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Abstract

We develop a Bayesian nonparametric framework to analyze single molecule FRET (smFRET) 

data. This framework, a variation on infinite hidden Markov models, goes beyond traditional 

hidden Markov analysis, which already treats photon shot noise, in three critical ways: (1) it learns 

the number of molecular states present in a smFRET time trace (a hallmark of nonparametric 

approaches), (2) it accounts, simultaneously and self-consistently, for photo-physical features of 

donor and acceptor fluorophores (blinking kinetics, spectral cross-talk, detector quantum 

efficiency), and (3) it treats background photons. Point 2 is essential in reducing the tendency of 

nonparametric approaches to overinterpret noisy single molecule time traces and so to estimate 

states and transition kinetics robust to photophysical artifacts. As a result, with the proposed 

framework, we obtain accurate estimates of single molecule properties even when the supplied 

traces are excessively noisy, subject to photoartifacts, and of short duration. We validate our 

method using synthetic data sets and demonstrate its applicability to real data sets from single 

molecule experiments on Holliday junctions labeled with conventional fluorescent dyes.
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INTRODUCTION

Single molecule experiments provide information on properties of individual molecules free 

of bulk averaging.1–3 In a typical smFRET experiment, the molecule under investigation is 

labeled with a pair or fluorophores selected specifically to allow for Förster resonance. 

During measurements, upon excitation, one of the fluorophores, designated as donor, may 

relax radiatively or may transfer energy nonradiatively to the other fluorophore, designated 

as the acceptor. Following an energy transfer event, the acceptor may subsequently 

radiatively relax.4–9 Radiative relaxation of either donor or acceptor typically result in the 

emission of a photon at the appropriate wavelength (determined by the emitting fluorophore) 

which can be detected and recorded for further analysis.1,3,10

The efficiency of energy transfer depends on the physical separation of the fluorophores,
11,12 which can be used to identify distinct conformational molecular states3,10 or gauge 

intra-molecular distances.13,14 For this reason, since the very first smFRET experiments,15 

this technique has become a workhorse across biophysics and biochemistry.

As smFRET measurements employ conventional fluorescence microscopy setups, 

background photons and shot noise have always presented analysis challenges that, in 

conjunction with experimental improvements, have motivated the development of an array 

of sophisticated analysis methods over the years.1,2,16–23 Through careful manipulation of 

the acquired measurements, under some circumstances these methods denoise the data and 

robustly resolve dynamics.

Predominant among the existing analysis methods are those based on hidden Markov models 

(HMM), for example.1,16,17,20,24–35 Typically, such methods model the molecule as 

undergoing sudden transitions between discrete states of characteristic efficiencies governed 

by a Markovian (i.e., memoryless) switching process.

The main advantage of HMM formulations is that they robustly cope with the inevitable 

noise in the supplied data, since, additionally to the stochasticity inherent from the 

molecule’s state transitions, they also simultaneously and self-consistently account for 

stochasticity in the generation of the observations themselves (i.e., the “emission” 

properties). Thus, in the overall HMM picture, dynamics and emission properties are 

represented by a doubly stochastic process and general purpose statistical methods, e.g., 

maximum likelihood or Bayesian estimators, are invoked in their training.1
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Nevertheless, major limitations of the HMM framework stem from the difficulties involved 

in the characterization of the molecule’s state space. For example, a molecule with two 

states requires an HMM containing dynamic and emission parameters for precisely two 

states, while a molecule with four states requires a HMM that contains parameters 

appropriate for four states, and so forth. Since most often the size of the molecule’s state 

space is unknown and needs to be obtained simultaneously with the rest of the estimates, ad 
hoc or computationally expensive procedures must occur in a preprocessing stage before a 

HMM is invoked.1 Such weakness has severe implementation consequences and 

misidentification of the correct state space size in the preprocessing stage may lead to severe 

under- or overfitting with disastrous effects on the resulting estimates.36

For relatively clear data sets, a specification of the size of the molecule’s state space can be 

obtained safely in preprocessing or postprocessing, for example, with information theory,16 

maximum evidence,17 or even plain thresholding.21 However, for heavily noisy data sets, an 

independent estimation of the state space size might be difficult or impossible altogether. 

This is particularly apparent in the analysis of measurements obtained at fast acquisition 

rates (i.e., short exposure times) in either confocal of widefield setups.37 In such cases, the 

acquired measurements are produced by a small number of photon detections, typically 10 

or less detections per time step, and therefore are contaminated with excessive shot noise. 

The main disadvantage of HMM is made clear by considering that, for those cases, on one 

side, it is preferable to use HMM because they cope robustly with excessive noise, but on the 

other side, excessive noise makes HMM unusable to begin with as the state space required as 

an input to analysis is unknown.

Recently, infinite hidden Markov models (iHMM) have been proposed to overcome these 

limitations.38–41 Namely, an iHMM allows denoising in the same manner as a traditional 

HMM, but unlike HMMs, it also allows simultaneous inference of the size of the state space 

and the properties of the constitutive states. Similar to any nonparametric method,38,41–43 

iHMMs provide global estimates on the measurement generating molecular system without 

the need to prespecify a certain size for its state space. Instead, an estimate of the size of the 

state space itself, similar to the properties of each constitutive state, is an output of the very 

same analysis that needs not be broken into separate preprocessing and postprocessing 

stages. In the particular case of single molecule data, iHMMs can estimate the entire 

“spectra” of photoemission rates, kinetic rates, FRET efficiencies, etc. at once irrespectively 

of the number of peaks contained in each spectrum.38,41,42

Nevertheless, despite their apparent advantages, iHMM are less robust to model mis-

specification than traditional HMM as they are so flexible. Namely, an accurate formulation 

of the measurement generating molecular system is absolutely necessary to avoid overfitting. 

In particular, since iHMMs recruit or discard states freely in order to reach agreement 

between model predictions and the supplied data, they can easily misinterpret fluorophore 

photoartifacts as additional states. For example, fluorophore blinking, which is particularly 

pronounced in single molecule assays,44–47 when not explicitly accounted for, is interpreted 

as sojourns to nonphysical states; for example, see Figure 1. In this case, measurements 

obtained while donor or acceptor remain dark (i.e., blink), are misinterpreted as artifactual 
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additional states or merged with other states corresponding to totally different 

conformations.

In this study we employ, iHMMs and propose a novel formulation to model and analyze 

smFRET measurements that combine nonparametric statistics1,38,41,42 with an explicit 

representation of the fluorophore photophysics. Our method uses the denoising advantages 

of traditional HMM while avoiding the associated state space size restrictions inherent to 

HMMs. To achieve this, we carefully formulate the measurement process itself accounting 

for the photophysics on the individual donors and acceptors in addition to other features 

such as spectral cross-talk and detector quantum efficiency.

METHODS

In this section, we first formulate the experimental system that generates smFRET 

measurements. Subsequently, we describe the necessary mathematical machinery to obtain 

estimates, and finally, we describe the acquisition of example data sets that are used in the 

Results section that follows.

A graphical summary of the formulation employed for the description of the involved 

physics, described below, is shown in Figure 2, while a more detailed summary, including 

statistical considerations described next, is shown in Figure 3. We also provide a 

comprehensive summary of our notation conventions in Appendix A in the Supporting 

Information.

Model Formulation.

Suppose a single molecule experiment is initiated at time t0 and, subsequently, 

measurements are assessed at equidistant times tn, which we index by n = 1, …, N, where tN 

marks the conclusion of the experiment.

In this study, similarly to existing approaches on smFRET16,22,23 as well as other single 

molecule sys tems,1,18,20,29,34,38,39,48,49 we assume that the measurement acquisition period 

δt = tn − tn−1 is much faster than any intrinsic molecular or photophysical rate present in the 

molecular complex under investigation. As a result, we may safely assume that the physical 

states of the molecule and the fluorophores remain unchanged between successive 

assessments and that molecular state transitions coincide with tn.

Molecule and Fluorophore Dynamics.

During the time course of the experiment, the molecule may transition stochastically from 

one state to another.1,16,18,22,23 Let σm, with m = 1, …, M, denote all possible distinct 

molecular states that the system has access to (state space). For instance, in this study we use 

σm to represent conformational states that correspond to different characteristic distances 

(and, thus, FRET efficiencies). Of course, in practice M and the other parameters that are 

introduced below are unknown. So, once we present the formulation, which, for the time 

being, considers parameters as known, we will describe a method appropriate for inferring 

their values.
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Let sn, with n = 1, …, N, denote the state of the molecule between tn−1 and tn. That is, 

s1→s2→⋯→ sN is the sequence of successive states σm that the molecule follows during 

the experiment. Also, let πσm σm′
 denote the probability that the molecule, within one δt, 

transit from σm to σm′, and, to facilitate the presentation that follows, let 

πσm
= πσm σ1

, πσm σ2
, …, πσm σM

 gather all transition probabilities departing from 

σm.

In this study, similarly to the existing approaches,1,16,18,22,23,38,39,48 we assume plain 

Markovian kinetics

sn sn − 1  Categorical σ1, …, σM
πsn − 1

(1)

Following the common statistical notation, in this study we use ~ to denote that the random 

variables on the left-hand side follow, i.e., obey the statistics implied by, the probability 

distribution on the right-hand side. For instance, eq 1 in other words reads, given that the 

molecule departs from a state sn−1, its next state sn is chosen from σ1, …, σM according to 

the probabilities in πsn − 1
.

Between tn−1 and tn, while the molecule resides in sn, each fluorophore may be either bright 

(i.e., capable of emitting photons) or dark (i.e., incapable of emitting photons) independently 

from the other one.44 To facilitate the description that follows, let f n
D and f n

A be indicator 

variables that attain values of 1, when the fluorophores are bright, or 0, when the 

fluorophores are dark. For simplicity, we also assume plain Markovian kinetics, which in 

this case take the form

f n
D f n − 1

D  Bernoulli  ω
f n − 1
D

D
(2)

f n
A f n − 1

A  Bernoulli  ω
f n − 1
A

A
(3)

Here, ω0
D denotes the probability of the donor returning to the bright state given that it 

departs from the dark one and ω1
D denotes the probability of the donor remaining at the 

bright state given that it departs from the bright one. A similar notation is applied for the 

acceptor’s probabilities ω0
A and ω1

A.

Finally, at the very onset of the experiment we assume that molecular and fluorophore states 

obey
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s1  Categorical σ1, …, σM
π* (4)

f 1
D  Bernoulli  ω*

D
(5)

f 1
A  Bernoulli  ω*

A
(6)

where we have to adopt probabilities π* and ω*
D and ω*

A separately from those introduced 

earlier, since the states s1, f 1
D, and f 1

A driving the very first measurement of the experiment 

lack predecessors to which we can relate their dynamics.

Measurements Generation.

Suppose In
D and In

A denote the photon intensities recorded in the donor and acceptor channels 

between tn−1 and tn. Considering that individual photoemissions and photodetections happen 

stochastically and independently from each other, at least at the time scales relevant to 

smFRET,10,50,51 we arrive at the following shot-limited formulation

In
D sn, f n

D, f n
A  Poisson  qDμn

Dδτ (7)

In
A sn, f n

D, f n
A  Poisson  qAμn

Aδτ (8)

where δτ is the exposure period, which typically is only a fraction of the data acquisition 

period δt, and qD and qA are the quantum yields52 for photodetection (i.e., detector quantum 

efficiency) at the donor’s and acceptor’s wavelengths, respectively. In this study, we focus 

on photon detections. As such, the rates μn
D and μn

A refer only to those photons that reach the 

detectors applied on the two channels. In other words, μn
D and μn

A exclude photons that stray 

away from the objective or are otherwise blocked by filters and pinholes.

Under FRET, we assume photoemission rates of the fluorophores λσm
D  and λσm

A  unique to 

each σm; hence, we can relate the molecule’s state sequence to the emission rates driving the 

recordings in the individual channels. Specifically, as the molecule follows s1→s2→⋯→ 
sN, the donor’s photoemissions are driven by rates λs1

D λs2
D ⋯ λsN

D  and the acceptor’s 

photoemissions are driven by rates λs1
A λs2

A ⋯ λsN
A . Further, assuming separate 

background rates ξD and ξA in the donor and acceptor channels, respectively, that remain 

constant throughout the experiment, we arrive at the following photodetection rates for the 

individual channels
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μn
D = ξD + cD D f n

D f n
Aλsn

D + 1 − f n
A λS + cA D f n

D f n
Aλsn

A
(9)

μn
A = ξA + cD A f n

D f n
Aλsn

D + 1 − f n
A λS + cA A f n

D f n
Aλsn

A
(10)

where λS is the donor’s photoemission rate without FRET and other new quantities 

appearing above are defined shortly.

Accordingly, the donor’s and acceptor’s photoemission rates λsn
D  and λsn

A , which are linked to 

the molecule’s state sn, contribute to the recordings in the two channels only when both 

fluorophores are in their bright photostate, i.e., f n
D = 1 and f n

A = 1, while, when at least one 

of the fluorophores is in its dark photostate, the recordings are unlinked with the molecule’s 

state sn. In the latter case, the acceptor does not contribute at all to the recordings, either 

because it cannot emit photons, e.g., f n
A = 0, or because it cannot receive FRET, e.g., f n

D = 0; 

similarly, the donor either does not contribute to the recordings at all because it resides in its 

dark photostate, i.e., f n
D = 0, or contributes with photorate λS since it cannot transmit FRET, 

i.e., f n
D = 1 and f n

A = 0. These combinations of fluorophore photostates and photo-emission 

rates are summarized in Table 1.

The cross-talk coefficients cD→D and cD→A in eqs 9 and 10 denote the fraction of photons 

emitted by the donor that are detected in the donor and acceptor channels, respectively, 

while cA→A and cA→D denote the fraction of photons emitted by the acceptor that are 

detected in the acceptor and donor channels, respectively. We emphasize that these 

coefficients refer only to the photons that reach the detectors on either of the two channels 

and so consistency requires cD→D + cD→A = 1 and cA→D + cA→A = 1, which reduce the 

number of cross-talk coefficients that need to be specified to only cD→D and cA→A.

Since cross-talk coefficients cD→D, cA→A can be accurately characterized without using In
D

and In
A, for example, through a calibration protocol or after photobleaching,53,54 in this study 

we consider their values given. Similarly, we also consider as given the values of the 

quantum efficiencies qD and qA which, typically, can be obtained by the specification chart 

of the detector’s manufacturer.

FRET Efficiency.

According to the preceding description, the characteristic FRET efficiency4–10 associated 

with a molecular state σm is given by the ratio

ϵσm
=

λσm
A

λσm
D + λσm

A (11)
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where λσm
D  and λσm

A  are the photoemission rates of the donor and acceptor associated with 

σm, respectively. Accordingly, ϵσm
 in our formulation, depends exclusively on the molecular 

state11,12 (i.e., separation of the fluorophores) and it is not influenced whatsoever by 

background, shot noise, blinking, or cross-talk artifacts that, when left unaccounted for, 

compromise the estimates.10

Just to facilitate the comparison with raw data later on, we also use the following “apparent” 

photoemission and FRET efficiency definitions

λn
D* =

In
D

δτ λn
A* =

In
A

δτ ϵn* =
λn

A*

λn
D* + λn

A* (12)

These are the naive estimates that one would obtain by simplistically ignoring photoartifacts.

We emphasize that, λsn
D , λsn

A , and ϵsn
 generally differ from λn

D*, λn
A*, and ϵn*, since the latter are 

heavily influenced by photoartifacts while the former are not. We also emphasize that, in this 

study, we use λn
D*, λn

A*, and ϵn* exclusively for illustrative purposes and we do not imply or 

suggest that these values offer valid estimates of λsn
D , λsn

A , and ϵsn
. In fact, as we describe 

next, we obtain estimates of λsn
D , λsn

A , and ϵsn
 through Bayesian principles.

Inference Procedure.

The quantities of typical interest in smFRET, for example, photoemission rates, kinetic rates, 

etc., are represented by model variables in the preceding formulation. Given measured 

photon intensity time traces in both donor and acceptor channels, I
D

= I1
D, I2

D, …, IN
D  and 

I
A

= I1
A, I2

A, …, IN
A , we follow the Bayesian paradigm to estimate the unknown variables.

1,38,42,43,55 Accordingly, our goal from now on is to describe the choices necessary for the 

construction of a model posterior probability distribution. This probability distribution ranks 

all possible choices of the involved variables (i.e., values and combinations thereof) 

according to their agreement with the observed data I
D

 and I
A

 and therefore fully 

summarizes the output of the analysis.1,38,42,43,55

State Space and Molecule Kinetics.

As our goal is to develop a general model that can be applied universally over measurements 

that may have been obtained from different molecules of the same species or from the same 

molecule during different time periods, we need to account for states σm that may be absent 

from individual traces. That is, we need to allow for states that, although physical, might not 

be present in every single trace. Additionally, by contrast with the available methods, to 

account for an a priori unspecified number of different states (i.e., an a priori unknown state 

space size), we use a nonparametric prior that allows for unboundedly many states, i.e., M = 

∞.
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Accordingly, the question of estimating the number of different states attained by the 

molecule during a particular experiment is recast in the sense that we estimate the number of 

different states that are actually visited during a particular experiment.

To avoid ill conditioning,36 in this case overfitting, at the limit M → ∞, we use a 

nonparametric hierarchical prior

β GEMσ1, σ2, …(γ) (13)

π* β DPσ1, σ2, …(αβ) (14)

πσm
β DPσ1, σ2, …(αβ) m = 1, 2, … (15)

provided by interlacing a Griffiths-Engen-McCloskey and Dirichlet processes, denoted 

GEM and DP, respectively. With this choice, depending on the supplied traces I
D

 and I
A

, 

the employed (nonparametric) state space can recruit or discard states as needed from an 

infinite pool of potential states that otherwise may remain unvisited.38,41,42,56–58

The rationale of using distributions in eqs 13–15 that are based on the Dirichlet processes is 

that these distributions allow for dynamical clustering. For example, considering the 

sequence of states visited by the molecule through time, these distributions ensure that states 

already visited once will be revisited again. This way, Dirichlet processes help to prevent 

overfitting. However, distributions based on Griffiths-Engen-McCloskey processes allow for 

the occasional introduction of states that have not been visited before. This way, Griffiths-

Engen-McCloskey processes ensure that our model recruits a sufficient number of states 

thereby avoiding underfitting. Interleaving Dirichlet and Griffiths-Engen-McCloskey 

processes, as in eqs 13–15, thus ensures that our formulation neither overfits nor underfits 

the supplied data.38,58

Fluorophore Kinetics.

To be able to infer fluorophore kinetic rates, i.e., photoswitching probabilities, as well initial 

fluorophore probabilities, we place independent Beta priors on ω*
D and ω*

A and ω0
D, ω0

A, ω1
D, 

and ω1
A. These are standard choices and we present fine details in Appendix B in the 

Supporting Information.

Photoemission Rates.

Since fluorophore and background photoemissions generally depend on the level of applied 

illumination (i.e., laser power) they most often appear statistically dependent. For example, 

in most experiments high laser power most likely results in brighter fluorophores and also 

brighter background, and vice versa for low laser power resulting in dimmer fluorophores 

and dimmer background.
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As a result, to assign priors on ξD, ξA, λS, λσm
D , and λσm

A , we use a common reference 

photoemission rate θ and introduce dimensionless scaling factors ρD, ρA, κS, κσm
D , and κσm

A  to 

adjust for the individual rates. In formal terms, we use

ξD = ρDθ λσm
D = κσm

D θ (16)

ξA = ρAθ λσm
A = κσm

A θ (17)

for the donor and acceptor photoemission rates, and also λS = κSθ.

Subsequently, we place independent priors on θ and the factors ρD, ρA, κS, κσm
D , and κσm

A

which allow fine-tuning of the corresponding dependencies. A detailed description of our 

choices and the induced priors on the actual photorates ξD, ξA, λS, λσm
D , and λσm

A  is given in 

Appendices B and C in the Supporting Information.

Estimation.

The model posterior probability distribution that summarizes our analysis method, in its full 

form, is

𝒫 θ, ρD, ρA, κD, κA, π, ωD, ωA, s , f
D, f

A| I
D, I

A

where κD and κA gather the scaling factors of the photoemission rates of every molecular 

state, π gathers the transition probabilities between every pair of molecular states, ωD and ωD

gather the photoswitching probabilities of the two fluorophores, and f
D

 and f
A

 gather the 

phototrajectories of the two fluorophores.

Although this posterior is well-defined mathematically, due to the nonparametric prior in eqs 

13–15, an analytic derivation is impossible. For this reason, we develop a specialized 

computational scheme that can be used to draw pseudorandom posterior samples. In other 

words, with the developed scheme, we can compute values and combinations thereof to any 

of the involved variables which, in turn, may be used to obtain any statistic of interest. As 

we show in the results below, the computed posterior samples can be used to obtain mean 

values and credible intervals, or even point estimates. For fine details we refer to the existing 

literature.38,41,43,59

A working implementation of our computational scheme is available through the Supporting 

Information and algorithmic details are described in Appendix D in the Supporting 

Information. We term the current implementation bl-ICON as an abbreviation for “blinking 

ICON” to distinguished it from our earlier implementations that utilize also Baysean 

nonparametrics39,48 but are not adapted for photoartifacts.
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Data Acquisition.

Synthetic Data.—Synthetic data shown in the Results section (see below) are obtained by 

standard pseudorandom computer simulations60 of the model described in the Methods 

section, above. For the generation of these data sets, parameters such as photoemission rates 

are prescribed each time. For all cases we simulated a total of 1000 steps (assuming a data 

acquisition period of 100 ms, our traces correspond to 1.67 min of total observation time) 

and we used a kinetic scheme with three moleculur states, σ1, σ2, and σ3. We adjusted the 

kinetic probabilities to yield mean dwell times of 25 and 12.5 steps for the molecule states, 

of 50 and 4 steps for the donor’s bright and dark photostates, and of 25 and 6 steps for the 

acceptor’s bright and dark photostates, respectively. Precise values are listed on Table 2. 

Under this scheme, we expect roughly 50–60 molecule transitions and roughly 20–40 visits 

to the dark state for each fluorophore, on each generated data set. Additionally, in 

accordance with the experimental data (see below), we have used the baseline values cD→D 

= 0.90, cA→A = 0.75, and qD = 0.85, qA = 0.75, unless specified otherwise.

Experimental Data.—Experimental data shown in the Results section are obtained by 

DNA strands (IDT DNA) for a biotinylated FRET-labeled Holliday junction:

• Strand 1

5′-ATTO647N-GGGTGCATAGTGGATTGCAGGG

• Strand 2

5′-Cy3B-CCCTGCAATCCTGAGCACACCC

• Strand 3

5′-Biotin-TTTTTTTTTTCCCTGATTCGGACTATGCACCC

• Strand 4

5′-GGGTGTGCTCACCGAATCAGGG

The fluorophores Cy3B (GE Healthcare Bio-Sciences, PA63101) and ATTO647N (Sigma, 

18373–1MG-F) were conjugated to amine-labeled strands 1 and 2, respectively, and then 

purified with high performance liquid chromatography (HPLC). The Holliday junction was 

made by mixing the four DNA strands at a final equimolar concentration of 200 pmol each 

in mixing buffer (1× MB) consisting of 40 mM hydrochloride (Tris-HCl) pH 8.0, 20 mM 

acetic acid, 1 mM ethylenediaminetetraacetic acid (EDTA), and 12.5 mM magnesium 

chloride (MgCl2) at room temperature for 2 h.

The Holliday junctions (10–50 pM in 1× MB) were immobilized on a streptavidin-coated 

glass coverslip (Thorlabs, CG15CH). Briefly, the streptavidin-coated glass was prepared by 

successively applying 1 mg/mL biotinylated Bovine Serum Albumin (BSA, Sigma, A8549) 

and 0.5 mg/mL streptavidin (Life Technologies, S888) in buffer A (10 mM Tris-HCl, pH8.0, 

and 50 mM sodium chloride (NaCl)). All measurements are performed in an oxygen 

scavenger buffer consisting of 2 mM 3,4-dihydroxybenzoic acid (Sigma, P5630) and 50 nM 

Protocatechuate 3,4-dioxygenase (Sigma, P8279) prepared in 50% glycerol in 50 mM KCl, 

1 mM EDTA, and 100 mM Tris-HCl, pH 8.0. For the benchmarking experiment, Trolox-
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Quinone (TQ) is added at 7500 μM prepared in dimethyl sulfoxide (DMSO) and exposed 

with a UV light for 5 min.

The Cy3B donor was excited with a 532 nm laser. Data have been acquired with a TIRF 

setup on the Nanoimager S Mark II from ONI (Oxford Nanoimager) with the lasers 405 

nm/150 mW, 473 nm/1 W, 532 nm/1 W, and 640 nm/1 W and dual emission channels split at 

640 nm. Cy3B and ATTO647N emissions have been transmitted and lasers have been 

reflected by a 405/488/532/635 nm beamsplitter (BrightLine quad-edge super-resolution/

TIRF dichroic). Time-lapse images of the emissions were acquired at 10 frames/s, i.e., data 

acquisition time 100 ms, with a Hamamatsu ORCA-Flash4.0 V3 Digital sCMOS camera. 

From the acquired images, individual FRET pairs have been isolated manually from the 

donor/acceptor channels after image registration. To recover Poissonian traces I
D

 and I
A

, 

image values have been transformed to effective photon counts after characterization of the 

camera’s read-out(i.e., gain and bias offset) through dark and white exposures as described 

previously.61

RESULTS

In this section, we apply the method developed for the analysis of example data sets. 

Initially, we use synthetic photon intensity traces for which ground truth for benchmarking is 

readily available. Subsequently, we use real data sets obtained from single molecule 

experiments on Holliday junctions assessed through FRET pairs under different 

photostability regimes. Fine details on the acquisition of each data set can be found above.

Synthetic Data.

To demonstrate the utility of our method, we start with a simple case where we simulate a 

hypothetical molecule with three states, relatively stable kinetics and somewhat 

unrealistically low noise, which we achieve by simulating bright fluorophores. Resulting 

state trajectory and intensity traces are shown in Figure 4. These are generated by assuming 

a data aquisition period of 100 ms and photoemission rates in the range 500–3000 photons/s, 

consistent with the brightest fluorescent dyes under typical laser powers used in smFRET.10 

Additionally, the traces are contaminated with low background, accounting for 10% and 5% 

of the smallest photoemission rate in the donor and acceptor channels, respectively, and low 

cross-talk, accounting for only 1% cross detected photons on each channel.

As a more challenging case, we also consider traces that are generated under less favorable 

conditions. For example, Figure 5 shows intensity traces produced with photoemission rates 

in the range 50–300 photons/s and contaminated with background accounting for 25% and 

50% of the smallest photoemission rate in the donor and acceptor channels, respectively. In 

addition, 10% of the donor’s photons leak into the acceptor’s channel and 25% of the 

acceptor’s photons leak into the donor’s channel.

Indeed, visual inspection of the intensities reveals a strong molecular signature in Figure 4, 

as it is expected under the favorable conditions simulated. By contrast, due to exaggerated 

artifacts, visual inspection of the intensities in Figure 5 reveal only a weak signature that is 

barely distinguishable from background.
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As can be seen in Figure 4, despite the low noise, due to the inherent stochasticity in the 

molecular transitions and photo-detections, some uncertainty concerning the precise 

instantaneous photoemission rates and FRET efficiencies attained by the molecule remains. 

Further, donor and acceptor exhibit blinking and they occasionally give rise to near zero 

recordings (background levels). During such periods, apparent FRET efficiencies approach 

values near 0% or 100%, which, provided the precise size of the molecule’s state space is 

unknown, might be misinterpreted as visits to artifactual states of very high or low efficiency 

additional to the true ones.

The situation becomes even more difficult considering the traces shown in Figure 5. 

Excessive noise, high background, and cross-talk have a significant impact on the 

interpretation of the resulting traces, with neither the photoemission rates associated with 

each molecular state nor even the size of the molecule’s state space visually apparent. In 

fact, such estimates can be obtained only considering kinetic information through 

subsequent analysis although fluorophore blinking, in conjunction with high cross-talk and 

background, eventually degrades the assessment of the kinetics.

Figure 6 shows estimated photoemission rates and FRET efficiency spectra for the two data 

sets. As can be seen, concerning the clean traces of Figure 4, our method can identify the 

three states correctly (despite the occasional fluorophore blinking) and localize them with 

high certainty in the estimated spectra, as can be deduced from the narrow spread of the 

peaks. The same remains true even for the heavily corrupted traces of Figure 5; however, as 

expected, due to increased noise, in the latter case, each one of the estimated states is 

localized less conclusively than in the clear data set as reflected in the widespread of the 

estimated peaks.

Figure 4 shows estimated FRET efficiency traces corresponding to the two data sets. Both 

panels show the marginal posteriors 𝒫 ϵsn
| I

D
, I

A
 for the entire time course of the traces. 

Given that the method identifies and removes blinking events, it is not surprising that no 

instantaneous efficiencies ϵsn
 are seen approaching 0% or 100% in either case. In particular, 

for the clear data set (upper panel), the posteriors are sharply peaked (i.e., very conclusive) 

throughout the trace and, as a result, they can be summarized well by a single representative 

trace ϵ  (i.e., best estimated efficiency trace). For example, one characteristic choice for ϵ  is 

offered by the efficiency trace nearest to the medians of the marginal 𝒫 ϵsn
| I

D
, I

A
 that is 

shown. However, for the corrupted data set (lower panel), the posteriors show large 

variability over certain time windows, as can be seen from the occasional wide quantiles, for 

example, near 75 or 100 s. These windows coincide with time periods where at least one of 

the fluorophores dwells in the dark photostate (i.e., blinking events). As a result, 

representative traces (i.e., point estimates) during these periods reflect a vague estimate of 

the true FRET efficiency attained by the molecule, while quantitative conclusions can be 

drawn only using the entire posterior. At this point, it is worth mentioning, however, that, 

despite the occasional large variability, from a total of 1000 steps contained in this trace, 
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only 18 fall outside the corresponding 10–90% credible intervals, i.e., less than 2% of all 

steps are misidentified or identified unreliably.

To assess further the performance of our method on identifying the correct size of the 

molecule state space, the correct state sequence, and photoblinking events, we have 

simulated five scenarios of different signal-to-noise ratio (SNR). We have implemented these 

scenarios by varying the photo-emission rates of both channels by factors as high as 10 to as 

low as 0.1 and used baseline photoemission rates similar to those used for the traces shown 

in Figure 5. For each scenario, we generated and analyzed 100 data sets and from each 

individual analysis we extracted a single best efficiency trace ϵ  according to the individual 

marginal posteriors 𝒫 ϵsn
| I

D
, I

A
 as described above. Following previous work on 

smFRET analysis,17 we use the number of distinct molecule states in ϵ  receiving at least 

0.05% of the time steps in each data set, as an estimate of the size of the molecule state 

space. Table 3 summarizes the results. Additionally, we also summarize the fraction of 

misidentified molecule state and photostate assignments. For this, we have considered a state 

in ϵ  as correctly identified when it falls within less than 33.3% of the corresponding one in 

the ground truth ϵ  and we have excluded assignments during blinking. As can be seen, our 

estimates are highly accurate for the higher SNR scenarios, while they become gradually 

less accurate at the lowest ones. Here, we want to emphasize that as our baseline data sets 

are similar to those in Figure 5, the lower SNR scenarios utilize traces that are 

extraordinarily noisy and, therefore, poor performance is expected.

Finally, to highlight the improvements gained by explicitly incorporating blinking into our 

formulation, in Figure 8 we compare FRET efficiency estimates obtained from the 

intensities in Figure 4, with and without accounting for blinking. We simulate the latter case 

by fixing the photostates of both fluorophores f n
D and f n

A to 1 throughout the trace’s time 

course; that is, fluorophores are assumed to dwell exclusively in their bright photostate 

throughout the simulated experiment, see eqs 9 and 10. As mentioned earlier, the full 

method correctly identifies the size of the molecule state space and also successfully 

localizes each one of the constitutive states (i.e., total of three states at ϵσ1
≈ 25%, ϵσ2

≈ 45%, 

and ϵσ3
≈ 65%; see Figure 7). By contrast, ignoring blinking results in an overpopulation of 

the molecule’s state space; see Figure 8. Characteristically, at least one additional state is 

identified and localized at near zero efficiency, coinciding with the periods when at least one 

of the fluorophores visits its dark state.

In the same vein, in Figure 9 we show characteristic FRET efficiencies estimated with and 

without accounting for cross-talk or differences in the detector’s quantum efficiency. For this 

comparison we have used the corrupted intensity traces shown in Figure 5 and we have 

implemented the former case by setting both cross-talk coefficients cD→D and cA→A to 

100% as compared with the true ones 90% and 75%, respectively, while we have 

implemented the latter case by setting both detector quantum efficiencies to 100%. As can 

be seen, while we correctly localize the efficiency peaks when accounting for such features 
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(similar to Figure 7), we are led to underestimation when we do not. The underestimation is 

particularly pronounced for the higher FRET efficiency, which is now localized significantly 

below its true value at 70%.

Experimental Data.

To assess the performance of our method on experimental smFRET data, we used intensity 

measurements obtained from Holliday junctions62 labeled with standard fluorophores, Cy3B 

and ATTO647N. Since Holliday junctions in our setting exhibit stable kinetics (i.e., long 

dwells on the same molecular state) and also because the applicability of HMM based 

methods on the identification of state transitions in Holliday junctions has been 

demonstrated before,62,63 here we focus on benchmarking our method on the 

characterization of blinking photoartifacts. In the experimental setting described earlier, our 

FRET pairs probe the transitions between the two junction isomers. The precise transition 

rates between the isomers probed are sensitive to junction sequences and buffer conditions64 

that have been chosen for investigating Holliday junctions that give robust DNA crystals. 

Since our focus is on characterizing fluorophore induced photoartifacts, we did not assess at 

the single molecule level the transition rates between the isomers independently.

Trolox-Quinone (TQ) is a nonblinking reagent commonly employed in single molecule 

assays and its effects have been characterized65,66 independently. More precisely, due to 

triplet quenching, increased TQ levels have been shown to increase the photostability of the 

fluorophores.65,66 In other words, it is well established that the higher the concentration of 

TQ, the longer the dwells of the fluorophores in their respective bright photostate become. 

As a result, in order to benchmark our method we obtained intensities employing Holliday 

junctions under TQ concentrations from as low as 0 as high as 7500 μM.

Following our formulation, and specifically eqs 2 and 3, mean dwell times in the bright 

photostate of the fluorophores are obtained by

TD = δt
1 − ω1

D TA = δt
1 − ω1

A (18)

where δt denotes the time between successive intensity assessments and ω1
D and ω1

A denote 

the probabilities of the donor and acceptor remaining in their bright photostate between 

successive assessments. Similar to the other quantities mentioned thus far, in our framework, 

TD and TA are estimated through the posterior probability distributions 𝒫 TD | I
D

, I
A

 and 

𝒫 TA | I
D

, I
A

, respectively, where I
D

 and I
A

 denote experimentally obtained intensities.

Figure 10 summarizes 𝒫 TD | I j
D

, I j
A

 and 𝒫 TA | I j
D

, I j
A

 obtained from multiple FRET 

pairs under varying TQ concentrations. Despite the variability of these posteriors found 

between different FRET pairs at the same concentration, a steady trend of larger TD and TA 

toward larger concentrations is clearly observed. Indeed, as can be seen from the summary in 

Figure 11, an approximately 10-fold increase in the estimated mean dwell times is obtained 
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between the measurements at zero and at 7500 μM TQ, in agreement with existing studies.
65,66

DISCUSSION

Spectroscopic methods based on smFRET rely on distance assessments at the molecular 

level that are possible through measurements of FRET efficiencies.4–9 In turn, FRET 

efficiencies are assessed only indirectly through photon intensities.1–3,10 As a result, removal 

of shot noise, background and cross-talk photons, inherent in intensity measurements, is 

necessary in learning underlying distances and numbers of molecular states from the data. In 

addition, equally important is the removal of fluorophore blinking. Characteristically, if 

blinking is naively ignored, donor/acceptor blinking events over/underestimate the efficiency 

and accordingly under/overestimate the distances in physical space.

While photoartifacts such as shot noise, background, and cross-talk can be readily addressed 

by hidden Markov models,1,16,17,20,24–35 blinking imposes a bigger challenge, especially 

when blinking is encountered by methods meant to estimate the size of the molecule’s state 

space, such as iHMM and related nonparametric approaches,1,38–41,67,68 as it is typically the 

case in biochemical or biophysical applications.

Here we have presented a comprehensive method that formulates smFRET measurements 

and provides a principled method of obtaining estimates that avoids those culprits that render 

the iHMM difficult to use. We start from the generation of the photon intensities and 

subsequently we derive a fully Bayesian method of obtaining estimates. In doing so, we 

specifically account for state spaces of unknown size and this is the very reason, contrary to 

the available approaches that assume state spaces of known size, we adopt Bayesian 

nonparametric priors.1,38,39,41,68

Our method operates on photon intensity assessments where individual photon arrivals are 

binned (i.e., downsampled), usually during the actual experiment, over certain time windows 

(e.g., exposures) that may be small relative to the total duration of an experiment but still 

may have significant duration relative to the molecule transitions. As a result, our method 

may estimate accurately the size of the state space when the involved dynamics are 

unaffected or affected only minimally by downsampling.69 In other words, our method 

estimates accurately the size of the state space only when the molecule switches between 

states slowly relative to the bin size and typical dwell times span or exceed a few time steps 

such that downsampling artifacts remain inessential.69 By contrast, fast molecule kinetics 

may give rise to intermediate or aliased states (results not shown) and an overpopulation of 

the state space similar to the other methods that operate also on intensity assessments.1,17 

Overcoming such limitation requires operating on individual photon arrival times directly 

and requires a fundamentally different nonparametric approach than iHMM that is the focus 

of future work.

Our formulation extends existing work1,16,17,20,24–35 in at least two unique ways. First, our 

formulation relaxes the main limitation of the traditional HMM, i.e., that of a restricted or 
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preidentified state space size. Second, our formulation accounts for photokinetics in an 

explicit way that can be directly interpreted physically.

The resulting method has no need to correct for blinking beforehand and also provides a 

flexible modeling tool for further development. For example, smFRET time series analysis 

may be extended to incorporate complex photophysics5–7,70 such as multiple photophysical 

states with different characteristic times scales (e.g., triplet states) or even multiple 

photoemission rates (e.g., photoquenched states) that, due to generality, have not been 

included here. Such extensions require using additional photophysical states for each 

fluorophore (and the associated number of photoswitching probabilities) instead of only two, 

such as dark/bright, considered here. The formulation may even be generalized to multicolor 

smFRET measurements,49,71–76 for example, by the addition of extra fluorophores (and the 

associated number of photoemission parameters). Both extensions can be readily 

accommodated in the formulation presented as they involve only minor modifications.

To keep the presentation clear, in this study, we assumed that individual photoemission rates 

depend on the molecule’s state and the fluorophores’ simplified photostates. Generally, as 

we explained above, with further extensions, it is possible to account also for photoquenched 

states, multiple dark states, or photostates with inherent memory. However, since 

fluorophore photophysics depend largely on the specific FRET pair employed in each 

experiment as well as other aspects of the experimental protocols used,44 the precise details 

of such extensions may have to be incorporated on a case-by-case basis not considered here.

CONCLUSIONS

We have presented a novel method that formulates single molecule FRET measurements and 

can be readily used for the analysis and interpretation of experimental data. Our formulation, 

which is based on Bayesian nonparametric statistics, relaxes the main limitations of the 

traditional HMM analysis. Additionally, our formulation explicitly accounts for 

photokinetics in a way that avoids data misinterpretation, e.g., over- or underfitting. The 

resulting method is robust to shot noise and has no need to correct the experimental 

measurements for photoartifacts such as blinking, background, and cross-talk photons, or 

even differences in the detector’s quantum efficiency, beforehand. Additionally, our method 

provides a flexible modeling tool that can be used for further development.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1. 
Molecule with physical states σ1 and σ2 labeled with a donor/acceptor pair. In the absence of 

blinking, σ1 is associated with a brighter donor and low FRET efficiency, while σ2 is 

associated with a brighter acceptor and high FRET efficiency. For well separated 

distributions, apparent efficiency suffices to distinguish between σ1 and σ2. However, in the 

presence of blinking, apparent distributions alone may lead to misinterpretation of the 

molecule’s state since low efficiencies may be observed while the molecule is at σ2 and, vice 

versa, high efficiencies may be observed while the molecule is at σ1.
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Figure 2. 
Graphical representation of the physical model formulating a smFRET experiment. 

Fluorophores and molecule f n
D, f n

A, and sn evolve stochastically through time (left to right). 

Measured photon intensities In
D and In

A in the donor and acceptor channels are determined by 

(i) the photoemission rates associated with sn, (ii) the photophysical state of the 

fluorophores, and (iii) shot noise. FRET efficiency ϵsn
 depends exclusively on the molecule 

state sn. By contrast, apparent FRET efficiency ϵn* depends on the measured intensities and, 

due to photoartifacts, need not coincide with ϵsn
. Following common convention, in the 

schematic, stochastic variables are denoted with circles, deterministic variables are denoted 

with boxes, measurements are shown shaded, and dependencies among the various variables 

are indicated by arrows. Dashed lines indicate dependences irrelevant to the generation of 

the measurements.
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Figure 3. 
Graphical representation of the statistical model used in the analysis of smFRET 

measurements. The main model structure is shown in black (for details see Figure 2), while 

variables on which we place priors are highlighted with red. For clarity, dependencies among 

the model variables caused by cross-talk are not shown; however, such dependencies are 

included in the model (see eqs 9 and 10).
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Figure 4. 
Simulated molecule, mimicking real single molecule experiments, that transitions 

stochastically between states σ1, σ2, and σ3 (upper panel). As each of these states is 

associated with different photoemission rates, recorded intensities change over time (middle 

panel). Accordingly, FRET efficiency, assessed through the recorded intensities, also 

changes over time in a manner that reflects the underlying state of the molecule (lower 

panel). Due to blinking, of either the donor or acceptor, measured intensities occasionally 

drop to background levels. As a result, near 0% or 100% FRET efficiencies are observed, 

suggesting dwells to artifactual states beyond σ1, σ2, and σ3.
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Figure 5. 
Simulated intensity traces that reproduce the conditions of Figure 4. Unlike the earlier 

example, here photoemission rates are excessively low. As a result, the degrading effect of 

shot noise is prevalent. In addition, the traces contain a higher background and cross-talk. In 

summary, the simulated traces are considerably more challenging than those of Figure 4 to 

analyze.
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Figure 6. 
Estimated spectra of photoemission rates and FRET efficiency from the intensity traces 

shown in Figure 4 (left panels) and Figure 5 (right panels). To facilitate comparison, we 

superimpose estimates (darker boxes), apparent values (lighter boxes), and ground truth 

values (lines). As can be seen, despite the apparent peaks at low photoemission rates or low/

high FRET efficiencies caused by blinking, the estimated spectra correctly identify and 

localize only the true ones.
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Figure 7. 
Estimated FRET efficiencies from the intensity traces shown in Figure 4 (upper panel) and 

Figure 5 (lower panel). Estimates are summarized by posterior quantiles (color coded). To 

facilitate the comparison, we superimpose apparent FRET efficiencies (lighter line), best 

posterior estimate (black line), and ground truth values (red line). True efficiency values 

outside the 10–90% credible interval are also highlighted (red dots).
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Figure 8. 
Comparison of estimated FRET efficiency with and without incorporating fluorophore 

blinking. For both cases, the best estimated FRET efficiency trace (similar to Figure 7) is 

shown. For these analyses, the intensity traces of Figure 4 have been used.
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Figure 9. 
Comparison of estimated FRET efficiency with and without incorporating cross-talk (left) or 

differences in detector quantum efficiency (right). For both analyses, the intensity traces of 

Figure 5 have been used.
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Figure 10. 
Estimated donor and acceptor mean dwell times in the bright photostate from experimental 

data. Each panel summarizes the posterior probability distributions 𝒫 TD | I j
D

, I j
A

 and 

𝒫 TA | I j
D

, I j
A

 (left and right, respectively), obtained from individual intensity traces I j
D

and I j
A

, for j = 1, …, 100, under increasing concentrations of the oxygen scavenger Trolox. 

For clarity, in all panels color encodes log𝒫 TD | I j
D

, I j
A

 and log𝒫 TA | I j
D

, I j
A

 while 

vertical axes are shown in logarithmic scale. As can be seen, despite the variability found 

between individual traces, estimated mean dwell times, from ≈102 frames at zero TQ, 

increase to ≈103 frames at 7500 μM Trolox, indicating an approximately 10-fold increase in 

the mean duration of the photobright periods for either fluorophore.
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Figure 11. 
Comparison of the estimated donor and acceptor mean dwell times in the bright photostate 

from experimental data at 0 and 7500 μM TQ. Each panel shows log𝒫 TD | I j
D

, I j
A

 and 

log𝒫 TA | I j
D

, I j
A

, (left and right, respectively), averaged over the traces j = 1, …, 100 

shown in Figure 10.
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Table 2.

Summary of Kinetic Scheme Used in the Generation of the Synthetic Data Sets

transition parameter transition probability

molecule πσ1 σ1
0.96

πσ1 σ2
0.04

πσ1 σ3
0

πσ2 σ1
0.04

πσ2 σ2
0.92

πσ2 σ3
0.04

πσ3 σ1
0

πσ3 σ2
0.04

πσ3 σ3
0.96

π* σ1
0.50

π* σ2
0.50

π* σ3
0

donor ω0
D 0.25

ω1
D 0.98

ω*
D 0.80

acceptor ω0
A 0.15

ω1
A 0.96

ω*
A 0.90
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