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Peritrichous bacteria such as Escherichia coli swim in
viscous fluids by forming a helical bundle of flagellar
filaments. The filaments are spatially distributed
around the cell body to which they are connected via
a flexible hook. To understand how the swimming
direction of the cell is determined, we theoretically
investigate the elastohydrodynamic motility problem
of a multi-flagellated bacterium. Specifically, we
consider a spherical cell body with a number N of
flagella which are initially symmetrically arranged
in a plane in order to provide an equilibrium state.
We solve the linear stability problem analytically and
find that at most six modes can be unstable and
that these correspond to the degrees of freedom for
the rigid-body motion of the cell body. Although
there exists a rotation-dominated mode that generates
negligible locomotion, we show that for the typical
morphological parameters of bacteria the most
unstable mode results in linear swimming in one
direction accompanied by rotation around the same
axis, as observed experimentally.

1. Introduction

Bacteria, which constitute the largest domain of
prokaryotic microorganisms, have survived for billions
of years due to their sophisticated structures [1-3]. Many
bacteria are motile and various forms of bacterial motility
have been discovered, including gliding, twitching and
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swarming [4-7]. Above all, the most common form is swimming and both its hydrodynamics
basis and the chemotactic behaviour of cells have been investigated for many decades [8-12].

Bacterial swimming is achieved using propulsion from helical appendages, called flagellar
filaments, attached to the cell body (typical diameter ~1-2 um). A flagellar filament is a slender
polymer, made of a single protein called flagellin, which takes the form of a rigid helix (typical
length ~10 um and diameter ~40nm), driven in rotation by a bacterial rotary motor located at
the base end of the filament. The numbers and positions of the flagellar filaments can vary greatly
from cell to cell, but so-called peritrichous bacteria possess multiple flagella effectively randomly
distributed on the cell surface. This group of bacteria includes well-studied organisms such as
Bacillus subtilis, Salmonella enterica and the most popular model bacterium, Escherchia coli [9,10,13].

The behaviour of a rotary motor is regulated by inter-cellular signalling proteins. When a
peritrichous bacterium is swimming (so-called ‘run’), the distributed flagellar filaments rotate
in the same direction and gather together in a helical bundle, generating essentially linear
propulsion. When at least one of the rotary motors counter-rotates, the bundle of flagellar
filaments comes apart and the cell changes its orientation [14] (“tumble’). The resulting well-
studied run-and-tumble mechanism allows peritrichous bacteria to explore chemically their
environment.

Owing to the small size of bacterial cells, the typical Reynolds number around a swimming
bacterium is Re ~ 10~ and, as a result, the fluid flow obeys the incompressible Stokes equations,
which are time-reversible. The ability of bacteria to reorient requires them to break the time-
reversibility constraint (i.e. the scallop theorem [11]), which is enabled by a short flexible
hook (=60nm in length) that connects the rotary motor to the semi-rigid flagellar filament.
The motor/hook/filament complex is known as a flagellum. The flexibility of the hook allows
it to behave as a universal joint [15] and is essential for flagellar bundle [16]. During the
swimming motion, the flexible hook can buckle, providing a rich spectrum of swimming
behaviours [17-21].

These mechanical structures together with the randomly distributed rotary motors of a
peritrichous bacterium raise a fundamental question: In which direction does the cell move for
a given motor configuration? The dynamics of a cell resulting from the rotating propulsion of
multiple rotating objects (the flagellar filaments) could be referred to as N-flagella problem in
reference to the classical N-vortex problem on the dynamics of point vortices [22]. The flagellar
morphologies, including pitch size and the radius of the helical filament, fall onto one of a small
number of polymorphic shapes, which have been characterized experimentally [23] while the
flagellar length can vary greatly within species and cell populations. Despite these variations, a
coherent flagellar bundle is expected to be maintained generically by long-range hydrodynamic
interactions [24,25].

Recently, Riley ef al. [26] demonstrated theoretically that the swimming of peritrichous bacteria
is enabled by an elastohydrodynamic instability. Modelling a bacterium as propelled by multiple
rigid helical filaments spatially distributed around the cell body and connected to it by linear
torque springs, they showed that the coupling between the flagellar propulsive force pushing
the cell body and the hydrodynamic forces resulting from the swimming motion could result
in an elastohydrodynamic instability of the hook and lead to bacterial swimming towards a
preferred direction. This motility transition, demonstrated numerically, was also explained by
a theoretical model of a bacterium propelled by two rod-like flagella connected to the spherical
cell body from opposite sides [26]. The critical value predicted by the linear stability analysis
was in good agreement with the full computational simulations, suggesting that the swimming
direction of peritrichous bacteria might be set by the stability of an equilibrium distribution of
flagellar filaments.

The aim of the current paper is to formalize this physical result mathematically and to derive
rigorously the elastohydrodynamic motility transition theory for a cell with an arbitrary number
of flagella of arbitrary shape using linear stability analysis. In the theoretical model of [26], the
rod-like flagella only generate forces, which the issue of torque generation was not considered.
Since flagellar propulsion is generated by the rotation of helical filaments, a generation of torque
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is inevitable and we include it in this paper. The number of flagella is set to any integer N greater
than 1 and we will consider equilibria and stability for the spatial distribution of the flagella.

The paper is organized as follows. Section 2 is devoted to the theoretical formulation of the
problem. In §2a, we formulate the bacterial motility problem for a cell with N flagella, considering
both force and torque balance for the cell and each flagellum. In §2b, we proceed to simplify
the problem by focusing on the case of identical flagellar filaments generating axisymmetric
propulsion. The latter property holds for a helical filament assuming that the time scale of the
bending and rotation of the flagella are well separated, which is verified in practice. The typical
flagellar rotation frequencies are ~100 Hz and sufficiently faster than the typical frequency of
cell rotation, ~10 Hz, that we may approximate the flagellar propulsion by its time-average. We
then consider the case where the N flagella are symmetrically distributed in a plane around
the cell body and we focus on its linear stability from the equilibrium configuration, which is
presented in §2c. The following sections are devoted to discussions of the results of the linear
stability analysis. We first neglect small chirality effects in order to simplify the system, and in
§3 we start our analysis with the case of N =2 flagella, which is found to be different from the
general case with N > 2 due to the symmetry of the flagellar distribution. The general case is then
discussed in §4, where we start with the examples of N =3 and N = 4 before deriving rigorously
the general stability results. Finally, we reincorporate the effects of chirality in §5 where solve the
full problem.

2. Mathematical model of peritrichous bacterium

(a) Equations of motion

In this first section, we describe the force and torque balance equations, together with the torque
balance of each elastic spring and hydrodynamic drag on each flagellar filament, in order to
formulate a linear problem of 2N + 6 dimensions for bacterial motility propelled by rotating
flagella.

We consider a swimming bacterium located in a Newtonian fluid of constant dynamic
viscosity . The cell body is assumed to be a sphere of radius R. We denote the centre of the sphere
by X and its orientation by a unit vector e. The bacterium is assumed to possess N rigid flagellar
filaments connected to the cell body at their base. The direction for the axis of each filament is
measured by the unit vectors e for ith flagellum (1=1,2,...,N), as schematically illustrated
in figure 1. We label each flagellar filament using the arc length, s € [0, L], measured from the
flagellum—cell body connection (i.e. the location of the motor), where L() is the length of the ith
flagellum, whose shape is determined by its tangent vector td(s).

(i) Force balance for a whole cell

We first consider the force balance equations for the entire cell, which, in the absence of inertia,
state that the sum of the hydrodynamic forces on the cell body and all flagella must add
up to zero.

Let U and £ be the linear and angular velocities of the cell, respectively. Neglecting
hydrodynamic interactions between the cell body and the flagellar filaments, the hydrodynamic
drag on the cell body, Fpody, is simply given from the Stokes Law, by Fyody =CpU, where
Cp = —6m uR and hereafter we non-dimensionalize the length scale using R =1.

The hydrodynamic force on the ith flagellum, F), is obtained from the resistive-force theory
of slender filaments, which predicts that the hydrodynamic force on a small segment of the
flagellum, dF, is linearly related to its local velocity relative to the background fluid, u®, as

dF9(s) = [Ctt@t(") G — t<i>t<i>)] -ul(s) ds, @.1)

06909107 5L ¥ 705 3 20igedsi/feuinof Bio‘Buiysigndfiaposiefol



e
y
}»ex

e
< reference frame

s=L0 Rj tU)(s)

_flagellum-fixed frame
e;l)

Figure 1. Schematic of the model multi-flagellated bacterium considered in this paper (see text for details).

where C; and C, are the negative drag coefficient constants whose values depend on the flagellar
slenderness parameter [27,28]. Here, the local velocity u® is the sum of the velocities of the cell
body and the flagella. Introducing the angular velocity of each flagellum as » (figure 1), we have

D =U+ 2 x D + £D) 4 0@ x £, (2.2)
where

£0(s) = E td(s")ds' (2.3)

is the position along the flagellar segment at arc length s. From (2.2), integrating over the entire
flagellar filament leads to the hydrodynamic force on the ith flagellum, with denoting the drag
coefficient tensor in (2.1) by (;, given by

) 50 50} 50 ~ )
FO = U ¢ ds:| U+ U G- A dsj| -2+ U G- A dsi| oW, (2.4)
0 0 0

Here, we have introduced skew-symmetric matrices A; and A; whose components are given,
respectively, by

Wil = epra? +87) and K] =eps”, 25)

where gpqr is the Levi-Civita symbol and the Einstein summation convention is used over the
repeated indices (p,q,r =1,2,3). The final force balance equations obtained by summing up the
forces as

N
Foody + »_F =0. (2.6)
i=1

(ii)) Torque balance for a whole cell

Similar to the above arguments, we now derive the expressions for the torque balance for an entire
cell at the centre of the cell body. We again neglect hydrodynamic interactions between the cell
and flagella and model hydrodynamic drag on each flagellar filament at the level of resistive force
theory (RFT).

The torque acting on the spherical cell body is given by Mpody = Cr$2, where the resistance
coefficient is Cg = —87 ;R>. The hydrodynamic torque on a segment of a flagellum is given by
dM® = (x® 4 D) x dF®D, which yields the total torque expression after an integration over the
flagellum as

4 150) 70 70 : '
M<I>ZU A}-cids]LHU A;.r-Ci-Al-ds:|~s?+|:J AiT-Ci-A,-ds:|~w(l), 2.7)
0 0 0

where the superscript, T, indicates the transpose of a matrix. Note that in order to obtain that
expression, we neglected the torque arising from local rotation of the flagellar filaments around
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their centreline, which is typically orders of magnitude smaller than (2.7) in the experimental limit
where the radius of the helical centreline is much larger than the thickness of the filament.
The overall torque balance equation for the whole cell is then written as

N
Mpody + » MO =0. (2.8)
i=1

(iiii) Torque balance for each flagellum

We proceed to consider the torque balance relation for each flagellum, which experiences both
hydrodynamic torque and an elastic spring restoring torque at the flagellum—cell body junction
[26,29]. The hydrodynamic torque follows from the discussion above and we now consider
the torque balance at the flagellum—cell body junction point. The torque acting on a segment
of a flagellum is then given by dM = E(i) x dF®) and integrating over the flagellum yields the
hydrodynamic torque

o Lo Lo Lo ~ )
M(l)=U A?-C,-dsi|~U+|iJ A;.r-Ci-Aids:|-SZ+|:J AZ.T-Ci-Aidsj|-w(l). (2.9)
0 0

0

As a model for the elastic hook, a linear spring torque is assumed to be present at the junction
point. Let ) > 0 be the spring constant and let the relative angle difference from the initial
orientation be denoted by (). The elastic torque on each flagellum can be then written as

MY = D@D, (2.10)
where e(f_) is the unit vector perpendicular both to the initial and current flagellar orientation

vectors. In the later part of this manuscript, we will assume that the flagellar orientations initially
coincide with the outward normal n® (figure 1), but the formulation here does not necessarily
assume this initial condition.

Hereafter, we assume that each flagellum is rotated at a fixed rate and thus the torque balance
equation for each flagellum is obtained as the instantaneous balance

p-m” M=o, 2.11)
where we note that only the torque balance perpendicular to the vector e is considered, where
P = (1 — eel) is the projection onto the plane perpendicular to e®.

Note that if, alternatively, one was to model swimming as induced by motors rotating at fixed
torque [20,24], we would need an additional term in the torque balance equation, which would
take the form M" + M‘(:l)a o1 Mgzotor =0, where now it is the moment Mgotor which has a fixed
value. In what follows, we focus on the rotation-given problem, aiming to generalize the results
predicted by the previous theoretical model [26]. The theoretical extension to the torque-given
problem with N =2 flagella is presented in appendix B where we highlight the similarities and
differences between the two models.

(b) Identical and axisymmetric flagellar propulsion

From (2.4), (2.7) and (2.9), we obtain the governing equations in a matrix form

u 0
Al @ | = 0 , (2.12)
o MY

elast
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where A is a square matrix of order 2N + 6, given by

N .10 N .10 Lo
CD1+ZJ (;ds ZJ G -Ads J Cl--f\,-ds
i=1 70 iz1 90 0
N O N 10O L®
A= ZJ Al -G ds CR1+ZJ AL G- A ds J AL G-Rids |- (2.13)
i—1 i=1 70 0
760 L0 70
Pi-J AT -G ds Pi-J AL -G -n;ds Pi-J AL -G -A;ds
0 0 0

We next decompose the flagellar rotation velocity vector into the components due to the
flagellar rotation and that due to the flagellar bending, 0 = w?) + wg), with wgi) = (w(i) . e(i)) e,
In the rotation-given problem, wii) =w . ¢ is a fixed value. For more convenience, we introduce
3 x 3 matrices to simplify the linear equations (2.12) as

. @ O

U 1

- § :KTF'wt
i=1

Krr KR K(le: u
ker  Kre KO SZ-) = B % GO0 (2.14)
PieKer PieKik PieKg \O =
_Mgi)ast —Pi Kgl)f ’ wgi)

In order to proceed, we assume that all N flagella are identical and that they generate
axisymmetric propulsion around their long axes. This assumption is obviously satisfied for
axisymmetric flagellar shapes such as rods, but is also valid for asymmetric shapes, including
helices, provided that the time scale of flagellar rotation is much smaller than that of elastic
bending (i.e. |@¢| > |@y|). In practice, this assumption of axisymmetric propulsion is satisfied for
swimming bacteria [30]. Indeed, the typical flagellar rotation frequency of flagellar filaments for
E. coli is ~100 Hz, which is faster than the typical frequency of cell rotation, ~10 Hz. We can
therefore approximate the propulsion by a rotating helical flagellar filament by its time-averaged
contribution, which is axisymmetric along the helix axis.

We introduce a reference frame, flagellum-fixed frames and the rotation matrix, mapping
the laboratory reference frame, {ex, ey, e;}, onto the flagellum-fixed coordinates, {egf),e(yi), eg)} and
denoted by R;, as schematically shown in figure 1. The axisymmetric conditions are satisfied
if the quantity is unchanged under rotation around eg), where we choose the flagellum-fixed
coordinates such that the z-axis (eg)) coincides with e (see also figure 1).

For any second-rank tensor written in the reference-frame as K, its expression in the body-fixed
frame, K;, is given by

K=R; K -R . (2.15)

We next assume that the tensor is axisymmetric around the vector e() = eg). This can be expressed
by requiring invariance under rotation by any angle « € [0,27) around the axis, i.e.

K=R (—a,-e<">) K- R(a;e@), (2.16)

where R(a; e?) denotes the rotation matrix of angle o around e 1f the tensor K; is represented as
a matrix, the axisymmetric property leads to the matrix form

Kn Kiz O
Ki=|Kxu Kp 0], (2.17)
0 0 Kss

06909107 5L ¥ 705 3 20igedsi/feuinof Bio‘Buiysigndfiaposiefol



and the four upper-left entries can be decomposed into the symmetric and skew-symmetric parts

Ki1 Kip2 Ks 0 0 Kss
= + , 2.18
(K21 Kzz) ( 0 Ks) <_Kss 0 ) (2.18)

where K; and Kgs are constants. From the matrix form in (2.17), note that we readily obtain the
commutation relation

Pi-K=K-P,. (2.19)

The tensors A; and (; depend only on the flagellar shape and if the flagellum shape
is axisymmetric, these tensors are also axisymmetric. As a result, the tensor Kgl): = f Z\iT -G -
A; ds is found to be axisymmetric, since Kgl)f = [R(—a; ey Z\I.T G A R(e; D) ds = R(—a; ) - Kg} .
R(a; e®). If instead the flagellar filaments are not rigorously axisymmetric, notably if they are
helical, then as long as the rotation velocity around their long axis is sufficiently large compared
with the velocity scale during bending, we can approximately replace the second-rank tensors by
their time-averages, and the same arguments thus follow.

Using the relation (2.19), equation (2.14) can be simplified to

SN
Krr ke K[| 2 |= N (O 0 (2.20)
Pi_K(Fi)T Pi-K(FZ)Q Kg)F o) —; RE - @

_MgEast

Similar arguments for Kg} enable us to show that the symmetric tensors K%:Kg)TT are
also axisymmetric around the axis e(). However, the tensors K;?F:K%T are not necessarily

axisymmetric, since A; are not axisymmetric except when each e is parallel to x®). We then

decompose A; = Ag +A,. Noting that A; is independent of the flagellar shape, we rewrite as K% =

A;T . K(TZ} + KS)F so that the tensors Z\i, K% and Kg)F are axisymmetric around the vector e®. For
convenience, we write A'T - K(Tl) = Kg’F)

We next employ the assumption that all flagellar filaments have identical propulsion, which
guarantees that the axisymmetric tensor, K, can be expressed as K=R; - K©) . Rl._l, where the tensor
k© is common to all filaments. We also write the rotation of the flagellar angular velocity in the
flagellum-fixed frame as wgl) =R;- &)51) ; here &)El) El) = &)El)

is parallel to e, and we can thus write & ez,

where the value of J)gi) is prescribed. Similarly, the elastic torque in the flagellum-fixed frame is

olast = Ri -Mfg’llst. Since both K(T’; and Kgl): are axisymmetric, we can rewrite the linear
equations (2.20) as

written as M(i)

N 0 .
SRR

0
Krr K Ri- K(Tg u =
Krr Krr K% -R; ‘Q, = /(i) O\ ~@ |’ (2.21)
©) a1 (0 ) \a - (KRF “Ri+Ri - KFF) =
Ri - Po - Kpp - R Pi-Krx  Ri-Kpp i—1 ‘
—R; - M(l)

elast

where Py is the projection onto the x—y plane, defined as P; =R; - Py - Rl._l. With additional rotational
matrix in the bottom N rows, this can be simplified to

0
Krr Krr Ri - K(TF) u ~Fprop
Ker Krr KD R !5) =| ~Mprop |. 2.22)
0 o 1 0 o - (i)
Po-Kip R Po-RTUKG K o ~Melast
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Here, we have used the fact that Py commutes with Kg’% and R(O) and that Py - w(;) = wg,) The first
and second entries of the right-hand side of (2.22) give the effectlve force and torque for the entire
body, corresponding to propulsive force and torques

N
Ppmpz(z (’)R> KD e, (2.23)

i=1

and

N
Mprop—ZKl(' O+ (Z@”Ri) K - e.. (2.24)

i=1

For a symmetric configuration such that (Zfi 1 J)Ei)Ri) -e; =0, only the first term of Moprop
contributes to the motion of the cell. If we further assume that the reference flagellar orientation
is normal to the sphere surface, i.e. e (t =0)=n", we readily obtain Mél)ast =0 and Mprop =0.
Therefore, we have stationary solutions satisfying U= £ = w(l)
configurations.

From the axisymmetric propulsion of the flagellar filaments and using (2.17)-(2.18), we may
obtain the general form of the tensors

=0 for the symmetric-filament

ke 0 0 kp kr 0 ke 00

0 0 0

@0 ke o) @[ w o] w-o ko] e
0 0 Kc 0 0 Kr 0 0 Kp

where the constants, k¢, K¢, kr, kp, are all negative due to the negative definiteness of the Stokes
resistance tensors and Kt and K are taken to be negative so that a positive value of &; generates
flagellar force towards the cell body (as is the case for the majority of flagellated bacteria).

From the definitions of K- O and Kg, these matrices are symmetric, thus the expressions in (2.25)

follow. The expression for K(Tg reflects the skew-symmetric property of A;, and thus the diagonal

component, kp, is typically very small for swimming bacteria. The diagonal component of the
matrix can be either positive or negative depending on the chirality of flagellar filaments. Using
the appendix in [30], kp can be estimated for a helical flagellum as kp ~ CybLe with b is the
diameter of the helix and € =2nb/A, where 1 is the pitch of the helix. The ratio of diagonal to
off-diagonal component is thus given by kp/kr ~ e(b/L) ~ 1072, always a small number for a
bacterium such as E. coli [30]. Note that kp is identically zero for rod-like flagella.

We now proceed with the linear stability problem neglecting chirality effects (i.e. setting kp =
0) and will then incorporate chirality back in §5.

(c) Linear stability

In this section, we assume the in-plane flagellar configuration is that of a regular polygon, and
then formulate the linear stability problem around the equilibrium. The example case of N =6
is schematically shown in figure 22 with notation. As shown above, with a symmetric flagellar
configuration we obtain stationary solutions for the motion of a bacterium with N(>2) identical
axisymmetric flagella. We assume that the angular rotations of each flagellum, wgi), are identical
and that each flagellar filament is connected perpendicularly to the cell body surface and located
in one plane that we define as x-y plane (figure 2a). When the flagellar configuration forms an
N-sided regular polygon, the bacterial motion is found to be stationary.

We now consider the linear stability around this equilibrium, where the orientation of ith
flagellum is given by rotation of angle ®; from the +x-axis in the x—y plane where ®; =27 (i — 1)/N
(figure 2b). The disturbance from the equilibrium is denoted by two angles for each flagellum. We
introduce the in-plane and out-of-plane angular displacements for the ith flagellum as 6; and ¢;,
as shown in figure 24,b. In the linear stability regime, both angles are assumed to be sufficiently

small, i.e. |0;], |¢;| < 1. We write the flagellar bending rotation as & ~(l) = (de;/dt) e ) 4 (dg;/dt) e(l)
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(b)

Figure 2. (a) Schematic of a model bacterium with N identical flagella symmetrically attached in the x—y plane. (b) Angles
specifying the orientation of a flagellum. The equilibrium orientation of ith flagellum is given by the rotation of angle ®; from
the —+x-axis. Small deformations from the equilibrium are measured by the two angles, 6; and ¢;, which correspond to the
in-plane and out-of-plane angles, respectively.

assume a constant flagellar rotation around the axisymmetric axis, G)Ei) = wp, and also assume that
the torque spring constants are identical for all flagella, i.e. @D = .
We then proceed to obtain the expressions for the cell dynamics around the equilibrium

configuration. The rotation matrix, R; is obtained by combining the two rotations

0 0 1
Ri=R(®i;ey) -R(O; +6;;ex)- |0 -1 0
1 0 0
0 sin®; cos®; 0 cos®; —sin®; —cos®; 0 O
~|10 —cos®; sin®; |+06;|0 sin®; cos®; |+¢;|—sin® 0 0], (2.26)
1 0 0 0 0 0 0 0 1

where R(¢;; ey) denotes the rotation matrix with angle ¢; around the orientation e,. Using the
expressions (2.25), we directly obtain the effective force

N N N N
0 .
Fprop = < E woR,) . K(TF? -e; = woKr (— E 0; sin O;eyx + E 0; cos Ojey + E ¢,~ez) , (2.27)
i=1 i=1 i=1

i=1

and similarly the effective torque

N N N
Mprop = woKr (Z ¢; sin ;e — Z ¢icos Ojey + Z Giez>

i=1 i=1 i=1
N N N
+ woKp (— Z 0; sin O;ey + Z 0; cos Ojey, + Z qﬁ,-eZ) . (2.28)
i=1 i=1 i=1

We then proceed to compute the force and torque generated by the in-plane flagellar
bending, cb,(j) = (d6;/dt)ex. The force generated by each flagellar filament is R;- K(Tog . zb,(f) ~
kr(d;/dt)(— sin O;ex + cos Ojey). Similarly, the torque generated can also be computed, using the
decomposition K. - R; - @) = (W - R - KO +R; - KD) - @) = (kr + kr)(d,/dbes.

The force generated by the out-of-plane flagellar bending, (Z),(f) = (d¢;/dt)e,, is also
computed as R; - K(Tog - (d¢i/dt)ey = kr(de;/dt)R; - ex = kr(d¢;/dt)e;. Similarly, we obtain the torque
generated by the bending, (d¢i/df)ey, as Kik. - R; - (dgi/dt)e, = (A /DT - R - KD 4R - kD) - e, =
(dq’),-/dt)(kTA;T “Ri - ex + kpR; - ey) = (dep;/dt) (kT + kp)(sin @jex — cos Oey).
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A lengthy but straightforward calculation then leads to the matrix expression for the motion
around the equilibrium, captured by a 2N + 6-dimensional linear problem

AP =0, (2.29)
where @ = (uX/ uy/ uZ/ ‘QXI Qy/ QZ/ 91/ sy éN/ d’l/ ce /d’N)T and
b =(—Fprop, —Mgmp,xel, KON KD, k)T (2.30)

The detailed derivations leading to the expressions for the square matrix .A can be found in
appendix A and the results are

Cpi1 O 0 0 0 0 Cky o
0 Cm O 0 0 0 Ck, o
0 0 Cps 0 0 0 Cly
0 0 0 C 0 0 0 Ch
A= Kl ket 2.31)
0O 0 0 0 Cr O 0 Ckp
0 0 0 0 0 Crs Clpy 0
Crrn Crz O 0 0 Crpz krly Oy
0 0 Crrzs Crpr Crpz O Oy  kely
where the constants in the matrix are
N
Co1=Cp+Y. (Kc cos? @; + kc sin? @i) , (2.32)
i=1
N
Cp2=Cp + Z (KC sin? O; + ke cos? @i) , (2.33)
i=1
Cps =Cp + Nk, (2.34)
N
Cri=Cr+ Y. ((kc + 2k + kg) sin? ©@; + K cos? ol> , (2.35)
i=1
N
Cro=Cr+ Y. ((kc + 2k + kg) cos? ©; + K sin? @i) (2.36)
i=1
and Crs = Cr + N(kc + 2kr + kp), (2.37)

and the N-dimensional vectors are given by
Crri = —kr(sin®q,...,—sinOn)T, Crp1 = (kr +kp)sin Oy, ... ,sinON)T, (2.38)
Crrr =kr(cos ©1, . ..,cos @N)T, Crr2 = —(kt + kr)(cos ©1, . . ., cos @N)T (2.39)
and Crrs = (kr, ..., k)Y,  Crps=(kr +k, ... kr +kp)T, (2.40)

and we used 1y and Oy to denote the identity and zero matrices of order N. In the following
sections, we will consider the stability of this linear system.

3. Instability of bacteria with N = 2 flagella

We start with analysing the N =2 case. Substituting N =2 in the expressions (2.29)—(2.31), we
obtain a 10-dimensional linear system (figure 3). With the geometric symmetry of the system,
we readily find that the x-component of the effective force and torque vanish and thus Uy, =
2, =0 follow. The system is then reduced to an eight-dimensional linear system. Introducing
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(b) €y

Figure 3. Schematic pictures of the two modes of flagellar configuration for the N = 2 case. (a) Translation mode when
the two flagella are in a mirror-symmetric configuration. (b) Rotation mode when the two flagella are in a point-symmetric
configuration.

the variables 61 =01 + 0, 6_ =01 — 02, ¢+ = P1 + ¢ and ¢_ = p1 — ¢, we can rewrite the linear
system (2.29) into four blocks of 2x2 matrices as

Cb kr LIy [ —woKT0-
(s 1) ()=() e
Ch kr\ (U —woKr

. = .2
(2kT kF) <¢+) ( KP4 )’ (3-2)

C}{ —(kT + kg) Qy _ woK1¢p— — woKph— (33)
—2(kr + k) kp b K '
Ck kr +kr\ ($2:\  [—woKr0y — woKpo
and (Z(kT tkp) ke ) <9’+) = ( PN ) ' 34

where we have defined Cp, = Cp + 2kc and Cj = Cr + 2kc + 4kt + 2kr and where the dot symbol
indicates the time derivative of the angle variable.

Solving each two-dimensional problem yields ordinary differential equations with respect to
the four angle variables as

0, AR Agr 0 0 0,
d | o+ _|0 Ar 0 0 b+ (3.5)
dt | ¢— 0 0 AR  —AgT o_ |’ ’
0 0 0 0 At 0_
where the expressions for A, Ag, ARt are given by
At = AR QuolKrkr| = k|Cp)), (3.6)
Ar = AR QolKr(kr + ke) — €ICR) (3.7)
and Agr = AR 2wo|Ke(kr + kp)l, (3.8)

and where the two determinants, Ap = Ckr — 2k12T and Ag = Cpkr — 2(kr + kp)?, are positive as
a result of the negative-definiteness of the Stokes resistance matrices.

We first consider the simple case with Kr = 0 where the flagellar filaments produce propulsion
but no torque. This assumption follows for a rod-like active filament as in [26]. Under this
assumption, the matrix (3.5) is diagonal, since Agrr =0 and with eigenvalues At and Ag. The
angles 6_ and ¢ correspond to the translation modes in the y- and z-directions, respectively
(figure 3a). The critical flagellar angular velocity, wor, above which the translation mode becomes
unstable is given by
_|ICp + 2kc]

O = T Krkr | (39)

which is positive. When wg > 0, the flagellar filaments exert propulsive forces pushing on the cell
body, whereas they pull on the organism when wp < 0. We therefore obtain that the translation
instability only occurs for flagellar filaments in the pushing mode and with sufficiently large
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propulsive magnitude (or, for a fixed propulsion, with a sufficiently flexible hook). This can
be compared to the arguments put forward in [26], where the force by a rod-like flagellum
corresponds to the product woKt. Note that here the translation can occur towards an arbitrary
direction in the y—z-plane.

The eigenvectors corresponding to the eigenvalue AR are linear combinations of the angles 6,
and ¢_ and characterize a rotation mode around z- and y-axes, respectively (figure 3b). Although
the rotation mode has not been examined in [26] (that study assumed mirror-image symmetry
in their theoretical description), the rotation instability can occur above a second critical flagellar
angular velocity, wor, given by

o |CR + 2kc + 4kt + 2kr|
R =
0 2Kz (kt + kp)|

Note that this critical value is positive and therefore the rotation instability also occurs only for
flagellar filaments in the pushing mode.

In the case where Kr # 0, each flagellar filament generates both torque and force. Again, we
obtain the same eigenvalues of the matrix, Ag, Ar, as in the problem of the flagella without
torque generation. Moreover, the eigenvectors associated with the eigenvalue Ag are the same
as above (pure rotation move). As a difference, however, the eigenvectors for the eigenvalue At
are combinations of the four angles and the induced motion is found to be a translation in y-z-
plane combined with a rotation around the translation direction. This unstable mode corresponds
to the case of bacterial flagellar bundling via the elastohydrodynamic instability as observed
experimentally and reproduced using numerical simulations in [26].

(3.10)

(@) Most unstable mode

When the angular velocity of each flagellar filament is positive, the two modes can become
unstable. However, only the most unstable mode from the linear stability theory is likely to be
observed in practice and we now consider which one of the two modes becomes unstable first.

Let us denote the length of the identical flagella by L. Using dimensional analysis allows to
obtain order-of-magnitude estimates for the dependence with L of the constants from the flagellar
shape, namely kc = O(L), kt = O(L?) and kp = O(L3). Noting that Cp = —6r and Cr = —87, we
can then estimate the size of the ratio r between the two critical angular velocities, ¥ = wor/woRr,
asr~Cp/Cr=3/4 when L <« 1and r=O(L~1) when L > 1. In both limits, we see that the critical
value for the translation instability is smaller, and thus it is the one which would be observed.

For further discussions in the intermediate region of L, we consider rod-like flagellar filaments
of radius 4 and length L. We introduce a positive constant ¢ such that C,;, = —4mwpuc is the
normal drag coefficient, ¢ is given by ¢ = (log(2L/d) + 0.5)~1 [28]. Within resistive force theory,
the coefficients are given by kc =CyL, kt = (Cy /2)L? and kp = (C,/3)L3 and we can compute
numerically the ratio  for different flagellar parameters, c and L, or d and L, with results plotted
in figure 4.

In figure 4a, iso-values of the frequency ratio r is first shown for different values c and L and we
find that in the intermediate region L ~ 1 the rotation mode can be more unstable, although the
translational mode is always more unstable above a critical value of ¢ ~ 0.4. The same plot is then
shown with the flagellar radius d in the horizontal axis of figure 4b, indicating that the rotation
instability would occur first in a robust range of flagellar radius if L ~ 1.

Typical sizes of the cell body and the flagellar filaments of E. coli are ~1 pum and ~10 pm
[28], leading to a large non-dimensional flagellar length, L & 10, and thus the translation mode is
predicted to be the experimentally observable one. Similarly, the typical size of the dimensionless
flagellar radius and the RFT coefficient prefactor are given by d ~0.02 and ¢~ 0.13, respectively,
and a cell equipped with short flagellar filaments could therefore, in theory, undergo the rotational
instability without net locomotion.

We next consider a helical flagellum whose shape is characterized by the helix angle ¥ between

the local flagellar tangent vector, t0 and the axis of the helix, eg). The tangent vector can be
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Figure 4. Ratio between the two values of angular velocities for the translation and rotation modes, r = wyr/wqg, as a
function of flagellar parameters. (a) Iso-values of r as a function of the RFT coefficient prefactor ¢ and the flagellar length L.
(b) Iso-values of r as a function of flagellar radius d and the flagellar length L. (Online version in colour.)

expressed by t0) = cos we ( ) + sin ¥ (— sin ﬁe % + cos 8 e(yi)) with the angle g in the range g € [0, 27).
For the flagellar filament moved along the e( )

gives the local drag force

-axis with velocity u, direct computations from (2.1)

dF - egf) =Cy [1 — (1 —y)sin® ¥ sin? ﬂ] u, (3.11)

where y = C;/C;, is the ratio of the tangential and normal coefficients from resistive force theory.
If the time scale of flagellar rotation is sufficiently faster than that of bending, we can approximate
the local force by its time-averaged value, which is obtained averaging over the angle parameter

B. We thus obtain dF - e(z) Cj,u, with the effective normal drag coefficient C;, = —4m uc’ as
= [1 — 1= y)sin? w] Cn, (3.12)

enabling us to follow the same arguments for the rod-like flagella by simply replacing C, by C;,,
or ¢ by ¢. Typical values of y and ¥ for E. coli are y ~0.7 [31] and ¥ ~30° [23], resulting in
the effective drag coefficient, and thus the effective value of ¢, to be similar to the case of a rod
(¢’ ~0.13). As before, the translation mode is therefore more unstable for a bacterium with typical
experimental sizes, though there is a region where the rotation mode can be more unstable when
L~ 1. Note however that this assumes that the helical structure of the filament is neglected, a
modelling assumption which is corrected in §5.

4. Instability of bacteria with N > 3 flagella

We now proceed to study the linear stability problem in the general case of N flagellar filaments.
When N > 3, the drag coefficients (2.32)—(2.37) can be simplified to

N
Cp1=Cp2=Cp + ( ) (Kc+kc), Cps3=Cp+ Nkc, (4.1)

and

N
Cr1=Cro=Cr + < ) (kc + 2kt + kg + Kg), Cgrz=Cgr + N(kc + 2kt + kp), (4.2)

where we have used the equalities

N

imsz(zn(z ) 3 sin (zn(z—1)>=§/ 43)
i=1

i=1
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which are satisfied when N > 3. We first address the N =3 and N =4 cases to allow for intuition
on the mathematical structure of the solution, before proceeding to the general N case.

(a) Cell with N = 3flagella

When N = 3, the number of the angular variables is 6, which is equal to the number of degrees of
freedom for the rigid motion of the whole cell. As in the previous section, we partially diagonalize
the matrix (2.31) by introducing the angle variables, 01 =0, — 03,00 =20, — 0y — 03 and O3 =61 +
0> + 03 for the in-plane angles and $1=dp — P3, ¢ =21 — dp — 3 and ¢3 = P1 + P + p3 for the
out-of-plane angles.

We then obtain a linear system decomposed into 6 two-by-two block matrices in which one
degree of freedom for rigid motion is paired with an angle variable. For the translation and
rotation in x-direction, the matrices are given by

Con —?kT (Ux) _ %gquTél (4.4)
—/3kr kr o 61
and
Cri —ﬁ(h ’ kF)) <Q> - ?‘”"(Kpél ~Kran ), 45
—3(kr + k) ke o k1

from which we obtain the ordinary differential equations for the linear stability in the form

g 51 o AT 0 él
dt <d31) N (ATR3 ARS) ((51) ’ 4.6)

where At = A7'((3/2)|Krkr|wo — |Cpilk), Ars = Ags ((3/2)|Kr(kr + kp)lwo — [Cr1lk) and Args =
(3/2)Ags IKp(kr + kp)lwo, with the determinants At =Cpikr — (3/2)k3 and Ags = Crikp —
(3/2)(kt + kp)?. From (4.6), we can read off directly the eigenvalues for the linear stability with the
rigid motion in x-direction as At and Ags. The eigenvectors are pure rotation around the x-axis
(AR3 eigenvalue) and translation along the x-axis accompanied by rotation around the x-axis (Ar).

In a similar manner, we can derive the eigenvalues for linear stability associated with the rigid
motion in the y-direction. Noting that Cp; = Cpy and Cgrj = Cgrp, we obtain an equation similar

to (4.6)
d 6\ _(Ar 0\ (6
dt <¢~>2) N (ATR3 AR3> (52) ’ @7

which yields the same eigenvalues At and Ag3 as in the linear stability in x-direction.
For the translation and rotation in the z-direction, the matrices are now given by

Cps —kr\ (Uz —woKr¢3
3 = -~ 4.
() ()= () as

Crs kr +kp) (22 _ —wo(KPq3§ — Krb3) (4.9)
3kr +ke)  kr 05 K03 ’ '

yielding the equation for the linear stability,

d (¢s\ _( Az 0\ (¢
dt (53) B (—ARTS AR) (é3> ’ (410)

where Arz = Ap; (3|Krkrlwo — |Cpslc), Ars = AR GBIKr(kr +kp)lwp — ICrilk) and  Args =
3AE1 |Kg(kr + kp)|wp, with the determinants Apz = Cpskp — 3k% and Ag = Crskp — 3(kT + kp)>2.
The system in (4.10) provides the eigenvalues of the linear stability associated with the rigid

and

06908107 :SLp ¥ 705 % 20ig edsi/jeuinol Bio‘Buiysiignd/iaposiefor H



motion in z-direction as Agr and A3, with corresponding eigenvectors of pure rotation around
the z-axis and combined translation and rotation along the z-axis, respectively.

In summary, we obtain six eigenvalues, Ar, Ar, A3, Ar, Agrs, Agr3, each of which is
accompanied by a rigid-motion mode for the whole cell.

(b) Cell with N = 4flagella

In the case of a cell equipped with N =4 flagella, the number of angle variables exceeds the
numbers of degrees of freedom for a rigid-body motion of the cell body. We again introduce
new angle variables to decompose the square matrix of order 2N + 6 into smaller size systems as
91=0y— 0y, Ga =01 — 03, O3 =01 + 61 + 03 and 05 =6 — 0y + 63 — Oy, with similar combinations
for the out-of-plane angle variables. From these changes of variables, we obtain the six matrices
associated with the rigid motion and the angle variables, 6; and ¢; for i = 1,2, 3. In turn, we obtain
the same form of the linear ordinary differential equations for the linear stability as of (4.6), (4.7)
and (4.10), for the x-, y- and z-directions, respectively. However, the values of the matrix entries are
now given by At = A7 (2|Krkr|wo — |Cpilk), Ars = Ags 2IKr(kr + kp)lwo — ICrilk) and Args =
(2AE§ |Kg(kT + kp)|wp, with the determinants A = Cprkp — 2k% and Ags = Crikp — 2(kt + k)? for
the instabilities in x- and y-directions and A3 = Aﬁl (4|KTkT|wg — |Cp3lk), Ars = A§1(4|KT(kT +
kr)lwo — |Cr1lx) and ATz = 4AE1 |Kp(kT + kp)|wo, with the determinants A3 = Cpskr — 4k%~ and
AR = Crskp — 4(kT + kr)? for the instability in the z-direction.
The remaining two angular degrees of freedom are diagonalized as

kF 0 54 _ K§4
-

which leads to two negative eigenvalues for the linear stability, «/kr < 0. This, in turn, indicates
that the instability can occur only if accompanied by the rigid-body motion of the cell. Here we
note that the angle variables, 6, and ¢4, do not generate any forces and torque. Inspecting the
definition of A, we see that the force from the angles 6; — 6, is cancelled by that generated by
03 — 64 and the torque from the part 6; + 63 cancels that from 6, + 6.

(c) General N case

The two simple examples above enable us to now characterize the instabilities in the general N
case. Specifically, we expect that the instabilities are associated with the rigid-body translation
and rotation of the cell body even when N > 5. We introduce the new angle variables as found in
the expressions of Fprop (2.27) and Mprop (2.28)

N N N
6 = Z 6; sin O;, 6y = Z 0; cos ®;, 9~3 = Z 0; (4.12)
— — —
and
N N N
1= ¢isin®;, dr=) ¢icosO;, d3=Y ¢p (4.13)
i=1 i=1 i=1

We first consider the mode associated with the translation and rotation along the x-axis. The

resulting 2 x 2 matrices are
Co1  —kr\ /u 7]
N x) _ (o6 (4.14)
—EkT kr 01 K01

C kr 4+ k
N R1 (kT + kF) Q;x _ wo(Krfy — K1) ) (4.15)
Skrtke) ke 2 <1

and
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from which we obtain two eigenvalues

1 (N
Ar=Ag! <E|KTkT|fUO - |CD1|K> (4.16)
and

1 (N
Aps = Ag; <5|KT(kT + kp)lwo — |CR1|K> p (4.17)

where we have introduced the determinants A7 = Cpikr — (N /2)k% and Agrsz = Crikr — (N/2)
(kr + kp)*> which are positive due to the negative-definiteness of the resistance matrices.
Expressions (4.16) and (4.17) are similar to the results obtained for N =3 and N = 4, respectively.
As expected by symmetry, the modes associated with the translation and rotation along y are
similar and the eigenvalues are the same as in the x-direction, i.e. AT and Ags.
We then proceed to investigating the modes along the z-axis and obtain the 2 x 2 matrices

Cps —kr U, CUOKT(ZB
)= - 4.18
(S5 W) ()-() o

Cr3 (kr +ke)\ ($22\ _ (wo(Keds — K163)
(N(kT + kr) krp ) <é3> - < k63 ) ' (4.19)

This system has eigenvalues

and

Ars = A3 (N|Krkr|wg — |Cpslk) (4.20)

and

AR = AR (NIKr(kr + kf)lwo — [Crslk), (4.21)

with determinants A = Cp1kp — Nk% and Agsz = Crikp — Nkt + kr)? The eigenvalues, (4.20) and
(4.21), again reproduce the results of N =3 and N = 4.

The eigenvectors obtained so far are associated with three pure rotational modes and three
combined translation/rotation modes along the same axis. The remaining degrees of freedom
associated with the other 2N — 6 angular variables do not affect the stability of the cell, which can
be summarized to the following statement.

Theorem 4.1. The linear system (2.12) includes the six modes associated with a rigid-body motion, with
eigenvalues At, At, A3, AR, ARz, Ars. The remaining 2N — 6 degrees of freedom all generate identical
negative eigenvalues, k /kp < 0.

In order to complete the proof of the above statement, we need to rearrange the angle
variables so as to diagonalize the remaining 2N — 6 degrees of freedom. We first prepare linearly
independent N in-plane angle variables, ;, fori=1,...,N, in which the angle variables 61,6,, 63
defined in (4.12) are included. When N > 4, the diagonalization can then be achieved if we pick
the remaining angle variables so that they do not generate any effective force and torque. This
is possible for an arbitrary g; for i > 4, since we can add 61, 6,63 without disobeying the linear
independence property for the set of angle variables. This argument can also be applied to the
out-of-plane variables and the remaining 2N — 6 eigenvalues are found to be all identical and
negative, x /kp < 0.

(d) Most unstable mode

We obtain 2N eigenvalues for the linear system, six of which can be positive. In this section, we
examine the nature of the most unstable mode, which is the one expected to be relevant in an
experiment. From equations (4.16), (4.17), (4.20) and (4.21), we obtain critical angular velocities,
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above which the system becomes linearly unstable, as

2|Cp1 |Cp3|
= , = 4.22
@oT NiKrk |I< 03 = NiKkr] (4.22)
and
C 2|C
oo |Crsl wors = |CRril (4.23)

=K, K.
NIKr(kr + kF)l NIKr(kr + kF)l
These values are all positive, indicating that the system is stable in the case where the flagellar
filaments pull on the cell body and that the instability can occur only when flagella push. From
equations (4.1) and (4.2), we readily obtain the comparison between the critical values for the
in-plane and out-of-plane instabilities as

w13 < WOT and WOR < WOR3, (4.24)

respectively, which indicate that the most unstable mode is either the translation towards the
z-axis (with combined rotation around the same direction) or pure rotation around the z-axis.

Notably, the expressions of the critical values include those of the N =2 case, (3.9) and (3.10).
However, due to the symmetry of the system, the eigenvalues are degenerated and the relation
(4.24) becomes equalities, wor3 = wor and wor = wpr3. Nonetheless, the expressions of wpr3 and
woRr in (4.22) and (4.23) can be obtained when we substitute the constants k¢ +— (N/2)kc, kr —
(N/2)kr and kr — (N/2)kr in (3.9) and (3.10). Thus, the rod-like flagellar model examined for N =2
can also be applied in the general N case, and replacing c — (N/2)c we obtain the same plots for
the ratio of the two critical values, r, as in figure 44. This indicates that the increase in the value
of N can remove the possibility of r > 1, and therefore the translation instability would always be
the most unstable mode for pushing flagella.

We note that simulation results with N =4, which corresponds to a typical number of flagella
for E. coli [8], showed translation in one direction along with rotation around the same axis [26], a
result consistent with our stability analysis. We also note that the critical values (4.22) and (4.23)
do not depend on the value of the torque generated by the flagellar rotation, K, but they only
depend on the force generated by each rotating flagellum. By contrast, the value of Kr appears in
the eigenvector of the translation mode and cells with large Kr undergo rapid rotation.

5. Small chirality effects

The analysis in the previous sections neglected the diagonal components of the matrix K(TO;. In this
section, we reincorporate the diagonal terms kp and solve the resulting linear stability problem.
Since the diagonal components are small compared to the off-diagonal terms, we may treat the
full problem as a perturbation from the results obtained in the previous sections.

As in the previous sections, the linear stability problem is written A® =b where
straightforward calculations now lead the matrix (see also appendix A)

Com O 0 Ca O 0 Cly DI
0 Cm O 0 Ce 0 Cpp DI
0 0 Cps O 0 Cec DI, iy
| Ca 0 0 Cu O 0 DY, cly 51)
0 Co 0 0 Cre 0 Dy Chpl’
0 0 Cs 0 0 Crs Clgy Dlpg
Crr1 Crrz D1z Drra Drre Crrs kely Oy

Drr1 Drrp Crrz Crr1 Crre Dtr3 On o krln
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with new components arising from the chirality given by

N
Ca=Y" <I<T cos ©; + kp sin? @i) , (5.2)

i=1

N
Co=Y <KT sin® ©; + kp cos> @i) (5.3)

i=1
and Cc3 = NkD, (5.4)

and new N-dimensional vectors

D7r1 =Dgr1 = (kpsin®1, ..., kp sin @N)T, (5.5)
D1y =Drpp = (—kp cos ©1, ..., —kp cos @N)T (5.6)
and Drps = —Dgps = (kp, ..., kp)". (5.7)

With the use of the new angle variables (4.12) and (4.13), we may again reduce the linear
problem into 4 x 4 blocks associated with the jth (j=1,2,3) component of the force and torque,
while the remaining degrees of freedom yield only negative eigenvalues for the stability problem.
The explicit form along the x-direction can be computed as

Cpi Ca  Crp1 Dre (U1 wQKTél )

Cc1 Cr1 Drr1 Crri ‘?1 _ | @o(Kb1 — K1¢1) (5.8)
Crri Drmi kr 0 6 K1 ’ '
Drpp Crrn O kr 431 K1

Inverting the matrix on the left-hand side in the previous equation leads to the following linear
ordinary differential equations

d (6 At Agsr) (61
a(on)_ | : y o) 5.9
dt (¢1) (ATR3 ARB) <¢1> 9

for which we can characterize the linear stability as in the previous sections. Using the small
parameter § to measure the relative magnitude of the chirality effects in the resistance matrix,
8 ~kp/kp ~1072 for the typical parameters of E. coli bacteria, we may expand the matrix in
equation (5.9) at first order in § as Ar=Ar+ SAL, Arsr = 8ARaTs Atps = ATrs + 8ATRs/ Ags =
AR3 4 8Ag,. This results in similar eigenvalues and eigenvectors for the system with changes of
magnitude of order 5. However, as a result of the coupling term Ag3r, the pure rotation modes no
longer exist and all eigenmodes are now associated with translation in x-direction (note that since
the changes due to chirality are small, former rotation modes are still dominated by rotation and
generate small net locomotion).

The analysis along the y- and z-directions are similar and we obtain perturbed eigenvectors
and eigenvectors from those obtained in the previous sections. Except for the six angle variables,
all other modes continue to have stable eigenvalues « /kp(<0) as shown in the previous section,
which can be summarized into the following statement.

Theorem 5.1. The linear stability problem characterized by matrix (5.1) includes six modes associated
with rigid-body motion, and the remaining 2N — 6 degrees of freedom all generate identical negative
eigenvalues, « /kp < 0.

The elastohydrodynamic instability can occur if the flagellar filaments push the cell body,
accompanied by the rigid motion of the whole cell, with critical angular velocities perturbed
from those obtained in the previous section, wor, woT3, @R, wWoR3, since § is small. All unstable
modes now lead to translation in one direction accompanied by rotation along the same direction.
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However, there are two types of modes for each direction, translation-dominated and rotation-
dominated modes, the latter of which becomes pure-rotation modes when chirality effects are
neglected.

6. Discussion

In this paper, we investigated theoretically the elastohydrodynamic stability problem of a model
bacterium with multiple flagellar filaments rotated with prescribed frequencies. We assumed that
the cell was equipped with N identical flagella connected to a spherical body by a flexible elastic
torque spring and that the flagella are initially arranged in a plane with equal angle intervals as
to form a regular N-polygon. We first formulated the equations of motions of this system and
showed that this configuration provides an equilibrium state where the cell body does not move.

We then proceeded to consider the linear stability problem in the case of negligible chirality
in the flagellar filaments (active rods). When N =2, two modes are obtained (translation and
rotation) which can be unstable when the flagella push on the cell body provided the magnitude
of this pushing force exceeds a critical value (or, for a fixed propulsion magnitude, provided the
hook is sufficiently flexible). The translation mode is the more unstable for the typical parameters
of real bacteria and corresponds to the translation in one direction with rotating around the same
axis. However, when the flagellar lengths are of the same order as the cell radius, L ~ R, the most
unstable mode could be switched to the second mode where the cells rotate in place in the plane
of the initial flagellar configuration with no associated translation.

We then extended our results to the general case of N flagellar filaments, and we found
that there are always only six modes which can be unstable, all of which are associated with
rigid-body motion of the cell. The most unstable mode induces translation towards the direction
perpendicular to the plane in which the N flagella are initially arranged and is accompanied by
rotation around the same axis. This analytical result is in agreement with numerical simulation
with N =4 helical flagella [26].

We finally reincorporated the chirality of the flagellar filaments which had been neglected in
the previous sections. Chirality leads to small perturbations of the eigenvalues and eigenvectors
for the linear stability, and there are still only six possible unstable modes for cells with pusher
flagella associated with rigid motion of the whole cell. The rotation modes are now accompanied
by a small translation of the cell due to chirality-induced coupling.

The theoretical results in this paper and the presence of rotation-dominated modes imply
that multi-flagellated peritrichous bacteria with shorter flagella could fail to swim efficiently.
By contrast, for cells with typical flagellar length L ~ 10, flagella produce a sufficient amount of
propulsive thrust to lead to an instability to translation. A similar analysis could also be applied to
synthetic particles propelled by bacterial flagella [32,33] and to the dynamics of an ovum pushed
by multiple spermatozoa [29]. Note that the linear stability analysis performed in this paper
can obviously not fully predict the nonlinear dynamics after the initial stages of the instability.
Furthermore, as shown in appendix B, if one considers instead the case of flagella rotated by a
constant torque applied in the direction normal to the cell surface, all the possible unstable modes
are accompanied by cell translation and pure-rotation modes disappear. This is in contrast to
the case where the constant torque is applied along the long axis of the flagellar filament, for
which the stability analysis coincides with the fixed-rotation case (see appendix B). These results
emphasize the complexity of the multi-flagellated swimming dynamics.

Using typical parameter values for E. coli (R=1pm, L=10um, N =4) and the value of the
viscosity for water (u = 1072 Pas), we can estimate the critical flagellar rotation rate provided by
our theory. The strength of the torque spring for an E. coli hook has been estimated to be in the
range k ~2.9-8.7 x 10721 Nm using measured values for the hook bending stiffness and length
[21,26], and we use the value k =5 x 10721 Nm for the following discussions. From the flagellar
propulsion force used by Riley et al. [26], we have KT ~ 7.0 x 107'¢ N's. The drag coefficients are
estimated as in §3a with ¢’ ~0.13 and can be used to obtain an estimation of the critical rotation
frequencies for a E. coli cell with N =4 flagellar filaments. The critical values for the translation
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modes are predicted to be vor 2 0.36 Hz and vgr3 ~ 0.29 Hz, which are small compared with those
for the pure rotation mode, vor ~ 1.33 Hz and vgr3 ~ 1.34 Hz. Since the flagellar filaments of real
cells rotate much faster (v &~ 100 Hz), the elastohydroynamic instability obtained in this paper is
likely to be relevant to the locomotion of bacteria.

The model in our paper could be readily extended to the case of a spheroidal cell body if the
case where the flagella are all initially arranged in the equatorial plane of the spheroid, and one
would simply need to change the values of the drag coefficient Cp. When the cell body takes the
shape of a prolate spheroid such as of E. coli, Cp1/Cpa > 2 still holds and we obtain the same
relation as (4.24). Other straightforward extensions include the situation in which the cell body is
located near a planar infinite wall, a situation relevant to a sperm—egg cluster that tends to rotate
without translation [29]. The predominance of rotation could be rationalized in that case using
lubrication theory [30], which shows that drag coefficients Cp; and Cps diverge as the spherical
cell body approaches the wall, while the value of the rotation drag coefficient Cr3 remains very
close to that in the bulk. As a result, the rotation mode would become in that case more unstable
than the translation mode. Further theoretical work would be required to extend to more general
situations such as for example a non-spherical cell body, non-symmetric flagellar configurations
or non-identical flagella, emphasizing the rich diversity of the N-flagella problem.
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Appendix A. Derivations of matrices (2.31) and (5.1)

In this appendix, we provide detailed derivations of the matrices (2.31) and (5.1) for the motion
of the bacterium with N flagella arranged in a regular polygonal manner.

The N identical in-plane flagella with orientations el) =R(©;;e;) - ex provide a stationary
configuration. Considering small disturbances around the equilibrium, with angles |6;], |¢;| < 1,
we directly compute the matrix entries noting that one only needs the leading-order contributions
for the linear stability.

We first consider Kg), which is computed from (2.25),

‘ Kccos? ©; + kesin?©;  (Ke — ke)sin®;cos®; 0
KD =, kR~ | (Kc —ko)sin@cos @ Kesin? @ +kcecos? @ 0 |, (A1)
0 0 ke

where the symbol =~ is used here to mean the leading-order contribution. The expression for Krr
is given by summation of this matrix over the indices i.

For the off-diagonal part, we need Zfi 1(Kg) N+ K%). From expression (A 1), we have

‘ 0 0 —kc sin ©;
Kg) . A; ~ 0 0 kccos®; |, (A2)
kcsin®;  —kc cos ®; 0

and using (2.25) we obtain

. Krcos? ®; + kpsin? ®; (Kt —kp)sin®;cos ®; —krsin ©;
K(T’)F ~ | (KT —kp)cos ©;sin®; Krsin? ®; + kp cos?®;  krcos®; |. (A 3)
kT sin ©; —kT cos ©; kp

06909107 5L ¥ 705 3 20igedsi/feuinof Bio‘Buiysigndfiaposiefol



The summations in (A 2) and (A 3) give the expression for Krr and its transpose just follows for
Krr. The contributions of the Kt terms can be neglected following the approximation showing that
kp is negligible. For a helical filament, Kr scales as Kr ~ CNb?L, and comparing it with the leading-
order term we have the relative magnitude as Kr/kr ~ (b/L)?> ~ 1073 using typical numbers for
E. coli cells. Thus in the matrix (2.31), the Kr term can be neglected if we neglect kp.

For the expression of Krr, we need to calculate

N
Ker = Cr1+ Y (W7 K- &+ AT K+ K b+ K ), (A4)
i=1

which is obtained by straightforward calculations as

o ke sin® ©; —kcsin®;cos®; 0
A;T . K(C') . Afl) ~ | —kc sin ®; cos O; kc cos? ©; 01, (A5)
0 0 ke
kr sin? ©; —krsin®;cos ®;  kp sin ©;
NI K(Ti)F ~ | —k sin ®; cos ©; kr cos? ©; —kp sin ©; (A 6)
—kp sin ©; kp sin ©; kr
Krcos? ©; + kpsin®? ©; (Kr —kp)sin®;cos®; 0
and Kg)F ~ | (Kp —kp)sin®;cos ®; Kpsin®®; +kpcos2®; 0 |. (A7)
0 0 kr
Using the equalities,
N N N
Zsin@izZCOS@,-:ZSin@,-cos@i:O, (A8)

and summing over the index i completes the computations for the matrix entries.

Appendix B. Torque-driven motility of N = 2 flagella

In this appendix, we briefly consider the bacterial model with N =2 flagella in case where the
torque, instead of the rotation, is prescribed for each flagellar filament. This will allow us to
highlight the difference of the dynamics from the rotation-given problem. As in the main text,
we assume identical flagella and axisymmetric propulsion. Using the same matrix form as (2.14),
the torque-driven motility dynamics can be expressed as

Krr KR K(TI)F u 0
er ex K [ | 2| = LI (B1)
) , : ; ; 1
Kg)T K%" Kg)F ot _Melast M otor
We use the decomposition of the flagellar rotation velocity vector, o® = (’) + w . and the

commutative relations (2.19), to obtain the same form of the force and torque balance equatlons
as (2.20), namely

ay (Sl
(1)
K K K
T TR 7?1: o |- . (B2)
ker  Krr KO w0 iK(l) o
" RF

i=1

The torque balance equation for each flagellum is

KD U+ K- 2 +K0 - (0 + o) = M0 —MD (B3)
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which can be rewritten, using the variables in the flagellum-fixed frame, as

KO p U+ R kD - 2 +KD - 6 + 6 = — MO — Mior- (B4)
We next introduce the projection on to z-axis as Qg =1— Py, and apply Py and Qp from the left
side of equation (B 4). From the projection onto the x—y-plane, we obtain a similar torque balance
equation as in the bottom row of the equation (2.20), namely
0 - — 0) ~ cr(i crli
Po- KO Rt +Py R KD 2 +KD - o) = MU —Po - Mo, (B5)
noting that the last term of the right-hand side is the only correction from the rotation-given

problem.
The projection using Qp provides the equations for the tangential flagellar rotation velocity

0 — — 0) ~
0 -k R U0k kD2 1KY o) = —qp - MY, (B6)

and we proceed to calculate the detailed expressions for the linear stability analysis around the
equilibrium configuration with N =2.

We need to assume the exact form of the function Mgotor, and here we consider two different
possibles for the constant torque: (i) constant torque applied along the flagellar orientation
(Mﬁlotor = Mpe®) and (ii) constant torque applied along the normal to the cell surface (M
Mon®).

When 16;], |¢i| < 1, the leading-order value of the right-hand side of (B 6) is given by —Mpe; in
both torque models. The third term on the left-hand side of (B 6) is simply K(O) wgl) = Krwpe;, and
thus we can neglect O(|6;], |¢;|) contribution in the first two terms of (B 6) in order to determine
the leading-order term of wp. With calculations similar to those in appendix A, we obtain the O(1)
contribution from the first term as Qg - K(FOT) . Rl._1 - U = Kp(cos O;Uy + sin ©;Uy)ez, which is however
zero as a consequence of the fact that Uy = sin ®; =0 for the linear stability problem with N =2.
The second term is calculated as Qg - R 1 K(l) 2 = Kp(£2x cos ©; + 2y sin ;)e; and this is again
found to be zero since §2, and sin @; are zero for the linear stability problem with N =2.

In summary, we obtain the expression for the flagellar rotation rate, wy,

motor —

Moy

woy =

and wp becomes positive when My > 0. Equations (B2) and (B5) provide therefore a set of
equations similar to (2.20) for the rotation-given problem. We note the presence of the additional

term Py ~]\~/I§1)Ot0r in equation (B5). This correction term, however, vanishes for the torque model
(i), and thus this torque-driven motility problem coincidences with the rotation-given motility
when N =2.

We then consider the torque model (ii) where the constant torque is applied along the normal
to the cell surface. In that case, the correction term contributes an external bending torque, since
Po «Mﬁwtor =~ My(6;ey — ¢iex). Proceeding with the linear stability analysis, as in equations (3.1)-
(3.4), we obtain four blocks of 2 x 2 matrices, using the angle variables 6. =61 + 6, 6_ =61 — 62,

¢+ =¢1+drand ¢ =¢1 — o,
Cp kr\ (U —woKr¢
5 = B
<2kT kF) (¢+> <K¢+ +M09+> ’ B8)

Ck kr + ke (2 _ (—woKry — woKpby (B9)
2(kr +kp) ke 0+ k01 — Mo+ ’
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Cp kr\(Uy\ [ —woKro-
<2kT kp> (é_) - (xe_ —M0¢>_) (B10)

Cr —(kr +kp)\ [ 2y _ [ woKrd— — woKpo-
and (—Z(kT + kp) ke ) (4)_) = ( K+ Mob_ ) : (B11)

Solving equations (B8) and (B9) with respect to 6+ and ¢4, we obtain the linear ordinary

differential equations
d (o, AR Arr) [0+
— = . B12
dt <¢+> (ATR At | \ 9+ (B12)

Ar = AR (2o Krkr| = kICp)) (B13)

The diagonal components are

and
Ar = AR 2ao|Kr(kr + k)| — «|CR) (B14)

are the same as in the rotation-given problem (3.6) and (3.7). By contrast, the off-diagonal
components includes the corrections

ARt = AR QuolKr(kr + kp)| + Mo|Ch ) (B15)

and
Arr = AR (=Mp|Cp)), (B16)

and therefore the stability characteristics could be different from the rotation-given problem.

When My <0, the flagellar filaments pull on the cell-body into fluid and we find that the
eigenvalues are all negative since A, Agrr,Ag <0 and Atg > 0. Hence the dynamics is always
linearly stable. By contrast, when My > 0, the eigenvalues are still both negative for small values
of My, but become positive when My becomes sufficiently large, and there are two critical values
of My above which instability can occur. Both unstable modes, however, combine translation
with rotation and the pure rotation modes disappear (in contrast to the rotation-given motility
problem). The critical flagellar rotation velocities w(j in this case lie between the critical values of
the rotation-given problem (3.9) and (3.10)

min {wor, wor} < wj < max {woT, WR} - (B17)

Note that, by symmetry, the same eigenvalues follow for the linear ordinal differential
equations obeyed by the variables 6_ and ¢; derived from equations (B 10) and (B 11).
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