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Abstract

In regression applications, the presence of nonlinearity and correlation among observations offer
computational challenges not only in traditional settings such as least squares regression, but also
(and especially) when the objective function is nonsmooth as in the case of quantile regression.
Methods are developed for the modelling and estimation of nonlinear conditional quantile
functions when data are clustered within two-level nested designs. The proposed estimation
algorithm is a blend of a smoothing algorithm for quantile regression and a second order Laplacian
approximation for nonlinear mixed models. This optimization approach has the appealing
advantage of reducing the original nonsmooth problem to an approximated L, problem. While the
estimation algorithm is iterative, the objective function to be optimized has a simple analytic form.
The proposed methods are assessed through a simulation study and two applications, one in
pharmacokinetics and one related to growth curve modelling in agriculture.
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1. Introduction

Quantile regression (QR) (Koenker and Bassett, 1978) is a flexible statistical tool with a vast
number of applications that complements mean regression. QR has become a successful
analytic method in many fields of science because of its ability to draw inferences about
individuals that rank below or above the population conditional mean. The ranking within
the conditional distribution of the outcome can be considered as a natural index of individual
latent characteristics which cause heterogeneity at the population level (Koenker and Geling,
2001). There is an increasingly wider acknowledgement of the importance of investigating
sources of heterogeneity to quantify more accurately costs, benefits, and effectiveness of
interventions or medical treatments, whether it be an after-school physical activity program,
a health care reform, or a thrombolytic therapy (see, for example, Austin et al., 2005; Beets
etal., 2016; Beyerlein, 2014; Ding et al., 2010; Rehkopf, 2012; Wei and Terry, 2015;
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Winkelmann, 2006). QR is particularly suitable for this purpose as it yields inferences that
are valid regardless of the true underlying distribution. Also, quantiles enjoy a number of
properties (Gilchrist, 2000), including equivariance to monotone transformations and
robustness to outliers.

Here, we are interested in data from cluster samples that are commonly found, for example,
in biomedical and agricultural research. QR analysis of clustered data is a very active area of
research. Since the seminal work of Koenker and Bassett (1978) on methods for cross-
sectional observations, there have been a number of proposals on how to accommodate for
the dependency induced by cluster designs (e.g., longitudinal). As outlined by Geraci and
Bottai (2014) and then extensively reviewed by Marino and Farcomeni (2015), approaches
to linear QR with clustered data can be classified into distribution-free and likelihood-based
approaches. The former include fixed effects (Koenker, 2004; Lamarche, 2010; Galvao and
Montes-Rojas, 2010; Galvao, 2011) and weighted (Lipsitz et al., 1997; Fu and Wang, 2012)
approaches. The latter are mainly based on the asymmetric Laplace (AL) density (Geraci
and Bottai, 2007,2014; Yuan and Yin, 2010; Farcomeni, 2012) or other, usually flexible,
parametric distributions (for example, Reich et al., 2010; Noufaily and Jones, 2013). A
different classification can be made into approaches that include cluster-specific effects (e.g.,
Koenker, 2004; Geraci and Bottai, 2014) and those that ignore or remove them (Lipsitz et
al., 1997; Canay, 2011; Parente and Santos Silva, 2016).

In some applications, the assumption of linearity may not be appropriate. This is often the
case in, for example, pharmacokinetics (Lindsey, 2001) and growth curve modelling (Panik,
2014). Broadly speaking, one can consider two strategies to nonlinear regression modelling:
parametric nonlinear modelling and nonparametric modelling. We now review parametric
nonlinear methods, which are of direct relevance to the present study. An account of
nonparametric quantile regression methods is given elsewhere (Mizera, 2018; Geraci, 2018).
COntributions to statistical methods for nonlinear mean regression when data are clustered
can be found in the literature of mixed-effects modelling (Lindstrom and Bates, 1990;
Pinheiro and Bates, 1995, 2000) as well as generalized estimating equations (Davidian and
Giltinan, 1995, 2003; COntreras and Ryan, 2000; Vonesh et al., 2002). In contrast, the
statistical literature on parametric nonlinear QR functions with clustered data is somewhat
sparse. To our knowledge, there seem to be only a handful of published articles. Karlsson
(2008) considered nonlinear longitudinal data and proposed weighting the standard QR
estimator (Koenker and Bassett, 1978) with pre-specified weights. Wang (2012), taking her
cue from Geraci and Bottai (2007), used the AL distribution to define the likelihood of a
Bayesian nonlinear QR model. Huang and Chen (2016) proposed a Bayesian joint model for
time-to-event and longitudinal data using Wang’s (2012) model for the nonlinear
longitudinal QR component. An approach based on copulas is developed by Chen et al.
(2009). Finally, Oberhofer and Haupt (2016) established the consistency of the Li-norm
nonlinear quantile estimator under weak dependency.

Here, we propose an extension of Geraci and Bottai’s (2014) linear quantile mixed model
(LQMM) to the nonlinear case and, as in LQMM, we use the AL distribution as pseudo-
likelihood for the error which provides the quantile regression interpretation of its location
parameter. Our proposal is novel in terms of modelling and estimation. We develop an
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approach to nonlinear QR with random effects in a frequentist setting that makes use of a
modelling framework akin to that of Pinheiro and Bates (2000), familiar to many
researchers. None of the papers cited above provides an approach to modelling and
estimation of nonlinear quantile functions with random effects in a frequentist framework.
Such an approach is desirable when the correlation between measurements is modelled by
means of random effects, but the parameters of interest are assumed to be fixed. As
compared to the Bayesian approach, ours avoids having to introduce prior distributions on
the fixed effects. Putting ‘philosophical’ considerations aside, this has practical
consequences in terms of estimation since lack of a closed form for AL-based posterior
distributions leads to the application of some form of sampling algorithms that are
computationally demanding (Wang, 2012). In contrast, we will provide an analytic form of
the objective function to be optimized. What is more important, in the proposal by Wang
(2012) there is no mention of how to assess uncertainty and this represents a serious
limitation. In our approach, we propose using bootstrap which provides good coverage in
LQMMs (Geraci and Bottai, 2014). On the other hand, while Karlsson’s (2008) approach is
frequentist, it does not allow for inference at the cluster level. Moreover, our model has the
‘quantile’ interpretation conditionally on the random effects, whereas Karlsson’s (2008)
model gives a (weighted) estimate of the marginal (with respect to the clusters) quantiles.

Estimation represents another element of novelty. This is carried out using an algorithm
which is a combination of a smoothing algorithm for QR and a second order Laplacian
approximation for nonlinear mixed models. The advantages of this approach as compared to
numerical integration (Geraci and Bottai, 2014; Geraci, 2014) are discussed further on.

In Section 2, we briefly introduce the standard linear QR model and outline the LQMM
approach. In Section 3, we introduce the nonlinear quantile mixed-effects model, or
nonlinear quantile mixed model (NLQMM) for short, and related inference. In Section 4, we
carry out a simulation study to assess the statistical and computational performance of the
proposed methods. Since there are no alternative models that can be placed in a direct
comparison with ours for the reasons given above, we consider nonlinear QR for cross-
sectional data to investigate potential gains in efficiency when intra-cluster correlation is
accounted for. In Section 5, we consider an application of NLQMM to pharmacokinetics and
growth curves modelling. We conclude with some remarks in Section 6.

Linear quantile mixed models

First, let us introduce the classical QR model for cross-sectional data (Koenker and Bassett,
1978). Let y be a continuous random variable and x a p x 1 vector of known covariates. The
distribution of y conditional on x is denoted by F\(#) = Pr (y < #/x), while for a given t € (0,
1) its inverse Qy(r) = Fy_l(r) gives the T th quantile of y conditional on x. The linear

specification of the QR model for a sample of 77 independent observations (xlTyl) is given by

_ T .
Qyi(T)—Xi ﬁT, i=1,...,n.
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The t-specific regression parameter 8. is interpreted as the ‘quantile treatment effect’ of x
on Y (Koenker, 2005). An estimate is obtained by solving the L;-norm regression problem

where pt(r) =r {T — I(r <0)} is the ‘check’ function and I denotes the indicator function.

COnsider now data from a two-level nested design in the form (x;; z; yl.j), forj=1,niandi

=1,..MN=%n, where x; is the jth row of a known ni x p matrix X;, Z;;. is the jth row of
a known ni x g matrix Zi and yjj, is the jth observation of the response vector (yil, ..., yini) T
for the ith cluster. Throughout the paper, the covariates x and zare assumed to be given. The
nx 1 vectors of ones and zeros will be denoted by I, and O, respectively, the n x n identity

matrix by I,, and the m mxn matrix of zeros by Op, xn

In a distribution-free approach, the linear QR model for clustered (or panel) data (e.g.,
Koenker, 2004; Abrevaya and Dahl, 2008; Bache et al., 2013) can be specified as

T T
Qyij(T) = Xl'jﬂ., + Zl']ﬁr’ p D

where 0 <t <1 is the given quantile level, is a B is a p x 1 vector of coefficients common to
all clusters, while the g x 1 vector &, ; may vary with cluster. All the parameters in model
(1) are z-specific, although the cluster-specific effects are often specified simply as pure
location-shift effects (Koenker, 2004; Lamarche, 2010). Fitting can be achieved by solving

M i
i 2 2 vy xip-rp)+ X 26). @
=1j=1

0 i=1

The penalty P on the cluster-specific effects controls the variability introduced by a large
number of parameters &i and is usually based on the Li-norm (Koenker, 2004; Lamarche,
2010; Bache et al., 2013).

To mimic the minimization problem (2) in a likelihood framework, Geraci and Bottai (2014)
introduced the convenient assumption that the responses yjj, /=1, ..., n, i=1, ..M
conditionally on a g x 1 vector of random effects u; independently follow the asymmetric
Laplace (AL) density

p(yi jlul.) = T(lg_ )
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_.T T ; ;
=X B, + 2,0 and ay, respectively, which we

write as yl.j~5z{ff(y1 i af) (The third parameter of the AL is the skew parameter T €(0,1)

with location and scale parameters given x_ ij

which, in this model, is fixed and defines the quantile level of interest.) Also, they assumed
that u;= (ug,..., u,-q)T, fori=1,..., M, is a random vector independent from the model’s
error term with mean zero and g x g variance-covariance matrix X_. Note that all the

parameters are t-dependent. The random effects vectors depend on < through the variance-

. . T T, .. .
covariance matrix. If we letu = (u,...,uy,) andy=(y/,....y;) , the joint density of (y, u)

based on M clusters for the rth linear quantile mixed model (LQMM) is given by Geraci and
Bottai (2014)

«(1-n |V Y L
o, ] TLexwl=2- 3 rifoyj=re, i)
T i=1 Tj=1

P(“i) :

p(y.w) = p(ylu)p(u) =

Geraci and Bottai (2014) proposed estimating LQMMs through a combination of Gaussian
quadrature and nonsmooth optimization. They approximated the marginal (over the random
effects) log-likelihood using the rule

M=

M q
fGQ(ﬂr’ z, "rly) = Zlo‘c’ I’(yil"kl,.,.,kq)H Vil @)
7 k 1 =1

QHMW

1 &

1

_____ kg= (v/d,...,vkq)T, where visand wyy k=1, ..., K, /=1, ..., g, denote,
respectively, the abscissas and weights of the (one-dimensional) Gaussian quadrature. In
principle, one can consider different distributions for the random effects, which may be
naturally linked to different quadrature rules (or penalties). For example, it is immediate to
verify that the double exponential distribution confers robustness to the model and is akin to
a Gauss-Laguerre quadrature. Prediction of the random effects was carried out via best linear
prediction (BLP) (Geraci and Bottai, 2014).

We depart from Geraci and Bottai’s (2014) estimation approach to avoid its disadvantages in
a nonlinear modelling framework. First, the product rule entails a ‘curse of dimensionality’,
an exponential increase of the number of evaluations of the integrand function, which may
aggravate the typical fragility of nonlinear estimation algorithms. Second, it would not be
possible to resort to BLP for random effects prediction.

Throughout this paper, we assume that the random effects are normally distributed. Some
studies have investigated the impact of incorrect specification of the random effects’
distribution in mixed models and, in general, there is some disagreement as to whether such
parametric assumptions are harmless or have important consequences on inference
(McCulloch and Neuhaus, 2011). The answer partly lies in the specific model and type of
variables involved, as well as the target of the inference. In the context of QR with random
effects, Geraci and Bottai (2014) found that parameter estimation in LQMMs was relatively
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robust to random effects with a heavy-tailed distribution or a distribution contaminated with
outliers, although bias resulted when random effects followed a skewed distribution. We also
note that distributions other than normal could be considered, although possibly at the cost
of more involved technical developments. Alternatively, parametric assumptions on the
random effects can be avoided following, for example, the approach by Alfo et al. (2016).

Assessing the impact of misspecification of the random effects’ distribution in nonlinear
quantile regression is particularly complicated due to the nature of the models and the
difficulty of calculating analytically the ‘true’ quantiles (see further comments in Section 4).
We do not explore this issue here but our recommendation is to exercise caution if there is
reason to believe that random effects are non-normal, especially if skewed.

3. Nonlinear quantile mixed models

3.1. The model

We consider the nonlinear quantile regression function

Qyij'“i(r)zf(qbaij’xij)’ j=l..n, i=1..M (4

Where fis a nonlinear, smooth function of the s x 1 random parameter ¢ ;;= F;B8, +
Gju;Fjand G jare two given design matrices of dimensions s x p and s x g, respectively,
which in general contain elements of the covariates X ;.

To stress the functional dependence of the quantiles on the p x 1 fixed parameter pz and on
the g x 1 random parameter u;, we write 7(¢. j; X;) = f; (B5U,). For estimation purposes,
model (4) can be equivalently written as

Vi =FiflBow)+e  (6)

conditionally on uj where e_ i.~&i3’(0,6 ) Moreover, we assume u.~/V(0 ) ) independently
> T 1 qg T
from e#.

Note the similarities and dissimilarities between the proposed model (5) and the traditional
nonlinear mixed-effects (NLME) model

yijzfij( ’“i)+€ij’

with ul.~/l/(0q, 2) and e, ~#(0,¢%). First of all, conditionally on the random effects, both

models impose a restriction on the error term (Powell, 1994). However, the NLME model
requires E (| X u,) = 0, while the AL-based specification of the error given in (5) leads to

Qef SN “i(T) = 0 or, equivalently, Pr (e ;< Ox;; u;) = =. Secondly, the fixed effects can be

Comput Stat Data Anal. Author manuscript; available in PMC 2020 August 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Geraci

3.2.

Page 7

interpreted as the average value of the cluster-specific parameters, i.e. Eu.(¢ij)' or as the
1

regression parameters of the ‘zero-median’ cluster, i.e. a cluster with a zero random-effect
vector. However, the parameter is allowed to vary with the quantile level <, while B in the
NLME model is not (except for a location shift). Finally, in both approaches the variance-
covariance matrix of the random effects gives a measure of the variability of u;around

Eu.("’ij) but, again, estimates are allowed to differ by < only for the quantile mixed-effects
1

model.

In general, neither model (5) nor the NLME model provides fixed parameters that can be
interpreted as, respectively, regression quantiles or regression means for the population. This
is because random effects are allowed to enter nonlinearly in the model. (Similarly, several
generalized linear mixed models with nonlinear link functions lack marginal interpretabil-ity
(Ritz and Spiegelman, 2004; Gory et al., 2016).) In contrast, the fixed effects of a linear
(normal) mixed model remain the same after the random effects are integrated out, whereas,
in general, this is not true for the fixed effects of the LQMMs of Geraci and Bottai (2014).

Inference

In this section, we discuss NLQMM estimation and other inferential procedures.

Let¥ =X /o, be the scaled variance-covariance matrix of the random effects and define

0. = (ﬁTT,gj)T, where §; is an unrestricted m-dimensional vector, 1 < m< g(g + 1)/2, of non-

redundant parameters in ¥ .. Our goal is to maximize the marginal log-likelihood

(1 —17)
1

M M
£0:y)=N log, ] - 710g|‘l‘f| - quogo, — Mglog2z  (6)

where /1 ji= £ (B, U)).

First of all, we consider the following smooth approximation of p, (Madsen and Nielsen,
1993; Chen, 2007):

r(r— 1)—%(1— 2w ifr < (z= Do,

1 2
5

50 if(t—Dw <r< 10,

Kw, r(r) =

rT— %12(1} if r > rw,
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where r € R and w > 0 is a scalar “tuning” parameter. o— Owe have thatx, (r) — p (). A

similar approximation is given by Muggeo et al. (2012) who claimed that their method
provides a better approximation than Chen’s (2007) algorithm. However, no analytical
evidence was provided in their paper to support such claim. This point might offer scope for
additional investigation but, here, it represents a secondary issue and will not be discussed
any further.

-
Letr, = (rl-l, ...,rml_) be the vector of residuals 7= y;i = f(#- ji X;), /= 1,...,n;, for the ith

-
cluster, and define the corresponding sign vector s, = (sil, ‘.‘,sin_) with
L

-1 ifrijs(‘r—l)w,
s..=10 if(‘r—l)a)<rl.j<1w, @

1 1frij2‘rw.

(Note that the notation above has been simplified since the 7;’s as well as the s;7s should be
written as functions of the ¢, ;’s.) Then, we have

n.
1
(T T T
~21 Km’,[(rij) = f(ri Ar,+b/r;+¢; 1”1‘)’ (8)
J =

where A/is an ni x n diagonal matrix with diagonal elements {A} = (1 - s?j)/a) bj and ¢; g
ji

are two ni x 1 vectors with elements

b= ..(21—l)sij+l)

And

N P (1 2\ 2
cij—z(l ZT)wsl.j (1 2t 427 )wéij]’

respectively.

We now define the function

T T T Tyg-1
hO_.y,u)=r;Ar,+b/r +c 1”i +uw, ¥, (9)

which is akin to a regularized, nonlinear, weighted least-squares loss function. The gradient
of h with respect to u;is given
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W(@.y.uw)=~ Ji(ui)T[ZAi{yi —f(f. )} +b,] +2¥, 'w, (10)

7’

N
Where f; = ( Fa(Bow)..f (B, ul.)) and J(u)) = of(§_u)/ou], while the Hessian is given

1

by

O f i'( r’ui) & of i'(ﬂr’ui) of; '(ﬂr’ui)
N + ) oy o (11)

-
Ju,du, i=1 i Ju;

Moreover, let

u; = arg mink(0,,y,u;) (12)

u.
1

be the conditional mode of u;. For a given value of w, this can be obtained by means of
penalized least-squares. A second-order approximation of h around u; is given by

where h, = h(6 .y, u;), h;= h'(6 .y, u;) and fli =1"(0,.y,u,)/2. Since h;is zero at u, = u, we

have the following Laplacian approximation of the log-likelihood

ZiA0:y) = Nlog{r(1 _T)] - %log|‘l’1| Z h;+ z logf (270 ,) —q/2

t—l i=1

) M
_%(“i - u) Hy(u, - ﬁl))du = NlOg[ Sl l [ Z 10g|‘1‘ | +o, hi] ~
=1

T

X exp

(13)

If we ignore the negligible contribution of the first term in expression (11) (Pinheiro and
Bates, 1995), then only the first-order partial derivatives of f are required to compute (13).
Note the slimmer form of (13) as compared to a numerically integrated likelihood as in (3).

Since u; does not depend on o, the log-likelihood § a can be profiled on o leading to
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. (14)

LﬂLAp(ar; y) =N

(1 -7) 1 & .
loglg—r] - 1] - 7521 log“I‘THi

~ —1M
where 6,=0C2N)" X h,

Estimation of the parameters is carried out iteratively as described in the pseudo-code in
Appendix A. The algorithm requires setting the starting value of 8z, oz, and the tuning
parameter w, the tolerance for the change in the log-likelihood, and the maximum number of
iterations, as well as obtaining an initial estimate of the random effects (see further below).
At each iteration, the parameter w is reduced by a factor 0 < < 1. Hence, y controls the
speed at which the smoothing parameter w approaches zero. At convergence, the value of co
should be small, ideally, since the approximation of &,  to the loss function p, improves
with decreasing w.

The modes of the random effects can be obtained by minimizing the objective function of
the penalized least-squares problem using a Gauss-Newton method. Let Az be the relative

precision factor such that \P;l = A:AT (Pinheiro and Bates, 2000). Then the function in (9)

can be rewritten as

a2 012 L WwT T 2
h((),yi,ui)—”Al. ri” +b/r,+ ¢ lni+|ATui (15)
s _FIPowT T
= ‘yi_fi” +b;(y,—f)+¢ 1,
1
where
7.= ANl § 2 Al A =Al2.
l 0 1 Au 1 l
T1

Note that, in contrast to an approach based on numerical quadrature (Geraci and Bottali,
2014), the predicted random effects are a by-product of the estimation procedure.

When using the asymmetric Laplace as pseudo-likelihood, inference must be restricted to
point estimation since the distribution is misspecified (see for example Reich et al., 2010;
Yang et al., 2016). Standard errors for non-random parameters can be calculated using block
bootstrap, although this increases the computational cost. Bootstrap confidence intervals
have been shown to have good coverage in LQMMs (Geraci and Bottai, 2014).

We conclude this section by introducing additional statistics of interest that can be obtained
from the fitted model. We define Q;Q).m. _o®= fl.j(ﬁf, 0q) as the NLQMM prediction of the
(7

rth quantile of yij at level 0. Similarly, we define 0\, @) = 7, (8,.,) as the NLQMM
ij i .
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prediction of the rth quantile of j/j, at level 1 (i.e., at the cluster level). Since model (4) is
conditional on the random effects, only predictions at level 1 can be interpreted as sample
quantiles. As a consequence, if the model is correctly specified, the proportion of negative
residuals (PNR) at level 1 should be approximately r. In contrast, predictions at level O can
be seen as sample quantiles of the ‘zero-median’ cluster.

4. Simulation study

In this section, we perform a simulation study to evaluate statistical and computational
characteristics of the proposed methods. We start from a setting similar to the one used in
Pinheiro and Bates (1995), which is ideal for normal NLME models, and then investigate
scenarios more apposite for NLQMM.

In the first scenario, we simulated the data from the following logistic model

By —=Byt+uy;
y..:
Y14 exp{(ﬂ2 + 1y — xl.j)/ﬁ3

] +(By+e,)  (16)

where = (70, 10, 3, 10) T, u, = (u; ;. uy;) ' ~H#(0,. T),x; ~2(0,20), and e, ~#(0, 1). The random

effects are thus associated with the asymptotes (8; and B,) and the sigmoid’s midpoint (5).
Their variance-covariance matrix was defined as

2:[4 ‘2].

-2 5

In the second scenario, we used the same model (16), but we sampled the errors from a
standardized chi-squared distribution with 3 degrees of freedom, i.e el.j~)(§/\/6.

In the third scenario, we slightly changed model (16) and used

)

y.A =
Yoo+ exp{(ﬁ2 +u; = X = 0.5xijeij)//)’3

} + B, (17)

where B=(1,4,1,0)T, xij~%(0,5), us~#(0,0.1), and eij~;(§/@. Note that the error is skewed

as in the second scenario but now operates within the exponential function. In this
heteroscedastic model, there is only one random effect associated with the sigmoid’s
midpoint.

In the fourth and last scenario, we used the biexponential model
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vij= (B + “u)eXP{_eXP(ﬂz + 1), j} + (B3 + “3i)eXP{_eXP(ﬂ4 + 1), j} + (1= x;/8)e;
(18)

where u; = (1, uy; g u 4l.)T~/V(0 o Z), x,~%(0.8), and €;~V(0.0.1), with parameters 8= (2,
0.8,0.4,-1.5)Tand = = 0.11,,.

In all scenarios, we used a balanced design (n/= n, 7=1, ... ,M)with three sample sizes: (M
=50, n=5), (M =100, n=5), and (M =100, n = 10). Instances of replications are shown in
Fig. 1. For data sampled from models (16) and (17), we fitted mixed-effects logistic quantile
functions with parameter ¢, ;= F;iB. + Gju;, where

100 -1
0100
ij71001 0
000 1

in the first 3 scenarios,

in the first and second scenarios, and Gj; = (0, 1, 0, 0)T in the third scenario. For data
sampled from model (18), we fitted mixed-effects biexponential quantile functions with
parameter ¢, ;= F B, + G, where Fji=G;i= ly.

For each scenario, we replicated R = 500 datasets and fitted NLQMMs at three quantile
levels using r T € {0.1, 0.5, 0.9}. Estimation was carried out by following the algorithm as
described in Appendix A. An attempt to maximize the approximated Laplacian log-
likelihood (13) was made by using the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
algorithm (optim) in the first instance. Upon failure of the BFGS algorithm during any
iteration of the main estimation algorithm, the latter was started again and a new attempt to
maximize (13) was made by using the Nelder-Mead algorithm. The maximum number of
iterations was set to 500, while the tolerance for the relative change in the log-likelihood was
set to 1072,

We now provide details on starting values for the algorithm (further discussion on this point
is given at the end of this section) and other computational aspects. Starting values for B,
were taken from nonlinear quantile regression (NLRQ) for independent data (Koenker and
Park, 1996), while the mean NLRQ deviance was used to calculate the starting value for ot.
The parameter §; was initialized using the estimate from NLME. It should be noted that both
NLRQand NLME are nonlinear models whose estimation algorithms may too, in general,
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need starting values. These were obtained from a ‘crude’ minimization of Zi|yi - fi(ﬂ)|

Nelder-Mead. The Newton-type optimization algorithm (nlm) to estimate the random effects
was initialized with the predictions from NLME. The starting value for the tuning parameter
w was set equal to maxz1,. . v {I{BNLRI T [TABNLRQI(1-T)}2, where r{BnLrq) denotes
the NLRQ residuals, along the lines of the approach suggested in Chen (2007, p. 143).
Between two successive iterations, w was multiplied by the factor = 0.2. All the
parameters of the optimization algorithms in optim and nlm were set at their default values.
COmputations were performed using the R environment for statistical computing and
graphics (R COre Team, 2016) version 3.3.2 on a desktop computer with a 3.60 GHz quad
core i7-4790 processor and 16 GB of RAM.

Before we proceed with the analysis of the results, it is important to note that, in general, the
nonlinearity of the models along with the presence of the random effects poses a difficulty
for establishing the “true’ value of B for quantiles other than the median (see for example the
simulation study in Karlsson, 2008), even when the errors are normal. For example, in the
logistic model not only the asymptotes B; and B; 4 but also the midpoint A, » and the scale

P 3 change with r in a rather complicated way. (An exception is given by model (17) for
which the lower and upper asymptotes (B, 4 and B, 1, respectively) do not change with r.)
We find solace in observing that such limitation brings out one of the advantages of quantile-
based over moment-based modelling, since direct estimation of conditional quantiles does
not require nontrivial manipulation of nonlinear relationships (Demidenko, 2013, p. 435). As
a reference, we can consider the corresponding results from NLRQ under the assumption of
independent observations. Similarity of the magnitude and direction of the estimates would
support the interpretation of B; as regression parameters of the ‘zero-median’ cluster, while
comparing the variability of the estimates from NLQMM and NLRQ would inform us on
whether accounting for clustering provides a gain in efficiency. Additionally, we determined
the proportion of negative level-1 residuals (PNR)

>

1 S A1
~ Ly, -0 (<0
Nl';lj;l ‘ Y yijlui

which is expected to be approximately equal to r. All summary measures were averaged over
the replications.

The average estimates t and standard deviations of the estimates are reported in Tables 1-4.
In summary, NLQMM estimates were close to NLRQ estimates in all scenarios. The
variability of the estimates from NLQMM was either lower or close to that of the estimates
from NLQR, and the standard errors decreased with increasing M and n. Of all the results,
perhaps those related to the quantile 0.9 in the third scenario (Table 3) deserve more
discussion. Both NLQMM and NLRQ clearly failed to provide meaningful estimates of the
parameters. This is due to the fact that the range of the simulated values for x was not wide
enough to correctly estimate the upper asymptote at upper quantiles. This observation may
have a particular relevance when modelling reference growth curves. Further, the estimated
variance-covariance parameters and the predicted random effects obtained from (12) were,
in general, consistent with the parameters of the true distribution of the random effects,
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although, as noted before, direct comparisons are not straightforward (additional results are
reported in supplementary material).

In general, PNR rates for NLQMM were equal to the expected nominal r or within binomial

variability, i.e. 7 + 1.96 N~ 12(1 — 7). However, in the fourth scenario PNRs were somewhat
below (T = 0.1) or above (t = 0.9) the expected proportion. The PNRs for NLRQwere in
general closer to the nominal r. This is explained by the different models’ setups and
estimation procedures. While NLQR provides quantiles of the ‘marginal” distribution of yjj,
NLQMM seeks a balance between random effects and errors. Given the approximated nature
of (13), some inaccuracies in NLQMM are inevitable, especially at smaller sample sizes.

We now provide basic details about the algorithm’s performance at the larger sample size (M
=100, n = 10) and a few recommendations. On average, it took about 7 iterations
(approximately 35 s) to fit one model for the quantile 0.1 or 0.9, and about 6 iterations
(approximately 20 s) for the median in the first two scenarios. In the third scenario it took
between 2 and 7 iterations (approximately 20 s on average) to fit one model for any of the
three quantile levels. In the fourth scenario, the algorithm needed a similar number of
iterations as in the first two scenarios but the time to convergence was, on average, twice as
long. This means that, within each iteration, the number of function evaluations required by
optim to fit the more complex biexponential model was greater than that needed to fit the
logistic model. In the first two scenarios, the median value of the smoothing parameter co at
the last iteration was about 2.0 x 10-3 for all considered quantiles. In the third scenario, it
was less than 4.5 x 107° for the tail quantiles and 0.5 for the median. In the fourth scenario,
it was less than 4.5 x 107 for all considered quantiles.

In a separate analysis with M = 100 and n = 10 (results not shown), the average number of
iterations to convergence increased to at least 10 when » was increased to 0.5. In contrast,
the algorithm converged too qyickly to smaller values of the log-likelihood when setting y to
less than 0.2. We recommend using y between 0.2 and 0.5 in most situations.

Further, in the first three scenarios the average number of iterations and the values of the
estimates were not particularly sensitive to the specific algorithm used for optimizing the
log-likelihood, although the BFGS algorithm did fail to converge in about 20% of the
replications, more often when estimating tail quantiles (28%) rather than when estimating
the median (12%). In contrast, BFGS never failed to converge in the fourth scenario. We
then ran a separate analysis (results not shown) in which biexponential models were fitted
exclusively using Nelder-Mead. For T = 0.1, estimates were unreasonable. WWe recommend
using BFGS as default optimization algorithm.

Finally, we comment on the sensitivity of the algorithm to different starting values. We
simulated data from the first scenario with M = 100 and n = 10 and we fitted NLQMMs for
three quantile levels T € {0.1, 0.5, 0.9}. In one case, we used the starting values as defined
above. Let us denote the resulting estimate by @1. In another, we initialized g using a

nonlinear least squares (NLS) estimate (Bates and Watts, 1988), while the square root of the
mean NLS deviance was used to calculate the starting value for ot. The parameter §, was
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initialized using the NLME estimate as before. Let us denote the resulting estimate by 52.

The relative absolute difference of the norms ”élu and ”92” was always less than 3%.

In summary, we conclude that the proposed algorithm gives similar estimates as long as
starting values are obtained from analogous models, i.e., NLS or NLRQ, for initializing and
B, and NLME for initializing B, and the random effects. In turn, starting values for NLS,
NLRQ, and NLME can be obtained from a crude estimate as those provided by a self-
starting nonlinear function (R COre Team, 2016). For details on nonlinear algorithms in
NLS, NLRQ, and NLME, we refer the reader to the relevant publications (Bates and Watts,
1988; Koenker and Park, 1996; Pinheiro and Bates, 1995, 2000).

5. Applications

5.1.

Pharmacokinetics

We begin with the analysis of a dataset taken from an old pharmacokinetics study (Kwan et
al., 1976), often used as a toy example in nonlinear regression modelling (Davidian and
Giltinan, 1995; Pinheiro and Bates, 2000). The data consists of 11 measurements of plasma
concentrations of indomethacin which was injected intravenously in 6 subjects. In this study,
the goal is to model the distribution and elimination of the drug. By using NLME, one is
able to describe how the average drug concentration changes (nonlinearly) over time while
taking into account the heterogeneity among subjects. It might also be of interest to model
change on the tails of the distribution to establish, for example, percentile reference limits
for drug concentration at specific times after injection or to compare rates of change across
quantiles. The advantage of NLQMM is, first of all, its ability to model the quantiles of
interest directly. The importance of this advantage becomes apparent if we consider that the
marginal distribution in NLME generally lacks a closed form (Demidenko, 2013). Another
advantage of NLQMM is its flexibility when assessing the impact of covariates on the
location, scale, and shape of the conditional distribution of the response (Geraci, 2016). In
contrast, NLME’s scope is limited to the modelling of location-and location-scale-shift
effects, always within the bounds of a normal shape of the errors.

To analyse the Indomethacin Data, we used the biexponential model

Qyijlui(r) = (‘Br, 1+ i)exp{—exp(ﬂr’ ,t u2i)tj} + (/)’T’ 3+ u3l.)exp{—exp(/)’r’ 4)tj}’

where yj; denotes the jth measurement of drug concentration (mcg/ml), /= 4..., 1, on the ith
subject, i = 1,..., 6, and tj is the time (hr) of the measurement since injection (given that the
design is common to all subjects and the dataset is balanced, t does not depend on i). We
modelled the variance-covariance of the random effects using the diagonal matrix

L= eez - af « (variance components). Note that the regression model above includes 3

random effects, one for each of the first 3 fixed effects. In a separate analysis (results not
shown), we found that the random effect associated with B, 4, T € {0.1, 0.5, 0.9}, had near-
zero variance (see also Pinheiro and Bates, 2000, p. 283).
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In this two-compartment model, the first exponential term determines the initial, rapidly
declining distribution phase of the drug. The elimination of the drug is the predominant
process during the second phase and is primarily determined by the second exponential
term. Besides the average rates at which the drug is distributed and then eliminated, it might
be of interest to assess the change over time of concentrations that are higher or lower than
the mean. The left plot of Fig. 2 shows the boxplots of indomethacin concentration at each
measurement occasion. It appears that the scale and possibly even the shape of the
distribution are changing over time. This would mean that the rates are not similar across the
quantiles of the conditional distribution.

The fitted biexponential curves for T €{0.1, 0.5, 0.9} are given in the right plot of Fig. 2,
while estimates of the fixed effects and their standard errors are reported in Table 5. The
average rate (NLME) at which the drug decreases during the distribution phase was
comparable to that of the 90th centile. However, the decrease was about 20 % faster at the
lower 10th centile but about 20% slower at the median as compared to the mean. During the
second phase, the rate of decrease was, again, greatest at the 10th centile. However, the
average rate was similar to that of the median and greater than that of the 90th centile. One
implication is that the distribution of the response becomes increasingly right-skewed as
time passes. This is an advantage of NLQMM over NLME as the latter cannot obviously
model changes in the shape of the distribution.

Finally, there was substantial heterogeneity among subjects regarding starting concentration
levels during the distribution phase, especially at the 90th centile (Table 6). The predicted
biexponential individual curves for each of the 6 subjects are given in Fig. 3. This kind of
plot provides potentially useful information at the individual level. For example, the
estimated drug concentration over time for the individual labelled as ‘Subject 3’ clearly
shows a wider spread as compared to the other individuals.

5.2. Growth curves

In this section, we analyse data on growth patterns of two genotypes of soybeans: Plant
Introduction #416937 (P), an experimental strain, and Forrest (F), a commercial variety
(Davidian and Giltinan, 1995). The response variable is the average leaf weight of 6 plants
chosen at random from each experimental plot and measured at approximately weekly
intervals, between two and eleven weeks after planting. The experiment was carried out over
three different planting years: 1988, 1989, and 1990. Eight plots were planted with each
genotype in each planting year, giving a total of 48 plots in the study (Pinheiro and Bates,
2000).

Here, the goal is to compare growth of the plants in the two genotypic groups, P and F. We
consider the application of NLQMM for reasons analogous to those given in the preceding
example. From previous analyses of these data (Davidian and Giltinan, 1995; Pinheiro and
Bates, 2000), we know that the experimental strain yielded on average heavier plants than
the commercial variety in one particular year. Two questions of interest here are how the two
genotypes compare at different quantiles of leaf weight and whether quantile treatment
effects depend on planting year.
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Fig. 4 shows the temporal trajectories of the average leaf weight for individual plots. It is
apparent that the experimental strain yielded heavier leaves than the F variety, at least on
average. There also seem to be differences between planting years, with a wider spread of
the curves in 1989. Given that previous analyses of these data focused on the average growth
curves, we set out to investigate growth in the tails of the distribution. For our analysis, we
used the same logistic model as that in Pinheiro and Bates (2000, p. 293) which was selected
over a number of alternative models, that is

. P 1ij

I+ e"p{(‘/’r, 2]~ tij)/(/)rjij}

o,

y Iui

ij

where yjj denotes the average leaf weight (g) observed on occasion j, j = 1,..., nj, in the ith
plot, i =1,..., 48, and t;; is the time (days) of the measurement after planting. The number of
measurements per plot ranged between 8 and 10. The design matrices of the 3 x 1 parameter
#:ij= FjiB- + Gjjujwere given by
| x§_§9) ZEJ?O) Xg_’) 15559)_ ng) nggm, xg?) 00 0 0 00 0
F.=[o0 0 0 o0 0 1 89,00 () gy

ij ij ij ij
00 0 0 0 0 00 0 0 1;51(.?9);51(]9.“

and GI.J. =[10 O]T. Thus,B is a 13 x 1 vector. The covariates in the F matrix are dummy

variables for year of planting, 89 and x(®9), and genotype, x(P). The baseline is represented
by year 1988 and variety F. The only random effect included in the model was associated
with the asymptote.

The three plots in Fig. 5 show the 5th centile, 95th centile, and mean predicted growth
curves by variety and planting year, while the estimates and standard errors of the fixed
effects are reported in Table 7. For the sake of brevity, we confine our discussion to the
genotypic effect on the asymptote. In 1988, the experimental strain had an advantage over
the commercial variety but only at the 95th centile of the leaf weight distribution, with an
estimated asymptote difference of 6.31 g (as given by ﬁr, »in following year, the overall

effect of variety P on the asymptote (calculated as ET 4t ﬁT 5) was equal to 6.95 g at the 5th

centile and 10.67 g at the 95th centile. In comparison, the mean effect was 7.19 g, closer to
the 5th than to the 95th centile. However, the interaction between variety and year 1989 was
not statistically significant at the 95th centile. Finally, in 1990 the overall effect of variety P
on the asymptote (calculated as ET’ 4t ﬁr’ o) was relatively small at both the 5 th (0.58 g) and

95th (2.81 g) centiles. In summary, the experimental strain did yield heavier leaves than the
F variety, not only in 1989 as estimated by NLME, but also in 1988, and the magnitude of
the genotypic effect was dependent on the quantile level.
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6. Final remarks

Mixed-effects modelling has a long tradition in statistical applications. There is a vast
number of applications of mixed models to the analysis of clustered data in the social, life
and physical sciences (Pinheiro and Bates, 2000; Demidenko, 2013). Linear quantile mixed
models (Geraci and Bottai, 2007,2014) have too been used in a wide range of research areas,
including marine biology (Muir et al., 2015; Duffy et al., 2015; Barneche et al., 2016),
environmental science (Fornaroli et al., 2015), cardiovascular disease (Degerud et al., 2014;
Blankenberg et al., 2016), physical activity (Ng et al., 2014; Beets et al., 2016), and
ophthalmology (Patel et al., 2015,2016). The present paper provides a novel and valuable
contribution to the modelling of nonlinear quantile functions which broadens the
applicability of quantile regression for clustered data.

NLQMMs represent a flexible alternative to nonlinear mixed models for the mean as they
allow direct estimation of conditional quantile functions without imposing normal
assumptions on the errors. As shown in two real data examples, NLQMMs reveal nonlinear
relationships that may be quantitatively and qualitatively different at different quantiles.
Also, changes in location, scale, and shape of the response distribution determined by the
covariates are naturally brought into light by examining central and tail quantiles (Geraci,
2016).

As compared to NLRQ, which is based on the assumption of independent data, the proposed
models provide additional information about the heterogeneity among clusters and allow for
inference at the cluster level. The results of a simulation study show that NLQMM
predictions at the cluster level have approximately the correct quantile level. The results also
support the interpretation of the predictions at level 0 as sample quantiles of the ‘zero-
median’ cluster.

The performance of the novel algorithm, a blend of a smoothing algorithm for quantile
regression and a second order Laplacian approximation for nonlinear mixed models, was
satisfactory overall. The average number of iterations to convergence (5 to 7) and average
time needed (20 to 30 s with the larger sample size, and 5 to 15 s with the smaller sample
size) were acceptable. An important advantage of the proposed algorithm relative to, say,
numerical quadrature (Geraci and Bottai, 2014) is the availability of estimated random
effects at convergence. However, it is precisely the estimation of the random effects that
takes up most of the running time. We believe that there is scope for further improvement
and this is part of future research.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Appendix A.: NLQMM estimation

The estimation algorithm for NLQMM is based on a set of decreasing values of w. This
optimization approach has the appealing advantage of reducing the original nonsmooth
problem to an approximated L, problem. The pseudo-code is given below.

Smoothing Algorithm with Laplacian Approximation for Nonlinear Quantile
Mixed Models

1. Set the maximum number of iterations T; the factor 0 < y < 1 for reducing the
tuning parameter w the tolerance for the change in the log-likelihood; and t =
0. Estimate the starting values as follows:

a. obtain an estimate for ﬂgo) lusing nonlinear quantile regression

(Koenker and Park, 1996). See, for example, the function nlrqg in the
R package quantreg (Koenker, 2016) which supports self-starting
models such as SSlogis. If the nonlinear quantile regression
algorithm fails, consider the estimate of the fixed effects from the
NLME model in step (I.b) below or, if the latter fails too, a standard
NLS estimate (Bates and Watts, 1988);

b. obtain an estimate for §§0) from an NLME model. See, for example,

the function nlme in the R package (Pinheiro et al., 2014). This
function too supports self-starting models. If the NLME algorithm

fails, provide an arbitrary value £%;

c. obtain an estimate for 620) For example, this can be estimated as the

mean of the absolute residuals from step (1.a) above;

d.  provide a starting value »(® (see, for example, Chen, 2007, p. 143);
e.  using 5, &2, and o solve the penalized least-squares problem
(12) to obtain u{”), i =1, M. See, for example, the R function nim.
2. Whilet<T

a. Update 6 by minimizing (13) (or (14)). See, for example, the R
function optim.

b. If the change in the log-likelihood is smaller than a given tolerance
. then return ¢+ 1;
i, elsesetg! T D =00 (D) = 5. o(D; t= t+1; go to step
T T
(2.a).

3. Update s andu, i=1,... M.

Comput Stat Data Anal. Author manuscript; available in PMC 2020 August 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Geraci Page 20

References

Abrevaya J, Dahl CM, 2008 The effects of birth inputs on birthweight: Evidence from quantile
estimation on panel data. J. Bus. Econom. Statist 26 (4), 379-397.

Alfd M, Salvati N, Ranalli MG, 2016 Finite mixtures of quantile and M-quantile regression models.
Stat. COmput 27 (2), 547-570.

Austin PC, Tu JV, Daly PA, Alter DA, 2005 The use of quantile regression in health care research: A,
case study examining gender differences in the timeliness of thrombolytic therapy. Stat. Med 24 (5),
791-816. [PubMed: 15532082]

Bache S, Dahl C, Kristensen J, 2013 Headlights on tobacco road to low birthweight outcomes. Empir.
Econ 44 (3), 1593-1633.

Barneche DR, Kulbicki M, Floeter SR, Friedlander AM, Allen AP, 2016 Energetic and ecological
constraints on population density of reef fishes. Proc. R. Soc. B: Biol. Sci 283 (1823), 1-8.

Bates DM, Watts DG, 1988 Nonlinear Regression Analysis and its Applications Wiley, Hoboken, NJ.

Beets MW, Weaver RG, Turner-McGrievy G, Moore JB, Webster C, Brazendale K, et al., 2016 Are we
there yet? COmpliance with physical activity standards in YMCA afterschool programs. Childhood
Obesity 12 (4), 237-246. [PubMed: 27096191]

Beyerlein A, 2014 Quantile regression-opportunities and challenges from a user’s perspective. Am. J.
Epidemiol 180 (3), 330-331. [PubMed: 24989240]

Blankenberg S, Salomaa V, Makarova N, Ojeda F, Wild P, Lackner KJ, et al., 2016 Troponin | and
cardiovascular risk prediction in the general population: the BiomarCaRE consortium. Eur. Heart J
37 (30), 2428-2437. [PubMed: 27174290]

Canay IA, 2011 A simple approach to quantile regression for panel data. Econom. J 14 (3), 368-386.

Chen C, 2007 A finite smoothing algorithm for quantile regression. J. COmput. Graph. Statist 16(1),
136-164.

Chen X, Koenker R, Xiao Z, 2009 COpula-based nonlinear quantile autoregression. Econom. J 12 (s1),
S50-S67.

COntreras M, Ryan LM, 2000 Fitting nonlinear and constrained generalized estimating equations with
optimization software. Biometrics 56 (4), 1268-1271. [PubMed: 11129490]

Davidian M, Giltinan DM, 1995 Nonlinear Models for Repeated Measurement Data Chapman and
Hall/CRC, Boca Raton, FL.

Davidian M, Giltinan DM, 2003 Nonlinear models for repeated measurement data: An overview and
update. J. Agric. Biol. Environ. Stat 8 (4), 387.

Degerud E, Loland O, Uel PM, Seifert R, et al., 2014 Vitamin D status was not associated with ‘one-
year’ progression of coronary artery disease, assessed by coronary angiography in statin-treated
patients. Eur. J. Preventive Cardiol 22 (5), 594-602.

Demidenko E, 2013 Mixed Models: Theory and Applications with R, second ed John Wiley & Sons,
Hoboken, NJ.

Ding R, McCarthy ML, Desmond JS, Lee JS, Aronsky D, Zeger SL, 2010 Characterizing waiting room
time, treatment time, and boarding time in the emergency department using quantile regression.
Acad. Emerg. Med 17 (8), 813-823. [PubMed: 20670318]

Duffy LM, Olson RJ, Lennert-COdy CE, Galvan-Magana F Bocanegra-Castillo N, Kuhnert PM, 2015
Foraging ecology of silky sharks, Carcharhinus falciformis, captured by the tuna purse-seine
fishery in the eastern Pacific Ocean. Mar. Biol 162 (3), 571-593.

Farcomeni A, 2012 Quantile regression for longitudinal data based on latent Markov subject-specific
parameters. Stat. COmput 22 (1), 141-152.

Fornaroli R, Cabrini R, Sartori L, Marazzi F, Vracevic D, Mezzanotte V, et al., 2015 Predicting the
constraint effect of environmental characteristics on macroinvertebrate density and diversity using
quantile regression mixed model. Hydrobiologia 742 (1), 153-167.

Fu L, Wang YG, 2012 Quantile regression for longitudinal data with a working correlation model.
COmput. Statist. Data Anal 56 (8), 2526-2538.

Galvao AF, 2011 Quantile regression for dynamic panel data with fixed effects. J. Econometrics 164
(1), 142-157.

Comput Stat Data Anal. Author manuscript; available in PMC 2020 August 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Geraci

Page 21

Galvao AF, Montes-Rojas GV, 2010 Penalized quantile regression for dynamic panel data. J. Statist.
Plann. Inference 140 (11), 3476-3497.

Geraci M, 2014 Linear quantile mixed models: The lgmm package for Laplace quantile regression. J.
Stat. Softw 57 (13), 1-29. [PubMed: 25400517]

Geraci M, 2016 Qtools: A collection of models and other tools for quantile inference. R J 8 (2), 117-
138.

Geraci M, 2018 Additive quantile regression for clustered data with an application to children’s
physical activity. J. R. Statist. Soc. C http://dx.doi.org/10.111/rssc.12333, Pre-print available at
ArXiv e-prints: arxiv:1803.05403vI [stat. ME].

Geraci M, Bottai M, 2007 Quantile regression for longitudinal data using the asymmetric Laplace
distribution. Biostatistics 8 (1), 140-154. [PubMed: 16636139]

Geraci M, Bottai M, 2014 Linear quantile mixed models. Stat. COmput 24 (3), 461-479.

Gilchrist W, 2000 Statistical Modelling with Quantile Functions Chapman & Hall/CRC, Boca Raton,
FL.

Gory JJ, Craigmile PF, MacEachern SN, 2016 Marginally interpretable generalized linear mixed
models, ArXiv e-prints, arxiv: 1610.01526.

Huang Y, Chen J, 2016 Bayesian quantile regression-based nonlinear mixed-effects joint models for
time-to-event and longitudinal data with multiple features. Stat. Med 35 (30), 5666—5685.
[PubMed: 27592848]

Karlsson A, 2008 Nonlinear quantile regression estimation of longitudinal data. COmm. Statist.
Simulation COmput 37 (1), 114-131.

Koenker R, 2004 Quantile regression for longitudinal data. J. Multivariate Anal 91 (1), 74-89.

Koenker R, 2005 Quantile Regression Cambridge University Press, New York, NY.

Koenker R, quantreg: Quantile Regression; 2016, R package version 5.29

Koenker R, Bassett G, 1978 Regression quantiles. Econometrica 46 (1), 33-50.

Koenker R, Geling O, 2001 Reappraising medfly longevity. J. Amer. Statist. Assoc 96 (454), 458-468.

Koenker R, Park BJ, 1996 An interior point algorithm for nonlinear quantile regression. J.
Econometrics 71 (1-2), 265-283.

Kwan KC, Breault GO, Umbenhauer ER, McMahon FG, Duggan DE, 1976 Kinetics of indomethacin
absorption, elimination, and enterohepatic circulation in man. J. Pharmacokinetics
Biopharmaceutics 4 (3), 255-280.

Lamarche C, 2010 Robust penalized quantile regression estimation for panel data. J. Econometrics 157
(2), 396-498.

Lindsey JK, 2001 Nonlinear Models for Medical Statistics Oxford University Press, New York, NY.

Lindstrom MJ, Bates DM, 1990 Nonlinear mixed effects models for repeated measures data.
Biometrics 46 (3), 673-687. [PubMed: 2242409]

Lipsitz SR, Fitzmaurice GM, Molenberghs G, Zhao LP, 1997 Quantile regression methods for
longitudinal data with drop-outs: Application to CD4 cell counts of patients infected with the
human immunodeficiency virus. J. R. Statist. Soc. C 46 (4), 463-476.

Madsen K, Nielsen HB, 1993 A finite smoothing algorithm for linear /4 estimation. SIAM J. Optim 3
(2), 223-235.

Marino MF, Farcomeni A, 2015 Linear quantile regression models for longitudinal experiments: an
overview. METRON 73 (2), 229-247.

McCulloch CE, Neuhaus JM, 2011 Misspecifying the shape of a random effects distribution: Why
getting it wrong may not matter. Statist. Sci 26 (3), 388-402.

Mizera I, 2018 Quantile regression: Penalized In: Koenker R, Chernozhukov V, He X, Peng L (Eds.),
Handbook of Quantile Regression. In: Handbook of Modern Statistical Methods, Chapman &
Hall/CRC, Boca Raton, FL, pp. 21-39.

Muggeo VMR, Sciandra M, Augugliaro L, 2012 Quantile regression via iterative least squares
computations. J. Stat. COmput. Simul 82 (11), 1557-15609.

Muir PR, Wallace CC, Done T, Aguirre JD, 2015 Limited scope for latitudinal extension of reef corals.
Science 348 (6239), 1135-1138. [PubMed: 26045436]

Comput Stat Data Anal. Author manuscript; available in PMC 2020 August 01.


http://dx.doi.org/10.llll/rssc.12333

1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Geraci

Page 22

Ng SW, Howard AG, Wang HJ, Su G, Zhang B, 2014 The physical activity transition among adults in
China: 1991-2011. Obesity Rev 15 (S1), 27-36.

Noufaily A, Jones MC, 2013 Parameric quantile regression based on the generalized gamma
distribution. J. R. Statist. Soc. C 62 (5), 723-740.

Oberhofer W, Haupt H, 2016 Asymptotic theory for nonlinear quantile regression under weak
dependence. Econometric Theory 32 (3), 686-713.

Panik MJ, 2014 Growth Curve Modeling: Theory and Applications John Wiley and Sons, Hoboken,
NJ.

Parente PMDC, Santos Silva JMC, 2016 Quantile regression with clustered data. J. Econometric
Methods 5 (1), 1-16.

Patel DE, Cumberland PM, Walters BC, Russell-Eggitt I, COrtina-Borja M, Rahi JS, 2015 Study of
optimal perimetric testing in children (OPTIC): Normative visual field values in children.
Ophthalmology 122 (8), 1711-1717. [PubMed: 26072348]

Patel D, Geraci M, COrtina-Borja M, 2016 Modelling normative kinetic perimetry isopters using
mixed-effects quantile regression. J. Vis 16 (7), 1-6.

Pinheiro J, Bates D, 1995 Approximations to the log-likelihood function in the nonlinear mixed-effects
model. J. COmput. Graph. Statist 4 (1), 12-35.

Pinheiro JC, Bates DM, 2000 Mixed-Effects Models in S and S-PLUS Springer Verlag, New York.

Pinheiro J, Bates D, DebRoy S, Sarkar D, R COre Team, 2014 nlme: Linear and nonlinear mixed
effects models; R package version 31-117, http://CRAN.R-project.org/package=nime.

Powell JL, 1994 Estimation of semiparametric models In: Robert FE, Daniel LM (Eds.), Handbook of
Econometrics, \ol. 4 Elsevier, pp. 2443-2521.

R COre Team, 2016 R: A Language and Environment for Statistical COmputing. R Foundation for
Statistical COmputing, Vienna, Austria.

Rehkopf DH, 2012 Quantile regression for hypothesis testing and hypothesis screening at the dawn of
big data. Epidemiology 23 (5), 665-667. [PubMed: 22872112]

Reich BJ, Bondell HD, Wang HJ, 2010 Flexible Bayesian quantile regression for independent and
clustered data. Biostatistics 11 (2), 337-352. [PubMed: 19948746]

Ritz J, Spiegelman D, 2004 Equivalence of conditional and marginal regression models for clustered
and longitudinal data. Stat. Methods Med. Res 13 (4), 309-323.

Vonesh EF, Wang H, Nie L, Majumdar D, 2002 COnditional second-order generalized estimating
equations for generalized linear and nonlinear mixed-effects models. J. Amer. Statist. Assoc 97
(457), 271-283.

Wang J, 2012 Bayesian quantile regression for parametric nonlinear mixed effects models. Stat.
Methods Appl 21 (3), 279-295.

Wei Y, Terry MB, 2015 R: “Quantile regression-opportunities and challenges from a user’s
perspective”. Am. J. Epidemiol 181 (2), 152-153. [PubMed: 25526903]

Winkelmann R, 2006 Reforming health care: Evidence from quantile regressions for counts. J. Health
Econ 25 (1), 131-145. [PubMed: 15978687]

Yang Y, Wang HJ, He X, 2016 Posterior inference in Bayesian quantile regression with asymmetric
Laplace likelihood. Internat. Statist. Rev 84 (3), 327-344.

Yuan Y, Yin G, 2010 Bayesian quantile regression for longitudinal studies with nonignorable missing
data. Biometrics 66 (1), 105-114. [PubMed: 19459836]

Comput Stat Data Anal. Author manuscript; available in PMC 2020 August 01.


http://CRAN.R-project.org/package=nlme

1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnuely Joyiny

Geraci

Page 23

Scenario 1 Scenario 3

60 -

> 40-
20-
0 5 10 15 20 0 1 2 3 4 5
X
Scenario 2 Scenario 4
L]
]
L)
»
°
60~ 3 !:..
e
° [ ]
)
o
> a2 8 °
40-
1 -
20-
1 0-
0 5 10 15 20 0 2 4 6 8
X
Fig. 1.
Examples of data generated from the logistic (scenarios 1-3) and the biexponential (scenario
4) models.
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Fig. 2.
Boxplots of indomethacin concentration by measurement occasion (left) and fitted

biexponential curves at the 10th, 50th and 90th centiles of drug concentration conditional on
time since injection (right) using the Indomethacin Data.
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Fig. 3.
Fitted biexponential curves at the 10th, 50th and 90th centiles of drug concentration
conditional on time since injection for individual subjects in the Indomethacin Data.
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Observed growth curves of soybean plants. Each line represents the average leaf weight per

plant in each experimental plot. Curves are grouped by variety (left) or by year (right).
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and at the mean (right).
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Table 1

Estimates of the fixed effects from nonlinear quantile mixed-effects regression (NLQMM) and from nonlinear
guantile regression (NLRQ) with ©.€{0.1, 0.5, 0.9} for the first scenario. The estimates are averaged over 500
replications and the standard deviations are reported in brackets. Data were generated using the model’s

parameter 3 (70, 10, 3, 10)T.

B B B B PNR
NLQMM (M = 50, n=5)
=01 69.28(652) 12.85(0.91) 3.10(0.59) 9.20(2.15)  0.09
t=05 7040(0.82) 9.99(0.45) 3.06(0.15) 9.55(0.63) 0.50
=09 7309 (1.40) 7.20(0.65) 3.16(0.37) 9.12(2.42) 091

NLRQ(M =50, /7= 5)

1=01 69.22(7.98) 12.84(1.19) 3.07(0.67) 9.44(127) 0.10
t=05 69.81(1.84) 9.99(0.55) 2.99(0.39) 10.09(L61) 0.50
1=09 7213(1.63) 7.38(0.81) 2.98(0.56) 10.82(5.06) 0.90

NLQMM (M = 100, 7= 5)

t=01 69.04(208) 1279(054) 3.10(0.25) 8.93(0.63)  0.09
t=05 70.44(0.57) 10.00(0.31) 3.06(0.11) 9.55(0.42)  0.50
1=09 7316(0.87) 7.20(048) 3.17(0.22) 9.10(149) 091

NLRQ(M = 100, /7= 5)

1=01 6865(4.12) 12.80(0.72) 3.04(041) 9.54(0.78) 0.10
t=05 69.84(1.37) 10.00(0.37) 3.00(0.29) 10.12(1.13) 0.50
1=09 7211(1.17) 7.29(0.77)  3.02(0.45) 10.40(5.05) 0.90

NLQMM (M = 100, 7= 10)

t=01 6800(0.73) 12.66(0.40) 3.06(0.10) 8.79(0.34)  0.09
1=05 7023(0.38) 9.99(0.28) 3.04(0.05) 9.70(0.22) 050
©=09 7347(056) 7.28(0.38) 315(0.10) 9.76(0.52) 0.92

NLRQ(M = 100, /7= 10)

T1=01 6847(2.76) 12.77(058) 3.04(0.27) 9.54(053)  0.10
t=05 69.79(0.92) 9.99(0.33) 3.00(0.18) 10.11(0.71) 0.50
1=09 7226(0.85) 7.19(0.53) 3.11(0.32) 9.53(2.75)  0.90
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Table 2

Estimates of the fixed effects from nonlinear quantile mixed-effects regression (NLQMM) and from nonlinear
quantile regression (NLRQ) with © € {0.1, 0.5, 0.9} for the second scenario. The estimates are averaged over
500 replications and the standard deviations are reported in brackets. Data were generated using the model’s

parameter 8= (70, 10, 3, 10)T.

B B B B PNR
NLQMM (M = 50, 7= 5)
t=01 71.06(5.86) 12.90(1.00) 3.13(0.51) 10.27 (1.20) 0.09
t=05 7154(0.80) 9.96(0.43) 3.06(0.14) 10.58(0.53) 0.50
=09 7432(145) 7.11(0.77) 3.21(0.44) 9.72(356)  0.92

NLRQ (M =50, 7= 5)

1=01 7025(5.89) 12.82(1.01) 3.06(0.56) 10.71(L.03) 0.10
t=05 7098(1.75) 9.98(0.53) 2.98(0.37) 11.26(L53) 0.50
1=09 7351(1.65 7.19(0.94) 3.09(0.63) 10.77(5.75) 0.90

NLQMM (M = 100, 7= 5)

t=01 7025(1.65) 12.80(0.49) 3.09(0.21) 10.32(0.45) 0.09
t=05 7162(0.50) 9.97(0.29) 3.07(0.09) 10.55(0.36) 0.50
1=09 7445(0.90) 7.19(0.46) 3.19(0.22) 10.18(L41) 0.92

NLRQ (M = 100, /7= 5)

t=01 69.86(3.53) 12.79(0.67) 3.03(0.36) 10.81(0.65) 0.10
t=05 7106(1.23) 10.00(0.35) 3.00(0.27) 11.30(1.07) 0.50
©1=09 7341(113) 7.19(0.68) 3.08(0.45) 10.85(4.14) 0.90

NLQMM (M = 100, 7= 10)

t=01 6928(0.68) 12.70(0.40) 3.05(0.08) 10.25(0.22) 0.09
t=05 7139(0.35) 9.97(0.27) 3.05(0.05) 10.64(0.19) 0.50
1=09 7467(0.55) 7.26(0.38) 3.15(0.10) 10.98(0.58) 0.91

NLRQ (M = 100, /7= 10)

t=01 6967(253) 12.77(055) 3.03(0.24) 10.80(0.46) 0.10
t=05 71.03(0.90) 9.98(0.31) 3.01(0.18) 11.25(0.72) 0.50
1=09 7349(0.82) 7.17(0.54) 3.11(0.32) 10.73(2.86) 0.90
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Table 3

Estimates of the fixed effects from nonlinear quantile mixed-effects regression (NLQMM) and from nonlinear
guantile regression (NLRQ) with = € {0.1, 0.5, 0.9} for the third scenario. The estimates are averaged over
500 replications and the standard deviations are reported in brackets. Data were generated using the model’s

parameter 8 (1,4,1,0)T.

B B B B PNR
NLQMM (M = 50, 7= 5)
t=01 1.03(020) 405(0.32) 096(0.14) 0.00(0.01) 0.08
t=05 099(006) 319(0.16) 0.83(0.10) 0.01(0.01)  0.49
t=09 -013(0.86) 213(1.18) -151(2.13) 1.11(0.66) 091

NLRQ(M =50, /7= 5)

1=01 117(0.93) 4.08(0.68) 1.01(0.16) —0.00(0.01) 0.12
t=05 102(0.10) 3.20(023) 0.88(0.14) -0.00(0.02) 050
1=09 -033(L60) -047(3.64) -2.06(222) 0.46(0.44) 0.89

NLQMM (M = 100, 7= 5)

t=01 1.00(0.08) 400(0.14) 098(0.09) 0.00(0.00) 0.10
1=05 099(0.04) 318(0.11) 082(0.07) 001(0.01) 049
1=09 -020(0.73) 210(L09) -1.36(1.62) 1.15(045)  0.88

NLRQ(M = 100, /7= 5)

t=01 104(015) 3.99(0.24) 1.01(0.08) —0.00(0.01) 0.12
t=05 101(0.06) 3.18(0.15) 0.87(0.09) -0.00(0.01) 0.50
1=09 -036(069) -0.76(1.88) -211(1.22) 043(0.27) 0.90

NLQMM (M = 100, 7= 10)

t=01 095(0.06) 4.18(020) 092(0.08) 0.00(0.00) 0.08
t=05 1.00(0.03) 319(0.08) 085(0.05 0.00(0.01) 049
1=09 -025(093) 209(L34) -1.16(1.40) 1.11(0.36) 0.92

NLRQ(M = 100, /7= 10)

t=01 101(0.03) 396(0.06) 1.01(0.02) -0.00(0.00) 0.13
t=05 1.00(0.04) 318(0.10) 0.87(0.06) -0.00(0.01) 0.50
©=09 -048(057) -124(1.65) -2.19(0.98) 0.40(0.22)  0.90
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Estimates of the fixed effects from nonlinear quantile mixed-effects regression (NLQMM) and from nonlinear
guantile regression (NLRQ) with © €{0.1, 0.5, 0.9} for the fourth scenario. The estimates are averaged over
500 replications and the standard deviations are reported in brackets. Data were generated using the model’s

parameter 8(2,0.8, 0.4, -15)T.

B B B B PNR
NLQMM (M = 50, 7= 5)
t=01 211(0.63) 1.02(055) 0.30(0.13) -0 (c0) 0.04
t=05 206(028) 072(0.22) 088(0.13) -3.06(0.31) 0.50
t=09 209(040) 071(0.31) 1.65(0.16) =-2.40(0.18)  0.94
NLRQ(M = 50, 7= 5)
=01 200(0.60) 0.96(0.37) 046(0.15) -0 (o) 0.09
t=05 207(038) 0.71(0.30) 0.87(0.15) -3.24(152) 0.50
t=09 224(073) 0.63(0.42) 1.40(0.24) -0.92(24.07) 0.88
NLQMM (M = 100, 7= 5)
t=01 1.99(0.26) 0.99(0.16) 0.37(0.11) -oo (c0) 0.04
t=05 204(0.19) 0.69(0.16) 0.94(0.11) -3.15(0.25) 0.50
t=09 205(024) 066(0.19) 1.71(0.12) -2.46(0.14) 0.94
NLRQ(M = 100, 7= 5)
t=01 191(037) 098(0.25) 054(0.13) -oo (o) 0.09
t=05 205(023) 0.68(0.20) 093(0.13) -3.23(047) 0.50
t=09 217(031) 059(0.27) 1.46(0.16) -1.80(3.46) 0.8
NLQMM (M = 100, 7= 10)
t=01 1.93(0.19) 1.06(0.12) 0.46(0.13) -oo (c0) 0.06
t=05 204(015 0.72(0.10) 1.03(0.11) -3.19(0.17) 0.50
t=09 205(0.17) 061(0.15 1.82(0.12) -2.48(0.11) 0.94
NLRQ(M = 100, 7= 10)
t=01 186(0.26) 0.98(0.19) 061(0.14) -oo (o) 0.09
t=05 204(0.18) 0.70(0.14) 1.01(0.13) -3.27(0.24) 0.50
t=09 217(021) 061(0.19) 1.55(0.14) -2.32(1.89)  0.90
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Estimates of the fixed effects (standard errors) from three biexponential quantile mixed-effects models with t
€ {0.1, 0.5, 0.9} and from the normal nonlinear mixed-effects model (NLME) using the Indomethacin Data.

Standard errors for quantile regression estimates are based on 200 bootstrap replications. Bold denotes

statistically significant at the 5% level.

B B B B
1=01 231(048) 099(0.16) 030(0.13) -1.19(057)
1=05 255(0.28) 058(0.19) 044(0.17) -1.33(0.23)
1=09 373(052) 0.75(0.35) 069 (0.34) -1.49(0.37)
NLME 2.83(0.26) 0.77(0.11) 0.46(0.11) -1.35(0.23)
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Estimates of the variance components from three biexponential quantile mixed-effects models with tt €{0.1,

0.5, 0.9} and from the normal nonlinear mixed-effects model (NLME) using the Indomethacin Data.

ol

g

2
)

2
o3

t=01
t=05
t=09
NLME

0.78
0.59
1.34
0.33

0.06
0.08
0.05
0.03

0.02
0.02
0.06
0.01
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Page 34

Estimates of the fixed effects (standard errors) from two logistic quantile mixed-effects models with T €{0.05,
0.95} and from the normal nonlinear mixed-effects model (NLME) using the Soybean Data. Standard errors

for quantile regression estimates are based on 200 bootstrap replications. Bold denotes statistically significant
at the 5% level.

t =005 t=095 NLME
B 17.49 (1.47) 21.43(2.34) 19.43(0.95)
B -7.99(153) -7.02(2.30) -8.84(1.07)
B —066(206) -1.67(249) -3.71(1.18)
B -164(201) 631(1.99)  1.62(1.04)

Bs  859(1.93) 436(241) 557 (117)

Bs  222(205) -350(2.01) 0.15(1.18)

B 56.16(1.13) 53.71(257) 54.81(0.75)
B 330(211) -0.86(2.85) =-2.24(0.97)
Bo  194(248) -3.14(279) -4.97(0.97)
P -250(1.70) 0.51(0.97) -1.30(0.41)
A 811(0.32) 863(0.79)  8.06(0.15)

Bz -029(051) -0.76(0.85) —0.90 (0.20)
Pz 040(0.49) 044(091) -0.67 (0.21)
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