
A coupled Reaction-Diffusion-Strain model predicts cranial vault 
formation in development and disease

Chanyoung Lee,
Department of Mechanical and Nuclear Engineering, Pennsylvania State University 341 Leonhard 
Building, University Park, PA 16802

Joan T. Richtsmeier, and
Department of Anthropology, Pennsylvania State University 409 Carpenter Building, University 
Park, PA 16802

Reuben H. Kraft
Department of Mechanical and Nuclear Engineering, Pennsylvania State University 320 Leonhard 
Building, University Park, PA 16802

Abstract

How cells utilize instructions provided by genes and integrate mechanical forces generated by 

tissue growth to produce morphology is a fundamental question of biology. Dermal bones of the 

vertebrate cranial vault are formed through the direct differentiation of mesenchymal cells on the 

neural surface into osteoblasts through intramembranous ossification. Here we join a self-

organizing Turing mechanism, computational biomechanics, and experimental data to produce a 

3D representative model of the growing cerebral surface, cranial vault bones, and sutures. We 

show how changes in single parameters regulating signaling during osteoblast differentiation and 

bone formation may explain cranial vault shape variation in craniofacial disorders. A key result is 

that toggling a parameter in our model results in closure of a cranial vault suture, an event that 

occurred during evolution of the cranial vault and that occurs in craniofacial disorders. Our 

approach provides an initial and important step towards integrating biomechanics into the 

genotype phenotype map to explain the production of variation in head morphology by 

developmental mechanisms.
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1 Introduction

The evolutionary emergence of the head is central to the rise of the vertebrates and involves 

the evolution of key characters including a mineralized skull that protects and supports a 

cephalic nervous system and sense organs. The vertebrate cranial vault represents the cranial 
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portion of the dermal skeleton that evolved to protect the rostral brain surface (Kawasaki et 

al. 2004). One of the fundamental questions underlying patterns of cranial vault shape 

variation across ontogenetic and evolutionary time is how organisms integrate genetic inputs 

and mechanical forces from growing soft tissues to produce skull morphology. Increase in 

brain size is evident across the evolution of vertebrates (O’Leary et al. 2007), and persistent 

loss of skull bones is demonstrated over the approximately 150 million years of synapsid 

evolution (Sidor 2001), yet remarkable accommodation of brain and skull is evident across 

living and extinct vertebrates (Richtsmeier and Flaherty 2013). Still, the mechanisms that 

direct the synchronization of these two tissues in development and in evolution is not 

understood.

The basic structure of the cranial vault is similar across mammals, consisting of plates of 

dermal bone that are not preformed in cartilage but form directly through intramembranous 

ossification, where the action of extracellular molecules (Long 2011; Westendorf et al. 2004; 

Cheng et al. 2003; Wan and Cao 2005; Aspenberg et al. 2001; Wan et al. 2007) and 

mechanical stimuli (Carter et al. 1988; Palomares et al. 2009; Maul et al. 2011; 

Sumanasinghe et al. 2006; Sato et al. 1999; Ikegame et al. 2001; Rauch et al. 2000) 

contribute to the condensation and direct differentiation of mesenchymal progenitors into 

osteoblasts that deposit bone matrix and mineralize that matrix. Cranial sutures are fibrous 

joints that form between dermal bones of the skull and consist of two osteogenic bone fronts 

and an intervening connective tissue containing undifferentiated mitotic mesenchymal cells. 

During development, sutures function as growth sites enabling cranial vault bones that are 

changing in shape and increasing in size to move away from one another over a rapidly 

expanding brain (Opperman 2000).

The laboratory mouse is currently the most extensively used experimental model for 

studying human development and disease and its value for investigating developmental 

mechanisms that foster phenotypic change is well recognized (Perlman 2016). We used the 

laboratory mouse to model the interaction of brain and cranial vault bones in embryonic 

development to help reveal how genetic programs that contribute to organ development use 

mechanical forces as feedback, providing both robustness to perturbations that could derail 

normal development, and flexibility to evolve new forms. Though molecular genetics has 

enumerated specific circumstances of cranial vault genesis and dysgenesis in experimental 

mice and in humans, understanding of the developmental interactions underlying 

fundamental similarity and diversity of cranial morphology across vertebrates cannot be 

achieved solely through experimental work.

Hybrid mechano-biological models for fracture healing exist (Bailón-Plaza and van der 

Meulen 2003; Geris et al. 2010), but there is no coupled mechano-bioregulatory model that 

considers brain growth and cranial vault bone formation. Using precise measures of brain 

and skull morphology collected from mouse embryos aged embryonic day 13.5 (E13.5) 

through birth (P0) (Aldridge et al. 2010; Motch Perrine et al. 2017), we built a reaction-

diffusion-strain model of the development of the cranial vault that combines the influence of 

mechanical stimuli generated by a growing brain with a Turing reaction-diffusion (RD) 

model (Turing 1952) of molecular interactions. We used a Turing model to mathematically 

model the relationship between two interacting molecules that form a spatial pattern that 
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results in cranial vault bone formation. We then conducted a structural analysis computing 

the estimated strain distribution resulting from rapid expansion of the growing brain across a 

layer of undifferentiated mesenchymal cells surrounding the brain. Finally, we use the model 

to investigate the distribution of molecules and cells and changes of the strain field over the 

domain across time to demonstrate formation of cranial vault bones and sutures. We conduct 

a parametric study adjusting model parameters according to published experiments where 

molecular variants cause cranial dysgenesis in laboratory mice. Our simulation gives results 

consistent with experimental observation revealing the generalizability of the model.

2 Materials and methods

2.1 Evidence-based assumptions for model development

This section provides the assumptions used during model development and the scientific 

evidence on which the assumptions are based. Intramembranous ossification, responsible for 

bone formation in the cranial vault, is controlled in part by a cascade of reactions of 

signaling molecules (e.g., Wnt, BMP, FGF) (Long 2011) that are locally produced and 

circulate in the extracellular space. The available evidence suggests that a spatial patterning 

of interacting molecules determines the locations of condensations of osteoblasts 

differentiated from mesenchymal cells. This patterning may be derived by the Turing 

mechanism (Turing 1952), a mathematical model describing the relation between two 

interacting molecules, an activator and an inhibitor. The Turing mechanism has explained 

biological pattern formation in diverse contexts (Garzón-Alvarado et al. 2013; Kondo and 

Shirota 2009; Raspopovic et al. 2014; Sugimura et al. 2007). From these data, we formulate 

the following simplifying assumptions: 1) a key molecule, the activator (e.g., BMP), 

activates the differentiation of mesenchymal cells into osteoblasts so that the patterning of 

the concentration of the molecule determines the location of primary ossification centers 

(A1a); and 2) the behavior of the activator is regulated by another molecule (the inhibitor) so 

that the regulatory loop of the two molecules can be modeled using a Turing’s reaction-

diffusion model (A1b).

After the accumulation of cells that form the primary ossification centers, bone grows from 

these centers by a combination of the production and mineralization of osteoid by 

osteoblasts and continued differentiation of rapidly proliferating mesenchymal cells on the 

periphery of the condensation (Iseki et al. 1997; Rice et al. 2000; Ting et al. 2009; Yoshida 

et al. 2008). Osteoblasts in the ossification centers secret various extracellular molecules, 

some of which diffuse into the neighboring space allowing adjacent mesenchymal cells to 

differentiate into osteoblasts. Members of the bone morphogenetic protein family, BMPs, are 

important molecules in the morphogenetic signals underlying bone formation.

BMPs are secreted from undifferentiated mesenchymal cells and from differentiated 

osteoblasts (Lai et al. 2008), thus contributing to the formation and growth of primary 

ossification centers by promoting adjacent mesenchymal cells to differentiate along an 

osteogenic trajectory. From this information, we formulate and additional assumption: 

differentiated osteoblasts express the activator molecule that leads to bone growth (A2a).
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In normal conditions, as dermal bones of the cranial vault approximate one another, they are 

separated by the space of cells that have not differentiated into osteoblasts, which are called 

sutures. Sutures enable growth of bones along the bony front, accommodating changes in 

size and shape of the growing brain, and allow the skull to deform during birth (Ting et al. 

2009). Based on the experimental observation that noggin (inhibitor) specifically binds and 

inactivates several BMPs (activator) (Aspenberg et al. 2001), and inhibits bone formation, 

we formulate the following assumption about suture formation: the inhibitor molecule 

inhibits osteoblast differentiation contributing to suture formation and maintenance (A2b).

Experimental studies demonstrate that mechanical stimuli alter tissue differentiation and 

molecular expression during bone formation (Maul et al. 2011; Palomares et al. 2009; 

Subramony et al. 2013), in particular that tensile strain promotes the expression of BMPs 

(Ikegame et al. 2001; Rauch et al. 2000; Sato et al. 1999; Sumanasinghe et al. 2006), an 

appropriate example of an activator in our model. Our approach follows Carter et al. (1988) 

who tested the hypothesis that mechanical stress affects cell differentiation and suggested 

that hydrostatic stimuli, which is related to change in volume, may play an important role in 

tissue differentiation rather than shear stimuli. Volumetric strain is estimated in our study as 

the unit change in volume (e.g. dV/V where V represents the volume), which implies that it 

can also be related to the status or amount of cell proliferation (where increased cell 

proliferation results in increased accumulated volumetric strain). Cell proliferation is defined 

as the increase in the number and/or density of cells by continuous cell division and occurs 

prior to cell differentiation (Hall and Miyake 2000). From this information, we develop a 

third set of assumptions related to the role of mechanical stimuli produced by growth of the 

underlying brain in the process of cranial vault bones formation: 1) tensile volumetric strain 

promotes the expression of the activator (A3a); and 2) osteoblast differentiation occurs only 

after proliferation, in other words, cells can differentiate only where the accumulated local 

volumetric strain reaches a certain level (A3b).

2.2 Reaction-Diffusion-Strain (RDE) model

Using a set of assumptions based on scientific evidence (see A1–3 above) we coupled 

Turing’s reaction-diffusion equations with the mechanical effects of development to produce 

a reaction-diffusion-strain (RDE, where E represents Green-Lagrangian strain) model. The 

RDE model improves our previous work (Lee et al. 2017) by incorporating different length 

scales and responses to changing biomechanical conditions across developmental time, 

providing a flexible framework that accommodates interaction across levels at varying 

scales. The RDE model describes the behaviors of diffusible extracellular molecules 

contributing to cell differentiation using the reaction-diffusion system of activator-inhibitor 

type (Gierer and Meinhardt 1972). In this system, the activator promotes the production of 

itself (Fig. 1a-①) and the inhibitor (Fig. 1a-②), while the inhibitor inhibits activator 

signaling (Fig. 1a-③) thus establishing a regulatory loop. Differential speeds of diffusion of 

activator and inhibitor establish an inhomogeneous spatial pattern of concentration of 

molecules in a domain. At the cellular level, condensed activator initiates signaling pathways 

prompting differentiation of mesenchymal cells into osteoblasts (Fig. 1a-④). Differentiated 

osteoblasts express activator (Fig. 1a-⑤), prompting differentiation of adjacent 

mesenchymal cells into osteoblasts resulting in bone growth along the periphery of 
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ossification centers. Concurrently, the inhibitor obstructs cell differentiation (Fig. 1a-⑥) 

contributing to suture formation between bones. At the tissue level, mechanical strain 

produced by continuous growth of the underlying brain affects the molecular and cellular 

processes. Based on the observation that tensile strain promotes activator production 

(Ikegame et al. 2001; Rauch et al. 2000; Sato et al. 1999; Sumanasinghe et al. 2006) (Fig. 

1a-⑦ and ⑧) and that cells initiate differentiation when accumulated volumetric strain 

surpasses a threshold value (Fig. 1a-⑨), we added strain effects to the behaviors of key 

molecules and cells to build the RDE model.

2.2.1 Mathematical expression of the RDE model—Equations (1), (2) and (3) 

mathematically describe the coupled RDE model operating on a domain that considers 

groups of cells as a continuum.

∂a
∂t + v ⋅ ∇a = H oS − o ĖV + Ė0 αa + αoo − βaa + γa

a2

h + Da∇2a (1)

∂h
∂t + v ⋅ ∇h = H oS − o αh − βhh + γha2 + Dh∇2h (2)

∂o
∂t + v ⋅ ∇o = ηH oS − o H a2

h − aT H EV − ET (3)

The RDE model solves for the concentrations of activator, inhibitor, and differentiated 

osteoblasts, represented by a, h, and o, respectively. The terms v · ∇a, v · ∇h, and v · ∇o on 

the left hand side refer to the convection effect where each component moves with the bulk 

motion of the domain on which the component locates, where v represents the velocity of 

the moving domain and ∇ represents the gradient in space. The term H (oS ‒ o) multiplied 

with other terms on the right hand side is a rounded Heaviside step function (H (x) = 0 if x < 
0 and 1 if x > 0) operationalizing the assumption that all behaviors of the components take 

place only in undifferentiated mesenchymal cells., where the variable oS represents the 

saturation concentration of osteoblasts that sets the upper limit of the generation of 

osteoblasts. The behaviors of the activator and inhibitor include their production 

ĖV + Ė0 αa + αoo andαh , degradation (βaa and βhh), reaction γa
a2
h andγha2 , and diffusion 

(Da∇2a and Dh∇2h).

The parameters αa and αh quantify the production of activator and inhibitor from 

surrounding cells. The production of activator ĖV + Ė0  (αa + αoo) is assumed to be 

proportional to the local volumetric strain rate ĖV (details in section 2.2.2) plus Ė0, a 

constant that makes the production term positive, so that the strain field initially guides the 

distribution of activator. Once differentiation initiates, the production term also depends on 
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the concentration of osteoblasts, o, so that the parameter αo quantifies the production of 

activator from differentiated osteoblasts. The activator in turn causes differentiation of cells 

near osteoblasts, resulting in bone formation and growth at the leading edge of the growing 

bone. βa and βh are constants quantifying degradation or depletion of each molecule by their 

excess. γa and γh are parameters associated with the non-linear interaction between activator 

and inhibitor. The interaction terms make the two equations coupled in a way that the 

activator promotes itself and the inhibitor (a2 in numerator in Eqs. (1) and (2)) but is 

constrained by the inhibitor (h in denominator in Eq. (1)). Da and Dh represent the diffusion 

rate of each molecule and ∇2 is the Laplace operator which describes spatial diffusion of 

variables. The rate of differentiation of mesenchymal cells into osteoblasts, ∂o
∂t , is promoted 

by activator and limited by inhibitor, so the ratio between the molecules (a2
h ) determines the 

rate, based on whether it is higher than a threshold value, aT. Accumulated volumetric strain, 

EV (details in section 2.2.2), contributes to the rate, so that cells differentiate only after a 

threshold value, ET, is reached. The value η is a constant quantifying the amount of 

osteoblast generated by action of the molecules and mechanical strain.

It is convenient to non-dimensionalize the equations to reduce the number of parameters 

using a nondimensiona time (t*) and length (x*) scale and concentrations (a*, h*, and o*) 

where t* = βat, x
∗ =

βa
Da

x, a∗ = a
αa

, h∗ =
βa

αaγa
h, o∗ = o

αa
, and ĖV

∗ =
ĖV
βa

. Adopting this 

convention, Eqs. (1) - (3) can be reduced to Eqs. (4) - (6).

∂a∗

∂t∗
+ v∗ ⋅ ∇∗a∗ = H oS

∗ − o∗ ĖV
∗ + Ė0

∗ 1 + αoo∗ − a∗ + a ∗ 2

h∗ + ∇ ∗ 2a∗ (4)

∂h∗

∂t∗
+ v∗ ⋅ ∇∗h∗ = H oS

∗ − o∗ A − Bh∗ + Ga ∗ 2 + D∇ ∗ 2h∗ (5)

∂o∗

∂t∗
+ v∗ ⋅ ∇∗o∗ = φH oS

∗ − o∗ H a ∗ 2

h∗ − a∗
T H EV − ET (6)

where A =
αh

αaγa
, B =

βh
βa

, G =
αaγh

γa
, D =

Dh
Da

, aT
∗ =

γa
αaβa

, oS
∗ =

oS
αa

, φ = η
αaβa

, and Ė0
∗ =

Ė0
βa

. The 

superscript * indicates that the value under it is non-dimensionalized. Non-dimensional 

parameters were chosen to satisfy conditions for pattern formation using a linear stability 

analysis (Murray 2002), which prevents the initial small perturbations on concentration of 

molecules from both decaying to remain homogeneous steady state and exponentially 

growing without achieving a stable inhomogeneous pattern. Exact values for the threshold of 
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concentration of molecules (aT
∗  and oS

∗) and for the limit of the strain (ET) were chosen by 

comparing the timing and location of appearance of primary centers of ossification in our 

computational results with their known locations in our experimental observations. The 

values of the non-dimensional parameters which are used in this study are given in table 1. 

The parameters can be associated with a particular length scale (either molecular, cellular or 

organ level) that enables one to devise experimental studies to measure their values in the 

future. The parameters A, B, G, D, αo, and aT
∗  are associated with the molecular level, oS

∗ and 

φ with the cellular level, and ET and Ė0
∗ with the tissue level.

2.2.2 Kinematics—We compute the estimated strain distribution across the layer of 

undifferentiated mesenchymal cells surrounding the brain resulting from rapid expansion of 

the growing brain. Considering the group of cells as a continuum material, mechanical 

behavior of the material is governed by the balance of momentum:

∂ ρu
∂t2

− ∇ ⋅ σ = 0, σ = det F −1FSFT (7)

with deformation gradient F = (I + ∇u) and second Piola-Kirchhoff stress S = 2μE +λtr (E) 

I. Parameters μ and λ are the material-dependent Lamé parameters which can be expressed 

in terms of Young’s modulus (E) and Poisson’s ratio (v) by μ = E
2 1 + ν  and λ = Eν

1 + ν 1 − 2ν . 

The Green-Lagrangian strain tensor, E, is defined in terms of displacement (u) by:

E = 1
2 ∇u + ∇u T + ∇u ∇u T (8)

In our simulation, all variables are treated as incremental values using the updated 

Lagrangian approach. In other words, displacement u is an incremental value calculated 

from the previous time step to the current time step, as is the deformation gradient F. The 

local volumetric strain rate is defined as ĖV = d
dt

Vn
Vn − 1

= d
dt det F = d

dt J. Accumulated 

volumetric strain EV is defined asEV =
dV0
V0

+
dV1
V1

+
dV2
V2

+
dV3
V3

⋯ =
V0

V 1
V dV = In det F0 , 

where Vn represents the volume of a cell or an element at the n-th time step. Here 

deformation gradient F0 is defined with the initial state as a reference. A local material 

property, p, is determined byp = pmH oS
∗ − o∗ + po 1 − H oS

∗ − o∗ , where pm and po 

indicates the property of mesenchymal cells and osteoblasts, respectively. The term H(oS ‒ 
o) multiplied with other terms on the right hand side is a rounded Heaviside step function (H 

(x) = 0 if x < 0 and 1 if x > 0) operationalizing the assumption that all behaviors of the 

components take place only in undifferentiated mesenchymal cells, where the variable oS 

represents the saturation concentration of osteoblasts that sets the upper limit of the 

generation of osteoblasts. Therefore, if the local concentration of osteoblasts is less than the 
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critical saturation level o∗ ≪ oS
∗  the properties remain in the undifferentiated state

H oS
∗ − o∗ 1, p = pm . If the local concentration of osteoblasts is greater than the critical 

saturation level o∗ ≫ oS
∗  the properties are assigned to the differentiated state

H oS
∗ − o∗ 0, p = po . Three material properties for structural analysis are defined in this 

way: Young’s modulus

E = EmH oS
∗ − o∗ + Eo 1 − H oS

∗ − o∗ (9)

Density

ρ = ρmH oS
∗ − o∗ + ρo 1 − H oS

∗ − o∗ (10)

Poisson ratio

ν = νmH oS
∗ − o∗ + νo 1 − H oS

∗ − o∗ (11)

Values of 1000 kg/m3 for density (ρm), 20 kPa for Young’s modulus (Em), and 0.4 for 

Poissons ratio (vm) as estimated by Pillarisetti et al. (2011) were used for the material 

properties of the mesenchymal cells. Values of 2000 kg/m3 for density (ρo), 240 kPa for 

Young’s modulus (Eo), and 0.3 for Poissons ratio (vo) were used as estimates of the material 

properties of embryonic osteoblasts.

2.2.3 Computational implementation—Figure 1b is a schematic diagram showing 

the computational process. The governing equations for structural analysis (Eqs. (7) and (8)) 

are initially solved to estimate the strain field across the layer of undifferentiated 

mesenchymal cells surrounding the brain resulting from rapid expansion of the growing 

brain. With the strain field calculated, the RDE model (Eqs. (1) - (3)) is solved to estimate 

the distribution of activator, inhibitor, and osteoblast. As cell differentiation proceeds, the 

material properties of the domain change according to the distribution of osteoblasts. With 

the updated material properties (estimated from Eqs. (9) - (11)) of the domain, a new strain 

field is estimated and used again for the RDE model, forming an iterative loop of 

calculation.

2.3 Boundary valued problem informed by experimental data

We solve the model on a computational domain that represents a layer of cells surrounding 

the embryonic mouse brain. We required the domain to grow over time according to 

measures of the brain derived from experimental mouse embryos to investigate the effect of 

the non-uniform growth of the brain (Fig. 2).
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2.3.1 Experimental data—To run our model we use precise, 3D measures of growing 

brain and skull acquired by high resolution micro-computed tomography (µCT) and 

magnetic resonance microscopy (MRM) images of embryonic mice heads from which 

forming bone and brain are segmented, respectively (Fig. 2a). Embryos used in our model 

are aged according to days post conception (e.g., embryonic day 14 is expressed as E14). 

Newborn mice are labeled postnatal day 0 (P0). See Appendix A for details of image 

acquisition. All mouse work was in compliance with animal welfare guidelines approved by 

the Pennsylvania State University Institutional Animal Care and Use Committees.

2.3.2 Computational domain—Figure 2 shows the process of establishing the 

computational domain. Using samples of µCT and MRM images of the mouse cranial vault 

and brain, respectively at several embryonic time points (Fig. 2a), we constructed a 

simplified surface that covers the brain and the cranial vault, and then made a thin volume 

around the surface for each embryonic time point (Fig. 2b). Each domain has three surfaces, 

1) the inner surface that represents the surface of underlying brain, 2) the outer surface that 

sets the outer border of the layer of mesenchymal cells, and 3) the surface of the inferior 

base that connects the inner and outer surfaces. Assuming the brain shape at E13.5 as an 

ellipsoid, the displacement of each element between the sequential images is estimated using 

a normal mapping method (Fig. 2c and d). The estimated displacement was applied to the 

boundary condition for the inner and outer surfaces in our simulation and the base surface is 

constrained to only translate horizontally. Our model is run on a dynamic computational 

domain that grows continuously from E13.5 to P0 with the growth of the brain driving the 

growth of the cranial vault.

The initial mesh at E13.5 was generated using a commercial software ANSYS ICEMCFD 

(ANSYS, Inc., Canonsburg, PA, USA) and contains 4,978 hexahedral elements. During the 

simulation, we adapt the adaptive mesh refinement technique based on the gradient of 

osteoblast concentration to compensate the reduction in accuracy due to the mesh coarsening 

while the domain enlarges with growth, and to especially improve the resolution of 

calculation local to the growing bony front. This refinement resulted in an increase in the 

number of elements to 21,232 by P0.

The initial condition of the concentration of molecules was set as a random distribution of 

activator with ±0.5% of perturbation, but uniform concentration of inhibitor over the 

domain. Following experimental observations, it is assumed that the molecules and cells 

cannot move though the three surfaces of the domain. The RDE model is solved by the finite 

volume method using open-source code OpenFOAM (www.openfoam.org) to investigate the 

distribution of molecules and cells and changes of the strain field over time.

3 Results

3.1 Molecular signaling and local mechanical strain establishes primary ossification 
centers, subsequent bone growth, and suture location

Our time scale is based on chronological age estimates of mouse embryos used in analysis. 

At the initial time of computation, E13.5, the brain is growing, extracellular molecular 

signaling is active, but cranial vault bones are not yet mineralizing. At initiation, the 
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concentration of activator is set nearly homogeneous with very small (±0.5%) random 

perturbations (Fig. 3a, at E13.5). No locations were specified as imminent ossification 

centers. By E14.5, through the combination of the reaction-diffusion process and the effects 

of mechanical strain, distribution of the molecules form six locations of high concentration 

of activator (Fig. 3a, at E14.5), initiating a signaling network that prompts local 

mesenchymal cells to differentiate into osteoblasts (A1a in section 2.1) when the 

accumulated local volumetric strain exceeds a certain threshold (A3b).

The number, location, and sequence of appearance of ossification centers of cranial vault 

bones in the simulation (Fig. 3b) agree well with experimental data (Fig. 3c). Turing’s model 

coupled with mechanical information is a rational computational approach for exploring 

processes fundamental to the development of the vertebrate cranial vault. Our model also 

reveals vault bone growth by the continued differentiation of osteoblasts at the leading edge 

of ossification centers that subsequently express activator into mesenchyme on the leading 

edge, as well as the placement and continued patency of cranial vault sutures. The 

mechanism underlying the spatio-temporal emergence of ossification centers, the relative 

growth of each bone element, the establishment of sutures, and localized absence of bone 

formation is revealed by the structural analysis (Fig. 4).

The global distribution of volumetric strain rate (ĖV ) over time (Fig. 4a) results from non-

uniform expansion of the domain and local strain rate increases at the growing bone fronts 

due to the change in material properties from undifferentiated cells to mineralizing tissue to 

bone. These impact the relative speed of growth of each bone and the final pattern of bone 

formation. The distribution of accumulated volumetric strain (EV ) (Fig. 4b) suggests that 

the lack of bone formation on the vertex of the domain and slowed growth at the posterior of 

the domain is due to relatively low local volumetric strain.

3.2 Parametric study predicts experimentally observed craniosynostosis

We conducted a parametric study to see the effects of variation of model parameters. For 

each of 6 non-dimensional parameters (A, B, G, D, αo, and φ), 9 levels of variation (from 

0.2 to 1.8, with incremental of 0.2, times reference value) were tested and the results 

arranged in Fig. 5. Typical crania predicted in a range near the baseline values of parameters 

(blue brackets) imply our model is robust against minor molecular variation (individual 

variation of the normal condition). The model also predicts various phenotypes due to a 

major molecular change (mutation), including prematurely closing sutures (red brackets), an 

increase or decrease in the number of bones (green and cyan brackets) as in the formation of 

accessory or wormian bones, or in the cranial vaults of other species, and a decrease in size 

of specific bones (yellow brackets).

Gdf 6 is a member of the bone morphogenetic protein (BMP) family and an appropriate 

candidate for activator in our model. Though BMPs promote bone formation, Gdf 6 knock-

out embryos reveal differentiation of osteoblasts and bone formation in the coronal suture 

causing coronal suture fusion (Fig. 6a). We tested the ability of our model to reproduce this 

experimental observation by substituting Gdf 6 in the activator equation (Eq. (1)) of the 

model. Gdf 6 is expressed in mouse frontal bone primordia (Clendenning and Mortlock 

2012), and is therefore controlled by αo that denotes the production of activator from 

Lee et al. Page 10

Biomech Model Mechanobiol. Author manuscript; available in PMC 2019 August 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



osteoblast in the model. To simulate the Gdf 6−/− mouse, reference (2.0e4 [1/s]) is reduced 

(0.4e4 [1/s]), yielding a computational prediction of differentiated osteoblasts and eventual 

fusion of the coronal suture (Fig. 6b) that agrees with experimental observations (Fig. 6a).

Knock out of Axin2, a negative regulator of canonical Wnt pathways and therefore a 

member of the inhibitor group in our model, results in closure of the inter-frontal suture in 

mouse (Yu et al. 2005) (Fig. 6c). To adjust our model consistent with Axin2−/− mice, we 

modified model parameters related to the inhibitor by decreasing the production (αh), 

increasing the degradation (βh), and decreasing the interaction with activator (γh). The 

simulation results are consistent with experimental observations (Fig. 6c) showing inter-

frontal suture fusion with changes of the parameters βh and γh (Fig. 6d). Changes in 

parameter αh does little to impact cranial vault morphology as shown in Fig. 5 where 

changes of the parameter A (αh/αa) across a wide range of values does not affect the typical 

cranial shape.

4 Discussion and Conclusions

Our model of cranial vault formation in the laboratory mouse corresponds largely with 

published experimental observations and current knowledge of the development of dermal 

bone. The number, location, and sequence of appearance of ossification centers in the 

simulation agree with current data, and with evidence that differentiating osteoblasts adding 

to the primary ossification centers come from the condensations, rather than being recruited 

from other mesenchymal populations surrounding the brain (Ting et al. 2009; Yoshida et al. 

2008). Though our model does not include entrapment of osteoblasts into the mineralized 

matrix to become osteocytes, we consider the expansion of regions of high concentration of 

osteoblasts as representative of bone growth.

In the case of known human cranial vault disorders, there is a salient correspondence 

between our results and experimental findings pertaining to mechanisms underlying 

premature suture closure. Craniosynostosis, a relatively common congenital malformation, 

always involves the premature fusion of one or more of the cranial vault sutures and can 

include associated anomalies (Flaherty et al. 2016). The genetic and biomechanical basis for 

specific cases of craniosynostosis are the focus of current research (Al-Rekabi et al. 2016; 

Weickenmeier et al. 2017; Sewda et al. 2019). We evaluated our model by testing its ability 

to account for changes in vault development associated with known molecular variants 

(mutations) associated with craniosynostosis through a parametric study, where we adjusted 

model parameters according to published experiments. Clendenning and Mortlock (2012) 

concluded that Gdf 6 locally inhibits cell differentiation; a conclusion that contradicts 

previous studies and knowledge of Gdf 6 function. Importantly, our model implements the 

known function of Gdf 6 as a promoter of cell differentiation, one that interacts with the 

inhibitor to impede cell differentiation. The explanation proposed by our model is that low 

concentration of Gdf 6 reduces the concentration of inhibitor, allowing cell differentiation 

that leads to fusion of the coronal suture. Our explanation, including specific levels of 

inhibitor and timing of its variation, can be tested experimentally.
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More broadly, we showed that changes in model parameters for most cases of computational 

craniosynostosis (Fig. 5, red brackets) match well with the reported experiments. For 

example, computational craniosynostosis occurs when the value of B is relatively large and 

the value of G is relatively small as occurs in cases where the interaction between Axin2 and 

Wnt is altered experimentally (Yu et al. 2005) and when the value of αo is relatively 

decreased as reported for the BMP ligand Gdf 6 (Clendenning and Mortlock 2012). Though 

our results match well with reported experiments where mutations on specific genes are 

associated with craniofacial malformations and disease, the source for many other 

craniofacial conditions remain unexplained. Given that the number of experiments that can 

be conducted with laboratory animals is finite, our approach provides a way to 

computationally test for the effects of specific genetic variants in given amounts across 

anatomical space and developmental time.

Many hypotheses pertaining to molecular changes associated with craniofacial disease can 

be generated from these data, but the model may be generalizable to larger questions of 

animal diversity. We know relatively little of the genetic mechanisms underlying the 

production of phenotypic diversity across evolutionary time. Since a finite set of families of 

genes shared by most animals regulate major aspects of body formation (Carroll et al. 2004), 

including organization of the vertebrate head, and substantial shifts in anatomy are 

accomplished by the regulation of genes in space and time over an individual’s lifetime, our 

model is potentially useful for questions of cranial vault evolution and for understanding the 

production of organismal differences across species.

The RDE model combines molecular and biomechanical regulation of cranial vault 

formation to predict the pattern of molecular signaling and cellular condensation that 

matches the positions of initial bone formation, patterns of cranial vault growth, and suture 

formation in experimental mice. Moreover, adjustment in model parameters consistent with 

experimental genetics reproduces sutural fusion seen in craniofacial disorders. Importantly, 

the multiscale computational framework that we introduce goes beyond enumerating 

specific cases and considers the emergent results of the hierarchical nature of genetic, 

cellular, and biomechanically driven coordination of cells and tissues applicable across 

species.

Our study reveals important inputs to formation of cranial vault bones, but we have not 

sought the identity of key molecular candidate pairs or the actual values of key parameters. 

The strength of our model lies in its generalizability as these details, when known for any 

specific case, can be used to tune the model to define and/or explore the function of certain 

parameters. Information provided by our model can facilitate targeted experiments designed 

to critically evaluate the role of specific molecular cues or cell behaviors on emergent 3-D 

cranial shapes. The structure of our model can be further modified by adding additional pairs 

of molecules (Marcon et al. 2016; Takagi and Kaneko 2002; Yang et al. 2002) when 

experiments implicate their identities.

Finally, we recognize that the primacy of either brain or skull in head development 

represents one of biology’s “chicken-and-the-egg” causality dilemmas, and that developing 

bones may influence the growing brain (Richtsmeier and Flaherty 2013). This can be 
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resolved by a two-way coupling between brain and skull shape, where a non-linear 

viscoelastic medium represents a deformable brain on which volumetric expansion boundary 

conditions are applied. Further, the two-way coupling may expand our model to enable the 

study of differences in cranial vault morphology across vertebrate species, vault deformation 

caused by head constraint (e.g., intrauterine crowding), or change in the number and shape 

of bones and cranial vault sutures in the case of microcephaly or hydrocephalus. 

Importantly, our current model reveals that morphology, specifically change in morphology 

due to growth, is a fundamental mechanism of craniofacial development. Once refined, the 

model may help identify additional mechanisms underlying shape change in the evolution of 

the vertebrate skull and in craniofacial disease.
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Appendix

A. Experimental data

High resolution micro-computed tomography (µCT) and magnetic resonance microscopy 

(MRM) images of embryonic mice serve as experimental data in our analyses. All use of 

mice was in compliance with animal welfare guidelines approved by the Pennsylvania State 

University Institutional Animal Care and Use Committees. µCT images with pixel size and 

slice thickness ranging from 0.0148 to 0.0168 mm were acquired by the Center for 

Quantitative Imaging at the Pennsylvania State University (http://eesl.iee.psu.edu/content/

cqi) using the HD-600 OMNI-X high resolution X-ray computed tomography system 

(Varian Medical Systems, Inc., Lincolnshire, IL). Image data were reconstructed on a 1024 × 

1024 pixel grid as a 16 bit tiff but were reduced to 8-bit for image analysis. Isosurfaces were 

reconstructed to represent all cranial bone at indicated ages based on hydroxyapatite 

phantoms imaged with the specimens using the software package Avizo 8.1.1 (FEI 

Company, Inc.). The minimum thresholds used to create the iso-surfaces ranged from 70 to 

100 mg/cm3 partial density hydroxyapatite. MRM images were acquired by the High Field 

MRI Facility at the Pennsylvania State University (https://www.imaging.psu.edu/facilities/

high-field). The fixed specimens were immersed in 2% Magnevist (Bayer Health Care, 

Wayne, NJ) phosphor-buffered solution (PBS) for 7–10 days depending upon the embryonic 

age of the specimen to reduce the T1 and T2 relaxation times. All MRM experiments were 

conducted on a vertical 14.1 Tesla Varian (Varian Inc., Palo Alto, CA) imaging system with 

direct drive technology. To prevent drying and to minimize magnetic susceptibility artifacts 

during scanning, specimens were immersed in fluorinert liquid, FC-43 (3M, St. Paul, MN). 

A standard imaging experiment with an isotropic resolution of 80 µm comprised a field of 

view of 15.4 × 14 × 11 mm3 and a matrix size of 192 × 132 (75% partial Fourier: 176) × 
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137. With eight averages and a repetition time of 75 ms (echo time 25 ms) the total scan 

time was 3 h. Matlab (The MathWorks, Inc., Natick, MA) was used for image post-

processing. By zero-filling all directions by a factor of two, the pixel resolution of a standard 

imaging experiment was 40 µm3.

B. Assumption test

To test our assumptions and examine the effects of each in detail, we compare the simulation 

results of activator at E17.5 estimated using our computational model with and without each 

assumption (Fig. 7).

Figure 7a shows the results estimated using the model with only A1 and A2; mechanical 

effects on molecular expression and cell differentiation are not considered. As predicted, 

primary ossification centers form and bone grows from them with sutures forming between 

the bones. The effect of the inhibitor appears to play a role in suture formation. The number 

and locations of bones do not agree with experimental observations and reveal a 

disorganized pattern of bone formation. Figure 7b shows the results estimated using the 

model with only A1, A2, and A3a, excluding the assumption of the mechanical effect on cell 

differentiation. Six bones and associated sutures form in locations similar to our 

experimental observations as predicted. Consequently, the mechanical effect on the 

production of activator appears to play a role in specifying the number and location of the 

primary ossification centers. However, limiting the computation to these assumptions results 

in a similar growing speed across all bones so that their final volumes are similar, a result 

that does not match experimental observations. Figure 7c shows the result estimated using 

the model with all assumptions: A1, A2, A3a, and A3b. The results from the coupled model 

show that apical growth of the frontal and parietal bones is delayed, as observed in 

experimental animals. Moreover, growth of the inter-parietal bone is constrained 

superoinferiorly relative to the growth of the frontal and parietal bones, modeling what is 

observed in experimental data. The model reveals that localized restriction of growth of the 

interparietal is due to reduced accumulated volumetric strain apical to the bone (Fig. 4b). 

These results reveal the importance of local strain in determining the relative growing speed 

and final shape of each cranial vault bone.
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Fig. 1. 
a Schematic diagram of the multi-scale reaction-diffusion-strain (RDE) model for cranial 

vault bone formation. b Schematic diagram showing the computational process. Structural 

analysis gives the strain field that is used to estimate the distribution of molecules and cells 

using the RDE model. Material properties of the domain are updated according to the 

distribution of cells, and then are used for structural analysis to estimate updated strain field.
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Fig. 2. 
Process of establishing a computational domain that grows over time based on the data from 

experimental mice aged from embryonic day 13.5 (E13.5) to birth (P0). a µCT and MRM 

images of the mouse brain and cranial vault at E15.5, E17.5, and P0. b Simplified geometry 

of the brain and cranial vault, constructed from the µCT and MRM images. The brain shape 

at E13.5 is assumed as an ellipsoid. c Displacement vectors from points on the surface at the 

earlier time point to the surface at the later time point are computed using normal mapping 

method and represented with green arrows. d Schematic diagram of normal mapping. 

Displacement vectors (green arrows) are normal to the original surface at t1 at each point on 

the surface (black asterisks) and end on the target surface at t2 (red asterisks). The computed 

displacement vectors are used as boundary conditions for simulation to make the 

computational domain to grow over time.
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Fig. 3. 
The RDE model predicts the location of primary centers of ossification and pattern of cranial 

vault bone growth. a Computational result of distribution of concentration of activator 

relative to inhibitor (a2/h) at E13.5 and E14.5. In superior view, anterior at top; in lateral 

view, anterior is left. b Computational prediction of distribution of differentiating osteoblasts 

and cranial vault bone formation by embryonic day. Superior view of skulls, anterior at top, 

posterior at bottom. Ossification centers for right and left frontal bones appear first (~ 

E14.5), followed by right and left parietal bones (~E15). Two more ossification centers 

representing the interparietal bone appear at E15.5. c Observed cranial vault bone formation 

and growth in embryonic mice (see Appendix A).
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Fig. 4. 
Mechanical strain estimated from structural analysis reveals mechanism of spatio-temporal 

pattern of bone formation. Computational estimation of volumetric strain rate ĖV (a) and 

accumulated volumetric strain EV (b) on the domain (shown from above; anterior at top, 

posterior at bottom) arranged by embryonic day.
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Fig. 5. 
Result of parametric study. Various phenotypes including typical crania, prematurely closing 

sutures, an increase or decrease in the number of bones, and a decrease in size of bones are 

predicted.
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Fig. 6. 
Comparison of experimental observations and predictions by the RDE model about cranial 

dysgenesis due to molecular variants. a Experimental observation of vault bones (stained by 

alizarin red) of a wild-type (WT) and Gdf 6−/− mouse. Lateral view, rostrum to left, eye at 

base of coronal suture (CS). CS is open in WT and closed in Gdf 6−/− mouse (adopted from 

Clendenning and Mortlock (2012)). b Computational prediction of distribution of 

osteoblasts with the reference value (left, CS patent) and the reduced value of αo (right, CS 

closed). c Experimental observation of alizarin-red stained cranial vault of WT and Axin2−/− 

mice (superior view, rostrum at top). Inter-nasal suture between arrows at top; metopic 

suture (MS) between frontal bones at bottom (adopted from Yu et al. (2005)). d 
Computational prediction of distribution of osteoblasts, forming bone, and morphology of 

MS with the reference value (far left), reduced value of αh, increased value of βh, and 

reduced value of γh.
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Fig. 7. 
Distribution of osteoblasts at E17.5 from simulation results using various computational 

models. a Result using a model with only assumptions A1 and A2, without the assumption 

pertaining to mechanical effects. Bones grow and form sutures through reaction-diffusion 

process. b Result using a model with assumptions A1, A2, and only the assumption about 

the mechanical effect on production of activator (A3a). Locations of primary ossification 

centers are specified by the mechanical effect on the production of activator. c Result using a 

model with all assumptions A1, A2, and A3. Relative speed of bone growth is achieved by 

the mechanical effect on cell differentiation (A3b).
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