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Abstract

Vector autoregressive (VAR) models aim to capture linear temporal interdependencies amongst
multiple time series. They have been widely used in macroeconomics and financial econometrics
and more recently have found novel applications in functional genomics and neuroscience. These
applications have also accentuated the need to investigate the behavior of the VAR model in a
high-dimensional regime, which provides novel insights into the role of temporal dependence for
regularized estimates of the model’s parameters. However, hardly anything is known regarding
properties of the posterior distribution for Bayesian VAR models in such regimes. In this work, we
consider a VAR model with two prior choices for the autoregressive coefficient matrix: a non-
hierarchical matrix-normal prior and a hierarchical prior, which corresponds to an arbitrary scale
mixture of normals. We establish posterior consistency for both these priors under standard
regularity assumptions, when the dimension p of the VAR model grows with the sample size 7 (but
still remains smaller than 7). A special case corresponds to a shrinkage prior that introduces
(group) sparsity in the columns of the model coefficient matrices. The performance of the model
estimates are illustrated on synthetic and real macroeconomic data sets.
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Introduction

There has been recent interest in modeling high-dimensional time series data sets. In
macroeconomics, Mol et al. (2008) advocated the need to include a large number of
variables in econometric models to improve forecastability, while Billio et al. (2012)
examined stock returns of many financial institutions to assess systemic risk of the financial
system. Similar modeling challenges arise in functional genomics for the reconstruction of
regulatory networks as discussed in Basu et al. (2015), while in neuroscience one is
interested in understanding functional connectivity between brain regions Seth et al. (2015).

A popular and informative model has been vector autoregressions (VAR), that captures
linear temporal dependencies between time series. The VAR model and its properties have
been thoroughly explored in low-dimensional settings both from a frequentist (for a
comprehensive overview see Liitkepohl (2007)) and a Bayesian perspective Barbura et al.
(2010).
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More recently, Basu and Michailidis (2015) provided an in depth analysis of the model for
Gaussian data in a high-dimensional setting under sparsity assumptions, while Melnyk and
Banerjee (2016) extended the results to other regularizers (e.g. group lasso, sparse group
lasso, etc.). The results of Basu and Michailidis (2015); Melnyk and Banerjee (2016) and
related follow-up work (Raskutti and Yuan (2015); Schweinberger et al. (2017); Lin and
Michailidis (2017)) indicate that the resulting estimation error rates are those obtained for
independent and identically distributed data times a factor that captures the temporal
dependence in the data.

On the Bayesian front, there has been primarily methodological/computational work for
low-dimensional VAR models. The so-called Minnesota prior Litterman et al. (1979); Doan
et al. (1984) has been a staple of applied econometric work involving VAR models. This is a
normal prior distribution on the elements of the transition matrix that puts stronger weights
on the “own” lags of each time series, since they are considered more informative for
forecasting purposes than lags from “other” time series. For large size VAR models, Bafbura
et al. (2010) advocate normal-inverted Wishart distribution that leads to a posterior mean
that can be interpreted as a ridge shrinkage estimator, suitable for such models. A first
attempt for Bayesian estimation of VAR models combined with variable selection is
presented in Korobilis (2013), where an indicator variable is specified for each parameter in
the transition matrix that indicates whether the cross-autocorrelation coeffcient is included
or set to zero. A prior is specified for the indicator variables that in principle can also be
combined with the Minnesota prior.

On the other hand, Bayesian investigations into high-dimensional asymptotics of statistical
models that incorporate sparsity with temporally dependent data are not in general available
to the best of our knowledge. Hence, the main objective of this work is to study posterior
(estimation) consistency for a VAR model, which asserts that the posterior concentrates
around the “true” parameter value (in an appropriate norm) as the sample size increases.
There is arich literature on high-dimensional posterior estimation consistency for linear
regression models for independent and identically distributed data. Ghoshal (1999)
established posterior consistency and asymptotic normality with a general prior on the o
vector of regression coefficients (with appropriate positivity and Lipschitz assumptions)
when g3 log p/n— 0 and flogp/n — 0, respectively. Bontemps (2011) extended the work
of Ghoshal (1999) by permitting the model to be misspecified and the number of predictor
variables to grow proportionally to the sample size. Armagan et al. (2013) focus on
shrinkage priors, which are appropriate scale mixtures of normal priors and induce weak
sparsity in the vector of regression coefficients (see Carvalho et al. (2010); Griffin and
Brown (2010); Armagan et al. (2011, 2013)). They establish posterior consistency under a
simple sufficient condition on prior concentration when p= o(1). Lee and Oh (2013)
establish posterior consistency under a high dimensional Bayesian PCA regression setup
with p> nunder appropriate assumptions on the rank of the design matrix. Posterior
estimation consistency in linear regression models with g-priors has also been addressed in
Sparks et al. (2015).

A crucial difference between the linear regression models considered in the above work and
VAR models (expressed as a linear model) is that the design matrix in the latter case is
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random, and exhibits dependencies both between its rows and across its columns, and also
with the error term in the model (see Section 2). This leads to a significantly more involved
and challenging theoretical analysis that we successfully resolve. In this paper, we
investigate high-dimensional posterior consistency for Bayesian VAR models in two natural
and relevant settings: (a) with a non-hierarchical matrix normal prior on the ap x p
autoregressive parameter matrix and (b) a hierarchical prior which corresponds to a general
scale mixture of normals. In particular, this includes spherically symmetric priors such as the
multivariate-#and standard shrinkage priors which induce (group) sparsity in the columns of
the coefficient matrices, such as the group structure in Basu et al. (2015). Further, we
employ a flat (uniform) prior distribution for the error term. Note that the joint maximum
likelihood estimation problem for a sparse VAR model, with a sparse error covariance matrix
is investigated in Lin and Michailidis (2017). The posterior consistency results are
established under mild regularity assumptions on the underlying spectral density and with p
= o(n/log n). The key to handling the dependencies, within the design matrix and also
between the design matrix and the error term, is a pair of high-dimensional concentration
inequalities established in the supplementary material (Propositions B1 and B3). Note that
we are considering the “large p large /7’ setting with p= o(n). However, we make no
assumption reducing the effective dimension of the “true parameter matrix”. We only
assume that the matrix norm of the true parameter matrix is of the order pin the non-
hierarchical prior setting and bounded by a constant in the hierarchical prior setting. The
large p small nsituation, where pis allowed to grow at a much faster rate than 7 is also of
interest, but assumptions such as sparsity/restricted eigenvalue type conditions are required,
which in turn reduce the effective dimension of the true parameters. General posterior
consistency results for VAR models in the large psmall n7setting are also not available to the
best of our knowledge and are topics of future discussion/research.

The remainder of the paper is organized as follows. In Section 2, we introduce the VAR
model and necessary notions of posterior consistency. We consider the non-hierarchical
matrix normal prior on the coefficient matrix in Section 3.1 and establish posterior
consistency under suitable regularity assumptions. In Section 3.2, we prove posterior
consistency considering a hierarchical prior corresponding to a scale-mixture of matrix
normals. In Section 4 and Section 5 the methodology/results of this paper are illustrated on
simulated and real data sets, respectively. Finally, we conclude with a discussion in Section
6.

1.1 Notation

Throughout this paper, Z, R and C denote the sets of integers, real numbers and complex
numbers, respectively. We denote the cardinality of a set Jby |.]. For a vector v e R?,

vl = ,/va denotes the &-norm. For a matrix A, Al and op,ax(A) denote spectral norm i.e.,

A)c||2
T,

I . . .
IA]l = sup and the largest singular value of A, respectively. For a symmetric or
x#0

Hermitian matrix A, we denote its maximum and minimum eigenvalues by Anax(A) and
Amin(A). The vector ¢;is used for the /th unit vector in R”. Bold uppercase letters are only
used to denote matrices, and vectorized form of such matrices are represented by
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corresponding lower cases. For example, if @ is a pxp matrix then ¢ is vec(®). Also, O
represents a zero-matrix of appropriate dimension, and in general vectors are denoted by
italicized bold lowercase letters.

2 Model Formulation

For a p-dimensional stationary time series { X%}, a vector autoregressive model of lag-dis
given by

X=c+ YAX T4 (1)

e

Il
—

The temporal dependence structure of the VAR model is characterized by the p x ptransition
matrices Aq,Ay, - - -,Agand c is a px1 location vector which we choose to be 0. In the
Gaussian VAR, the errors £fare i.i.d /Vp(o, 26) where Z.is a px punknown error covariance

matrix. The model in (1) can be rewritten in the Yule-Walker representation (Litkepohl
(2007)) as

where p= (1 - Ay — Ay —- - — Ay~ c is known as the process mean. Usually p will not be
known in advance. In that case, 1 may be estimated by the vector of sample means

X = ¥} x". An alternative estimator is i = (I- A, — A, — - — Xd)_lé in which ¢ and A.’s are

the least squares estimator. Henceforth we assume without loss of generality p = 0. Based on
the data {X0,-- ,XT}, we define the response matrix Y and design matrix X as follows,

(xf)/ (XTf ') - (Xde)/
(Y A [ M

We can now rewrite the above model in a linear regression setup as

Y=X®+E (2

where
Aq T,
= 42 E= (85)
. "
Al (6 )
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In this formulation, the number of samples is 7= 7 — ¢+ 1 and the number of unknown
parameters is g = d?, respectively. Vectorizing (column-wise) each matrix, we get

y=vec(Y)=Z¢ +¢,

where Z := (1,8X), ¢ = vec(®) and & = vec(E). In this paper, we consider a high-
dimensional setting where the dimension p of the VAR model increases with the sample size
n. However, we assume that the lag d does not vary with 7. This basic formulation of
regression lends itself easily to a Bayesian analysis in which priors are placed on the
unknown parameter matrices & and Z,.

As previously mentioned, we let the dimension p = p,, of the VAR model vary with 5, so that
our results are relevant to high dimensional settings. We assume that our data come from a

true VAR model described as follows: for every, n> 1, let %, = (X", ..., X"+~ 1) be the

set of observations for sample size 7, which satisfy x™* = ¥¢_ A, , X%~ 14 ¢  for d<k

_ nknt+d—1 ..
< n+ d- 1. The errors {s }k o areiid. /Vpn(o, %, ) Here {®y,) .., denotes the
sequence of the true coefficient matrices given by @, = [A1 on Moo Ay On]’ and

{28 on} - denotes the sequence of the true error covariance matrices. Let Py denote the
) nz>z

probability measure underlying the true model described above.

Next, consider a Bayesian model which builds on (2) by placing priors on the parameters
(@.%). In particular, let {z (®,Z,)} and {z(®,Z,| %)}n o1 denote the sequences of the

n>1
corresponding (joint) prior and posterior densities. Analogously, {TT,(:)}»1 and
{Hn( . |?n)}n o denote the corresponding sequences of (joint) prior and posterior

distributions. We will also use the notation 7, an I1, to denote the marginal prior and
posterior densities/distributions for @ and X as appropriate.

Note that our main parameter of interest is @, while the error covariance matrix X, is more
of an unknown nuisance parameter that we need to deal with. One would hope that as the
sample size ntends to infinity, the posterior probability assigned to any e neighborhood of
@y, converges to 1 almost surely under Po. We now formally define a notion of posterior
consistency that formalizes this.

Definition 1. The sequence of posterior distributions I, (- |?n) is said to be consistent at

{@,] _ . ifforevery e >0, 1, (|® - @ | > ¢|%)—0as 71— coas. Po.

For ease of exposition, we will henceforth denote ®g, as &g, and Z. g, as Z. 0, and highlight
their dependence on n7as needed.

2.1 Stability of VAR(d) process

Since VAR models are dynamical systems, the notion of ‘stability’ plays an important role in
their analysis and asymptotic properties.

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.



1duosnuey Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Ghosh et al.

Page 6

Definition 2. A VAR(d) process defined in (1) is said to be stable if the matrix valued
polynomials &(z) =1, - >¢_ | A7 satisfies det (£(2)) # 0 on the unit circle of the complex

plane {z € C: |z| = 1}.

The autocovariance function of a p-dimensional centered covariance-stationary time series
{X1} is defined as I'y (k) = Cov(x', x' * h) t, h €  and the corresponding spectral density is
given by f,,(0) = %Z;f: _ o Tye™ ™, @€ [-r, m]. For a Gaussian stable VAR(d) model
the spectral density has a closed form expression,

-1 1
oL, - Z A ‘”9] x,

j=1

d
B —ijo
I Z A
j=1

fy® =

where * denotes the Hermitian conjugate of a matrix and i = /1. The autocovariance
function which characterizes a centered Gaussian process, can be used to quantify the
temporal and cross-sectional dependence for VAR(a) models. The peak of the spectral
density, measured by its maximum eigenvalue ./(f y) = max,, o [ (fx(©®) can be

used as a measure of stability of the process. Also the minimum eigenvalue
m(fy) = min, _ [~ x ”]Amax( [ x(6)) captures cross-dependence among its components.

-7, Jr]/lmax

However, as mentioned in Basu and Michailidis (2015) instead of working with ,/%(fX) and

m(fX) it is often easier to work with the eigenvalues of «f*(z)&(z) over the unit circle {Zz €

C :|4=1} Let
d 0|y i0
mm('d) = min imm(&[*(z)d(z)): min mln p z AI YV z _U
lz] = 0 —mn] i=1 i=1
d 0 d o
Hi () = mln A (d*(z)a[(z))_ max (L, = Z &l ]( Z e ))
lz] = gel—n,m] = =

For stable VAR(d) process 0 < . (&) < (&) < . Since each &' isi.i.d as /Vp(o, =),

”max

each row of X is distributed as .+ dp(o, C,), where the covariance matrix C x has the

following structure,

'(0) ra)y - rd-1)
C,= F(:l) I“(:O) -. r'(d :— 2) -
[d-1) T@d=2) + TO |ipxap

The quantities x_. (&) and u____ (&) provide a useful bound for the eigenvalues of Cx. As

min
mentioned in Melnyk and Banerjee (2016) and from Proposition 2.3 and equation (2.6) of
Basu and Michailidis (2015) we have the following chain of inequalities,

max
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j'min(za’) lmax(zg)
gy < 2 y) < Ain(C) < Ay(C) < 2mt(y) < P (4)

Hmax Hmin

We finally note that the p dimensional VAR(a) model in (2) can be equivalently written as a
ap dimensional VAR(1) process. Let

AL Ay Ay 14y
t+1
5 1,0 0 0 ¢
X' = : K=[01, - 0 0 and o' =| 9
t—d+1 .. :
X d TR
px1 - 0 Japx1
00 P

1 o
)4 dp X dp

Then the new representation becomes

)?’:Kl)?’_lﬂu’ t=d,-n+d—-1. (5)

It follows that X = [)?"er_ 2xptd=3 xd- 1]’, i.e., /th row of X is denoted as (ap x 1

vector) X"+ 4=~ 1 Note that if the underlying VAR(d) process {X'} is stable then the
process X’ with the characteristic polynomial, &(z) := Iy, = A,z is also stable. This is

because {)?’ } can be viewed as generated according to a stable VAR(1) process with
transition matrix A and {X'} is stable if and only if {X'} is stable (Lutkepohl (2007)). Based

on &(z) we define

()= min A ((Ip_Kfl eiﬁ)(lp_gl e—ie)) ©)

Hmax() = | max ”]Amax((lp ~ A1, - Ae)

While ymin(ﬂ) and umax(:a?) are not necessarily the same as . () and (&) the

inequalities in (4) still hold with »_. () and p_. () replaced by u_. (o) and p__ (),

respectively.

3 Bayesian Estimation and Posterior Consistency

In this section, we first discuss Bayesian estimation of VAR models with non-hierarchical
and hierarchical scale mixture matrix normal prior distributions on the parameter matrix ®
(conditioned on X.) and subsequently establish high-dimensional posterior consistency in
this setting under mild regularity assumptions. We start by introducing the necessary
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notation for the matrix-variate normal distribution. Let M, ,, denote the space of a x b
matrices.

Definition 3. An axb random matrix X is defined to follow a matrix-variate normal

distribution (.z.v .. ,(M.B,.B,)) if its density function (on the space My, ) is given by
[B,[~7"[B, |~/ —%tr{Bl_ 'x - By lx - M)']
(272

Here M € M, . By € My 4 and B, € My, which are both positive definite matrices
corresponding to the variances among the rows and columns of X, respectively. Note that the
matrix normal distribution is related to the multivariate normal distribution in the following

way: X ~ N, p(M,B \-B,), if and only if vec(X) ~ /Vnp(vec(M), B,®B))

3.1 Non-Hierarchical Matrix Normal Prior

We consider a matrix normal prior for @ conditional on Z,, and a flat (uniform) prior on Z,.
In particular,

oz, ~uN,,, (0.UTE,)and2(2,) x 1, (7)

dpXp

where U is a dp x dp known positive definite matrix. Note that under this matrix normal
prior U™ and X, are the covariance matrices corresponding to the columns and rows of @,
respectively. The posterior distribution of @ (conditional on X,) can easily be shown to be

MY g o Py XX +U)TLE ), where @y, = (X'X +U)”'X'Y is the (conditional)
posterior mean which does not depend on X.. Hence, the unconditional posterior mean of ®
is available in closed form and is given by ®py,. It follows by standard computations using

the multivariate normal density that the marginal posterior density of X is proportional to

|E |_n/2e—tr(28_ lires)
A ,

WhereE = YT(I - X(X"x + U)_IXT)Y. This density is proper if and only if 7> 2p. In this

case, the marginal posterior density of X, corresponds to the Inverse-Wishart density with
scale parameter fres and shape parameter 71— p - 1. We summarize the above observations

in the lemma below.

Lemma 3.1. Under the non-hierarchical prior in (1), the posterior density of (®,X,) is proper
ifand only if n> 2p. In this case

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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1

(I>IES,?~/%/V ((I>PM,(X’X+U)

dp X p ’E&')

Y~ Inverse-Wishart(Erm, n—p-— 1) .

Assumptions for posterior consistency—We will establish our results under the
high-dimensional setting from Section 2. Recall that @y = &g, denotes the true underlying
parameter matrix, and Z. o = Z. o, denotes the true underlying error covariance matrix in this
setting. The quantities ﬂmin(ﬂ), ymax(E) and Cy are as defined in (6) and (3), but with @

and X, o as the underlying parameter values. We assume the following:
Assumption Al. The VAR(d) model given in (1) is stable.

l+p_ ()
Assumption A2, — X js 0(5,/2) as n1— oo,
”min('gl) P

Assumption A3. 0 < nir>lfl A (Cy) < o0 and /Imax(z:& On) =0(1).

Assumption A4. The true parameter matrix of the VAR model (2), ®q and the
hyperparameter U of (7) are such that ||<I>gU<I>0|| = o(n) and [[UD,|| = o(n).

Assumption A5. p=o(n).

When d= 1, we deal with a VAR(1) model and Cx becomes I'x(0), while y_. (&) is the

min

same as u_. (o) and u__ (o) is also equal to u___(&f). Assumption Al is a standard

min
assumption which ensures that the underlying VAR process is well-behaved. Assumption A2
plays an important role in deriving high-dimensional concentration bounds for X X/nand X
"E/naround Cyx and O, respectively (see Propositions B.1 and B.3 in the supplementary
material). Assumption A3 is needed to ensure that Amin(X/X/n) is bounded away from 0
with high probability. Further, if we consider that each column of ® is independently and
identically distributed according to a normal prior distribution, that is U = Iy, Assumption
A4 reduces to D@, = o(n) and @yl = o(n).

max max

We now state the main theoretical result of posterior consistency with a non-hierarchical
matrix normal prior distribution on @. The proof is given in Appendix C.1 of the
supplementary material.

Theorem 3.2 (Posterior consistency for non-hierarchical prior). For any centered VAR(d)
model (2) with non-hierarchical prior (1) on @ satisfying Assumptions A1-A5, the posterior
consistency of the parameter matrix can be achieved i.e. for every fixed every e >0

[EO[Hn(”(I) ~ @, > g‘ o = (XO, X”))] —0 asn— oo

where @ s the true parameter matrix under the model (2).

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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A natural question to ask is whether the assumption p= o(r) can be relaxed for posterior
consistency. In the lemma below, we consider a situation in which Assumptions Al - A4 are
satisfied and p is the same order as 77, and prove that the resulting posterior is not consistent.
The proof is given in Appendix C.2 of the supplementary material.

Lemma 3.3. Consider a (sequence of) VAR(1) model with p,= ", ®q, = al, andZ.on=
n

1, wherey e (0, %) a € (0,1) do not depend on n. If we use the non-hierarchical prior (1)
n

on @ with |\U|| = o(n), then there exists e >0 such that

. 0
lim inf [EO[Hn(||<I> —@,l > e’y = (X X"))] > 0.

n— oo

Remark Note that the condition ||U|| = o(n) assumed in Lemma 3.3 corresponds to
Assumption A4 in the setting of the Lemma. The reason for making this assumption is that
we want to show violating Assumption A5 (p = o(#)) can lead to posterior inconsistency,
even if all of Assumptions A1-A4 hold. If we decide to violate Assumption A4 too by
assuming ||U|| = o(n) Or ||U]| > n (goes to oo at the same rate or faster than ) then the
posterior inconsistency proof becomes comparatively easier. We have provided the
corresponding proofs in Supplemental Section C.3 and Supplemental Section C.4,
respectively.

3.2 Hierarchical Normal-mixture Prior

Next, we study the posterior consistency of the parameter matrix in model (2) in which @
has the following hierarchical prior

@[T, U~ .M
7[(28) x 1,
and U~wrm ()

ax OV E) @®

where U is the goxap matrix having probability density () over the space of doxadp
positive definite matrices, M}p. As shown below, the group lasso and multivariate t
distribution prior on @ can be obtained from (8) using appropriate choices of . (:). The
lemma below shows that the posterior is proper if 7> (¢4+1)p, and provides the form of
various conditional and marginal posterior densities. The proof is given in Appendix C.5 of
the supplementary material.

Lemma 3.4. Under the hierarchical normal-mixture prior in (8), the posterior density of
(D,2.V) is proper if n > (d+ 1)p. In this case

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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, -1
DIZ V.Y ~ M ((I)PM,(XX+U) ,28)

dpXp

Esl U, Y ~ Inverse—Wishart(Z on=P = 1)

re

|U|dp/2

rUlY) « —
IX'X + U|dp/2|2 |(n -
res

p—Di"sel D)

The Bayesian group lasso prior was proposed by Kyung et al. (2010) in the context of linear
regression. We adapt it to the VAR setting as follows. Suppose the rows of @ are divided in
G groups @ Py where each @4 is an my x psub-matrix of @ (hence ng =dp) and

Xg is the submatrix of X of order /7x m, corresponding to the group ®,;. The frequentist
group lasso estimator (conditional on Z) is obtained by solving

—1/2
€

—-1/2

2 G
i %oY- > ’lg”d)[g]ze ”F
F g=1

1y ®a

ng)[g]
D g=1

where A4 is a tuning parameter corresponding to the group g. The group lasso estimator
(conditional on Z,) can also be expressed as the maximum a posteriori probability (MAP)
estimate under model (2) with the prior

g 172
-2 Al Prg ®e g
g=1

(Pl ES) x exp|

which is a multivariate generalization of the double exponential prior and can also be
expressed as a scale mixture of normals with Gamma hyperpriors (Park and Casella (2008),
Kyung et al. (2010)) leading to the group lasso hierarchy,

m +1 A
g

ind g
T~y 5

Pl e m, X p(

0o,z1 .X
gm

and 7 ”Ld Gamma
g g

- . g:]’...’G_

Here Gamma(a.,\) denotes the Gamma distribution with shape parameter a and rate

parameter A.. This can be alternatively presented as

2
1 2
mg+

2

. ind .
®I7,E, ~ M (0.BDiag(z,. . 7). £,) and 7, '~ Gamma .| where BDiag(z, -

dpXp

-, 7g) denotes a block-diagonal matrix with g—th block to be A Note that under the above
8

hierarchical prior, conditionally on (z;,- - -, zg) and Z, the columns of @ are independent. If
mg=1V g=1,--,dpwe get the ordinary Bayesian lasso.

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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Under the specification given in (8), suppose we assume U = Diag(zy, - -, 7gp) and
1/, ind Gamma(a,, ,/2) then it can be shown that the prior density for & given only I, is

proportional to

!
12,2 @ty

dp
(||<I>i.z:e I +4,
2 1

i=1

which corresponds to the multivariate t-distribution.

Estimation—For the hierarchical model given in (8), the posterior density of @ is
intractable and quantities such as the posterior mean are not available in closed form. Hence,
we develop a Markov Chain Monte Carlo algorithm to generate values from the posterior
density. It follows by straightforward calculations that

/ -1
QT Y ~ My p((I)PM, X'X +U) ,28)
ESIU, ¥ ~ Inverse-Wishart (Eres,n -p- 1)
dpl2

ﬂ(UI<I>,Z€, %) « IUI

exp —%tr{CI)ZJ; 1<I>’U”zrscl(U),

where £ = YT(I - X(XTX + U)_le)Y. While the conditional posterior distribution of @

given Z,U and X, given U are easy to simulate from (being Matrix-normal and
InverseWishart), the tractability of the conditional posterior density of U given @&, depends
on the form of the prior s (U). We show below that for three standard choices of s (U)
corresponding to the Wishart prior, the group lasso prior and the multivariate t-prior 7(U|®)
becomes a tractable density and easy to simulate from.

Case 1: Wishart Prior—For a dp x dp positive definite matrix V, let U ~ Wishartgp(V,df =
v—1

v+ dp) that is 7(U) « IUITexp[—%tr{V_lU”. In this case,

v+dp—1

AUIDE, Y IUL 2 exp

—%tr{(CbE;l(D/ + V_l)UH

which is Wishartdp((thg_l(I)’ + V‘l)_l,df v+ 2dp). Note that as long as we have v > —(dp
+1) the posterior of U given @, ¥ is proper.

Case 2: Bayesian Group Lasso—In this case as already discussed in Subsection 3.2, U
1 has a block diagonal form BDiag(zy, - - ,g) and zy’s are apriori independently

distributed as Gamma with scale (/74 + 1)/2 and rate Aé/z. Hence, the conditional distribution

of z4 has the following form,
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1 ind e 2
— D, 28? ~ Inverse — Gaussian |y :71/2,/1 .
: S e

[g]7e F

Case 3: Multivariate t-distribution—By taking U1 = Diag(zy, - 1 Tgp) and 1/ to be
independently distributed as Gamma with scale aj and rate A;/2 we have the multivariate t-
distribution as the prior on @. In this case, the conditional distribution of z has the following
form

—1/2,2

. D, X Il +4.
Loz, yv™c L A
: X g,? ammaja; + -, 5

Assumptions for posterior consistency—We now introduce regularity conditions to
establish posterior consistency under the hierarchical prior model.

Assumption B1. The VAR(d) model given in (1) is stable.

) L+pu ()
Assumption B2, — X __js 0(5\/2) as n— oo,
'umin(d) P

Assumption B3. 0 < inf 4_. (Cy) < sup
n>1 ™M n>1

X(CX) < o0 and 0 < /‘l.max(zeron) = 0(1).

Assumption B4. The singular values of the true parameter matrices {<b0n} . are
nz

uniformly bounded. Equivalently, the eigenvalues of {d)b D are uniformly bounded.

n On}nzl

. n
Assumption B5. p = 0(@).
Assumption B6. There exists (fixed and not-depending on 1) a > 0 such that
liminf z_, (A . (U)>a)>0and forevery 8 >0wehave lim =, (4 . (U)> pn)=0.

max
n— oo n— oo

We now discuss these assumptions and compare them to the assumptions for the non-
hierarchical prior model.

. Assumptions B1 and B2 are identical to A1 and A2, while B3 is fairly similar to
A3.

. One key difference is the permissible scaling of pas a function of the sample size
nin Assumption B5, which is slightly more stringent than the permissible scaling
for the nonhierarchical matrix normal prior in Assumption A5.

. Note that Assumption B6 is a mild one. For example, a sufficient condition for
E [U‘.S

this assumption to be satisfied is that limsup,, . !
scl,n

S oM iy ]<oof0r
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some & >0 and liminf, _ 7, (U}, > a)> 0. Itcan be easily checked that this

condition, and hence Assumption B6, is satisfied in the case of Wishart, Inverse-
Wishart, Bayesian group lasso, multivariate t-distribution, Horseshoe (Carvalho
et al. (2010)), Strawderman-Berger and generalized double Pareto (Armagan et
al. (2013)) priors as long as the prior parameters do not depend on 7.

. In the non-hierarchical prior case, assumptions regarding ®q and U (non-
random) are simultaneously and exclusively provided in Assumption A4 through

the conditions ||cI>gU<I>O|| = o(n) and ||U®,|| = O(n). For the hierarchical prior
case, for clarity of exposition, we provide the assumptions regarding ®q in

Assumption B4, and those regarding the distribution of U (random) in
Assumption B6. Combining these two assumptions it can be easily shown that a

priori ||cI>gUtI>O|| and U@, || converge to zero in Tgc -probability as 7 — oo, In

that sense, the assumptions on (®g,U) in the hierarchical model are stronger than
in the non-hierarchical model case.

With these assumptions in hand, we state our key consistency result, whose proof is
delegated to Appendix C.6 of the supplementary material.

Theorem 3.5 (Posterior Consistency for Hierarchical Prior). For any centered VAR(d)
model with the hierarchical prior (8) on the transition matrix satisfying Assumptions B1-B6,
the posterior consistency of the transition matrix can be achieved i.e. for every fixed ce >0

[EO[Hn(ll(I) ~ @l > el = (XO, X”))] —0 asn— oo

where @ s the true parameter matrix under the model (2).

4 Performance Evaluation

To illustrate the performance of our Bayesian modeling framework for VAR processes, we
design three sets of numerical experiments involving: (a) Small VAR (p = 10), (b) Medium
VAR (p=100) and (c) Large VAR (p=500) models, each with two lags - (i) d=1 and (ii) d
=2.

In each setting, we use transition matrices A;’s with 10—30% non-zero entries that are
generated from U(0,2) UU(-2,0) selected at random and rescaled to ensure that the process
is stable with SNR = 2. For small VAR models, we generate 7= 40,80,120 time points, for
medium VAR models, 7= 400,800,1200, while for large VAR models we use /=
2000,4000,6000. The hyper-parameters for the prior distributions are selected using the
Deviance Information Criterion (DIC). Note that DIC = 2D — D(®, X,), where

D(®.X,) = - 2logL(¥®,X) = n10g|28| + tr{Z;1(¢’X’Xd> —20'X'Y + Y’Y)}, D is the
posterior expectation of D(®,2,) and @ and fs are the posterior expectation of @ and Z,

respectively.
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4.1 Non-hierarchical prior

We generate two different error processes using X, = (721p and X, = 02((p'i - f'))l_j (Toeplitz

form). For each of the small, medium and large VAR models, U is taken to be a diagonal
matrix, ¢ 1, where c is chosen according to the minimum DIC value over the interval [0,10].
In Table 1, for both the posterior mean (PM) and least squares estimator (LS), we report

their relative estimation error (||<T> - <I>0||2/||<I>O||2) and the standard error of ||<T>||2 within

parenthesis averaged over 10xp replicates for small and medium VAR and 100 replications
for large VAR (p = 500). Since the true parameter matrix @ is sparse, we identify entries
whose 95% posterior credible intervals contain zero, and set them to zero in both parameter
matrix estimates (PM and LS).

First, we assume the true error covariance matrix X is diagonal i.e. azlp. Here % denotes

percentage of non-zero entries in @ and d'represents lag length of the underlying VAR
process. Recall that the sample sizes used for small VAR models are 7 =40, ny = 80, n3 =
120, for medium VAR ones n; = 400, n, = 800, n3 = 1200, and for large VAR ones 1 =
2000, ny = 4000, n3 = 6000.

It can be seen that the relative estimation error decreases with an increase in the number of
time points (sample size) 7 for both lags &= 1,2; further, its values are significantly larger in
medium and large size VAR models than in small VAR ones. Moreover, the estimation error
for lag 1 is uniformly smaller than that for lag 2, and the same holds true for their respective
standard errors. Regarding the percentage of non-zero entries in the true transition matrices,
the results show that for fixed nand p, the more true non-zero entries in Aq,A,, the less
accurate the posterior mean and the LS estimator are, while their variability as indicated by
their standard errors also follows the same pattern. However, the posterior mean clearly
outperforms the LS estimates, especially in settings with large p. This is to a large extent due
to the fact that the true transition matrices A1,A, exhibit weaker signal as p or the number of
non-zero edges increases (this is to ensure stability of the underlying VAR model) and due to
our choice of U = clgp the posterior mean is the ridge regression estimator which applies
shrinkage on the coefficients.

Next, we introduce correlation in the error components by specifying Z. to be of Toeplitz
form. As discussed in Section 3.2.1 of Litkepohl (2007) the generalized least squares
estimate in this multivariate regression set up is the same as the ordinary one; i.e. (X" X)"1X
"Y, a result due to Zellner (1962). In Table 2, we compare the performance of least squares
and posterior (ridge) estimates with noise covariance Z, =Toeplitz (o = 0.8).

In this setting, the relative estimation error of both the least squares and ridge estimators
increases compared to that with an uncorrelated error structure given in Table 1; in
particular, the performance of the LS estimator deteriorates even further. However, with an
increase in sample size, the accuracy of both estimates significantly improves. Further, as
gleaned from the entries of the Table corresponding to lag 2, the relative error exhibits a
further increase, a pattern consistent with the results in Table 1. This is quite expected as we
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not only have Toeplitz type error covariance structure, but also the total number of unknown
parameters has increased by /2.

Finally, we study the support recovery under both error processes. In Table 3, we provide the
percentage of true positives recovered by using 95% posterior credible intervals based on the
same sample sizes m, /,, and 73 as used previously.

The above table indicates that support recovery is not sensitive to the sample size, or to the
lag; however, it deteriorates for all VAR models and error covariance settings, as the density
of non-zero entries increases and exhibits a small increase with model dimension.

4.2 Hierarchical Priors

As discussed in Section 3.2, three types of hierarchical priors (Wishart, group-lasso and
multivariate t) are studied. Analogously to the non-hierarchical prior case, the performance
of the LS estimator is not at all satisfactory in this set up as well. Thus, we only compare the
relative accuracy of the three prior choices in this setting. We select V = cl,and df = v=dp
for the Wishart prior, Aj = A for all 1 < i < dp for the group-lasso prior and aj = 1, Aj = A for
all 1 <i < dp for the multivariate t prior. The hyper-parameters ¢ and A are chosen using

DIC. In Table 4, we report the relative estimation error @ - <I>O||2/||t:b0|| ,d =1,2| of the
2

three hierarchical estimators when the error process covariance is set to 0'21p and d'represents

lag length in the underlying VAR model.

In the following table, we present relative estimation errors with the same 3 hierarchical
priors when X, =Toeplitz (o = 0.6).

All of our hierarchical estimates outperform the ridge estimator (Table 1 and Table 2) across
all settings considered. This is again expected, since the A;’s have sparse structure by
construction and the group lasso prior favors sparsity. However, the above results are not
conclusive whether the group lasso estimate exhibits better accuracy than the Wishart or
multivariate t estimates. To gain some insight into this issue, we use a VAR(1) model with p
=9 and transition matrix A; in which the columns form three groups each containing three
columns. The sparsity increases as we move from group 1 to group 3. Finally, we rescale the
coefficient matrix so that the corresponding VAR process is stable with SNR= 2. The
structure of the resulting Al transition matrix is depicted next, where * indicates non-zero
entries.

£% 5500000
A=|**%0%0000
£%5%500%000
000000%00
0000000 %0
00000000 *gxg

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Ghosh et al.

Page 17

We generate /7= 100 observations from the above VAR(1) model using two white noise
variances (1) =, = ozlp and (2) £, =Toeplitz (o = 0.80) and report the relative estimation

error (J|A, — A, |l./lIA,|l..) of five different estimates - least squares (LS), posterior mean for
1 1y 11y

non-hierarchical normal prior (Non H), hierarchical Wishart (W), group lasso (GL) and
multivariate t prior (Mult. t), in Table 6.

The results show that the group lasso estimator exhibits the best performance, followed by
the multivariate t one, whereas the LS estimator is the least accurate. The result is consistent
with the structure of the underlying transition matrix, since the group lasso prior can
capitalize on it.

In Appendix A.1 of the supplementary document we illustrate the posterior estimate of a
VAR(1) model transition matrix A, 95% credible intervals and estimated posterior densities
of several entries of A;. We also look into the performance of is when the true error

covariance is Toeplitz(po = 0.8). The relative error of ® under all the four different priors
using a new noise covariance matrix which is generated from a Wishart distribution with
degrees of freedom v= pand scale matrix I, is also given.

5 Application to Macroeconomic Data

We use the proposed Bayesian framework to understand the lead-lag relationships in the
FRED-MD dataset containing p = 137 key macroeconomic variables for the period January
1973 to December 2014. VAR modeling for this task was strongly advocated by Sims (1980)
and since then has become a standard tool for it, although usually the focus is on small
models involving few macroeconomic indicators (e.g. consumer price index, employment
index and the federal funds rate). However, recent work has advocated for larger VAR
models (see Bernanke et al. (2005); Banbura et al. (2010) and references therein), in order to
improve forecastability and also avoid the presence of hard to interpret or even contradictory
to economic theory relationships, due to the fact of not including an adequate number of
variables for properly modeling the economic phenomenon under consideration. Before
centering the data and estimating Z. as discussed earlier in Section 3.2, we ensure
stationarity by processing the variables according to the recommendations in Stock and
Watson (2005). The specific transformations used for each time series are given in the
supplementary documents. Analogously to Bafbura et al. (2010), we consider the following
3 different size VAR models:

. SMALL: This model contains p= 4 key variables - CPI, number of employees
non-farm (PAYEMS), Federal Funds Rate (FEDFUNDS) and Unemployment
Rate (UNRATE).

. MEDIUM: In addition to the four variables in the SMALL VAR model, this one
contains an additional 16 variables (total p = 20) listed next - Reserves Of
Depository Institutions (NONBORRES), Total Reserves of Depository
Institutions (TOTRESNS), M2 (M2REAL), Real Personal Income (RPI), Real
personal consumption expenditures (DPCERA), IP Index (INDPRO), Capacity
Utilization: Manufacturing (CAPT), Housing Starts: Total New Privately Owned
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(HOUST), Avg Hourly Earnings : Goods-Producing (CES), M1 (M1), S & P’s
Common Stock Price Index: Composite (S.P.), 10-Year Treasury Rate (GS10),

Personal Cons. Expend.: Chain Index (PCEPI), Foreign Exchange Rate (EXS),
Crude Qil, spliced WTI and Cushing (OIL) and Retail and Food Services Sales
(RETAILX).

. LARGE: This specification has all p= 134 macroeconomic indicators (3 were
excluded from further analysis due to the presence of a large number of missing
values).

Based on initial exploratory work, we choose lag &= 6 according to the Bayesian
information criterion (BIC) and the following distributions were used for prior specification
to obtain the estimated parameter matrix ®: (i) non-hierarchical normal (Non H), (ii)
hierarchical Wishart (W), (iii) group lasso (GL) and (iv) multivariate #prior (Mult. t). Since
with an increase in the lag length d'the number of parameters increases linearly we suggest
using BIC over the Akaike information criterion (AIC). For the non-hierarchical prior, we
use U = BDiag(A4,"**,A4), while for the hierarchical Wishart, group-lasso and multivariate ¢
priors on @, we use V = ¢l gpand a ;= a forall 1 < /< gp. The values of ¢; and A are
chosen using the Deviance Information Criterion (DIC) which, as explained previously, is a
hierarchical Bayesian modeling generalization of BIC. The respective posterior means were
compared to the least squares (LS) estimate. For each of the estimates @, the residual norm
ratio (||Y - X<T>||F/||Y||F) which measures the in-sample fit, is reported in Table 7.

Note that since the LS estimator is obtained by minimizing ||Y — X®|| ., it will always result

in minimum relative residual norm as observed in the above table; i.e. the LS estimator is
always the best one in terms of in-sample prediction accuracy.

Next, we investigate the 4 different Bayesian estimates based on their out-of-sample
prediction performance with respect to the benchmark prior, analogously to the evaluation
strategies discussed in Banbura et al. (2010) and Stock and Watson (2005). We consider the
following two benchmark priors:

1. Prior information is imposed exactly by setting U™ = O matrix (the zero matrix)
and it corresponds to A = 0 in the Minnesota prior. Banbura et al. (2010) uses

this specification as the benchmark prior, in which case the corresponding

benchmark model becomes a random walk with drift; i.e. X' = a+ X’ ~ 1 + ¢

2. A uniform prior on @ by setting U = O which corresponds to A = o in the
Minnesota prior. The posterior mean coincides with the least squared estimate
(LS).

Let X' ™" e the h-step ahead predicted value for X*/ based on our posited Bayesian model

and using the data upto time £ The corresponding forecast under the benchmark prior is

t+h

}?O . The mean squared forecast error relative to the benchmark (RMSFE) is defined to
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T -
Zt i . ”Xz+h_Xz+h”2
0 . Table 8 gives the RMFSE results for three different choices of

T
1 t+h _ot+h
Zt = TO”X - XO ”2

forecasting horizons, /= 1,6,12, for the two benchmark priors considered, over the period
7o = January 1978 to 71 = December 2006. An RMSFE value smaller than 1 implies the
VAR model with the corresponding prior outperforms that with the naive/benchmark prior.

It can easily be seen that all four Bayesian methods not only outperform the LS estimate
(uniform prior on @), but also exhibit substantially smaller relative error compared to the
random walk with drift process (point-mass prior on ®). Further, increasing the number of
predictor variables improves forecasting performance, a point argued forcefully in favor of
large VAR models by Sims Sims (1980). On the other hand, forecasting performance
deteriorates for larger values of /4, an expected result. Nevertheless, even for /=12 (one year
ahead) the results are still very satisfactory. Further, for the SMALL and MEDIUM VAR
models, the non-hierarchical normal and hierarchical Wishart priors result in better
prediction, whereas for the LARGE VAR model the group lasso prior outperforms other
forecasts.

Next, we examine closely the out-of-sample prediction performance of the following three
macroeconomic variables - CPI, PAYEMS and FEDFUND under the hierarchical Wishart
prior.

Note that Banbura et al. (2010) only consider a random walk process as the naive prior.
From the above table it can be seen that although for CPI and PAYEMS the LS estimate
performs better than the Bayesian estimates in SMALL and MEDIUM VARs, overall the
Wishart prior has better forecasting accuracy than both of the benchmark priors. As
previously observed, adding information (i.e. including more variables) improves the
accuracy of forecasts for all three variables. The fourth column (LARGE BGR) provides the
numbers reported in Table 111 in Baribura et al. (2010), where a Bayesian VAR model on the
same 134 variables, with d= 13 lags was estimated using a normal-inverted Wishart
distribution that leads to a ridge type posterior mean estimate for the parameters in ® and
based on data covering the period 1971-2003. Although the results are not directly
comparable to those obtained by our methodology, they nevertheless provide a certain
degree of calibration. It can be seen that our model is more parsimonious using only d=6
lags and provides better forecasting performance for all three variables at all forecasting
horizons.

Next, we examine in more detail the estimated transition matrix A, for the SMALL VAR
model (p = 4) and the non-hierarchical normal and group lasso priors. Estimated posterior
densities of the bold marked entries are shown next. It is worth noting that the non-
hierarchical prior centers around a different value and exhibits a less smooth behavior, than
the hierarchical one. This smoothness should be expected given the specification of the
latter.
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CPI PAYEMS FEDFund UnRate

CPI
payEMg|~ 133 —0.001 0001 0.001
ANonH _ ~0016 0311 0001 —0.002
1 FEDFund
~1.000 10200 0498 —0.185
UnRate
1217 -23.300 —0.035 —0.105
cpy | CPI PAYEMS FEDFund UnRate
~0.167 -0005 0001 0.0l
~GL PAYEMS
= 0021 0560 0001 —0.001
1 FEDFund
1614 18.6079 0486 —0.134
UnRate

1.609 -41.818 -0.015 -0.107

Further, we present the 95% posterior credible intervals (PCI) of A; under the above two
priors

(=0.19, - 0.07) (—0.08,0.07) (+0,+0) (=0,+0)

(—-0.05,0.01) (0.27,0.35) (+0,+0) (=0,-0)
(=17,5.25) (1.86,19) (0.44,0.55) (—0.3, —0.06)
(—1.98,4.45) (-27.8, —18.7) (-0.06, —0.01) (—0.07,0.06)

Non hierarchical: =

(-0.22, -0.11) (-0.10,0.1) (+0,4+0) (=0,+0)
(—-0.05,0.01) (0.51,0.61) (+0,+0) (=0,-0)
(—8.58,5.7) (6.5,31.01) (0.44,0.55) (—-0.26, - 0)
(—1.75,4.86) (—47.72, —36.37) (—0.04,0.01) (—0.07,0.06)

Group lasso: =

Next, in Figure 2 we depict the estimated networks for the MEDIUM VAR based on the first
lag transition matrix produced by: (a) least squares and (b) a non-hierarchical normal prior,
where for ease of representation the nodes of the network are abbreviated; the full list of the
variable names is given in Table Al of Appendix A in the supplementary material.

As expected, for most variables their previous lag value influences the current value. Further,
for the LS based network, there is a high degree of connectivity, whereas the non-
hierarchical based one exhibits a sparser structure. For the latter, of interest is that the
employment index (PAYEMS), the personal consumer expenditures (GS10) and CPI are
influenced by many other variables. On the other hand, the Federal Funds Rate influences
the broad stock market (SP500) as expected based on finance theory and GS10. In general
the sparser result provided by the non-hierarchical prior, in addition to better forecasting also
aids in interpretation, vis-a-vis the LS estimate.

6 Discussion

In this paper, we investigate posterior consistency in Bayesian VAR(d) models with both
nonhierarchical and hierarchical matrix normal prior distributions on the transition matrices
under a Gaussian assumption for the temporal evolution of the time series under
consideration and in the presence of a general covariance matrix that captures additional
contemporary dependence between them. We establish posterior consistency for both of
these priors under high-dimensional scaling. To obtain the desired results, some novel
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concentration inequalities are provided that are of independent interest. The methodology is
illustrated on synthetic and real macroeconomic data. The proposed priors provide better
forecasts than the LS estimates for periods up to one year ahead, while leading to sparser
and potentially easier to interpret relationships, especially for large scale models.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1:
Posterior densities of entries (11), (24), (32) and (42) in Az under 4 different priors
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Figure 2:
Network representation of the transition matrix (Aj)
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Relative error in VAR (d=1,2) with 2= czlp where % denotes percentage of non-zero entries in ®g.

Table 1:

Lagd=1

Lagd=2

%

Ny

Ny

N3

Ny

Ny

N3

LS

PM

LS

PM

LS

PM

LS

PM

LS

PM

LS

PM

Small VAR

10

20

30

0.93
(0.21)
1.06
(0.34)
1.23
(0.45)

0.83
(0.12)
1.00
(0.24)
1.15
0.37)

0.82
(0.12)
1.00
(0.26)
112
(0.37)

0.70
(0.08)
0.87
(0.16)
0.97
(0.27)

0.70
(0.07)
0.83
(0.16)
0.99
(0.27)

0.55
(0.05)
071
(0.11)
0.81
(0.19)

1.26
(0.24)
1.39
(0.35)
157
(0.47)

1.09
0.17)
1.22
(0.30)
1.40
(0.40)

111
0.17)
1.28
0.27)
1.45
(0.37)

0.96
(0.07)
1.07
(0.22)
1.28
(0.32)

1.00
(0.10)
114
(0.18)
1.30
(0.34)

0.76
(0.08)
0.94
(0.15)
115
(0.22)

Medium VAR

10

20

30

1.81
(0.40)
1.95
(0.50)
2.10
(0.64)

1.64
(0.21)
1.81
(0.32)
1.94
(0.43)

1.69
(0.31)
1.85
(0.42)
1.98
(0.52)

153
(0.12)
1.70
(0.25)
1.84
(0.38)

156
(0.23)
1.74
(0.35)
1.87
(0.45)

1.40
(0.07)
156
(0.17)
1.74
0.27)

2.45
(0.46)
2.60
(0.57)
2.74
(0.69)

212
(0.32)
2.26
(0.42)
2.46
(0.54)

231
(0.37)
2.50
(0.51)
2.62
(0.60)

2.01
(0.24)
2.15
(0.33)
231
(0.46)

2.24
(0.31)
2.43
(0.40)
252
(0.56)

1.85
(0.14)
2.01
(0.29)
2.20
(0.39)

Large VAR

10

20

30

2.70
(0.58)
2.84
(0.70)
3.03
(0.82)

2.47
(0.30)
2.62
(0.42)
2.78
(0.54)

255
(0.50)
2.75
(0.60)
2.90
(0.70)

2.34
(0.23)
252
(0.34)
2.65
(0.44)

2.46
(0.40)
2.60
(0.54)
271
(0.63)

2.22
(0.16)
2.35
(0.25)
2.49
(0.35)

3.66
(0.67)
381
(0.78)
3.96
(0.88)

318
(0.45)
3.33
(0.56)
3.49
(0.69)

350
(0.57)
3.69
(0.70)
3.89
(0.84)

3.04
(0.35)
3.23
(0.50)
3.32
(0.63)

3.38
(0.49)
354
(0.61)
3.78
(0.76)

2.92
(0.28)
3.05
(0.40)
3.25
(0.51)
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Table 2:

Page 26

Relative error in VAR (d= 1,2) with Z, =Toeplitz (p = 0.80) where % denotes percentage of non-zero entries

in @g.
Lagd=1 Lagd=2
ny n, N3 ny ny n3

% LS PM LS PM LS PM LS PM LS PM LS PM

10 1.03 0.95 0.95 0.82 0.82 0.64 1.45 1.24 131 1.08 1.19 0.98

(0.27) (0.18) (0.20) (0.09) (0.10) (0.05) (0.37) (0.27) (0.30) (0.19) (0.18) (0.09)

Small VAR 20 120 1.10 1.06 0.94 0.98 0.83 1.60 141 1.49 1.30 1.35 1.17
(0.40) (0.30) (0.29) (0.21) (0.25) (0.17) (0.48) (0.37) (0.40) (0.29) (0.31 (0.19)

30 1.36 1.27 1.22 111 1.12 0.99 1.76 1.61 1.66 1.45 1.50 1.26

(0.50) (0.41) (0.44) (0.32) (0.32) (0.25) (0.60) (0.51) (0.50) (0.40) (0.46) (0.30)

10 2.02 1.87 1.94 1.72 1.75 1.61 2.80 2.46 2.70 2.35 2.53 221

(0.52) (0.34) (0.41) (0.27) (0.37) (0.16) (0.69) (0.50) (0.62) (0.43) (0.54) (0.33)

Medium VAR 20 220 2.01 2.10 1.87 1.92 1.80 2.95 2.62 2.86 2.52 2.74 2.34
(0.63) (0.45) (0.55) (0.38) (0.45) (0.33) (0.81) (0.62) (0.71) (0.52) (0.65) (0.42)

30 236 2.20 2.19 2.06 2.06 191 3.12 2.78 2.99 2.67 291 2.50

(0.73) (0.56) (0.67) (0.48) (0.56) (0.41) (0.94) (0.72) (0.83) (0.67) (0.77) (0.57)

10 3.03 2.80 2.88 2.63 2.83 2.55 4.19 3.67 4.09 3.55 3.93 3.44

(0.75) (0.49) (0.67) (0.41) (0.60) (0.33) (1.03) (0.73) (0.97) (0.62) (0.87) (0.58)

20 317 2.94 3.07 2.79 2.89 2.69 4.34 3.85 4.25 3.70 411 3594

Large VAR

(0.86) (0.60) (0.79) (0.51) (0.69) (0.45) (1.14) (0.84) (1.06) (0.76) (1.00) (0.66)

30 333 3.10 3.27 3.00 3.08 2.80 4.53 4.00 4.37 3.89 4.26 3.70

(0.98) (0.73) (0.90) (0.63) (0.82) (0.56) (1.26) (0.95) (1.17) (0.87) (1.11) (0.79)
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Table 3:

Percentage of true positive non-zero entries recovered in @.

Lagd=1

Lagd=2

%

T=o?l,

Ze- Toep

T= 0ol

Ze= Toep

ny

ny

n3

ny

ny

n3

ny

ny

n3

ny

ny

n3

Small VAR

10
20
30

85.0
80.0
77.0

85.0
80.0
75.0

82.0
81.0
77.0

85.0
80.0
77.0

85.0
78.0
73.0

84.0
80.0
73.0

84.7
79.7
76.6

84.5
79.6
74.6

81.6
80.5
76.5

84.6
79.5
76.7

84.6
77.6
72.6

83.6
79.8
72.6

Medium VAR

10
20
30

89.3
85.3
81.0

90.0
85.5
80.8

89.3
85.5
81.3

89.3
85.3
81.0

89.8
84.5
79.8

88.3
85.0
78.8

88.8
84.9
80.8

89.5
85.3
80.5

89.0
85.3
81.0

88.9
84.8
80.6

89.4
84.1
79.3

87.9
84.8
78.3

Large VAR

10
20
30

92.0
88.1
83.1

92.1
88.1
83.3

92.2
88.1
83.4

92.0
88.1
83.1

92.1
87.9
82.8

91.8
87.9
82.9

91.8
87.7
82.7

91.6
87.8
82.8

91.8
87.7
82.9

91.7
87.7
82.7

91.7
87.5
82.4

91.4
87.5
82.6
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Relative error in VAR (d=1,2) with Z, = ozlp, where % denotes percentage of non-zero entries in ®g.

Table 4:

Wishart Group lasso Multivariate t
Lagd=1 % ng n, ns ny n, ns ny n, ns
10 084 075 065 084 075 064 085 0.74 058
Small VAR 20 099 091 073 100 0.89 079 1.00 090 0.76
30 114 109 092 116 102 094 115 1.04 093
10 163 153 142 162 154 143 163 153 139
MediumVAR 20 178 171 153 176 169 156 179 166 155
30 193 183 170 195 186 172 195 182 1.69
10 239 226 216 241 231 222 242 234 222
Large VAR 20 259 242 231 258 247 239 259 246 232
30 277 261 252 270 260 253 274 263 254
Lagd=2
10 088 074 060 087 080 071 089 0.78 0.63
Small VAR 20 105 091 083 104 094 085 1.08 094 0.86
30 125 113 097 123 110 099 127 113 1.03
10 171 158 146 171 158 153 170 160 150
MediumVAR 20 185 172 160 185 176 171 189 182 1.66
30 205 196 177 201 195 182 204 197 183
10 252 237 226 251 241 229 253 244 225
Large VAR 20 269 258 247 267 259 247 269 259 251
30 288 275 260 286 275 262 287 274 264
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Table 5:

Page 29

Relative error in VAR (d= 1,2) with Z, = Toeplitz (p = 0.80), where % denotes percentage of non-zero entries

in @g.
Wishart Group lasso Multivariate t
Lagd=1 % n ny n3 ny ny ns ny n, ns
10 090 076 0.65 090 083 069 089 0.79 0.70
Small VAR 20 106 094 077 103 092 082 1.07 096 081
30 123 113 099 121 109 099 123 114 097
10 175 161 150 1.73 163 153 174 161 156
MediumVAR 20 192 180 167 192 178 173 191 179 172
30 208 198 182 202 198 188 207 194 184
10 258 249 233 260 250 238 260 249 233
Large VAR 20 276 265 251 275 265 254 277 262 257
30 293 281 271 290 281 274 293 282 274
Lag d=2
10 116 102 09 115 106 098 118 1.06 0.89
Small VAR 20 131 124 112 131 122 111 134 124 110
30 149 141 123 149 141 127 149 140 126
10 225 213 204 225 217 205 227 216 201
Medium VAR 20 243 230 216 241 232 224 245 232 226
30 259 247 233 259 249 238 259 248 236
10 337 324 310 336 325 318 336 324 311
Large VAR 20 353 340 329 351 343 331 354 346 336
30 372 362 341 365 357 349 374 359 348
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Relative error

Table 6:

Estimator | X, =o%, | X, = Toeplitz
LS 0.604 1.384
Non H 0.583 0.614
'\ 0.462 0.544
Mult. t 0.430 0.414
GL 0.321 0.362
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In-sample prediction error

Table 7:

SMALL (p=4) | MEDIUM (p=20) | LARGE (p = 134)
LS 0.847 0.863 0673
Non-H 0.852 0.864 0.674
w 0.845 0.863 0675
Mult. t 0.877 0.885 0.685
GL 0.847 0.873 0.674
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Out of sample relative prediction error

Table 8:

Uniform prior

Random Walk

SMALL MEDIUM LARGE SMALL MEDIUM LARGE

p=4 p=20 p=134 p=4 p=20 p=134
h=1 0.88 0.72 0.62 0.49 0.40 0.33
Non Hierarchical /=6 0.90 0.78 0.62 0.43 0.42 0.37
h=12 0.95 0.84 0.74 0.43 0.41 0.37
h=1 0.88 0.81 0.68 0.49 0.45 0.32
Wishart h=6 0.86 0.86 0.68 0.42 0.40 0.36
h=12 0.93 0.92 0.71 0.43 0.41 0.38
h=1 0.90 0.86 0.60 0.51 0.45 0.30
Group Lasso h=6 0.88 0.88 0.63 0.46 0.42 0.34
h=12 0.93 0.92 0.67 0.47 0.45 0.37
h=1 0.91 0.89 0.71 0.50 0.46 0.31
Mult. t h=6 0.87 0.93 0.77 0.49 0.44 0.34
h=12 0.92 0.94 0.81 0.45 0.41 0.38
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Out-of-sample relative prediction error for CPI, PAYEMS and Fed- Fund for the three VAR model

Table 9:

Page 33

specifications considered. The column LARGE BVAR corresponds to the entries of Table 111 in Bafibura et al.
(2010) for a Bayesian VAR model with a normal-inverted Wishart prior distribution and =13 lags, based on

the same set of variables, but covering the period 1971-2003.)

SMALL MEDIUM LARGE LARGE BVAR

Uniform prior p=4 p=20 p=134 p=134
CPI 1.05 0.91 0.44 -
h=1 PAYEMS 121 1.04 0.91 -
FFUND 0.78 0.75 0.68 -
CPI 1.03 0.97 0.38 -
h=6  PAYEMS 1.08 1.06 0.48 -
FFUND 0.92 0.82 0.68 -
CPI 0.98 0.96 0.42 -
h=12 PAYEMS 0.93 0.91 0.73 -
FFUND 0.92 0.88 0.72 -
Random Walk
CPI 0.43 0.41 0.34 0.50
h=1 PAYEMS 0.45 0.43 0.39 0.46
FFUND 0.50 0.45 0.36 0.75
CPI 0.38 0.34 0.28 0.40
h=6  PAYEMS 0.3 0.48 0.39 0.50
FFUND 0.41 0.37 0.36 1.29
CPI 0.51 0.45 0.42 0.44
h=12 PAYEMS 0.51 0.88 0.73 0.78
FFUND 0.33 0.31 0.28 1.93
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