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Abstract

We consider a recurrent network of two oscillatory neurons that are coupled with inhibitory
synapses. We use the phase response curves of the neurons and the properties of short-term
synaptic depression to define Poincaré maps for the activity of the network. The fixed points of
these maps correspond to phase-locked modes of the network. Using these maps, we analyze the
conditions that allow short-term synaptic depression to lead to the existence of bistable phase-
locked, periodic solutions. We show that bistability arises when either the phase response curve of
the neuron or the short-term depression profile changes steeply enough. The results apply to any
Type | oscillator and we illustrate our findings using the Quadratic Integrate-and-Fire and Morris-
Lecar neuron models.
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1 Introduction

Coherent activity in deterministic networks of coupled oscillators often takes the form of
phase-locked activity. In this situation, relative to some common reference point, each
network element is assigned a phase that is periodic over time. The relative phase differences
between the network elements can then be computed to determine potential phase-locked
states. Such networks arise in a variety of physical and biological contexts, such as cardiac
networks [49], central pattern generating neuronal networks [9], and those described by
weakly-coupled Kuramoto oscillators [26].
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Various mathematical approaches have been developed to understand phase-locking. One of
the most common methods relies on weak coupling among the network elements, so that the
technique of averaging can be applied. This allows the phase relationship between the
network elements to be systematically reduced to the study of sets of equations on a torus,
whose roots correspond to phase-locked states [21]. Another common method uses the phase
response curve (PRC) to derive maps whose fixed points correspond to phase-locked
solutions [17]. The PRC measures the response of an oscillator to perturbations given at
specific phases of the oscillation cycle. The PRC is a mapping with domain given by the
perturbation phase and range equal to the change of phase of the periodic trajectory. A
positive (negative) value of the PRC implies that a perturbation given at that phase causes
the oscillator to increase (decrease) its phase relative to a specified reference point. Neuronal
models for which the PRC is strictly of one sign are Type I, while those in which the PRC
changes sign are Type Il [19].

Oscillators may also be subject to inputs that are not necessarily weak. In this case, the
spike-time response curve characterizes how the timing of the next spike is affected by an
input. By normalizing against the intrinsic period of the neuron, one effectively obtains a
phase response curve, albeit one that may not quantitatively match the one obtained from
weak perturbations. A synaptic current from a presynaptic neuron can be thought of as a (not
necessarily weak) input to a postsynaptic cell that may affect its phase. While there are a
wide variety of synapses, we will focus on inhibitory synapses that exhibit short-term
synaptic depression where the strength of the synapse increases as a function of period of the
presynaptic neuron. We are interested in finding situations where more than one stable
periodic solution exists as a result of the shortterm synaptic depression.

Multistability of solutions refers to the existence of multiple stable solutions for the same set
of parameters. Each of these solutions has a basin of attraction defined as the set of initial
conditions for which the starting trajectory asymptotically approaches this solution.
Multistability is thought to be of importance to a neuronal network in that each of the stable
solutions corresponds to a different network output state. Thus, the capabilities of a network
are expanded in the presence of multistability. It has been shown previously that synaptic
depression can lead to bistable states in neuronal networks [7, 30, 33]. Synaptic depression
can enhance information about stimuli in competitive networks that display a multitude of
dominance times [25], but can also detract from multistability of dominance times in noise
induced switching in excitatory networks [32].

In this study, we show that bistability of different phase-locked states can arise in a pair of
Type | neurons in which just one of the synapses exhibits short-term depression. Further, we
develop a technique for finding the phase-locked states that relies on knowing only the PRC
of each neuron, rather than the specific mathematical equations needed to describe the
evolution of a model’s voltage variable. Calculating a PRC of a neuron is a feed-forward
process in that the timing of the perturbation to a neuron can be externally controlled. There
is significant work on approximating PRCs from experimental data; for example see [36].
The maximal synaptic strength as a function of cycle period or frequency (synaptic plasticity
profile) can also be calculated in a feed-forward manner [47]. Huang [24] developed a
method to combine these two types of feed-forward information into a feedback Poincaré
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map. The stable (unstable) fixed points of this map corresponded to stable (unstable) phase-
locked solutions of the reciprocally coupled inhibitory system. Using Huang’s method, we
derive two distinct 2-D maps. For each of these maps, we derive conditions for the existence
of bistable solutions. Our analysis reveals that bistability occurs when either the PRC of the
neuron or the synaptic plasticity profile of the synapse has a sufficiently steep derivative in a
neighborhood of a fixed point. To illustrate our proposed methods, we use the Quadratic
Integrate-and-fire (QIF) model [23] and the Morris-Lecar (ML) model [34]. The QIF is the
normal form of saddle-node bifurcation of fixed points. From it, one can derive the theta
model which is the canonical Type | phase model. We use the QIF model because we can
analytically derive its PRC. The ML model is perhaps the most basic, biophysically based
planar model of a neuron and is widely used in mathematical and computational studies.

This paper is organized as follows. In Section 2, we describe the coupled systems governed
by either the QIF or ML models, together with their respective PRCs. In Section 3 we first
derive three distinct maps. The first map is 1-D, previously derived in Dror et al [17], that
describes the behavior of two coupled neurons in which the synapses are static (not
depressing). The second two maps are the aforementioned 2-D maps. We show that a stable
fixed point of the 1-D map has a corresponding fixed point of either of the 2-D maps,
however its stability may be different. In this section, we also utilize a geometric method,
developed in [4], to determine existence of bistable solutions. Section 4 concludes with a
Discussion.

2 Models and Methods

The main results of this paper hold for neuronal models that display Type | dynamics as
described below. We will analytically (numerically) calculate a family of phase response
curves (PRCs) for the QIF (ML) models. We will use this family of PRCs to construct a 2-D
map that determines the existence and stability of phase locked solutions of a reciprocally
coupled set of two inhibitory neurons. We will also use the model equations to conduct
simulations and show that the results agree with those obtained from the 2-D map.

2.1 Intrinsic neuron models: QIF and ML

The Quadratic Integrate-and-Fire (QIF) [23] model is given by

d—‘:=1+v2 (1)

V(eh) =V, whenV(r, )=V (V,<V,)

sp r

where V;> Vi, are the spike threshold and the resting potential, respectively. As soon as the
voltage V'reaches the threshold V;at a spike time Z,, Vis reset to the resting potential V;.
While we consider homogeneous neurons in this study, there is no problem in extending this
to consider heterogeneity. To do so, one could simply choose different values of V;or V, for
the two neurons.
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The Morris-Lecar [34] neuron is a conductance-based model neuron that contains leak (L),
potassium (K) and calcium (Ca) currents. The maximal conductance and reversal potential
of a given current Xare denoted by gXx and £y, respectively. The Ca current depends on an
instantaneous function m_ of the membrane voltage (V) and is given by

Iy =8c MooV — E,) Where m (V) = 0.5(1 + tanh((V — v, /k, )). The parameter v1 is the

half-activation value of the Ca current and & is the reciprocal of the slope at that point. The
leak current is given by 7, = gL(V - EL). The Kcurrent involves a dynamic activation

variable wand is given by 7, = g, w(V — E).
The equations for the membrane voltage VVand activation variable ware given by

av

=Ly = 1= I =1c)/C
dw w (V) —w

dr — (V)

where W (V) = 0.5(1 + tanh((V - w)/k»)) and 7, V) = 1A ¢ cosh((V - w)/2k)). The
parameters 5, k> and ¢ govern the K'kinetics. The parameter C denotes the membrane
capacitance and /4, denotes the current externally injected to the neuron. Depending on
parameters, the Morris-Lecar equations can model either a Type | or Type |1 oscillator. We
choose parameters such that it is the former. For the parameters we choose, the amount of
time that the voltage spends above a prescribed threshold V4, = 0 is almost fixed. We shall
assume that it is constant and call it #,,+ This gives the width of the action potential. The
time between spikes can vary based on the input a cell may receive. Heterogeneity between
cells can be introduced by varying /app.

2.2 Phaseresponse curves

The phase response curve of an oscillator describes how the period of the oscillator changes
depending on the phase at which it receives a perturbation. In general, the PRC can be
computed numerically (for model neurons) or experimentally (for biological neurons) by
injecting a brief perturbing current (such as a small current pulse) and measuring the effect
of this perturbation on the cycle length as a function of the phase of the perturbing input. If
the perturbation is infinitesimally small, then an infinitesimal phase response curve (iPRC)
of the model neuron can be obtained by linearizing the governing differential equations
about the limit cycle and solving the adjoint equation. For appropriate choices of parameters,
the iPRCs of the QIF and ML models are called Type I since they are each of one sign.
These type of model neurons delay their firing in response to inhibitory inputs independent
of the phase that the input is given.

Throughout this study, we use the term PRC to refer to responses calculated by direct
synaptic inputs. Denote by Ay the intrinsic period of a cell. Suppose a perturbing input is
given at time gt after the firing of the cell. This yields a phase ¢ = d/P, at the time of the
perturbation. Let P, denote the new cycle period which is the time between when a cell fires
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prior to a perturbation and the subsequent firing of the cell when a perturbation is given at
phase ¢. We define the PRC as

2p==p— @

We assume that the effects of a perturbation to the current cycle of a neuron only last for that
cycle. Any effects that may linger to subsequent cycles are ignored here, but treatment of
such cases can be found elsewhere [42].

The PRC of a QIF neuron can analytically be calculated using equations (1). It is given by

24 = arctan(tan(POdJ + arct;z Vr) - g) —arctan V, @

where g >0 denotes the strength of the perturbation. In Figure 1A, we show examples of the
QIF PRC for a few different choices of inhibitory synaptic strength. Note that as g increases,
the PRCs have larger amplitudes shifting to larger perturbation phases. Also note, that for
the set of g values chosen, the PRC is quite large with changes of phase up to as much as
0.8, with large gradients for large ¢.

We compute the PRC of a ML model neuron numerically. We choose parameters so that the
oscillations arise through a saddle node on invariant circle (SNIC) bifurcation. Neurons that
oscillate through a SNIC bifurcation have a Type 1 iPRC [19]. A PRC obtained from our
model neurons for a range of synaptic strength is shown in Figure 1B where we created the
PRC by applying a perturbation of the form

Isyn =8pre — postH(Vpre - Vth)[vpost - Einh] :

This is a type of perturbation that mimics a synaptic input in that it contains the driving force
Vipost = Einn Where Ejpy is the inhibitory synaptic reversal potential. The reference point to
compute the PRC is chosen to be when Vcrosses V4 in the positive direction. Note again
that this method of computing the PRC is different from computing the iPRC of a spiking
neuron which yields a strictly Type 1 PRC. The PRC we obtain is very similar, but there is a
small, insignificant, region of the PRC that is positive near small stimulus phases due to the
longer active duration of the ML neuron. Also note that for the smallest shown conductance
of g=0.01, the PRC is very small in amplitude and has small gradients for all ¢.

2.3 Modeling synaptic inputs

When a presynaptic cell rises above threshold, it sends an inhibitory input to the
postsynaptic cell. In the situation where the synapse exhibits synaptic depression, the
strength of this input is an increasing function of the interspike interval, or alternatively a
decreasing function of the spiking frequency. For the QIF model, we use a model for
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depression due to Abbott et al [1]. We let rdenote the amount of available synaptic resources
normalized to lie between zero and one. The equations governing rare given by

ﬂ_l—r
dr

between spikes of the presynaptic neuron
o (®)

rT = f -~ when the presynaptic neuron fires.

Here, the amount of available synaptic resources is reset by a fraction £€ (0, 1] at the instant
that the neuron fires and recovers to 1 with time constant z,after the spike. Hence, the value
of the depression variable rdepends on the cycle period of the neuron. To model a non-
depressing synapse, we simply choose f= 1.

When the presynaptic neuron is firing with a fixed period of A, the depression variable r
oscillates between a minimum and a maximum value at the steady state. This maximum
value attained at the onset of a spike at the steady state can be obtained from equation (5) as

—P/‘L'r
1-—e

roP)=———5—. (6)
1—fe 7

The function 7 P) is called the steady state synaptic plasticity profile and is shown in
Figure 2A. Observe that r¢{#) is a monotone increasing function.

For the ML model, we use an adapted version of the Abbott model, as in [35], that takes into
account the length of the action potential as well as making the recovery from depression
more strongly dependent on the cycle period. The model involves two variables rand s. As
above, rkeeps track of the amount of depression in the synapse. The variable swill be used
to transmit information about rto the postsynaptic cell whenever the presynaptic cell
exhibits a spike at time Z,

dr roo(Pc)_r

dr ~ T—aHoo(Vth - Vpre) B T_;H“’(Vpre B Vlh) )
d
=0 (8

ro(P) = 3(1+ atanh((P, ~ P,/k,)  (9)
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s+(tsza) = r_(tszﬂ) (10)

The function 7 (P) is the target level of recovery that the depressing synapse is trying to
reach for a given cycle period P, The parameter a = 0.6 is chosen to limit the bounds of 7
between 0.2 and 0.8, Py is the half-activation period and &y, is the reciprocal of the slope at
that point. The variable P, is calculated and updated on a cycle-by-cycle basis. In Section
3.5, in order to illustrate the dependence of bistability on the steady state plasticity profile,
we shall choose different functional foms of 7w (#) to be used in equation (9). If we wish to
model a non-depressing synapse, we take s*(z‘sp) =1

Just as above for the spiking neuron model, when an ML-based neuron is firing periodically
with period A, the value of the depression variable oscillates between a maximum and a
minimum value. In this case, it is straightforward to show that the steady state value of the
depression at the onset of a spike is given by

r(P) =71 (P) (1)

—t /T, —\P—t It
1—e¢ burst Bo ( burst) a

If we let f = ¢ "2t and then take the limit as tourst— 0 in the term (P = ty,rs), equation
(112) reduces to a form that is similar to equation (6) except that the maximum is given by 7o
(P) instead of one. Note that for narrow action potentials, the term exp(=Zyrs#/zp) is close to
one. Moreover, the steady state period will be relatively large. Thus the fraction in (11) is

effectively equal to one. Thus r (P) ~ r__(P). We shall use this approximation throughout the

duration of the paper. The function rg is plotted in Figure 2B.

2.4 Coupled equations

We shall consider a coupled system of neurons A and B. The synapse from A to B will
always be non-depressing (f=1 or s*(tsp) = 1) and will have a fixed synaptic conductance
g4 _, - The synapse from B to A can be either depressing or non-depressing depending on
the case we are considering and will clearly be noted in the subsequent text.

For the QIF model, the effect on the postsynaptic cell of this input is to decrease its voltage

by an amount g ~. Thatis

pre — poxtr

+ — - —
Vpost - Vpost 8pre — post”

This decrease can be modeled using a Dirac delta function &(9) in the coupled set of
equations below.
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+ 0\ _
VB(IB’ Sp) =V, when VB(IB’ Sp) =v(v,<v)

where & g, represents the time of the spike of A or B The dynamics for the rvariable are
given by equation (5). Note that the term 7~ only appears in the equation for dV/4/dt.

For the ML model, let 7(V/ W) = (/3pp = I = Ik = Ic2)/C. The coupled equations for neurons
Aand B are

dVA
7 = f(VA, WA) —8p_ AS+(tSp, B)Hoo(VB - Uth)[VA - Einh] (12)
dwy _ WooVa) = Wy
a = (v)
dVB _
ar = f(VB7 WB) — 84 BHoo(VA - "th)[VB - Einh]
dwp Wool V) = W
dt B TW(VB)

where the Heaviside function Heo (V= Vi) is 0 if V' < Vyyand 1 otherwise. The variable s*
(Zsp,8) Which appears only in the gV 4/dt equation is governed by the synaptic equations (7)-
(10). Thus at the moment that neuron B spikes, neuron A receives a synaptic input of

g As+(ts ,B) and then remains constant through the duration of the action potential of B.
- 14

2.5 Intrinsic and actual phase

We use a Poincaré section to define the phase of each cell at each cycle. This will lead to a
sequence of crossing times when a particular trajectory crosses the Poincaré section at the

nth cycle, which in turn will lead to a sequence of phases. A schematic that depicts various
quantities of interest needed to derive the Poincaré maps is shown in Figure 3.

Choose the Poincaré section to be at V4 = V4. The amount of time in the sth cycle that
passes after cell A fires until cell B fires is denoted by d¥,, while the amount of time after
cell B fires until cell A fires is denoted by d'z,, (Figure 3). The (activity) phase of neuron A
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(or B) is defined as the firing time d%, (or d'z;) normalized by the cycle length. Therefore, the
phases of A and B are, respectively, given by

dtn/P

n

2
; (13)
61’!

=dr,/0Q,.

In the derivations of the maps, we will make use of the PRCs of A and B which are defined
in terms of Ay and Q, the intrinsic periods of A and B. To simplify these derivations we
introduce the notation of the “intrinsic phase” of neurons A and B which are defined,
respectively, as

¢,=di /P, (14)

0,=dc, /0, (15)

Because we will be considering both static and depressing cases, we need separate notation
to demarcate each of the PRCs of neuron A. Our convention will be the following. We let
4 A(¢, 8, A) denote the PRC when it is created with a static synapse. We let Zx(4, gg—>a/")

denote the PRC when it depends on the strength of the synaptic conductance. What differs is
the choice of the second variable. In the former case the maximal conductance g, _, , is

fixed, while in the latter, the maximal conductance g5 4/~ depends on cycle period through
either equation (5) for the QIF model or equation (7) for the ML model. The PRC of cell B
is always created with a static synapse of strength g, _ , and is simply denoted by Z5(6). At

steady state, the actual phase is related to the intrinsic phase through the following:

(4

Tz

5o ¢
I=1-z,08

where g = g, _, , for the static synapse and g= gg - a/ss for the dynamic synapse, where 755

is given by equation (6) for QIF or (11) for ML.
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3 Results

3.1 Derivation of the maps

For completeness, we start with the derivation of the Poincaré map for the relative firing
times of the neurons when they are connected with static synapses [4]. Rewriting the PRC
relationship (3), we can obtain the cycle lengths of each cell in cycle nas

p,= PO[I - ZA(¢n’ 8 A)] (16)

Q,= QO[1 - ZB(gn)] - @7

Note that we use the PRC ZA(¢>, g, A) where the value in the second argument is chosen

for the non-depressing, static case. The following equations relate the firing times of the two
cells

dt,+dc, =P, (18)

de,+dt,,  =0,. (19)

n"

From the equations (15), (16) and (18), 8, can be written in terms of ¢,;

dr, 1 1 _
en = Q_O = Q_O[Pn - dtn] = Q_O[PO(1 _ZA(('bn’gB—»A)) - P0¢n]

(20)
Py _
= Q_O[l - ZA((pn’ 8p— A) - ¢n] :
Similarly, g1 can be expressed in terms of 6,;
dtn +1 1 1
¢n +17= PO = P_O(Qn - dTn) = P_O[QO(1 - ZB(gn)) - Qogn] (21)
Qo

— 1= 240,)-0,).
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using the equations (17) and (19). Thus, plugging equation (20) into equation (21) defines
the following 1-D map for the intrinsic phase of cell A (14) when the 1:1 firing order
between the cells is maintained:

¢n +17 H(¢n)

(22)

0, P
= PO - ZB( 0(1 - ZA(qsn’gB—)A) - ¢n)) -1 +ZA(¢n’§B—>A) + ¢n
0 9

The condition for 1:1 phase-locking is ¢, = ¢,+1 = ¢*. Plugging this into the map gives the
condition for a fixed point as

Polt =Z,(0%.3p _, 4)] = Qq[t ~ 250"

P
where 6* = Q_g[l = Z5(0* 85 4) — #*]

To determine conditions for 1:1 phase-locked activity, it is sufficient to rule out cases where
either of the two neurons fires consecutively. To avoid the case where B fires twice for every
one firing of A, dr;+ Py < Qnq1 + Qg must hold. This is equivalent to

Zy(b; 4 1-85 s 4) > 1= Qo Po[2 = 0;= Z4(6))]- Since ¢, , | = Qy/Py[1 =0, Z(0,)],

ZA((piJr 185 - A) > 1-0y/Py—¢;, - S0to obtain a 1:1 phase-locked solution, the fixed
point ¢* = Q/P(1 — 0% — Zx(6%)) should satisfy Z ,(¢*. 3, _, 4) > | — Qy/Py — ¢*.
Geometrically, at the fixed point, the PRC of A, ZA(¢*,gB - A), should lie above the line Z4

=1- @Qy/Py - ¢ To avoid the case of A firing twice in succession, we need the condition
Qi1 < dzj+ Py, equivalently, Zg(6) >1 - Ry/Qy — 6; Locally, this amounts to Zg(6*) >1 -
Py/Qo — 6%, i.e., the PRC of B, Zg(6), should lie above the line Zg=1 - Fy/Qy — Oat the
fixed point.

Next, we derive maps to predict the network activity in the presence of synaptic depression.
In the first case, we shall use the dynamic equation (5) to derive a 2-D map for the phase ¢,
and the depression variable r;,. This approach allows the transients due to different initial
conditions to potentially play a role in the convergence of the map to a fixed point. In the
second case, we derive a 2-D map for the phase ¢, and the period ~,,. For this case, we use
the steady state plasticity profile given in equation (9). This approach assumes that the
depression variable quickly reaches its steady state plasticity value and as a result, we only
need to track how the cycle period changes. We note that the fixed points of either of the two
maps correspond to the same phase-locked solutions.

For the first approach, assume that the strength of the B to A synapse changes according to
the dynamics of the depression variable requation (5) and is given by gg . a7, in cycle n.
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Assume that we know the values ¢, and r,,. Then we can compute the period of neuron A in
cycle nusing the expression

Pn = PO[I - ZA(¢n’ 8- Arn)] : (23)

We next modify equation (20) by rewriting 2, as given in (23) to obtain the phase of neuron
B in cycle nas

PO
en = Q_[l - ZA(¢n’ 8p— Arn) - ¢n] - (28
0

Equation (17) giving the cycle length of neuron B becomes

P
Qn = QO[I - ZB(Q_(())[1 - ZA(¢n’ 8p— Arn) - ¢n])} (25)

in cycle n. Plugging (24) into (21) and computing the depression variable using (5) over one
cycle gives a a 2-D map 1% for the evolution of the intrinsic phase of cell A and the
synaptic depression variable from cell B to cell A

¢n +17 Lllyn (¢n’ rn)

[0) P
=1 —Zg _0(1 ~Z\( by 85— at) — )|~ 1+ Za(D 85 aT) +
Py o)

, (26)
Tny1= (Zi}n (¢n’ rn)

0 P
= 1[0 prdese| = {1 = 2] Q20 = 2ty ) )|

Observe that the first equation is the same as (22) except that now the second argument of
Zy depends on g a7pas opposed t0 g, 4.

For the second approach, we derive the map where the synaptic strength from neuron B to A
changes according to the steady-state synaptic plasticity profile in equation (9) and is given

by g5l @p) in cycle n. Assume that we know the values ¢,and 7. The phase of neuron
B in cycle 7 can be found using (15) and (18) as

0,=(P,—¢,P))0,. (27)

Plugging this into (17) immediately yields the expression for the cycle length of neuron B in
cycle nas
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Qn = QO[I - ZB((Pn - ¢nPO)/QO)] . (28)

We can now obtain the phase of neuron A in cycle 7+ 1 using equations (15) and (19) as

Qn +1~ [Qn - dTn]/PO = [Qn - gnQO]/PO - (29

We can use this phase to obtain the cycle length of neuron A'in cycle n+ 1 as

Pn +17 PO[I - ZA(¢n +1'8B > Aroo(Qn))] . (30)

Similar to equation (23), the period of neuron A is determined by Z4 which is a function of

two variables. However, in this case the synaptic strength received by neuron A in cycle n

+ 1 depends directly on the cycle length of neuron B in cycle 7. The map IT% for the activity
of the network can be obtained by plugging the equations (27) and (28) into (29) and (30) as

¢n+ 1= iS (d)n’ Pn)
= %[1 - ZB(P" - ¢"Po)] Ty ¢y

Py 9 Py
Pri1= ;S (b Py) (31)
(0) P, - (/)nP P,
- PO[I - ZA(P—;) 1- ZB(Q—OO)} 5+

85— Arw(Qoll - ZB(PH_Q—?P())D)] |

A fixed point (¢*, r*) of the map (26) corresponds to a 1:1 solution. This 1:1 solution is also
represented by a fixed point of the map (31) which occurs at (¢*, P*), where P* is the
steady-state value obtained from (23) at (¢*, ). Thus the fixed points of the map 1% (26)
and IT% (31) are equivalent. In the subsections below, we will discuss two distinct ways to
find fixed points of these 2-D maps. One way is to use information obtained from the 1-D
static map (22) as shown in Section 3.2. The second way is to use a geometric method
developed in [4] as shown in Section 3.6.

3.2 Relating fixed points of the static and depressing maps

We now use the 1-D map TT (22) to find fixed points of the 2-D maps that utilize depression.
Since we have already shown above how to relate IT%7 to IT%5, we will restrict our attention
to the relationship between IT and 1%, In particular, we will show that for every value of
conductance g, _, , that produces a fixed point of the 1-D map II, there exists a
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corresponding value of gz 4 that produces a fixed point of the 2-D map I1%”". Bistability
can occur when this relationship is non-invertible.

At a periodic steady state, a depressing synapse behaves like a non-depressing one in that the
value r, converges to 4 as derived in equation (6), but where the period is determined by the
actual period of the feedback network. In particular, at the steady state, at each spike, the
voltage of the postsynaptic cell is changed an amount gg_, 475 This same change can be
achieved in a non-depressing model by choosing g, _, , =es_. r,- In other words, for any

A S.
steady state value of a depressing synapse given by the pair gz 4 and r, there exists a
corresponding value g, . , of a non-depressing synapse that yields the same synaptic
output. Alternatively, given a value g, _, , for a non-depressing synapse, we will show there
exists a pair gg—4and rgssuch that g, , = r_.. That such a pair exists is not so
-4 8ga %

obvious, because the value s, is determined by the steady state period which is itself a
function of g, 4.

A fixed point (g%, r*) of the map 119" (31) satisfies

P
Qo[1 - ZB(Q_Z[I —* = Z,(¢%. 85, A’*)])] Po[1 = Z,(d%. 85—, a7*)]

(32)

)

1—r*

P, T,
ZB(Q_O[l = = Zy(d%. 85 AA’*)]) =1- Q_Oln

At the fixed point, the steady state period P* is found by substituting the values ¢* and r*
into equation (23) to obtain P* = A1 — Za(#*, 95— 4r*)]. Because of periodicity, the value
r* = re(P¥) is calculated from (6) by evaluating at ~*. Thus if we were to try to use the
depressing map 1% alone, we would end up with an implicit equation for 7+ which is
difficult to solve. Instead, let us exploit the relationship between the 1- and 2-D maps to
compute P* independently of r*.

Assume that the 1-D map II yields a steady-state phase ¢* of neuron A when the synaptic
strength from B to A equals g, _, ,. The response ZA(¢*,gB _ A) of neuron A to

perturbations received at the phase ¢* is obtained from its PRC given by the equation (4).
This determines the steady-state period of neuron A determined by using (16) and is given
by P* = Py|1 — Z,(¢*.25 _, 4)|- We can now use this value of P* with equation (6) to obtain

r*. To be able to have the same steady-state solution with the 2-D map, the phase and period
must equal ¢* and P*, respectively and g, _, , = g5 _, 4* Thus if the 1-D map IT has a

fixed point ¢* with maximal conductance g, _, ,, the 2-D map %7 will have a fixed point

at the same fixed phase ¢* if the following holds

Pr=Py[1 = Z,(¢*.85_ 4)] (33)
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. 1- exp(P*/Tr)

T fexp(P*/z,) 34)

gB—»A
8pa= 7w (39

To summarize, for a given g, _ , and associated steady state phase ¢* of the 1-D map II,

solve (33) to find P*. Substitute this expression into equation (34) to find 7*, and in turn use
this value in equation (35) to find g, 4. This procedure yields gz 4 as a function of
Zg_, 4 Thatis there exists a function /such that

gB—>A=h(§B—>A)

(36)
- 1 = fexp(Po[1 = Z,(¢*.85 . 4])/7,)
~8B—a - exp(PO[l - ZA(¢*’gB—>A])/Tr) .

Alternatively, assume that the 2-D map is used to obtain a fixed point of (¢*, *) with the

synaptic conductance from B to A equal to gg— 4. Then the 1-D map can be used with the

synaptic strength from B to Aequal to g, _, , = * to obtain the same steady-state
B

—A
phase of g*. However, a priori, there is no guarantee that the there is a unique pair gg— 4
and r* whose product is g, _, ,. Uniqueness will occur if the function A(z, _ ,) is invertible.

When it is not, bistability can occur.

The potential lack of invertibility of a( is directly related to the stability of the fixed

gB — A)
points of the 2-D map M%7, Indeed while fixed points of the one-dimensional map IT are
stable for a large range of g, _ , values, the 2-D map undergoes two-distinct saddle-node

bifurcations as gg— 4 is varied. This will be discussed in detail below in Section 3.4.

3.3 Conditions for bistability

We now analyze the relationship g, _ , = h( given in (36). If this function is

gB — A)
invertible, then for each gg 4 there exists a unique value of g _, , such that ¢* is a fixed
phase of both the 1-D and 2-D maps. Clearly, this will occur if and only if Az, _ ,)is

monotonic. In the trivial case where there is no depression (£= 1) or if the PRC is zero,
gs—>acquals g, _ ,,and Aisan increasing function. To find where bistability may be

possible, let us derive conditions under which h( can be decreasing on some interval.

gB—>A)
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For ease of notation, let us temporarily suppress the subscript B— A. Then we can express
h(g) as

‘Om

@ = (@)

%)
~

where r(g) is found from equation (34). The derivative of the function #is

PRRCET 2
N

Y

It is sufficient to find condition under which the numerator is negative. That is, we require
the following inequality to hold

_ dr _
r(g)<7g‘8-

Use the chain rule to find
& <ap g g

For bistability to occur, equation (38) must be satisfied at the fixed point (¢*, 7). Observe
that r(g) is always positive, so the right hand side of the inequality has to be positive. By
definition, the synaptic conductance g is always positive. The derivative dr/dP depends on
the steady state plasticity profile which is also always positive by definition. The derivative
dP/dg depends on the PRC of the neuron, in fact, it equals —d.Z/dg, which can be positive or
negative. The derivative d¢/dg is obtained from the 1-D map (22). As g increases, neuron A
receives more inhibition, recovers later, causing @to increase and ¢ to decrease, hence d¢/dg
is always negative. Thus for the right-hand side of (38) to be positive, dP/d¢ must be
negative, or, equivalently, dz/d¢ must be positive. Therefore, bistability is possible only if
the fixed point occurs on the increasing branch of the PRC. This is possible for networks
coupled with small synaptic conductances, since small g gives large ¢ which falls on the
increasing branch of PRC (Figure 1).

So, the first condition for bistability is that, the conductance g, _, , must be small. In this

case, to satisfy the inequality (38), the product of the derivatives on the right hand side must
be large enough to compensate the small g value. So, we expect to get bistability when these
derivatives are large in absolute value. We will next show that we can achieve bistable phase
locking solutions with either a PRC that has a steep increasing branch (equivalently large |

dP/dg|) or with a steady state depression profile that increases rapidly with increasing period
(large dr/dP). If d¢/dg is large enough, we should also be able to get bistability. However,

we do not have direct control over this term, so it is difficult to assess its impact. We will use
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the QIF model, that has a steep PRC even for small synaptic conductances (Figure 1A) to
show that bistability occurs even with a weak depression property (Figure 2A) when |aP/dg|
is large. We will next show using the ML model if the PRC is small in amplitude for small
synaptic conductances (Figure 1B), then a much steeper plasticity profile (Figure 2B) is
necessary, i.e., dr/adPhas to be large to achieve bistability.

3.4 Bistability with depression in QIF neurons

Consider two identical QIF neurons (Vi4 = Vig=17, V4= V,g=-8). Let the synaptic
strength from Ato B be fixedatg, _, ,=4. Wevary g, _ ,, the strength from B to Aiin a

range from 3.3 to 4.8. The steady-state phase ¢* of neuron A obtained from the 1-D map
(22) M as a function of g, _, , is shown in Figure 4A. We use these values of ¢* in equation

(33) to find P*. Then use equation (34) to determine the value of the depression variable at
the steady state (7= 0.5 and z,=5). Finally, use equation (35) to find the value of gg 4
necessary to obtain the same phase locking from the depressing map 19”7 (26). The non-
monotonic relationship h(gB _ A) between the two synaptic conductances is shown in Figure
4B. Clearly for an interval of values in the range, there exist more than one value of g, _ ,
corresponding to a single value of gz, 4. This means that there is more than one solution to
the 2-D map for these values of synaptic conductance.

To understand where this region of non-montonicity lies, we will briefly discuss the
bistability conditions for the case of QIF neurons. Note that as the synaptic strength g, _, ,

is increased, the phase of neuron A decreases (Figure 4A). The firing period of the network
at the steady state is determined by this phase through the PRC of neuron A. A Type | PRC
first increases and then decreases in absolute value with increasing phase (Figure 1).
Therefore, the network period P* first increases and then decreases as g, _, , is increased.

The steady-state value of depression r* is an increasing function of 2*. As a result, 7~ also
first increases and then decreases with increasing g, _, 4.

The networks coupled with larger synaptic strengths yield smaller steady-state phases of
neuron A (Figure 4A). The PRC is increasing in amplitude for this range of phases.
Therefore, for larger synaptic strengths, 7~ decreases as g, _, , Is increased. The synaptic

strength g 4 equals the ratio g, _, ,/r*. Hence, for larger synaptic strengths, gg— 4 is
always an increasing function of g, _ ,, since the numerator g, __ , is increasing and the
denominator r* is decreasing.

On the other hand, for smaller synaptic strengths, the phase locking occurs at’larger phases

(Figure 4A), where the PRC is decreasing in amplitude with increasing phase. Here,
increasing g, _, , would yield a smaller phase, a larger period, and a larger 7~ value. In this

case, whether g 4 is an increasing or a decreasing function of g, , depends on the
derivative of * with respect to g, _, ,. When the PRC has a larger derivative (or when the

derivative of the plasticity profile is large enough as will be shown next) the increase in r* is
large, causing a decrease in gg— 4. The non-monotonicity between the two conductances is
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observed for smaller g, _ , (Figure 4B) and bistability occurs for synaptic conductances

falling in this range as expected. The intersection of the dashed horizontal line at g5 4 =
5.35 with the graph of h(gB . A) illustrates the correspondence of three different g, _, ,

values with it.

Having discussed conditions for bistability, we now plot the steady-state phase values
obtained from the 2-D map. Figure 5 shows the fixed points of the map IT1%” as a function of
95— 4. The steady-state phases ¢* are shown in Figure 5A and the value of the depression
variable r* is shown in Figure 5B. The stability of the fixed points can be found numerically
as explained below. The stable solutions are shown in black and the unstable solutions are
shown in red in the figure. For gz, 4 small, there are three fixed points, two of which are
stable. Therefore, the network has bistability for this range of synaptic strength and is
capable of exhibiting hysteresis. We plot the results of the 2-D map as a function of the total

synaptic conductance g, _, , . r* in Figure 5C. The fixed points agree with the ones
B— A

obtained from the 1-D map IT which are shown in Figure 4A. Solutions corresponding to an
interval of g5, 4 values obtained from the 2-D map are unstable (red dots) while others are
stable (black dots). In contrast, all the solutions obtained from the 1-D map are stable.
Finally, we show the activity phases ¢* of neuron A in Figure 5D. These are the actual
phases (13) of neuron A at the steady state.

The bistability occurs in this model due to saddle-node bifurcations occuring as gg— 4
varies. To understand the origin of these saddle-node bifurcations, consider first the stability
condition for fixed points of the 1-D map as derived in [17]. If ¢* is a fixed point of I, with
a corresponding 6* value, then the fixed point is (asymptotically) stable if

[z’ 4(#*. 85 _, 4) + 1)(Zj0") +1)| < 1. For a large range of values of g, _ ,, this condition is

met and fixed points of the 1-D map are stable.

To determine whether the corresponding fixed point x* = (¢*, r*) of the 2-D map (26) is
stable, we compute the eigenvalues z4 and g of the Jacobian matrix, A, obtained by
linearizing about a fixed point. These eigenvalues depend continuously on parameters and,
in particular, on gg—. 4. If none of the eigenvalues lie on the unit circle, i.e.,

{n € C:lul =1} = @, then the point x* is hyperbolic. The hyperbolicity condition can be
violated in three ways leading to different bifurcations. If one of the eigenvalues, say 4,
passes through 1, then a saddle-node bifurcation occurs. If 14 passes through —1, then a flip
bifurcation occurs. If both eigenvalues t4 and 6 are complex and pass through

|i,| = |u,| = 1, then a Neimark-Sacker bifurcation occurs.

The Jacobian matrix is given by

o™ o

A= d¢ d¢
B dym dyn|

0172 (3172

o¢ J¢
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The partial derivatives are

o 0Z,
S =20+ 1] 5 )+ )
ot 0Z,
or [ZB(Q) + I]W(‘ﬁ’gB - Ar)
oy p, 0Z , 0,
55 Trzb(e)[l —fr]|1 + W(qs, 8p A7) exp(Tr[l - ZB(e)])
o™ P 0z 0)
2 0., A 0
S—=|f+ TrZB(e)[l = frli—5. (.85 47) exp(T—r[l - ZB(e)])
P
where ¢ = Q—O[l —¢—Z,(¢.25 _, 4r)| and Z;, denotes derivative with respect to ¢. The PRC
0

of the QIF model neuron is given in Equation (4). Taking derivatives of the PRCs of neurons
A and B yields

secz(Qoa +arctanV/, )
) B
Z(0) = 71
1+ tan(Q06 + arctanV ) +84_p
B

2
sec”| Py + tanV )
0ZA _ ( 0¢ gB — A rA 1 (40)
W(d”gz;_m’)— 27"
1+ tan(POgb + arctanVrA) +85_, A]

aZA gB—»A
=57 (P8p_a7) =

2
P+ |1+ tan(P + arctanV )+ r]
0 [ 0¢ Al 8B A

We numerically evaluate the Jacobian matrix A at a the fixed point x* = (¢*, r*) of the map.
The absolute values of the two eigenvalues 4 (orange dots) and /4 (purple circles)
corresponding to each fixed point are shown in Figure 6. When the eigenvalues are both
complex, their absolute values are equal (blue box). We see that the absolute value of one of
the eigenvalues (44) exceeds 1 (green circles) when gz, 4 is small. We find that as gg - 4
varies, two distinct saddle node bifurcations occur as (4 passes through the value 1 when
954 €quals 5.06 and 5.47. Thus when gg_, 4 lies between these values, there are multiple
fixed points some of which are stable and others unstable. It is in this region in parameter
space that bistability of solutions occurs.

We also note that for fixed gz, 4, stability depends on the depression parameters fand z,as
can be seen in Equations (39) and (40). Figure 7 demonstrates the change in the bistability
region for QIF neurons as the parameter fthat controls the extent of synaptic depression is
varied. Using the same approach as above, we first obtain the fixed points of the map IT and
use the equivalence relations given by equation (33)—(35) to obtain the fixed points of the
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map T1%7. We keep the parameters that govern the neuronal and synaptic dynamics same
except the parameter fis varied from 0.5 to 1.

When f= 1, there is no depression and only one stable fixed point exists for each value of
9p— 4. As Fdecreases, the extent of the depression becomes larger and a region of bistability
emerges. The region of unstable solutions occurs over a larger interval of gg ., 4 values as
decreases. But the range of stable phases covered on the upper branch for each value of £
does not change much. The region of bistability along the lower branch does shift to smaller
phases. Therefore, as the synapse from B to A gets more depressing, the smaller stable phase
of neuron A gets smaller in the bistability region. An effect similar to the one observed when
fis decreased exists when z,gets larger since this also results in stronger synaptic
depression.

3.5 Bistability with Depression in ML Neurons

We now show how ML neurons can exhibit bistability. We first couple two ML neurons with
static synapses. We let gz, _, , be fixed at 0.1 and find the steady state network phase for a

set of g, _, , varying between 0.001 and 0.25. The steady state phase ¢* of neuron A

changes between 0.5 and 0.9 for this range of synaptic strengths and is shown in Figure 8A.

Since the increasing branch of the ML PRC is not as steep as that of the QIF, in order to
obtain bistability, we need to rely on the synaptic plasticity profile changing quickly enough.
To show the dependency on the derivative of the plasticity profile, we use three different
steady state synaptic plasticity profiles . To change the synaptic plasticity profile r, we
will change the function 7w in equation (9). Based on the approximation r .~ r_, we will

assume that the changes are made directly to the function s itself.

The first synaptic plasticity profile we use is constant, rs{#”) = 0.5 (black line in Figure 8B).
It gives results equivalent to the case when there is no depression at all and is shown for
comparison purposes with the other profiles. As the second plasticity profile, we choose a
quadratic function (blue curve in Figure 8B) that compares with the plasticity profile used
for the QIF model (Figure 2A). The minimum and maximum values of the depression
variables are denoted by rin and /max and are chosen to have the values 0.2 and 0.8,
respectively. It is given by the function 7¢(P) = (/max = fmin) (P = Pmax)APmin = Pmax))? +
Inax, Where Prin and Pryax are the minimum and maximum values the period of the neuron
B takes at the steady state when coupled with static synapses. The third plasticity profile is
modeled by a hyperbolic tangent function given in equation (9) (green curve in Figure 8B).
We shall refer to the plasticity profiles modeled by the constant, quadratic and hyperbolic
tangent functions as the constant, shallow and sharp plasticity profiles, respectively.

Although the equations (33)—(35) are derived for the map I1%””, we can adjust them for the
map IT*° given by equation (31) and find the value of the synaptic conductance value g5 4
of the depressing map IT%° corresponding to the solution of the static map IT for each
conductance g, _, ,. The relations between the two conductances for each plasticity profile

are shown in Figure 8C. We see that for the constant 75 function, the relation between the
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conductances (black line) is simply linear (gB_)A = ngA/z) and always increasing as

expected. For the shallow 74 function, the relation between the conductances (blue curve) is
nonlinear but still increasing. On the other hand, for the sharp rg function, the curve that
shows the relation between the conductances (green curve) first increases, then decreases for
a region of small conductance values and then increases again. We expect to get bistability
for conductances that fall in this range of nonmonotonicity as there are three g, _ , values

for a given gg a.

We next compute the steady state phase ¢* of neuron A using the map IT1*° for each gg_, 4 as
shown in Figure 8D. We do this by plotting the phases found from the 1-D map IT on the
95— 4 axis. For the constant 75 function, the phase ¢* is the same with the phase obtained
from the map IT (compare with Figure 8A). When the shallow 7, function is used, the curve
defining the relation between the phase ¢* and the synaptic conductance gz 4 slightly
bends for small synaptic conductances but no bistability is observed. However, when the
sharp rgs function is used, we can see that there are three steady states for a range of small
synaptic conductances. We find that the middle phase is unstable, therefore there are two
stable steady states for this range of synaptic conductances.

Next we show this bistability in a simulation of the coupled network. We numerically solved
(12) using XPPAUT [20]. Figure 9 shows an example of bistability exhibited by this
network. Panel A shows the voltage traces of the two neurons, while panel C shows the
evolution of the rvariable. At the start of the simulation, the two neurons are oscillating out
of phase with one another. Cell A (black trace) sends a fixed synaptic conductance g4 5=
0.1 to B (green trace), while the conductance from B to A has a maximum given by 705 >
=0.212 % 0.125 = 0.0265. Thus the maximal synaptic conductance from A to B is stronger
than B to A and thus A delays the firing of B more than vice versa. At £=900, we
transiently hyperpolarized neuron B for a duration of #= 200 msecs. During this time, the r
variable is being primed to grow because the cycle period of B will become much longer.
Indeed, when B is released from the hyperpolarization, ris seen to grow very rapidly as the
cycle period P, has been updated yielding a new target 7o (#,) for rto approach. The steady
state configuration that the cells settle into is nearly anti-phase where the time between
successive spikes is almost identical. This is reflected in the synaptic conductance rs95—4
=0.767 * 0.125 = 0.0959 being almost equal to g, _, , = 0.1. Panel B shows a graph of the

actual phase (13) of neuron A and panel D shows a graph of network period versus gg— 4.
The Z- and S-shaped curves in these panels indicate the existence of bistability. The
simulation shown in panel A was conducted at gg . 4 = 0.125 which is within the region of
bistability. The lower (upper) parts of the curve in panel D (B) corresponds to the early part
of the time traces in panels A and C. Here the synapse from B to A is weak because the
period of the network is small and vice versa, namely, the period is small because the
synapse from B to A is weak. The upper (lower) portion of the curve in panel D (B)
corresponds to the latter part of the time traces after the network again reaches a steady state.
Now the period is long giving the chance for the synapse from B to A to strengthen and
because the synapse is strong, the period is long.
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3.6 Geometric Approach to Finding Fixed Points
In the previous section, we found fixed points of the 2-D map IT*S by utilizing information
obtained from the 1-D map. We now describe an alternate, geometric way to find fixed
points of 2-D maps that we had developed in a separate paper [4]. To briefly describe the
idea consider first a generic 1-D map, X1 = f(x;). The geometric method that one would
use to find fixed points would be to look for intersections of the graph of y'= 7(x) with the
diagonal y= x. The generalization of this idea to a generic 2-D map X1 = F (X Vi), Vi1 =
G(x, V) 1s to view the graphs of F(x, J) and G(x, ) as surfaces in appropriate spaces and
look for their intersection with relevant planes. By then projecting the resulting curves onto a
common plane, we can identfiy intersections of those two curves as fixed points of the 2-D
map.

A fixed point (#*, P*) of the map IT%° given in equation (31) occurs when ¢* = [} (¢*, P¥)
and P+ = [I5¥ (4%, P*). The two functions z, = Hjs (¢.P)and z, = H;S (¢, P) each define 2-D

surfaces. Both functions have the same domain, but have different ranges; the former lies in
the ¢ direction and the other in the P direction. We can visualize how the fixed points are

obtained by plotting these surfaces in an augmented R3 space. We plot the surfaces [T}’ @.P)

and [’ (¢, P) on the same coordinate axis, above and below the z= 0 plane, respectively in

Figure 10A-C. The first condition for fixed points, g* = II*(g*, P*) lies along the curve
obtained at the intersection of the surface z, = H;‘ (¢, P) and the plane z; = ¢. Similarly, the

condition P* = Hgs (¢*, P*) is satisfied along the curve obtained at the intersection of the
surface z, = H; (¢, P) and the plane 2z, = P. In each case, we are intersecting two, 2-D

surfaces which results in a 1-D curve. These intersection curves are shown in black above
and below the z= 0 plane. Their projections on the z= 0 plane are also shown which are
denoted by C; and &, respectively. The fixed points of the must lie on both curves; hence it
lays on their intersection as shown on the z= 0 plane.

The graphs of the surfaces z, = Hjs (¢.P)and z, = HZS (¢, P) clearly depend on the choice of

steady state synaptic plasticity profile and associated parameters. For this section we use the
sharp plasticity profile as defined in equation (9). The parameters are the same in all
subfigures and are given in Section 3.5 except the conductance gg—. 4 We choose gg, 4 t0
equal 0.075, 0.125 and 0.225 in A, B and C, respectively. We expect to get one fixed point
when gz, 4 equals 0.075 or 0.225 as these values lay to the left and right of the bistability
region, respectively, and three fixed points when gz, 4 equals 0.125, as shown in Figure 8D.

The curve C; is common to all three cases. The reason that C; is fixed for all three cases is
that when the value gz, 4 changes, only the PRC Z4 changes. So, the only term that differs

in the map T1%* for the three cases is Z4. The term Z4 only appears in the IT5' equation and it
does not appear in the I1}° equation. Therefore, when g, 4 changes, only the curve &

moves and C; stays constant. The curve C’; lies mostly below the curve C; and they intersect
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at only one point in Figure 10A. Hence there is only one fixed point when gg, 4 = 0.075, as
expected. When gg_, 4 is increased to 0.125, the curve Cg bends and is pushed more in the P
direction () axis), creating three intersections with C; in Figure 10B. The intersections,
hence the fixed points occur at smaller phase and larger period values compared to case A.
When gz, 4 is increased to 0.225, the curve C2C is pushed more in the Pdirection, and lies

mostly above C; and only one fixed point remains. This fixed point has a smaller phase and
a larger period value compared to the cases A and B.

The projections of the fixed point curves, C; and G,, are drawn on the same coordinate axes
for three parameter sets in Figure 10D. The black curve is Cj, the intersection of the surface

2= [[}’ (#.P) and the plane 2, = g and, as discussed above, is the same for the three

parameter sets. The colored curves are G, the intersections of the surfaces z, = H;S (¢, P)

and the planes 2 = P. As C, moves and its intersection with C; changes, the number of fixed
points and their values change. It is easier to see in this figure that as the value of gg . 4
increases, the curve G, moves up causing fixed points with smaller phase and larger period
values. It is also easy to see that fixed points are gained and lost through saddle-node
bifurcations of fixed points, similarly to the QIF model.

4 Discussion

Numerous theoretical and computational studies have utilized PRCs to explore phase-
locking in oscillatory neuronal networks [2, 4, 11, 18, 17, 23, 41, 44]; see [10] for a review.
Some studies assume short or weak perturbations and use iPRCs [11, 18], while others use
more general PRCs [37, 41] obtained from inputs that are not necessarily weak. In the case
of strong inputs, PRCs do not necessarily scale linearly with input strength. Additionally,
experimental work has shown that PRCs computed using realistic synaptic inputs can differ
significantly from those computed with either weak or strong current pulse injections [22].
In turn, these differences can lead to qualitative and quantitative differences in phase-locking
properties of coupled neurons.

An additional level of complexity arises when dealing with realistic neuronal networks.
Namely, the amplitude of the synaptic current may change with the short-term history of
activity. This property, known as short-term synaptic plasticity, is observed in most synaptic
connections and, in oscillatory networks, results in gain modulation, or a modification of
synaptic strength as a function of presynaptic firing rate. If the presynaptic activity
approaches a periodic state, the synaptic strength approaches a steady state. In models of
synaptic transmission, this leads to a maximum and minimum value of the variables
governing the synaptic dynamics along the periodic solution [8, 12]. In [4], we defined the
steady-state plasticity profile to correspond to the maximum value of the synaptic strength as
a function of presynaptic frequency. We further showed how to use this function, together
with PRCs, to determine phase locking in a pair of inhibitory cells in which the underlying
equations governing the activities of the cells and synapses need not be known.
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Bistability of periodic firing patterns in the presence of synaptic plasticity has been studied
by us [7, 8, 14] and others [33, 50]. In most of these cases, some sort of model equations
were utilized to conduct the analysis. Here, using the methods developed in [24] and [4], we
show how synaptic depression gives rise to bistability of periodic solutions in reciprocally
connected networks when the only cellular information that is available is the PRCs of the
neurons. For neurons that display Type | PRCs [19], we derived two distinct but related 2-D
maps whose fixed points correspond to phase-locked solutions of the coupled network. As
the maximal strength of the depressing synapse is changed, the fixed points of these map
undergo two distinct saddle-node bifurcations that bookend a region of bistability and
hysteresis.

Through our analysis, we obtained a condition in the form of an inequality that dictates
when bistability can occur. This condition depends on both neuronal and synaptic dynamics
and requires a strong postsynaptic response that is either phase or period dependent. This
strong effect can either be achieved if the neuron has a steep PRC (phase dependency) or a
steep steady state depression profile (period dependency). We showed each of these
situations, respectively, in the context of QIF and ML model neurons.

In the case of QIF neurons, the amplitude of the PRC is relatively large and the increasing
branch of the PRC is very steep (Figure 1A). This steepness implies that the delay caused by
a synaptic perturbation depends heavily on the phase of the perturbation received, i.e., the
neuron is phase-sensitive to perturbations even for small synaptic strengths. In networks of
such neurons, a weak short-term synaptic depression property (as in Figure 2A) is enough to
create bistable phase locking modes of the network.

In the case of ML neurons, the PRC changes significantly as synaptic strength is changed
(Figure 1B). However, the PRC has a small derivative for small synaptic conductances,
which are of interest here. In this case, a weak short-term synaptic depression property is not
enough to create bistable phase locking modes. This was demonstrated by choosing different
forms of the steady state depression profile and showing that only those profiles that exhibit
sharp changes (as in Figure 2B) lead to bistability, either in numerical simulations (Section
3.5) or via the geometric method of intersecting surfaces (Section 3.6).

The techniques derived in this paper build on the work of many other researchers who have
used maps, based on inter-spike intervals, to derive conditions for phase locking (see, e.g.,
[11, 13, 17, 41]). As in the present study, in most of these studies, qualitative as well as
quantitative properties of the PRC are used to conduct the analysis. Oprisan [39] developed
similar geometric methods that depended on the shape of the PRC in order to assess phase
locking, but synaptic plasticity was not considered. Very recently, Oprisan and Austin [40]
have introduced a method to incorporate the response of two stimuli within a single cycle of
oscillation. They develop a two-stimulus response surface which shares similarities in
approach to our geometric method involving surfaces of PRCs. From a methodological
viewpoint, our approach in the current study demonstrates the usefulness of developing
maps that simultaneously track the dynamics of short-term synaptic plasticity and the PRC
effects in order to explore the stable states of recurrent networks.
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Few experimental studies have definitively demonstrated the functional roles of short-term
synaptic plasticity at the network and behavior levels. However, the role of synaptic
dynamics in network output is a rapidly growing area of research [5]. Short-term depression
plays a prominent role in the activity of several oscillatory networks, including the
thalamocortical system [15], electrosensory processing in weakly electric fish [6], olfactory
processing [43], auditory processing [38] and central pattern generation [47]. The proposed
mechanism in our study, that the shape of the PRC and depression profiles may result in the
existence of bistability, indicates a form of short-term memory that can arise in such
oscillatory networks, similar to those proposed for working memory [45]. Additionally, a
simple modification of the PRC or depression profiles, for example by neuromodulation,
may lead to transitions of the network in or out of states that allow for such activity-
dependent short-term memory states. The existence and modulation of these bistable states
may allow for gating information flow, especially in the context of sensory processing.

Acknowledgements:

This work was supported, in part, by PSC CUNY 68127-00 46 (ZA), NIH MH060605 (FN) and NSF DMS1122291
(AB).

References

[1]. Abbott L, Varela J, Sen K and Nelson S (1997) Synaptic depression and cortical gain control.
Science 275:220-224. [PubMed: 8985017]

[2]. Achuthan S and Canavier CC. (2009) Phase-resetting curves determine synchronization, phase
locking, and clustering in networks of neural oscillators. Journal of Neuroscience 29(16):5218—
33. [PubMed: 19386918]

[3]. Acker C, Kopell N, and White J (1999) Synchronization of strongly coupled excitatory neurons:
relating network behavior to biophysics. Journal of Computational Neuroscience 15:71-90.

[4]. Akcay Z, Bose A, and Nadim F (2014) Effects of synaptic plasticity on phase and period locking
in a network of two oscillatory neurons. Journal of Mathematical Neuroscience 4:8. [PubMed:
24791223]

[5]. Anwar H, Li X, Bucher DM and Nadim F (2017) Functional roles of short-term synaptic plasticity
with an emphasis on inhibition, Current Opinion in Neurobiology 43:71-78. [PubMed:
28122326]

[6]. Baker CA, Carlson BA, (2014) Short-term depression, temporal summation, and onset inhibition
shape interval tuning in midbrain neurons. J Neurosci, 34:14272-14287. [PubMed: 25339741]

[7]. Bose A and Booth V (2011) Co-existent activity patterns in inhibitory neuronal networks with
short-term synaptic depression, Journal of Theoretical Biology, 272, 42-54. [PubMed: 21145899]

[8]. Bose A, Manor Y and Nadim F (2001) Bistable oscillations arising from synaptic depression,
SIAM Journal of Applied Mathematics 62(2): 706-727.

[9]. Calabrese R (1995) Oscillation in motor pattern-generating networks. Current Opinion in
Neurobiology 5:816-823. [PubMed: 8805410]

[10]. Canavier C (2015) Phase-resetting as a tool of information transmission, Current Opinion in
Neurobiology 31:206-213. [PubMed: 25529003]

[11]. Canavier CC, Butera RJ, Dror RO, Baxter DA, Clark JW, and Byrne JH. (1997) Phase response
characteristics of model neurons determine which patterns are expressed in a ring circuit model
of gait generation. Biological Cybernetics, 77(6):367-80. [PubMed: 9433752]

[12]. Chance F, Nelson S, and Abbott L (1998) Synaptic Depression and the Temporal Response
Characteristics of V1 Cells, Journal of Neuroscience 18(12):4785-4799. [PubMed: 9614252]

[13]. Chandrasekaran L, Achuthan S, and Canavier C (2011) Stability of two cluster solutions in pulse
coupled networks of neural oscillators. Journal of Computional Neuroscience 30(2):427-45.

Physica D. Author manuscript; available in PMC 2019 August 28.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Akcay et al.

[14].
[15].

[16].

[17].

[18].
[19].
[20].
[21].

[22].

[23].
[24].

[25].

[26].
[27].

[28].

[29].

[30].

[31].

[32].

[33].

[34].

[35].

Page 26

Chandrasekaran L, Matveev V and Bose A (2009) Multistability of clustered states in a globally
inhibitory network, Physica D 238 253-263.

Crandall SR, Cruikshank SJ, Connors BW (2015) A corticothalamic switch: controlling the
thalamus with dynamic synapses. Neuron 86:768-782. [PubMed: 25913856]

Dittman J, Kreitzer A and Regehr W (2000) Interplay between facilitation, depression, and
residual calcium at three presynaptic terminals. The Journal of Neuroscience 20:1374-1385.
[PubMed: 10662828]

Dror R, Canavier C, Butera R, Clark J, and Byrne J (1999) A mathematical criterion based on
phase response curves for stability in a ring of coupled oscillators. Biological Cybernetics 80:11—
23. [PubMed: 20809292]

Ermentrout GB (1991) Multiple pulse interactions and averaging in systems of coupled neural
oscillators. Journal of Mathematical Biology 29:195-217.

Ermentrout B (1996) Type | membranes, phase resetting curves, and synchrony. Neural
Computation 8:979-1001. [PubMed: 8697231]

Ermentrout B (2002) Simulating, Analyzing and Animating Dynamical Systems: A Guide to
XPPAUT for Researchers and Students SIAM, Philadelphia.

Ermentrout GB and Kopell N (1990) Oscillator death in systems of coupled neural oscillators,
SIAM Journal of Applied Mathematics 50:125:146.

Farries M and Wilson C (2012) Phase response curves of subthalamic neurons measured with
synaptic input and current injection. Journal of Neurophysiology 108(7):1822-37. [PubMed:
22786957]

Goel P and Ermentrout B (2002) Sychrony, stability and firing patterns in pulse-coupled
oscillators, Physica D 163:191-216.

Huang X (2011) Using feed-forward networks to infer the activity of feedback neuronal
networks, Ph.D. Thesis. New Jersey Institute of Technology.

Kilpatrick Z (2013) Short term synaptic depression improves information transfer in perceptual
multistability. Frontiers in Computational Neuroscience 7:85. doi: 10.3389/fncom.2013.00085.
[PubMed: 23847523]

Kuramoto Y (1984) Chemical Oscillations, Waves and Turbulence, Springer, Berlin.

Markram H, Gupta A, Uziel A, Wang Y and Tsodyks (1998) Information processing with
frequency-dependent synaptic connections. Neurobiology of Learning and Memory 70:101-112.
[PubMed: 9753590]

Markram H, Pikus D, Gupta A and Tsodyks M (1998) Potential for multiple mechanisms,
phenomena and algorithms for synaptic plasticity at single synapses. Neuropharmacology
37:489-500. [PubMed: 9704990]

Manor Y, Bose A, Booth V, and Nadim F (2003) Contribution of synaptic depression to phase
maintenance in a model rhythmic network. Journal of Neurophysiology 90:3513-3528.
[PubMed: 12815020]

Manor Y and Nadim F (2001) Synaptic depression mediates bistability in neuronal networks with
recurrent inhibitory connectivity Journal of Neuroscience 21(23):9460-9470. [PubMed:
11717380]

Martinez D, Matveev V and Nadim F (2014) Short-term synaptic plasticity in central pattern
generators. In: Encyclopedia of Computational Neuroscience (Jaeger D, Jung R, eds) Springer,
New York.

Miller P (2013) Stabilization of memory states by stochastic facilitating synapses. Journal of
Mathematical Neuroscience 3(1):19. doi: 10.1186/2190-8567-3-19. [PubMed: 24314108]
Mongillo G, Hansel D and van Vreeswijk C (2012) Bistability and spatiotemporal irregularity in
neuronal networks with nonlinear synaptic transmission, Phys. Rev. Let 108:158101 [PubMed:
22587287]

Morris C and Lecar H (1981) Voltage oscillations in the barnacle giant muscle fiber. Biophysical
Journal 35:193-213. [PubMed: 7260316]

Mouser C, Nadim F and Bose A (2008) Maintaining phase of the crustacean triphasic pyloric
rhythm, Journal of Mathematical Biology 57, 161-181. [PubMed: 18084765]

Physica D. Author manuscript; available in PMC 2019 August 28.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Akcay et al.

Page 27

[36]. Netoff T, Schwemmer M and Lewis T (2012) Experimentally estimating phase response curves
of neurons: Theoretical and practical issues, in Phase Response Curves in Neuroscience, eds.
Schultheiss N, Prinz A and Butera R, Springer, 95-130.

[37]. Oh M and Matveev V (2009) Loss of phase-locking in non-weakly coupled inhibitory networks
of type-i model neurons. Journal of Computational Neuroscience 26(2):303-20. [PubMed:
18690530]

[38]. Oline SN, Burger RM, (2014) Short-term synaptic depression is topographically distributed in the
cochlear nucleus of the chicken. J Neurosci, 34:1314-1324. [PubMed: 24453322]

[39]. Oprisan S (2011) Existence and stability criteria for phase-locked modes in ring neural networks
based on the spike time resetting curve method. Journal of Theoretical Biology 262(2):232-44.

[40]. Oprisan S and Austin D (2017) A generalized phase resetting method for phase-locked modes
prediction, PLoS ONE 12(3):e0174304. [PubMed: 28323894]

[41]. Oprisan S, Prinz A, and Canavier C (2004) Phase resetting and phase locking in hybrid circuits of
one model and one biological neuron. Biophysical Journal 87(4):2283-98. [PubMed: 15454430]

[42]. Oprisan S and Canavier C (2002) Stability analysis of ring of pulse coupled oscillators: the effect
of phase resetting in the second cycle after the pulse is important at synchrony and for long
pulses. Differential Equations and Dynamical Systems 9(3):243-258.

[43]. Oswald A and Uban N (2012) Interactions between behaviorally relevant rhythms and synaptic
plasticity alter coding in the piriform cortex. J Neurosci, 32:6092-6104. [PubMed: 22553016]

[44]. Pervouchine D, Netoff T, Rostein H, White J, Cunningham M, Whittington M and Kopell N
(2006) Low dimensional maps encoding dynamics in entorhinal cortex and hippocampus. Neural
Computation 18:2617-50. [PubMed: 16999573]

[45]. Takeuchi T, Duszkiewicz AJ, Morris RGM (2014) The synaptic plasticity and memory
hypothesis: encoding, storage and persistence. Philosophical Transactions of the Royal Society
B: Biological Sciences, 369(1633):20130288. doi:10.1098/rsth.2013.0288.

[46]. Taylor A, Cottrell G and Kristan W (2002) Analysis of oscillations in a reciprocally inhibitory
network with synaptic depression. Neural Computation 14:3, 561-581. [PubMed: 11860683]

[47]. Tseng H, Martinez D, Nadim F (2014) The frequency preference of neurons and synapses in a
recurrent oscillatory network. Journal of Neuroscience 34:12933-1294. [PubMed: 25232127]

[48]. Tsodyks M and Markram H (1997) The neural code between neocortical pyramidal neurons
depends on neurotransmitter release probability. Proceedings of the National Academy of
Sciences USA 94:719-723.

[49]. Winfree A (1980) The Geometry of Biological Time Springer, New York.

[50]. Zenke F, Agnes E and Gerstner W (2015) Diverse synaptic plasticity mechanisms orchestrated to
form and retrieve memories in spiking neural networks, Nature Communications, 6:6922, doi:
10.1038/ncomms7922.

Physica D. Author manuscript; available in PMC 2019 August 28.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnuely Joyiny

Akcay et al.

A.

0.2}

Page 28

-0.6
—g=33 —g=0.01
—g=4 —g=0.1
[ [——g=4.8 03l ——g=0.2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 |
Stimulus phase ¢ Stimulus phase ¢
Figure 1:

PRC due to synaptic input. A. The PRCs obtained from the QIF model (1) for different
synaptic strengths. B. The PRCs obtained from the ML model (2) for different synaptic
strengths.
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Steady state synaptic plasticity profiles rs(”) for the two synaptic models. A. The plasticity
profile for the QIF model (6). B. The plasticity profile for the ML model (11). Notice the
difference in the scaling of the y-axes; the value of the depression variable changes over a
much larger range for the synapse considered for the ML model.
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Pn Pn+1

Figure 3:
The variables that are used to define the Poincaré maps are shown on the simulation of ML

neurons. The cycle length 2, of cell A in cycle n (measured when voltage crosses V) can
be divided into the delay between cell A activity to cell B activity (a%;) and the opposite
(dtp). The cycle period @, of cell B in cycle nis dz+drp.
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Figure 4:
Phase locking of QIF neurons with static synapses. A. Steady-state intrinsic phase of neuron

A obtained from the map II given in equation (22) as a function of the synaptic coupling
strength g, _, ,. B. The relationship g, _ , = h(gB _)A) between the synaptic strengths of the

static map IT and the depressing map IT%" given in equation (26) obtained from equations
(33-35). The dashed horizontal line at gg 4 = 5.35 intersects i(g,, _, ,) at three points

(inside circles). Two of these are points that correspond to bistability in the presence of
synaptic depression.
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obtained from 19 as a function of gp _, 4~ Dashed vertical line at gg— 4 = 5.35 lies within

the region of bistablity which is also shown in the inset. B. The steady-state value of the
depression variable obtained from 1% as a function of gp _, 4 C. The steady-state intrinsic

phase of neuron A obtained from the depressing map 1197 is equivalent to the phase
obtained from the static map IT (compare with Figure 4A) when plotted as a function of

gB—)Ang_)A

from 197,
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Figure6:
The dependence of the eigenvalues t4 and 1 of the depressing map (26) on the parameter

954 The absolute values of 44 and 1 are shown in orange and purple, respectively. These
values overlap for complex eigenvalues (blue box). The fixed points are stable when both
eigenvalues are less than 1 in absolute value. The fixed points lose (regain) stability via
saddle-node bifurcation when (4 is greater (less) than 1 (green circles).
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The dependence of bistability in QIF neurons on the parameters that govern synaptic
depression (5). The unstable region increases and the region of bistability changes as fis
decreased from left to right. A similar change is observed as z,is increased.
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Figure 8:
Existence of bistability in ML neurons depending on the steady state plasticity profile. A.

The steady-state intrinsic phase of neuron A obtained from the static map II given in
equation (22) as a function of the synaptic conductance g, _, ,. B. Different steady state

plasticity profiles s used in the depressing map IT%° given in equation (31). C. The
relationship between the synaptic conductances of the static map IT and the depressing map
IT% for different rg. D. The steady-state intrinsic phase ¢* of neuron A obtained from the
map IT°S for different s as a function of the synaptic conductance gs. 4. Notice that the
bistability region exists only when a sharp steady state profile is used.
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Figure9:

Simulation of coupled ML neurons compared with fixed points of the map 1% (31). A.
Membrane voltages of two ML neurons coupled with inhibitory synapses when the B to A
synapse is depressing. The network locks at two different phases. From #= 900 to 1, 100,
neuron B is hyperpolarized, causing the network to switch to the other phase-locked
solution. B. Activity phase versus synaptic conductance obtained from the map IT%%. C. The
evolution of the synaptic variables from neuron B to A. D. Period of neuron A (also neuron
B) versus synaptic conductance obtained from the map IT%°. The Z-shaped (S-shaped) curve
in panel B (panel D) shows the different phases (periods) that exist over a range of
conductance values of gg . 4. The lower and upper branches represent stable solutions,
while the dotted middle branch represents unstable solutions. The simulations in the left two
panels occur for gg 4 = 0.125, where for ¢ <900, the phase-locked solution corresponds to
a point on the upper (lower) branch, and for ¢ >1100, the solution converges to a phase-
locked solution on the lower (upper) branch.
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Figure 10:
Fixed points of the map IT% (31). A-C. The creation of fixed points of the map for different

sets of parameters. The surfaces [[}* (¢, P) and [[5’ (¢, P) are drawn above and below the z=0

plane denoted by the axes z; = g and 2, = A, respectively. The intersection of the surface
7 = His (¢, P) with the plane z; = g and the intersection of the surface z, = H;s (¢, P) with

the plane 2z, = Pyield the two black curves above and below the z= 0 plane. The fixed
points of the maps lay on the intersection of the two fixed point curves whose projections C;
and G, on the z= 0 plane are shown. There is one fixed point in A and C while there are
three fixed points in B, depending on the value of the g, 4. D. The projections of the fixed
point curves, C; and G, are drawn on the same coordinate axes for three parameter sets. The
curveCy is the same for all parameter sets while C, changes. Creation and annihilation of
multiple fixed points with changing parameters is observed.
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