calibration set is
still valid. Any transducer damage and repair could significantly influence the power
spectrum compared to original equipment.

Conclusions

We show that Siemens 6C1 curved-linear array transducers and Acuson S3000 systems have
small measurable differences in estimates of power spectra from a commercial clinical
phantom. The average additional variance among power spectrum estimates caused by
differences among system and transducer performance was estimated to be 0.32 dB2 in the
+10 dB band-width. Its contribution to the overall variance among power spectrum estimates
will depend on the number of independent acoustic A-lines included. The effect of system
and transducer variance on QUS parameter estimates is also dependent on the number of
independent acoustic A-lines included in the estimate. This work suggests that it is feasible
to use a pre-collected set of reference phantom calibration data to estimate QUS parameters
from clinical systems.
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Appendix A.: Variance of the Ratio of Sample to Reference Phantom Power
Spectra

The statistical properties of power spectra estimated for diffuse scattering have been reported
(Wagner et al., 1987; Lizzi et al., 2006). Assuming there is a large number of scatterers in
the pulse-echo volume, no multiple scattering, and no coherent scattering, power spectral
estimates from independent acoustic lines are given by an exponential distribution at each
frequency bin 7(Lizzi et al., 2006). The ensemble average of power spectra estimated from
independent A-lines is then gamma-distributed at each frequency (Lizzi et al., 2006; Samimi
and Varghese, 2017). Averaging a sufficiently large number of independent power spectral
estimates (usually greater than 10), the power spectral distribution at each frequency may be
approximated by a normal distribution (Lizzi et al., 2006; Samimi and Varghese, 2017).
Using the above assumptions, the power spectral density distributions of the sample and
reference phantom power spectra are normally distributed, and the mean and variance of the
ratio of sample to reference phantom power spectra may be approximated using a first order
Taylor series expansion. The mean and variance of that ratio (Eg. 8) are then:

S(f.2)
E[Rs’t(f,z)]zﬂre’;—z (A1)

ﬂS,T(f’ 2)

Ultrasound Med Biol. Author manuscript; available in PMC 2019 November 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Guerrero et al. Page 12

pr(f Z)
ref (f )

2 2
2, 2,1 09 O
Var[RS’t(f, Z)] + Og + or + Z + ? + T (A2)

where AVand L are the number of uncorrelated A-lines in the sample and reference phantom,
respectively. Using a first-order Taylor series expansion for the log of the power spectrum
ratio, the mean and variance become:

E[log(RS’t(f, z))] & log(,u5 t(f)) ( + O'S + GT) (A3)
o2 o>
(1og(ﬂ”f () +alp+o+0
2 2

1 1 9 Ot
Var|log(R, (f.2))| ~ 7+ 0%+ oR+ Tt (A

Egs. A.2-A.4 can be simplified by assuming S, 7, and L are sufficiently large such that

1 1 aé 0'2
2,2 I
N+6s+aT T+T+—T
then Egs. A.2-A4 become:
Hs, t(J 2)

ar[Ry (f,2)| ~

e ( +ai+dl) (AS5)

Eflog(R,(f. )] ~ logl(i3(£.2)) - log(uh(7.9) - 5 (5 + o + o] (A8)

Var[log( S, {(fs z))] ﬁ + GS + aT (A.7)

Appendix B.: Variance of Attenuation

Attenuation coefficient estimation, using the Reference Phantom Method, is performed
using a linear least-squares fit to the logarithm of the ratio of sample to reference phantom
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power spectral density value as a function of (incremental) depth into the media (Yao et al.,
1990). The variance of the attenuation coefficient is related to the size of the individual
power spectral estimation regions, the power spectral density estimation method, and the
length of the attenuation parameter estimation region (the total depth range used for the
attenuation estimate) (Rosado-Mendez et al., 2013; Samimi and Varghese, 2017; Yao et al.,
1991). A straightforward way to compute the variance of the attenuation estimates is to rely
on the equation for the variance of the slope of a linear fit: (Bevington and Robinson, 2002)

¥(z) = ﬁz +b (B.1)

62

Var[ﬁ] =——2 (B2

M—-1 _
Zm=O(Zm—Z)2

where 3, is the linear least-squares estimate of the slope, #is the linear least-squares

estimate of the intercept, 0'5 is the variance of the data under linear regression, zis the

separation between equally-spaced power spectrum estimate positions, and A is the total
number of power spectrum estimates.

Given that the Reference Phantom Methods accounts for system and diffraction effects, (Yao
et al., 1990; Nam et al., 2011) the logarithm of the ratio of sample to reference phantom
power spectra is then the log ratio of BSCs in the sample and reference media and difference
in attenuation written as follows:

DDSp(f, Z) ) _ g( BSCSp(f, Z)

The attenuation coefficient (at a single frequency) of the sample media is estimated by the
following equation:

8 (f) = @)~ 3a(f)  (BA)

where a(f) is the linear least-squares fit of the logarithm of the ratio of sample to reference
power spectra versus depth at frequency 7. The variance of the estimated attenuation
coefficient of the sample media can be found with Eq. B.2 and Eq. B.4 and is as follows:

2
. 1 o Np?
Vmpwgﬂ=42 e — &jﬁ} (B.5)

S
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where 0%2 is the variance of the logarithm of the ratio of power spectra, z,, is the relative

position of individual PSD estimates within the parameter estimation region (PER), 7 is the
depth of the center of the PER, M is the total number of independent power spectral ratio
estimates in an attenuation parameter estimation region. To simplify Eq. B.5 one can define
zin terms of the index of the power spectral ratio estimates /77

Az(M - 1)

5 (B.6)

z,=mAz; z=

where mis the index of the power spectral ratio estimate and Az is the distance between
independent power spectral ratios. One may then write the sum in Eq. B.5 as:

M—1 M-1
ZO(Zm -2 = Z_:,)(mAz - w) = %AZZ(MZ -1)M  (B.7)

Inserting Eq. B.7 into Eq. B.5 results in

N o Np?
3

If the sample and reference phantom power spectra are estimated using the same system and
transducer pair then 0'_%2 will include only the speckle variance. Using the variance of the

logarithm of the ratio of sample to reference phantom power spectra derived in Eq. A.7 of
Appendix A and inserting it into Eq. 8 results in:

(%+6§+a%) IN—pz

Varl @ (f)] = vy 2] (B.9)

cm

Eq. B.9 is the variance of attenuation using a reference phantom calibration set that is the
average power spectral estimate from a set of independent systems and transducers.

Appendix C.: Variance of the Backscatter Coefficient

The BSC of sample media is most often estimated by multiplying the ratio of sample to
reference phantom power spectra by the BSC of the reference phantom and the exponential
raised to the difference between sample and reference phantom attenuation (Yao et al., 1990;
Gerig et al., 2003). Estimation of a sample BSC may be written as (Gerig et al., 2003):

BSCy(f,2) = Ry (£, 9BSC (™20 (C.1)
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where 1§§CSp( ) is the estimate of the BSC of the sample, BSC, () is the known BSC of the

reference phantom, A« is the difference in attenuation between the sample and reference
phantom, and zis the axial distance. The variance of Eq. C.1 is:

Var[1§5,\CSp( f, z)] = Var[Rs,t( £, 2)BSC, (f, 2)e* 2 )Z] (C.2)

BSC,¢f is deterministic (commonly estimated using the planar reflector method), (Insana et
al., 1990) therefore we may write Eq. C.2 as:

Var[ﬁS\CSp( 1 z)] = BSCfef( f z)Var[Rs,t( f,z)e*bf )Z] (C.3)

Both Rs (£, 2) and ¢**/)% are random variables, therefore the variance of BSC,,, is the

variance of the product of two random variables — the estimated attenuation coefficient and
the ratio of sample and reference phantom power spectra. These are correlated random
variables, and the variance of their product is modeled as follows (Ross, 2009):

Var[XY] = Cov[X?, ¥?| + (E[X]* + Var[X])(E[Y]* + Var[Y]) (C.4)
— (Cov[X, Y] + E[X]E[Y])?

where we have defined X = R_ (f,2) and ¥ = ¢***) for notational convenience. Since

attenuation estimation requires a sequence (in depth) of several power spectral ratio
estimates, we assume each of them is uncorrelated with the others, and the contribution of
any one of them (used for backscatter coefficient estimation at a particular depth) to the
covariance for attenuation coefficient estimation is small. To a first approximation, we
assume their covariance for backscatter coefficient estimation is zero (Cov[X, Y] =~ 0 and

Cov[Xz, Yz] ~ 0). With that approximation, we write Eq. C.4 as:
Var[XY] ~ Var[X]E[Y]? + Var[Y]E[X]* + Var[X]Var[Y] (C.5)
Substituting X = R_(f.2) and ¥ = ¢***%into Eq. C.5:

Var[B/Sstp(f > Z)] ~ Var[RS,t( 7, Z)]E[ e4Aa(f)z]2 )
+ Var[e‘*Aa(f)Z]E[Rs’t( 1, Z)]Z +ValR_ (. z)]Var[e4Aa( f)z]

where the deterministic value BSCfcf has been removed for notational convenience. The

mean and variance of R were derived in Appendix A, therefore we only need the mean and
variance of ¢*24/)2 The variance of attenuation was derived in Appendix B above. The
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estimate of the slope using a linear least-squares fit to normally distributed data is itself
normally distributed, (Bevington and Robinson, 2002) thus the distribution for 4Aa(f)z is:

48a(f)z = Hag(f) = Grp(f))z ~ H(48a(f)z 4 Var|ay(f)])  (CT)

The exponential raised to a normally distributed random variable results in a lognormally
distributed random variable with mean and variance as follows (Johnson et al., 1994):

805 . Lognomal(48a(f)e, 4 2Varlay()])  (C.8)
E[e**0] = explana()z + (£2varla(F)])2)  (€9)

Var[eMa(f )Z] = (exp{42z2Var[&sp( f)]} - 1) (C.10)
X exp{2(4Aa(f)z) + (42z2Var[&sp(f)])}

Substituting Egs. A.1-A.2 and C.9-C.10 into Eq. C.6, and bringing back BSC2_, results in

ref?

the following equation for the variance of BSC estimates:

Var[BSC,(f,2)| = BSCZ,(f, exp{ (47" Var| @, (1))} (C.11)

x ((exp#22Varla (]} = 1)+ (5 + ok + o)
e
SI‘2

+ (exp{4zszar[6sp(f)]} - 1)(% + aé + agr))

The variance of the estimated BSC depends on both the BSC of the sample and the mean
and variance of the lognormal attenuation. Note that Bscrzef cancels out.

Appendix D.: Experimental Consistency of Theoretical Variances

To test the accuracy of Egs. A.7, B.9, and C.11 we estimated the variance of the ratio of
sample to reference phantom power spectra, attenuation, and backscatter coefficients using a
single transducer and system pair. Using a Siemens 18L6 linear array transducer operated on
a Siemens Acuson S3000 ultrasound system we collected independent frames (3%5.6 cm;
axialxlateral) of raw RF echo signal data from a set of reference phantoms using the Axius
Direct Ultrasound Research Interface (Brunke et al., 2007). The excitation frequency of the
18L6 transducer was set to 10 MHz, the electronic focus was set to 2 cm, and RF echo
signals were sampled at 40 MHz. The usable bandwidth was 4-9 MHz for this data. Echo
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signal data was collected and processed offline using Matlab (Mathworks, Natick, MA,
USA).

Verification of the predicted variances of the ratio of sample to reference power spectra,
attenuation coefficient estimates, and BSC estimates required the use of 3 phantoms which
had independently estimated attenuation and backscatter coefficients. The three phantoms
were referred to as the ‘1540 m/s’ phantom, the ‘75-90 micron’ phantom, and the ‘125-150
micron’ phantom. The ‘1540 m/s’ phantom was homogeneously composed of a water-based
gel mixed with graphite powder (51 g/L; 9039 Desulco, Superior Graphite, Chicago, IL) and
glass beads (6 g/L, 3000E beads, ~5-20 um; Potter’s Industries, Malvern, PA). The ‘75-90
micron’ phantom was homogeneously composed of a water-based gel mixed with graphite
powder (50 g/L; 9039 Desulco, Superior Graphite, Chicago, IL) and glass beads (6 g/L,
2900 beads sieved to 75-90 um; Potter’s Industries, Malvern, PA). The “125-150 micron’
phantom was homogeneously composed of a water-based gel mixed with graphite powder
(50 g/L; 9039 Desulco, Superior Graphite, Chicago, IL) and glass beads (8 g/L, 2024 beads
sieved to 125-150 um; Potter’s Industries, Malvern, PA). Speed of sound and attenuation
coefficients were measured for each phantom using through-transmission experiments,
(Madsen et al., 1999) and backscatter coefficients were measured in single-element
transducer pulse-echo experiments (Insana et al., 1990) and are reported in Table 2. All
phantoms were housed in acrylic blocks which had a 25 pm thick polyvinylidene chloride
(Dow Chemical, Midland, MI) scanning window.

The variance of the logarithm of the ratio of sample to reference phantom power spectra was
estimated using 20 independent RF echo signal frames of the “1540 m/s’ phantom as
‘sample media’ and 60 independent RF echo frames of the same ‘1540 m/s’ phantom as the
‘reference phantom’. The number of independent A-lines used in power spectral estimation
were varied by choice of the size of the power spectral estimation region (PSER). Using the
methods detailed in the Power Spectral Estimation subsection, we measured the pulse-echo
correlation size to be 210 um axially x 295 um laterally. Using these pulse-echo correlation
sizes, power spectral estimation regions of 2x2 mm (N=7), 4x4 mm (N=14), 6x6 mm
(N=21), and 8x8 mm (N=28) were chosen to verify the variance of the ratio of power spectra
for different values of N. (Note that changing the length of the PSER doesn’t change the
number of uncorrelated lines of echo data in the window, but it does change the spectral
resolution in power spectral estimate. Rectangular PSER regions are common in quantitative
ultrasound implementations.) Figure 7 shows the standard deviation of the logarithm of the
ratio of sample to reference phantom power spectra as a function of N versus values
predicted using Eq. A.7 in Appendix A. For the remainder of Appendix D we use a 4x4 mm
power spectral estimation region.

The variance of attenuation was estimated using 20 independent RF echo signal frames of
the ‘1540 m/s’ phantom as ‘sample media’ and 60 independent RF echo frames of the same
1540 m/s’ phantom as the ‘reference phantom.” The length of the attenuation parameter
estimation region was varied from 8 mm (M=2) to 20 mm (M=5) in steps of 4 mm and the
variance of attenuation estimates were calculated from the 20 independent RF echo signal
frames for each PER length. We used a 4x4 mm power spectral estimation region (N = 14)
and Az=4 mm for all tests of attenuation coefficient estimate variance. Figure 8 shows the
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estimated attenuation coefficient variance from the four parameter estimation region sizes as
well as the variances predicted using Eq. B.9.

Since the variance of the estimated BSC depends on Aa and BSCgp, we needed to use
phantoms that have different attenuation and backscatter coefficients. Therefore, the
predicted variance of the BSC estimates was verified using 20 independent RF frames from
three phantoms (the ‘1540 m/s’ phantom, the *75-90 micron’ phantom, and the ‘125-150
micron’ phantom) as ‘sample media’ and 60 independent RF echo signal frames of the
1540 m/s’ phantom as the ‘reference phantom. A 4x4 mm PSER (N = 14), an attenuation
parameter estimation region of 12 mm (M=3), Az = 4 mm, and the axial distance into the
sample z=20 mm was selected for all tests of BSC variance. Figure 9 show the estimated
standard deviation in BSC estimates and those values predicted using Eq. C.11 for the ‘1540
m/s,” “75-90 micron,” and ‘125-150 micron’ phantoms.
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Figurel.
A B-Mode image of the Gammex Sono403™ phantom using the 6C1 transducer. The

approximate regions of interest for our analysis are shown by the solid boxes.
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Figure 2.
The power spectrum estimates for a 6C1 transducer (S/N: 12500152) and each of five

Acuson S3000 systems using 750 uncorrelated A-lines. The dashed vertical lines represent
the analysis bandwidth that is +10 dB above the noise floor (1.5-4.9 MHz).
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Figure 3.

Variance of power spectrum estimates among eleven 6C1 transducers (solid line; Eq. (6)),
five Acuson S3000 systems (dash-dot line; Eq. (5)), and the theoretical speckle variance

4342

(horizontal dashed line; N

) obtained with (a) 150 uncorrelated A-lines and (b) 750

uncorrelated A-lines. The peaks cut off near 5 MHz reach a height of: (a) 2.05 dB2 and (b)
2.40 dB2 respectively. The peak cut off near 1.4 MHz reaches a height of: (a) 1.16 dB2.
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Figure 4.
Power spectral estimates of eleven 6C1 transducers on Acuson S3000 system (S/N: 211188)

using 750 uncorrelated A-lines. The legend identifies eleven different transducers according
to serial number. The dashed vertical lines represent the analysis bandwidth that is +10 dB
above the noise floor (1.5-4.9 MHz).
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Figure5.
The predicted standard deviation of the attenuation coefficient estimates (Eg. 12) plotted as a

function of the number of independent acoustic A-lines () used for power spectral
estimation. The dash-dot line represents speckle variance only, the dashed line represents
speckle + system + transducer variance, while the solid black horizontal line represents
system + transducer variance only. The system + transducer variance was set as 0.32 dB2.
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Figure 6.
The predicted standard deviation of the backscatter coefficient (Eq. 13) plotted as a function

of the number of independent acoustic A-lines () used for power spectral estimation. Dash-
dot line represents speckle variance only, the dashed line represents speckle + system +
transducer variance, while the solid black horizontal line represents system + transducer
variance only. The system + transducer variance was set as 0.32 dB2.
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Figure7.
Estimated versus predicted values of the standard deviation of the logarithm of the ratio of

sample to reference phantom power spectra as a function of frequency for N=7-28
independent acoustic lines used in power spectral estimation. Solid horizontal lines represent
values predicted using Eq. A.7 in Appendix A.
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Figure8.
Estimated versus predicted values of the standard deviation of attenuation coefficient

estimates as a function of frequency for M=2-5 independent ratios of sample to reference
phantom power spectra used in attenuation coefficient estimation. Solid horizontal lines
represent values predicted using Eq. B.9 in Appendix B.
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Figure.
Estimated versus predicted standard deviation of the BSC as a function of frequency for the

1540 m/s’ (solid line), “75-90 micron’ (dash-dot line), and “125-150 micron’ (dash-cross
line) phantoms. All dashed lines represent values predicted using Eg. C.11 in Appendix C.
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The serial numbers (S/N) and respective time in service for the transducers and imaging systems used in this

study. Dashes represent transducers whose time in service was unknown.

6C1

SIN

Timein Service (Years)

003E0102

11500100

12000107

12000121

12400137

12500152

22290006

33430019

44138037

44541015

51613052

S3000

SN

Timein Service (Years)

200206

9

200215

200009

202558

211188

8
5
4
2
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Table 2:

Table of the properties of the three phantoms used in Appendix D. Attenuation slope values are the results of a
linear fit of attenuation versus frequency using through-transmission estimates of attenuation from 2.5-10
MHz. BSC values were measured using a single element transducer via the planar reflector approach of BSC
estimation (Insana et al., 1990). BSC values are reported at the middle of the 4-9 MHz bandwidth chosen for

analysis.
Speed of Sound  Attenuation Slope  BSC (@ 6.5 MHz)
‘1540 m/s’ 1539 m/s 0.67 dB-cm™MHz1  0.0038 cm1sr!
*75-90 micron’ 1533 m/s 0.78 dB-cm™MHz1  0.0098 cm1sr1
*125-150 micron’ 1533 m/s 0.94dB-.cm™MHz1  0.0161 cm™1sr!
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